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Abstract

We explore the use of expert-guided bandit learning, which we refer to as online
mixture-of-experts (OMoE). In this setting, given a context, a candidate commit-
tee of experts must determine how to aggregate their outputs to achieve optimal
results in terms of aggregate accuracy. We propose two algorithms to address this
problem. The first algorithm combines aggregate voting with UCB-driven succes-
sive elimination, efficiently pruning suboptimal exploration actions. The second
algorithm employs an online weighted-majority-voting mechanism, leveraging the
respective voting power of each expert proportional to their predictive power. We
derive theoretical guarantees for the regret properties in the bandit setting under
ideal circumstances, and empirical results are provided accordingly. As a mod-
ern study on applications, these methods are applied to the online fine-tuning of a
set of expert large language models (LLMs), where after each response, the gen-
erative LLM dynamically reweighs its set of experts and/or selects the optimal
committee of experts to generate the most accurate response. Our results intro-
duce new methodologies and no-regret guarantees for combining multiple experts
to improve on the performance of the an aggregate model overall.

1 Introduction

The mixture-of-experts (MoE) model is a powerful concept in applied machine learning and so-
cial choice, leveraging the collective decision-making capabilities of a group of experts to yield
improved predictions or more computationally efficient models. The core idea is that within a col-
lection of N experts, &, there exists at possible a subgroup, £* C &£, whose combined predictions
are well-optimized on some well-defined metric (e.g. collective accuracy, model efficiency etc.).
Classically, MoE models involved the design of a gating mechanism (a.k.a router) that aims to op-
timally transform the output of many experts into a single more optimal output. Traditionally, this
involved training an offline model from labelled data to optimize some loss function via supervised
learning [1,[2,|3] . Concerning neural architecture design for offline learning, the MoE framework
has been wide integrated to several state-of-the-art LLMs (e.g. DeepSeek-MoE, Mixtral) for token
prediction tasks [4, |56l 7, |8]] . More recently, pertinent to applications on Al alignment, the online
version of MoE has garnered significant interest. This is particularly useful when agents interact
with an environment in a repeated manner, receiving feedback in an online fashion, and needing to
optimize in real-time.

Online Mixture of Experts: Historically, online MoE was framed as a prediction with expert ad-
vice problem, which has been extensively studied in the learning literature [9, |10l 11} [12] . The
core principle involves aggregating predictions from multiple experts, where each expert is assigned
a weight proportional to its historical predictive performance. Previous online MoE learning algo-
rithms, such as EXP4, are theoretically guaranteed to converge to the best single expert in hindsight
[13} |14, 9] . While this property ensures asymptotic optimality relative to the best individual ex-
pert, it introduces a concerning limitation. Specifically, such algorithms fail to account for scenarios
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Figure 1: Online Mixture of Experts via Majority Voting. At each timestep, a context X is sampled from a

distribution P (X). A prompt derived from X is used to query a set of expert candidates Ecang. The responses are

aggregated via a majority voting mechanism parameterized by , yielding a single output. All expert responses

and the aggregated output are evaluated by a scoring function (e.g., an oracle or human). The voting parameters
are updated online to maximize expected score, using full-bandit feedback over a finite time horizon.

where an aggregate outcome of the experts’ predictions—such as a majority voting, plurality con-
sensus, or any form of preference aggregation—could yield superior performance compared to any
single expert. In social choice, this phenomenon is often referred to as the wisdom-of-the-crowd. If
there exists potential improvement from collective decision-making, traditional online MoE meth-
ods, such as EXP4, would not capture this. This gap highlights a key question, could we design an
algorithm that provides convergence to the best collective decision-making committee rather than
to the best single expert? In our setting, we aim to learn both the competencies of the experts, and a
sufficiently optimal strategy to combine the experts aggregate outcome in a real-time online environ-
ment. Evidently this also has important ramifications to generative LLMs, allowing for adaptively
improved responses to tasks across various domains, when multiple LLMs are available.

Key Contributions: We make the following contributions in our work,

Online Expert Aggregation: We introduce a family of methods that dynamically aggregate
expert outputs in real-time through a combination of majority voting and online learning. This
provably optimizes the collective aggregate competency of the expert set.

LLM Application: We empirically validate the effectiveness of our method across realistic
problem domains via online majority voting mechanisms to aggregate responses from multi-
ple LLMs serving as experts, yielding improved answer quality.

No-Regret Guarantees: We provide theoretical guarantees with respect to the sublinear
finite-time regret of the learning algorithm relative to the optimal solution under perfect

information, bridging online learning methods to social choice theory.
\ v

2 Problem Setting

To formally describe the problem setting, consider a learning model where the output is generated
by combining the results of multiple weak learners through an aggregation function. These weak
learners, referred to as experts, produce individual outputs, and the aggregation function determines
how these outputs are combined. Let £ denote the set of expert with the size N. Provided a context
x € X, expert i € £ makes a prediction Cj(x) € C;j which represents an abstract categorical
ordering or a singleton. Since {Cj}ics might be different sets (e.g., Ci = {cat,dog, mouse} and
Cj = {mouse, eagle, f1y}), we introduce a standardizer S(-) that maps an arbitrary collection of
prediction spaces {Ci }ice to a unified output space C. Formally, the standardizer satisfies,

Ci CC:=S({Ci}ice) C [Ci,

icg ieg



We refer to the size of the standardized output as D¢ := |S({Ci}ics)|-

Aggregation function: Itis A : ;_-Ci — C and characterized by a set of parameters 6 =
{0i}ice- It takes as input the experts’ predictions {Cij(x) }ice and produces a new prediction € € C.

Scoring function: The goodness of the aggregation function’s output is valued by the scoring func-
tion, G : C — R which assigns a real-value score in R to it’s prediction. Suppose a series of
contexts, x, are randomly drawn from a distribution P. This contextual information is passed into
each expert, and the predictions are subsequently aggregated parametrically. As indicated in Eq.
(2-1), the prediction itself may be context-dependent. The scoring function evaluates the accuracy
or quality of the prediction. The performance of a given aggregation function A is measured by the

average scoring function,
z

Ex~p[GoA ]=  GoA ({ci(x)}ice) dP(x), 2.1

where G o A denotes the composition of the scoring and aggregation functions. We aim is to max-
imize the average scoring function, formulated as, 8* € argmax o Ex.p[G oA ]. The properties
of the utility function, such as commutativity or monotonicity, can depend on the structure of the
aggregation outcomes. Our goal is to design an algorithm that learns the optimal parameters for the
aggregation algorithm in an online setting.

Remark 1. Catalogue Standardizer: The standard dimension represents unified responses across
experts (e.g., a fixed set of answers for LLMs). We distinguish two approaches: (1) catalogue-based,
the model produces a catalogue of items where each expert selects from, and (2) model-based, where
experts (e.g., transformers, MLPs) project arbitrary outputs to a standardized logit or token space
RP. We applied the catalogue based standardizer for our experiments.

The score of individual expert, expert’s competency, can be obtained from the scoring function by

computing the expectation over all possible contexts distributed according to P(x) as follows,
YA

pi:= G(ci(x)) dP(x). (2.2)
X

In more straightforward terms, the competency of an expert refers to its individual ability to maxi-
mize the scoring-aggregation function over a singleton committee consisting of itself - i.e. the ability
of the expert to individually predict the correct answer among candidate solutions. In voting theory,
this is an important piece of information measuring potential effectiveness of aggregating experts.
The average scoring function is the expectation over the composition of the aggregation first A(-),
followed by the scoring function G(-), according to distribution P(x) over all contexts, Eq. 2.I).
Which we denote as as the scoring-aggregation function, or aggregation function for brevity.

Assumption 2.1. e-Incrementality (Heterogeneous Expert Competencies): Every expert has a
different pi, offset by at least e increment, that is infizj (pi —pj) > e Vi,j€1l...N.

Extensions of Condorcet’s Jury Theorem: The celebrated Condorcet’s Jury Theorem [15]
states that with competent experts (p;j > 0.5), majority voting accuracy approaches 1 as N — oo.
List and Goodin [16] extends this to plurality voting, showing asymptotic accuracy can hold even
with pj < 0.5 under strict reliability assumptions, i.e. that the probability of any expert selecting the
correct class is greater than selecting any incorrect class. However, when these assumptions fail, in-
competent experts can degrade aggregate accuracy, highlighting the need for robust expert aggrega-
tion in our setting. Our work applies epistemological social choice theory [17,/16] to MoE models,
focusing on maximizing predictive accuracy with a modest, finite set of experts (~20), where aggre-
gate accuracy guarantees may or may not hold [[16}|18},|19] . Unlike traditional social choice settings,
we prioritize maximizing output accuracy (and accordingly minimizing regret) under imperfect in-
formation. Key challenges include dynamically inferring heterogeneous expert competencies and
aggregating unreliable multi-class predictions under sample efficiency constraints.

2.1 Egalitarian Majority Voting

Consider a special setting in which experts’ scored prediction are binary Im(G) = {0, 1}, where 1
indicates that the expert is deemed correct and O if incorrect. Suppose that the score-aggregation
function is the majority voting with a random tie-breaking. In this setting, the composition of the



scoring and aggregation function is expressed in Eq. (2.3). In words, it is 1 whenever majority of
the experts give one and zero otherwise.
1

=< N =< N
G A(fei(X)gice) = | G(ci(x) > 5 Tl G(ci(¥) = 5 Y (2.3)
icE ieg

where I(+) is the indicator function and Y ~ Be(1/2) is a Bernoulli random variable with parameter
1/2. Let &; := {x = 1|ci(x)} to be the set of contexts for which expert i gives a correct prediction
and X7 its complement. Note that the measure of Xj is pj. Using this definition, the average scoring
function can be rewritten as follows,

O 1 (@) 1
L . \ 1 L . \
E[G A]l= pg Xi ij§ + EPE Xi Xj°§:
SCE& ies jese SCE& ies jese
|S|=N=2 |S|=N=2

Remark 2. This setting can be extended to non-binary prediction set, i.e., In(G) = {1,2,..., K}
for some K and the output of the aggregation function is i € Im(G) whenever a majority of experts
vote for i. In the event of a tie among the experts, the aggregation function outputs one of the tied
items uniformly at random. That is the Bernoulli variable in (2.3) will be replaced with a uniform
random variable over the set of items that received the highest (tied) number of votes.

T
Independent Experts: Suppose that the experts are independent, i.e., P( ;g &i) = Qies P(X;)
for all S C £. In this case, the average scoring function will be,
<X Y Y 1 X Y Y
E[G Al= Pi T pD+ 5 Pi T e 24
SCe ies jesc SCe ies jesc
|S|=>N=2 |S|=N=2

Evaluating the above averaging function is combinatorially complex as its complexity grows ex-
ponentially with the number of experts /N. Combinatorial multi-armed bandit (CMAB) have been
applied for this purpose in [20,[21}22] . Such methods assume the learning algorithm has access to
an offline («f)-approximation oracle oracle where, with probability /3, it outputs a solution whose
value is at least o proportional of the maximum reward. Specifically, when the reward function is
monotone and submodular, such an oracle can be given where &« = 1 — 1/e. In our setting, the
learner does not have access to such an («3)-oracle. For instance, adding experts an existing com-
mittee does not result in any generalizable behaviour in our majority voting setting. Throughout
this paper, we assume that the experts are independent. However, as it is discussed in Section 3] our
proposed algorithms assemble their committees solely using the marginal experts’ competencies and
subsequently, the theoretical guarantees remain valid even if the experts are correlated.

Optimal Egalitarian Committee (OEC): The optimal egalitarian committee (EC), also known as
the binary weighted participation problem, refers to the formation of a committee in which each
expert receives exactly one vote. Examples of such committees include corporate boards, academic
panels, and juries. In machine learning, similar structures appear in ensemble methods such as Ran-
dom Forests, boosting algorithms, deep learning ensembles, and Mixture-of-Experts (MoE) models.

While online learning algorithms like EXP4 typically converge to the best expert in hindsight, prior
work has shown that it is often possible to achieve better performance by identifying an optimal
egalitarian committee—that is, a subset of experts whose aggregated votes outperform the best ex-
pert. In this setting, the final prediction is determined by majority vote, and the resulting combined
estimate can exceed the accuracy of any individual expert. We denote this committee as £* C &.

When considering the multi-class classification problem, for a majority vote to pass, more than some
minimum amount, referred to as a quota, of the experts should have voted for the correct answer,
each occurring with probability p;j. For majority voting, we set the quota to be half of the number
of experts (Optionally, the quota could also be reduced to allow for the experts to arrive at a clear
option as a winner from a choice of options [17] ). We denote the average scoring function of a
candidate committee set Ecand C £ by Pnaj(Ecand) and is given by,

> Y Y 1 > Y Y
Pmaj (5cand) = Di (1 - pj) + E Di (1 - pj)~ (2.5)
SCEeand  i€S jeSC SCEend  i€S  jeSC
|S‘Z‘gcand‘=2 |S|=‘£cand|=2



Accordingly, the optimal committee B 2 arg maxg,,,e Pmaj(Ecand)-

Successive Expert Elimination Function:To form th OEC, we can intuitively successively include
each expert sorted by their respectiyveto a candidate expert s&fang, given that such an inclusion
would improve the overall accuracy of the committee. For any suBSetE ¢4, We de ne the
advantage function as follows,

F(Ecand; EO) ‘= Pmaj(Ecana [E 0) Pmaj(Ecand);  and Pmg(;) :=0: (2.6)
Clearly, when the above function is negative, the additioB%b E.ang Will not produceE | i.e.,
F(Ecand; EO) 0=)E 6FEadlE o

Lemma 2.1. Top-K Ordinality of Experts: The optimal expert committde E is a subset of
Top-K experts based on their competenciesQfarkK N . (Proof can be found in AppendixA.1.)

Elimination of Experts: To build the OEC under the perfect information, i.e., experts' competen-
cies are known, we propose a constructive algorithm, where we starEwjth= E, and succes-
sively eliminate admissible subse&§ until there is no further possible improvement via fg).

Given the result of Lemmfa 3.1, starting with all expeBsthe set of admissible experts must fall
within the set of TopK experts for some unknowd<K N, i.e. E° TopKE). The bene t of
Lemma 2.1 allows us to ef ciently compute the OEC, avoiding combinatorial search over all possi-
ble subsets. Under perfect information, this allows us to construct the OEC via a greedy algorithm.
(See Algorithm 3 in Appendix.)

2.2 Weighted Majority Voting

We extend from the egalitarian committee in Section 2.1 to a scenario where voters in a committee
have unequal voting power. Intuitively, more accurate experts should have stronger voting power to
sway the accuracy of the majority voting system. leighted majority votingWMV) system, the

voting mechanism is a decision-making system where each expert has a speci ¢ level of in uence,
determined by an assigned weight. Previously [13] investigated the problem providing only an
optimal error guarantee limited to binary predictions, in the of ine setting where voters can only
produce one of two outpuf; 1g. We aim to extend the setting to multiple class predictions with
no-regret guarantees in the online setting.

We denote the weight of expert2 E by ; 2 R. These weights often re ect factors such as
expertise, historical performance, or stake in the outcome. Each expert votes for a candidate class,
and the total weight of votes for each candidate is calculated. The option with the weight that
surpasses a quofais chosen as the nal decision. This approach extends simple majority voting by
allowing experts to have unequal in uence, making it useful in contexts like corporate governance,
expert panels, and machine learning ensembles, where experts vary in reliability or expertise. Let us
de ne Pnyi(E; ) as the aggregate scoring function of a committee of voters with unequal weights
denoted by =( i)izE.

0 1 0 1
X \ Y X
Poai(E; )= Fn(Si)@ p (1 p)A; where Fy(S;)=1@ >QA;
SE i2s j2sc i2s
b (2.7) (2.8)
where ;,. j :=0. Inwords the above selection function decides whether the con gur&tioh

the committedE meets the feasibility requirements for the vote to pass. In the special case where all
weights are one, then (2.7) reduces to (2.4) with an appropriate tie-breaking. The weighted majority
voting problem with quot®) can be stated as,

max Pmai(E; ): (2.9)
2RV :k k1 2Q

In our experiments, for simplicity, we us€d= N=2, ensuring majority consensus. This guarantees

a clear winner when the majority of experts predict optimally. Should a majority decision be un-
reachable, a random class is sampled uniformly as the winner. To help further simplify the solution
to Eq. (2.9), via Lemma 2.2, we can solve foat equality as opposed to constrained cag®n
constituting a more convenient expression encompassing the latter.



Lemma 2.2. Weights Satis ed at Equality:When solving for the optimal weights forweighted
majority voting, the constrain) k k; 2Q, from Eq.(2.9) can be replaced witk k; = 2Q.
(Proof is available in Appendix A.5.)

2.2.1 Solving the Optimal Weighted Voting Committee

A key objective is optimizing the parametersto maximize majority voting accuracy in Eq. (2.7).
While convex combinations of expert outputs with non-zero weights may yield higher optima, the
problem involves iterative combinatorial complexity. For binary outcomes, i.e. only two classes
to vote for, optimal weights follow the log-odds ratio; = log(pi=1 pi); 8 i 2 R [23, 24]

(see Appendix A.13 for a discussion and proof). For multi-class settings, the speci cations of the
problem challenges the aforementioned existing theoretical guarantees. Everaere, Konieczny, and
Marquis [18] and Abramowitz, Lev, and Mattei [25] provide further insight, yet optimality guar-
antees still require binary outcomes or large expert pools. Karge and Rudolph [19] provides
non-asymptotic bounds via a competency gap, but remains limited for small-scale online settings.
Therefore, our problem requires novel approaches balancing accuracy maximization with sample
ef ciency and expert heterogeneity. First, we leverage potential simpli cations in optimal weighted
majority voting problem structure.

Proposition 2.1. Discrete Image: Many con gurations of can lead to the same result for
Pmaj(E; ). (Proof is provided in Appendix A.3.).

The results of Prop. 2.1 are rather intuitive, stating that many different con gurations of weights
could lead to the same expected accuracy via majority voting. One can prove this constructively
by considering a scenario where two or more experts do not contribute to the optimal solution.
So long as their weights do not contribute to swinging a majority vote for any possible outcome
(i.e. this could be an in nitesimally small weight), it could be a valid optimal solution. Next, we
provide an algorithm which for any given ordering over the competencies, denoedigy :=
(p1;p2;:::pn),suchthapy  p2  :::pn, cOmputes an optimal set of weights.

Mixed Integer Program Formulation:  The exact formulation of the optimal weights in the vot-
ing problem can be formulated as a mixed-integer program (MIP), governed by the properties out-
lined in this section. Let =] 1; 2;:::; n] be a positive vector, wherg 0 for all i. Let

S E ,i.e.,[xs]; =1 ifand only if exper{ is voted correctly in con guratiors. We also de neZs
as a binary variable correspondingSpdetermined by the following if-else condition,

7o .= L ifxs  >Q;
S 0 otherwise
whereQ 2 R* is the given quota. The problem in (2.9) can be formulated as an MIP with the
following objective function,
X Y Y
max Zs p (1 p) (2.10)
2R, SE i2S j2sc

This MIP computes the expected value over all voting outcomes using a binary selection variable and
possibility variableZs. When maximizing for the MIP objective, we must formulate g set of valid
constraints. Leveraging Lemma 2.2, we tighten the quota condition, introducing constgaipt:

2Q. Assumption 2.1 enforces 6 ; as aconstraint. Importantly, we enforce logical consistency by
ensuring that complementary voting outcomes cannot simultaneously satisfy both an outcome and
its complement (e.g. if scenar®® = [0; 1; 1; 0] is possible ands = 1, then its complemer® =

[1; 0; 0; 1] is not, implyingZs. = 0.). These constraints collectively validate voting con gurations,
enforce expert competency distinctions, and eliminate contradictory outcomes, while maximizing
for a global solution. We provide the details for this MIP formulation in Appendix A.8.

Lemma 2.3. Majority Voting Dominance over Egalitarian Voting: For any set of experts, the
optimal majority weighted voting method will always yield a stronger or equal predictive accuracy
than the plurality vote of the committee. (Proof can be found in Appendix A.2.)

Lemma 2.3 posits that given the same committee of experts, utilizing-W&1V algorithm (Alg.
2), to aggregate experts' output will always yield a stronger result than using egalitarian voting.



Therefore, if the computational resources are available M&vV algorithm will produce a better
accuracy. However, this depends on the systems ability to serve all experts and provide a solution to
the MIP expressed in Eq. (2.10). If the goal is to learn an ef cient representation of experts (i.e. a
sparse set of experts) th&EHKin Alg. 1) can be a better choice to retain ef ciency.

3 Online Learning

In previous work, the online MoE problem was typically framed as a no-regret problem relative
to the best single expert in hindsight (Hannan consistency). Recent work on online MoE learning
focuses on identifying tojc experts based on their competencies. A prominent gap remains in
ef ciently learning optimal aggregation with heterogeneous expert competenithesut combina-

torial explosion. Prior work assumes either pairwise feedback (duelling) or submodularity, yet there
remains a focal body of work addressing optimal MoE aggregation in an online learning setting.
Key previous approaches include duelling bandits, where pairwise comparisons identify dominant
experts [26, 27], and submodular bandits, which treat committee formation as a matroid optimiza-
tion problem with greedy guarantees [28, 29] . Alternatively, satis cing methods [30, 31, 32]
trade optimality for ef ciency, while Top-K bandits [33, 34, 35] leverage competency ordering
for successive acceptance and elimination of arms. Despite the ample amount of research in the
online Top-K arm-selection area, a prominent research gap yet remains which bridges voting theory
to online no-regret guarantees.

Notion of Regret: As our proposed algorithm is a no-regret learner, we formally introduce the
notion of regret in Def. 3.1. Cumulative regrB , is de ned as the difference between the expected
majority voting aggregate accurad¥ms(E; ), under parameters, , subtracted by the expected
aggregate accuracy under the current parametgg¢g; *).

De nition 3.1. Regret: The cumulative regret of an online Blgonthm over a time horizon of length
T that selects a set of weightsat roundt is given byRt := = ,_; Pma(E; ) Pma(E; 1):

3.1 Successive Expert Elimination $SEE

The idea of successive elimination in online learning was demonstrated in Even-Dar et al. [33]
where the successive elimination bandit algorithm with a PAC bound on sample complexity was
proposed, along with both a gap dependent and gap independent versions based on the UCB. Re-
jwan and Mansour [35] presents a successive elimination algorithm in the full-bandit-feedback
setting (a minor detail is that only the sum of rewards is available, which is an additive result from
the individual rewards). Yet, it does not consider the optimal Top-K expert selection (only that K is
given).To distinguish, in our situation, the aggregate rewBsg; function is not necessarily addi-

tive, and the TogK is not given beforehand and must be determined. We rst propose an algorithm
based on the UCB, where there is some con dence range between our estima@ndfthe true

value for each expep; . This con dence bound should shrink over time with increasing samples.

< o > KD o »
Gt—0—P 4 —o—>
“«— e » o »
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Figure 2: lllustration of a breakage evegjt.

De nition 3.2. Breakage EventA breakage event at rouriddenoted aﬁ between experisand
j denotes an event where the upper con dence limit of the empirical estlmat;dsm asmpetency
at roundt, pf, is less than the lower con dence limit pf, i.e.,

B :p+UCB <p UCH:

Intuition of Successive Expert Elimination (SEE: The key idea ofSEEis that we can use the

con dence bounds to successively eliminate experts from a candidate committee until we arrive at
a nal set of optimal candidates, with high con dence. The algorithm begins with the complete
set of candidate committee equal to the set of all exgédtsy E and all experts are played

at each round until a breakage event ocdgrs At the event of a breakage, we rst order the
experts whose estimated competencies are lower than gxpsatyj1;j2;::;jk = j, such that

k. < p, = p (pictured as blue points in Diagram 2). Then, we deTmpKE,,, ) as the set

(! i2

fikgfiv:ix 19 :5fj1;:jkg . To perform a removal test, for each elemERin TopI(Ec;nd) ,



we consult the advantage function to sel(i.ang; E9  O; that is no advantage can be obtained by
including E° with high con dence. If so, all experts iB.,4 := fj1;:::;j«g could be subsequently
eliminated fromE.ang (i.€. removal of blue points from the previous union of blue and green w.r.t
Diagram 2).

Algorithm 1 Successive Expert EliminatioSEE

1: Ecand E . Set the candidate expert set to the full set of experts.
2. fort=11t0T do
3: Estimatept and upper con dence bounﬁLCB{, for each expert itbang.

4 if anyB{j event is observethen . Breakage event occurs.
5 for everyB{j , in descending ordato

6: Ec+and E c>(£1nd .

7 if F(Eang:E9) 0; 8E°2 TopKE.q) then . Perform removal test.
8: Ecand E cand N Esgng: . Expert set truncation.
9: end if

10: end for

11: end if

12: end for

13: return Ec.ang

Lemma 3.1. PAC Sample ComplexitySuppose that the competency of each exgsmnodeled as
a sub-Gaussian random variable with megnand variance ? 2. Under Assumption 2.1, for
any two experts andj , if the number of samplesand shrinkage terndCB' satisfy

r
2 Zlog(4=) ._ 32 ?log(4=)
f’ t to . f'
then, with probability at least , 2 (0;1), the breakage conditiorﬁ‘j , will be met. (Proof
provided in Appendix A.6)

Theorem 1. Regret Bound forSEE The total regret ofSEEAlgorithm in 1 is bounded by:
Rr 20 N log(T)="* : (3.1)

UCB :=

Sketch of ProofThe bound follows a PAC elimination sample complexity (Lemma 3.1), followed
by a union bound ove®(N 2) pairwise comparisons. Next, we set the failure probability 1 =T

to control catastrophic regret. The dominant term arises from aggredéting elimination rounds,
each contributingd log(T)=~* regret. (For complete proof see Appendix A.7.)

3.2 Online Weighted Majority Voting Solution (Full Bandit Feedback)

Full Bandit Feedback: As discussed in previous section, the optimal weighed majority voting
problem (-WMV) can be cast as an MIP under perfect information. Consequently, this can be
integrated into UCB style bandit algorithms. To implement a no-regret learning algorithm, we solve
for the best- and worst-case outcomes under uncertainty in the experts' competencies via the MIP,
and quantify the corresponding shrinkage in the bounded simple regret.

Algorithm 2 -Weighted Majority Voting with Full Bandit Feedback-{VMV)

1: BEcand E . Set the candidate expert set to the full set of experts.

3 Estimatept and upper con dence bountCB using the history for all experts Bang.

4:  Solve for with optimistic estimateg)! + UCH, via MIP.

5 Elicit all responses frork, and combine responses using weighted majority voting with
6: Receive feedback from scoring function, and add it to the history.

7: end for

8: return




(a) Optimal Egalitarian Voting. (b) Optimal Weighted Voting. (c) LLM Experts.

Figure 3: Comparison of Cumulative Regret for MoE Voting Environments. Fig. 3a: SEEon simulated
Bernoulli experts; Fig. 3b: -WMV on simulated Bernoulli experts; Fig. 3c: LLM experts across domains
(e.g., GSM8K, BoolQ etc.), with tasks sampled from each domain. Shaded regions £HORB uncertainty.
Evidently, SEEand -WMYV consistently outperform baselines in regret minimization.

Algorithm N IEj Py ~ Rt %R # P Domain

SEE 20 9 0.992 0.010 546.2 0.921 0.980 Bernoulli

Comb. UCB 20 9 0.992 0.010 6932 - 0.370 Bernoulli
-WMV 9 9 0.927 0.027 587.0 0.829 0.927 GSM8K

Zooming 9 9 0.927 0.027 3443 - 0.604  GSMS8K

SEE 5 3 0.810 0.031 676.8 0.364 0.810 CommonsenseQA
Comb. UCB 5 3 0.810 0.031 1065 - 0.664 CommonsenseQA
-WMV 5 5 0.735 0.013 3609 0.512 0.735 BoolQ

Zooming 5 5 0.735 0.013 740.3 - 0.694 BoolQ

Table 1: Multi-armed bandit experiment results showing consistent performance across environments, with
time horizonT ~ 10%. Performance metrics show reduced cumulative redet) (@nd increased empirical

accuracy I@maj) across all baselines. Extended empirical results can be found in Appendix C.5.
Theorem 2. Regret Bound for -WMV: Under the Assumption A.1, Algorithm 2 achieves a regret
bound ofRt 2 O NT log(T) . (Proofin Appendix A.11.)

Sketch of ProofWe show that the MIP solution to Eqg. (2.10) undemisspeci cation is bounded

by the difference in outcome scenario probabilities, which is also bounded by the uncertainty esti-
mates of the expert's competencips, UCB (see Lemma A.1 in Appendix). Subsequently, using
standard PAC concentration bound arguments (i.e. Lemma 3.1), we derive the expected cumulative
regret. A looser alternative bound under relaxed assumptions is also provided in Appendix A.16.

Targeted-m Online Majority Expert Voting:  In MoE applications, computational constraints
often limit the number of experts that can be queried at each timestep to atrmdake address

this extension to the problem by partitioning tNeexperts intoN=m groups and running a win-
dowed phase dfy rounds per group. This ensures high-probability breakage detection while pre-
serving the original regret bounds, scaled by a multiplicatiwen factor (Lemma 3.1). Speci cally,

the targetedn variant of SEEmaintainsO N?logT=m~ regret, matching the original setting's
guarantees with respect Todespite the query limitation.

Corollary 3.1. Targetedm WMV: An algorithm exists that allows for the regret bounds of Theorems
1 and 2 to hold with an multiplicative factor df=m. (Proof can be found in Appendix A.12.)

4 Empirical Study

We evaluate online learning in both model-based and data-derived settings. In the model-based set-
ting, N Bernoulli experts with xed success probabilities test each algorithm's ability to distinguish
and optimize for varying competencies under noise. In the data-derived setting, we sample tasks
from diverse domains: GSM8K [36] (mathematical reasoning), CommonsenseQA [37] (implicit
knowledge), and BoolQ [38] (evidence-based binary inference), each presenting unique challenges.
Experts are instantiated as LLMs with varying reasoning capabilities (see Appendix C.1).



Propose-then-Vote: Datasets used in our experiments, such as CommonsenseQA [37], BoolQ
[38] etc., constitute structured labelled data, that is the catalogue of answers is provided to the
LLM to choose from (note Remark 1). But as we tackle unstructured open-ended tasks for experts,
we need to standardize the vote aggregation functions with proper structure in order to elicit the
appropriate expert feedback. One solution is to use the MoE to generate each individually their top
responses to a prompt. By default, this is added to the admissible catalogue and the expert votes for
their own response among the candidate responses.promse-then-votenechanism essentially

uses the committee to rst determine the answer catalogue, and then vote on it. (For additional
details and a complete set of comprehensive experiments please refer to Appendix C.5.)

Results Summary: We analyzeSEE(Algorithm 1) and -WMV (Algorithm 2) in terms of ex-
pected aggregate accuraRy,(E; T) (Eq. (2.7)) and cumulative regr&; (Def. 3.1). As base-

lines, we compare against combinatorial UCB bandits and the zooming algorithm [39], which serve
as no-regret benchmarks. Further details — including prompting strategies (chain-of-thought), expert
LLM speci cations, baseline implementations, and ablation studies — are provided in Appendix C.

5 Conclusion

We introduce a new no-regret learning framework for online decision-making with voting-based
expert ensembles, unifying online learning and social choice theory as a key contribution. Our al-
gorithms—SEHEor egalitarian voting and-WMV for weighted majority voting—provide provable
cumulative regret guarantees with UCB-style analysis, accompanied by de nitive empirical per-
formance. There are of course, also some limitations. First, although we consider up to a modest
number of experts, the WMV algorithm depends on the solution to a mixed-integer program which
could become overly complex when a large humber of experts is introduced. Second, we did not
consider the additional use of contextual and/or side information for the MoE framework to enhance
regret minimization performance. Nevertheless, both learning algorithms offer practical advantages
for ensemble MoE systems, particularly in LLM applications as demonstrated. This work estab-
lishes both theoretical foundations and practical tools for voting-based ensemble learning, opening
new directions at the intersection of online learning and collective decision-making.
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6 Checklist

NeurlPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately re ect the
paper's contributions and scope?

Answer: [Yes]

Justi cation: The main claims of the paper are clearly presented in the abstract and intro-
duction, with supporting theory and empirical evidence.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

» The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

» The claims made should match theoretical and experimental results, and re ect how
much the results can be expected to generalize to other settings.

It is ne to include aspirational goals as motivation as long as it is clear that these
goals are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justi cation: The limitations of the work are mentioned in the Conclusion.
Guidelines:

« The answer NA means that the paper has no limitation while the answer No means
that the paper has limitations, but those are not discussed in the paper.

» The authors are encouraged to create a separate "Limitations” section in their paper.

» The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-speci cation, asymptotic approximations only holding locally). The au-
thors should re ect on how these assumptions might be violated in practice and what
the implications would be.

» The authors should re ect on the scope of the claims made, e.qg., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

» The authors should re ect on the factors that in uence the performance of the ap-
proach. For example, a facial recognition algorithm may perform poorly when image
resolution is low or images are taken in low lighting. Or a speech-to-text system might
not be used reliably to provide closed captions for online lectures because it fails to
handle technical jargon.

» The authors should discuss the computational ef ciency of the proposed algorithms
and how they scale with dataset size.

« If applicable, the authors should discuss possible limitations of their approach to ad-
dress problems of privacy and fairness.

» While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren't acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be speci cally instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs
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Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
Justi cation: Assumptions are clearly stated in Section 2.
Guidelines:

« The answer NA means that the paper does not include theoretical results.

« All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

 All assumptions should be clearly stated or referenced in the statement of any theo-
rems.

» The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a
short proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be comple-
mented by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main
experimental results of the paper to the extent that it affects the main claims and/or conclu-
sions of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justi cation: Experimental results are clearly presented in the paper, with reproduction
data in Appendix C.

Guidelines:

* The answer NA means that the paper does not include experiments.

« If the paper includes experiments, a No answer to this question will not be perceived

well by the reviewers: Making the paper reproducible is important, regardless of

whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps

taken to make their results reproducible or veri able.

Depending on the contribution, reproducibility can be accomplished in various ways.

For example, if the contribution is a novel architecture, describing the architecture

fully might suf ce, or if the contribution is a speci ¢ model and empirical evaluation,

it may be necessary to either make it possible for others to replicate the model with

the same dataset, or provide access to the model. In general. releasing code and data

is often one good way to accomplish this, but reproducibility can also be provided via
detailed instructions for how to replicate the results, access to a hosted model (e.g., in
the case of a large language model), releasing of a model checkpoint, or other means
that are appropriate to the research performed.

» While NeurlPS does not require releasing code, the conference does require all sub-
missions to provide some reasonable avenue for reproducibility, which may depend
on the nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear

how to reproduce that algorithm.

(b) Ifthe contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) Ifthe contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to re-
produce the model (e.g., with an open-source dataset or instructions for how to
construct the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case au-
thors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.
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5. Open access to data and code
Question: Does the paper provide open access to the data and code, with suf cient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
Answer: [Yes]

Justi cation: The methods and procedures to reproduce the results are clearly outlined in
Algorithm 1 and 2. Moreover, implementation details are outlined in Appendix C.

Guidelines:

» The answer NA means that paper does not include experiments requiring code.

» Please see the NeurlPS code and data submission guiddiityes./(nips.cc/
public/guides/CodeSubmissionPolicy ) for more details.

« While we encourage the release of code and data, we understand that this might not
be possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

» The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurlPS code and data submission guidhtjyes (
/Inips.cc/public/guides/CodeSubmissionPolicy ) for more details.

» The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

» The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

« At submission time, to preserve anonymity, the authors should release anonymized

versions (if applicable).

Providing as much information as possible in supplemental material (appended to the

paper) is recommended, but including URLS to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justi cation: We provide full details in Appendix C.
Guidelines:

» The answer NA means that the paper does not include experiments.

» The experimental setting should be presented in the core of the paper to a level of
detail that is necessary to appreciate the results and make sense of them.

» The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical signi cance

Question: Does the paper report error bars suitably and correctly de ned or other appropri-
ate information about the statistical signi cance of the experiments?

Answer: [Yes]
Justi cation: Uncertainty estimates are provided in all graphs presented in the paper.
Guidelines:

» The answer NA means that the paper does not include experiments.

» The authors should answer "Yes” if the results are accompanied by error bars, con -
dence intervals, or statistical signi cance tests, at least for the experiments that support
the main claims of the paper.

» The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).
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8.

10.

» The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

» The assumptions made should be given (e.g., Normally distributed errors).

« |t should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* Itis OK to report 1-sigma error bars, but one should state it. The authors should prefer-
ably report a 2-sigma error bar than state that they have a 96% Cl, if the hypothesis of
Normality of errors is not veri ed.

» For asymmetric distributions, the authors should be careful not to show in tables or
gures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

« If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding gures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide suf cient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justi cation: Experimental hardware speci cations can be found in Appendix C.
Guidelines:

« The answer NA means that the paper does not include experiments.

» The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

» The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

» The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments
that didn't make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurlPS Code of Ethickttps://neurips.cc/public/EthicsGuidelines ?

Answer: [Yes]

Justi cation: Our research complies with all ethical guidelines, in no way do we have intent
or motivation to produce harmful or unethical output detrimental to humanity.

Guidelines:

* The answer NA means that the authors have not reviewed the NeurlPS Code of Ethics.

« If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

« The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]

Justi cation: In the introduction of the paper we discuss several applications of the paper,
including LLM alignment and achieving better understanding of ef cient agent learning.

Guidelines:

» The answer NA means that there is no societal impact of the work performed.

« If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.
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11.

12.

« Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake pro les, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact spe-
ci ¢ groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

» The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitiga-
tion strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the ef ciency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justi cation: There exists no potential for high risk misuse.
Guidelines:

» The answer NA means that the paper poses no such risks.

» Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by re-
quiring that users adhere to usage guidelines or restrictions to access the model or
implementing safety lters.

» Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justi cation: Code and methodology can be openly used with proper credits given to au-
thors.

Guidelines:

» The answer NA means that the paper does not use existing assets.
« The authors should cite the original paper that produced the code package or dataset.

» The authors should state which version of the asset is used and, if possible, include a
URL.

« The name of the license (e.g., CC-BY 4.0) should be included for each asset.

 For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.
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13.

14.

15.

« If assets are released, the license, copyright information, and terms of use in the pack-
age should be provided. For popular datageperswithcode.com/datasets has
curated licenses for some datasets. Their licensing guide can help determine the li-
cense of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
« If this information is not available online, the authors are encouraged to reach out to
the asset's creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documenta-
tion provided alongside the assets?

Answer: [NA]
Justi cation: No digital assets were used in this paper.
Guidelines:

» The answer NA means that the paper does not release new assets.

» Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

» The paper should discuss whether and how consent was obtained from people whose
asset is used.

« At submission time, remember to anonymize your assets (if applicable). You can
either create an anonymized URL or include an anonymized zip le.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the pa-
per include the full text of instructions given to participants and screenshots, if applicable,
as well as details about compensation (if any)?

Answer: [NA]
Justi cation: No crowdsourcing was used in this paper.
Guidelines:
» The answer NA means that the paper does not involve crowdsourcing nor research

with human subjects.

« Including this information in the supplemental material is ne, but if the main contri-
bution of the paper involves human subjects, then as much detail as possible should
be included in the main paper.

» According to the NeurlPS Code of Ethics, workers involved in data collection, cura-
tion, or other labor should be paid at least the minimum wage in the country of the
data collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)

approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justi cation: No study participants were used in this work.
Guidelines:

» The answer NA means that the paper does not involve crowdsourcing nor research
with human subjects.

» Depending on the country in which research is conducted, IRB approval (or equiva-
lent) may be required for any human subjects research. If you obtained IRB approval,
you should clearly state this in the paper.
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» We recognize that the procedures for this may vary signi cantly between institutions
and locations, and we expect authors to adhere to the NeurlPS Code of Ethics and the
guidelines for their institution.

« For initial submissions, do not include any information that would break anonymity
(if applicable), such as the institution conducting the review.
16. Declaration of LLM usage
Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used

only for writing, editing, or formatting purposes and does not impact the core methodology,
scienti ¢ rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justi cation: LLM's were not used as any important, original, or non-standard component
of the core methods in this research.

Guidelines:

« The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

» Please refer to our LLM policyhttps://neurips.cc/Conferences/2025/LLM )
for what should or should not be described.
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A Proofs for Core Theory

A.1 Proof for Lemma 2.1

Top-K Ordinality of Experts: The optimal expert committedeé E is a subset of Top-K experts
based on their competencies, fbx K N.

Proof. Suppose there is an expélit the optimal committe& and another expejtwith a higher
competency, i.ep; < p; whois notincluded in the optimal expert committee. In this case, replacing
experts andj results in a new committee with higher average score, leading to a contradiction. We
prove it for when the size of the optimal committee is odd. Similar proof can be written for when it
is even. LefE j = 2s+1 for somes,i 2 E butj 62 Eandp; < p;. We form a new committee

By = E [f jgnfig. LetS;(k) be the event that precisdlyexperts inE are correct including expert

i. We also de neSf(k) to be the event thatis incorrect butk 1 other experts voted correctly

in E . Similarly, we de neSjC(k) andeC(k) in committeek,. It is straightforward to see that the
probability of eitherSt(k) or S;(k) occurs in committe& is equal to the probability of either

S’ (k) or §j (k) occurs ink forallk 2 f s+2;::;;2s+ 1. This implies the sum of these events are
the same for both committees in (2.5). Note that wken s + 1, both eventsst (k) andSg (k) will

not appear in the average scoring in (2.5) as in both of these evenfserts are correct argh 1

are incorrect. Moreover, the probability that even¢s + 1) occurs is higher than the probability of
the eventS; (s + 1) since in the former expejtis correct and in the latter experandp; > p;. O

A.2 Proof for Lemma 2.3

Majority Voting Dominance over Egalitarian Voting: For any set of experts, the optimal majority
weighted voting method will always yield a stronger or equal predictive accuracy then the plurality
vote of the committee.

Proof. Supposde denotes the OEC whefE j = M. In this case, we de ne such that; = 1 if
i 2 E and zero, otherwise. Next, we show tiaiy(E; )  Pmaj(E ), where the quota iQ rather
thanjE j=2asin (2.5). LeS; = S\E ,S; = S\ (E )¢, then,

0 1
X Y Y
Pma(E; )=  Fn(S)@ p 1 p)A
SE i2S j2s¢
0 10 1
X X Y Y Y Y
= Fn(Si[ S2; )@ 1 p)A@ p @ p)A
S1E S, (E)e¢ i2S;  j2E nS; i2S;  j2(E )°nS;
Note that,
0 1

X
Fn(S; )=1@  ;>QA=1,j S\E j=jSj>Q;
i2s

This implies that the nonzero terms in the above summation are thosgSyjith Q . Therefore, we
can simplify the summation as

0 10 1
X X Y Y Y Y
Pmai(E; ) = @ p 1 p)A@ p @ p)A
S1E S, (E)° i2S1 j2E nS; i2S,  j2(E )°nS;
jS1j>Q
0 1 0 1
X Y Y X Y Y
= @ p @ p)A @ p @ p)A
S, E i2S1  j2E nS; S, (E ) i2S, j2(E )°nS;
jS1j>Q
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0 1

X Y Y
= @ p (1 p)A = Png(E ):
S1E  i2S,  j2E nS:
iS1j>Q

A.3  Proof for Proposition 2.1

Discrete Image: Many con gurations of can lead to the same result fé%q(E; ).

Proof. Pmaj(E; ) is a function with nite number of discontinuities (jumps), which is bounded by
2N | the number of possible committees.

Let [ 1, ~]be asetof weights anfl = fS;;:::; S¢g be all the set of con gurations for
which j2s, 1 > Q for aH,i 2 [K] Let S; be the con guration which has the lowest sum of
weights, i.e.S; = argmin; i2s, Thenpde ne to t?:e a new set of weights in which some of
the weights irS; are disturbed by such that ;,5, | = s, j andthe remaining weights are
left unchanged. After this distribution, some pveightsSihare reduced by, pome increased, and
gome are left unchanged. L8 = arg maxsezs i2s i Then, set  minf 28 Q;Q

i2s, 197N, Clearly, by this choice of, all the con gurations inS will pass the aggregation
criterion and no other con gurations will be added to ®igthat isPma(E; ) = Pmg(E; ). O

A.4 Remark 3: Wedge Property

Remark 3. Wedge PropertyProvided expert competencigs, p2 :::; pn , With the orderingp;
p2 pn , there exists an optimal solution with parameterghat maximize®mq(E; ) and are
constrained by the ordering;  :::; N -

The intuition behind Remark 3 hinges on the idea that more competent voters would contribute more
in terms of voting power in the expert committee compared to less competent experts. Voting power
can be measured by various metrics such as the Shapley-Shubik Index or Banzhaf Power Index,
which measures the amount of contribution that each voter contributes to swinging the collective
decision. Having more weight, or allocated votes, to the expert re ects this property. Therefore
we can expect a monotone increasing wedge property on the expert wejglaportional to the
ordering onp;. Enabling this as a constraint for any optimization program will tighten the search
space for optimal solutions, making it more computationally ef cient.

A.5 Proof for Lemma 2.2

Weights Satis ed at Equality: V\ﬁhen solving for the optimal for -weighted B1ajor|ty voting,

we can replace the constrait ,Nl i, from Eq. (2.8), with a binding equality ;—, | =2Q,
to obtain a valid solution. (Proof is available in Appendix A.5.)

Proof. We can begin by consideringQ, or two times the quota, as the total number of votes in

an electorate. We would like to allocate the total number of allowable votes among the voters to
ensure total representation, allocating any less could end up with suboptimalities. If the@uota,

is too high in comparison to the total number of votes allotted, then it could be the case that some
participants who would have contributed optimally to the voting committee, are unable to participate

due to quota limitations. In order to ensure majority voting, more than half of the total votes must

pass for any certain choice - by de nition. Therefore, betw&and 2Q, the objectivePm,( )

is strictly non-decreasing, as more useful voters could potentially be included in the voting pool

without sacri cing exclusion of others. Since the objective fuBction is strictly non-decreasing w.r.t.

in put , then for any mixed-integer program, the constr&int iN:1 2Q can be replaced by a

binding constraint v, ; =2Q.
O
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A.6 Proof for Lemma 3.1

PAC Sample Complexity: For any two distributions for expertsandj , if the number of samples
and shrinkage terdCB;(t), satis es,

r
2 Zlog(4=).  16( ?+ ?)log(4=) .
f: N} 2 .

UCB =

then, with probability atleast , 2 (0; 1), the breakage conditioﬁﬁtj , will be met.

Proof. Without loss of generality, let us consider 1 andj = 2. Let there exist two sub-Gaussian

distributions parameterized with meams p, and variances?; 3, respectively. Given 2 (0; 1),

we seek the minimal number of samptagquired to distinguish between the two distributions with
probability at leas. . Due to Hoeffding's inequality, with respect to the number of samples

the empirical meang, andp, must satisfy,

t (UCB)?

Pipl pj UCB  2exp >z
i

i 2f1;20:

Let us set the con dence bound shrinkage paramg@g as,
r
2 —
UCH = 2 ¢ Io?(4—);
The condition for breakagefﬁj , Is indicated by non-overlapping con dence intervals, can be ex-
pressed as,
By B> )+ 2):
Therefore, with probability at leagt |, the intervals are separated when

r
4( £+ 3)log(4=)
2 2 n

Solving fort;; yields the sample complexity:

32 2log(4=) 16( ?+ ?)log(4=)
i 2 2 :

i 2f1;20:

2(2(t)+ 2(1):

where j = jpi  pjj,~=minjgj j,and ; foralli. O

A.7 Proof for Theorem 1

Regret Bound for SEEAIgorithm: The SEEalgorithm achieves a total regriet; bounded by,

N
Rr 20 —logT

Proof. Pairwise Comparison Regret: During execution, there exisf\zI possible pairwise com-
parisons leading to expert elimination, but the algorithm would encounter atNnost elimination
events. For each elimination round, we can expect the most samples to be drawn yvHes:

tween expertsi andj, is minimized, therefore, the maximum sample complexity to achieve full
breakage among all experts is upper-bounded by the suntgverfromi goes from 1 tdN 1.
Furthermore, we also impose conditions to limit the sub-optimal inclusion of experts under conser-
vative advantage function estimates (Def. A.2), so long at)tBBis suf ciently sampled such that
2UCB < 4 (illustrated by Condition A.1). As a consequence Lemma 3.1 will still hold by the
same derivation, but we take the smaller of two gaps, where we dg,pas,

min := MIN T~ mai0:

where~ = minjs; j and ma can be computationally derived per Def. A.3. Leveraging the
sample complexity result from Lemma 3.1, the regret decomposes as,
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0 1
K1 24 2 =
Re %16( P+ .gl)log(4 ) . T §: (A1)

i=1 | {9‘" } Failure Cost
Exploration Cost

Here, we apply the fact that the optimality gap is upper bounbgd(E; ) Pma(E ) 1.

In order to translate the sample complexity result from Lemma 3.1 into a regret bound, we must
realize that we expect to play suboptimally with probability . Next, represents the probability
where a catastrophic breakage even could happen (i.e. the algorithm eliminated drmarthe
committee, even though they were supposed to be part of the optimal expert committee). If catas-
trophic breakage were to occur, we could obtain a upper bounded worst-case régretwhere

1 (the maximum expert competency difference) - so essentially a regfet dherefore, we
select = 1=T to offset this issue. By selecting= 1=T, the failure cost is effectively an up-
per bounded by a constant (in this case 1), and the exploration cost scales logarithmically with the
number of samples. We can further express Eq. (A.1) as,

X 1 2 2 N 2
Rt 32 log(4T)+1 20 ——log(T)
i=1 min min
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A.8 Mixed Integer Program Formulation for Optimal Weights
Problem Formulation:

as a binary vector corresponding to each scer@ras determined by the following if-else condition,

1 ifx; >Q

Zs = .
S 0 otherwise

whereQ 2 R* is a given constant, ands is the indicator of the speci ¢ scenario. Then, the

slight abuse of notation, is de ned by,
Y Y
Ps = Pi

i2s  j2sc

1 p) S2s;

whereS is the size of all scenarios of si2¥ .

Mixed Integer Linear Program Formulation:
integer linear program (MIP) as follows:

The problem can be formulated as a mixed-

X Y Y
max Zs P 1 ) (A.2)
2RN . .
S2s i2S j2sc
subject to:
X
Xj Q MIPZs 852S (A3)
j=1
Xjj Q MZs; 852S (A.4)
j=1
| =2Q; (A.5)
j=1
i Ko 8j;k 2f1;2;:::;Ng;j <k; (A.6)
Zs + Zse 1 852S; wherexy = 1 X;; (A.7)
Zs 210 1g; 852S: (A.8)

As standard notation for indicator varialdg, we de neM as a very large number, angp as a
very small number, such that the indicator condition in Eqg. (A.2) will hold as speci ed.

Description of Constraints This MIP is formulated with the objective variable as the dot product
between a binary selection variable which dictates the possible voting outcomespassilaility
variable z; which dictates the possibility of this outcome among the constraints . This produces a
valid sum over all possibilities and their individual expected values, over which the summation over
indicates the expectation over the con guration provided a set of weights

. gorrect Vote Indicators: The two constraints, (A.3) and (A.4), ensure that= 1 if
L Xj j  Q+ ,orz =0 otherwise.
 Electorate Approval Condition: the twg constraints (A.3) and (A.8), the varialaieis
binary and is determined by the conditionj'\':1 Xj j Q=+

» Equality at Quota: The constraint (A.5) ensures the total sumjofs xed to 2Q. Lemma

2.2 provides constraint tightening which allows to solve address the quota inequality with
a more convenient constraint.

24



» ~Incrementality (Heterogeneous Expert Competencies) and-Wedge Property: (A.6)
enforces the Assumption 2.1, and th&/edge property in Remark 3, imposing a minimum
difference between all pairs of; ;.

» Proper Outcome Complements:The constraint (A.7) ensures that complementary binary
vectorsx; andxy cannot both have; = 1 andz, = 1. (e.g. a speci ¢c outcome where
expert 1,3,4 votes correctly, cannot have any of 1,3, or 4 also voting incorrectly)

A.9 Assumption on Summation of Competencies

Let us denote in shorthand(p) := arg max, z> p such thatz(p) is the value of that maximizes
the dot product of any givep. Letp denote the optimistic estimate estimates prepresent the
pessimistic estimates of scenario probabilities based®©B uncertainty for expert competencies.

Assumption A.1. For scenario probabilitiegp and scenario indicator vectar 2 f 0; 1gS, the
inequality holds such that,

P Zp p Z'p; (A.9)

To provide additional discourse on Assumption A.1, we assume that the variatip)np
z(p)” p is suf ciently small compared to the uctuation in the shrinkitdCB. In the worst case

scenario, for eacBN ! scenario probabilities, we could add a deviation terilof UCB for each
scenario (although this is a highly conservative estimate).

Bonferroni Expansion: TheBonferroni inequalitieprovide a sequence of upper and lower bounds

on the probability of the union o events, re ning the standard inclusion-exclusion principle.
These inequalities alternate between over- and under-estimates as more terms are included, ulti-
mately converging to the exact probability whenllterms are considered.

For eventA1; Ay; i An, the exact probability of their union is given by:
|
N X
P A = (DS
i=1 k=1

whereS, represents the sum of the probabilities ofkallivise intersections:

X
S = P(Ail\ Aiz\ \ Aik):

1 i1<i o< <igx N

General k-th Order Bonferroni Inequality: The Bonferroni inequalities state that truncating the
inclusion-exclusion series at tteth term yields an upper or lower bound depending on whekther
is odd or even. Ik is odd, the partial sum is an upper bound,

|

N ' X .
A ( Yy
i=1 j=1

If k is even, the partial sum is a lower bound,
|
N X 4
P A ( 1y*"s:
i=1 j=1

Let (A1;A2Az;:::;Ay) be N independent events with success probabilities
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M
p Ai =P(A)+ P(A2)+ P(A3) +P(An) P(A1\ Az) P(A1\ A3) P(A2\ Ag):::
+ P(Al\ Ao\ A3) P(Al\ Ax\ Az \ AN)

Given expert competencies, we could express,
|
W

= Pl + p2 +{93 + pr\} Plp2 pﬂﬁ P2ps: P1p2{93 Pi
s ]:.g-}

If we were to varyp;  UCB, we would incorporate this modi cation into all of the terms in the
Bonferroni expansion. Given the alternatingstructure of the Bonferroni expansion, Ass. A.1
posits that the difference between, any two MIP solutions und&rrsusgi would entail a difference
of,

>
<

zZp 77 p= Zspi  ZspiP2  ZspiPs  ZsP2Ps t ZspipP2pPs Zs P

ZSEi * 259192 * 259193 * 259293 25919232 * Zs B
i=1 i=1
I {z }

Higher order terms.

Wherep; = p; + UCB, andEi = pi UCB, andZ;s is the indicator variable for whether the speci ¢

scenario is possible, and equivalent in both the upper and lower bounding formulations. Ass. A.1
posits that the higher order terms of the Bonferroni expansion serve to cancel each other out, such
thatasT !'1 ,andUCB! O,

X X
Zp zp pi p: (A.10)
= i=1

This is true in most cases where the values of the expert competencies are spread [Oul paed
not highly concentrated around a single number, which is supported by Ass. 2.1. It also tends to
be true as we have a modest size of experts, as in our setting. It is possible to check, whether Ass.
A.1 holds providegh andp, asUCB-based estimates input into the MIP. Our empirical analysis has
demonstrated that this assumptlon holds in all tested con gurations of expert competencies.

A.10 Bound on Max-Min Probabilities for Weighted Majority Voting

Lemma A.1. Under the Assumption A.1, the regret of any learning algorithm (Def. 3.1) which
provides bounds on the individual agent competengi@sa majority voting setting can be bounded

by,

reg; pi p: (A.11)

Proof. Under full-bandit feedback, as we draw more samples the estimate of each individual expert's
competencies improve, and the con dence bound shrinks, and with high con dence the estimate of
each competency is bounded lpy, UCB. Recall that the probability of each scenaBo2 S
denoted byps is given by, %% v

ps= p @ p) S S;

i2S  j2sc

whereS contains2N elements. Lez be the binary vector that maximize3 p for a givenp. We
further subject to a constraint,
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X! 1

S

The constraint in Eq (A.12) represents the restrictio@gnsuch that iZs = 1 tt]gn its complement
Zsc = 0. Which, giving winning condition for tie-free weighted majority votingiN:l i >Q,and

Q N=2, implies that the summation &s over all scenarios cannot be greater than half of all
scenario$):5jSj, because its scenario complemesit, must be not be possible. This constraint is
imposed becausgs 2 f 0;1g°! represents the possibility of the scenario in the set of all possible
scenarios, and any possible scenario always excludes its complesfietitereforeZsc = 0, and

the sum ovesS is at most one half ofSj. Let p represent the probability vector @ possible
scenarios irs. Therefore, the regret is expressed as,

reg, = max Zp z(p)p (A.13)

Establishing the Inequality: We establish the key inequality to bound our regret,
2(p)"p  z(p)"p  maxz’p  z(p) p: (A.14)

We consider the Bonferroni inequalities, via rst order Bonferroni inequality,
!
N X
maxz”p P A pi (A.15)

z i=1 i=1
WhereA; are de ned as probability of success of experfor N experts. The probability of the
union of A;, that is at least one experts predicts correctly, is always greater than or equal to the
probability that at leadti=2 experts predict correctly (majority condition). Therefore, for any vector
z adhering to constraints from Eq. (A.12), we can use the union bound over all expert competencies
to upper bound the majority correct vote probability, leading to upper bounds,

> >(\| > >(\I
zp pi; Zp p: (A.16)
i=1 i=1

From the bound on Eq. (A.15), combined with constraints on the sensitivity of the competency
estimates as limited by Assumption A.1 we can obtain bounds on the simple regret of the algorithm
under uncertainty of expert competencies,

reg,; pi p: (A.17)

O

A.11 Proof of Theorem 2

Regret Bound for -WMV Algorithm: An algorithm based on-MIP weight assignment, such as
in Algorithm 2, achieves a regret boundRf 2 O ° NT log(T) .

Proof. Provided the result from L,gmma A.l, V\@ simply account fo[:,the uncertainty difference be-

tween the two estimated sums for 4 phand [, pi. LetS = ;1 bi, denotes the true
i;:,ummed competencies, thus any deV|at|0n fi®mvia estimatingp; will glve the PAC bound of

iNzl (P pi). Let us express the uncertain quantity 8B, where,
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PAC Bgunds for Summation of Binomial Trials: The UCB represents the radius that the es-
timate :\':1 pi should fall within with probabilityl . ConsiderN independent binomial ex-
periments, where thieth experiment consists of; trials with success probabilify;. Letf = r‘j—

denote the empirical probability of success, wheris the number of successes observed iri itie
experilgwent. We are interested in deriving a PAC bound for the sum of the true probabilities
N

S = up.

Hoeffding'ﬁglnequality for Unequal n;: Using Hoeffding's inequality, the deviation of the em-
pirical sum iNzl pi from the true sun§ can be bounded. LéX; g'L; be independent Bernoulli

Xij Bernoulli(p;); i.i.d.forj =1;:::;n;;
and the samples are independent across differéir goal is to establish a concentration inequality
for the sum of these empirical meai$s,, around its expectation,. Where,

B = - Xij ; S = Bi; = _ pi: (A.18)

Eachp; is an average ofi; independent Bernoulli random variables boundefDiji]. Hence,p;
itself lies in the interval0; 1]. We can write,

i=1 i=1
P
Consider the collection of aM := iN:1 n; independent random variableX; g. The sunSis a
weighted sum of these variables, where edgh is multiplied by1=n;.
Hoeffding-Type Concentration Bound: For any > 0, it holds that (see Lemma A.4),
| |
X X ' 2 2
P P Pi 2exp Pﬁ

i=1 i=1 i=1 n

To achieve d PAC bound, we set the right-hand side tand solve for :

| I
272 In(2= 1
=2exp Py—T = t % —! (A.19)
. = ) nj
i=1 n; i=1
Thus, with probability at least
v
u
X ne=) X 1
B S t (2 ) F: (A.20)
i=1 i=1

P
The term iN=1 ni captures the variability introduced by the unequal number of trial€Experi-

ments with smallen; contribute more to the bound due to their higher uncertainty, while experi-
ments with largen; contribute less due to their lower uncertainty.

Suppose in the complete full bandit feedback, we always play every single arm,, therefore at each
time interval, we would play each expert exadtlytimes, therefora; = t, for all experts at round
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t. We can then use an integral to bound a summation as,

v v
u u r ro_
X fines=) X 1_X fime=) X1 )T T,
t=1 2 TERLL ) 2 i1 ¢ 2 1 t
To solve for the de nite integral,
Zr Z:
wfdtz t 2dt (A.21)
h e p_
2t1=2 ) =27 2)*?=2"T 2 (A.22)
Putting this back into the original inequality,
bines) * 1 "wETp v
n(2= 1 n(2= — P
— o 2 N T 1 (A.23)

i=1

Eq. (A.25) bounds the high probability estimation uncertainty of the algorithm, where at each time
step the regret can be bounded in the high probability regime. Therefore, we can express the expected
regret from 1 tol as,

Rt IO2N In(2=) p? 1 +T (A.24)

We can choose = Tl allowing it to vanish. Therefore, the expected regret is bounded by,

Rr 20 P NT log(T) (A.25)
O

Worst-Case Bound: It is possible to check, whether Ass. A.1 holds provigiteandgi , and should

this condition not hold, the algorithm will still retain its no-regret properties, however, it will incur
a looser regret bound, illustrated in Appendix A.16.

A.12 Proof for Corollary 3.1

Targeted-m Setting: An algorithm exists that allows for the regret bounds of Theorems 1 and 2 to
hold with an additional multiplicativél=m factor (e.g. SEES regret become® n’:‘—i logT ).

Proof. The algorithms presented in the previous sections were developed under the assumption that
all experts could be queried at each round. However, this assumption may be restrictive in certain
applications where onlgn experts are available at any round. We refer to this setting as targeted-

and in the following, we propose an extension of the previous algorithm to address this constraint

A simple modi cation of the previous algorithm can be applied to the targetesktting. Speci -

cally, we partition theN experts intd N=m) groups of sizen each. Then, we run a burn-in period
during which all experts within each group are queriedforounds, wheréy is de ned in Lemma

3.1. This results in the totah (N=m) number of queries. The purpose of the burn-in period is

to ensure that any breakage event, if it occurs, does so with high probability. Afterwards, we apply
Algorithms 1 or 2 for assembling the OEC or nding the optimal weights in the weighted majority
voting problem, respectively. Therefore, the regret bounds of Theorems 1 and 2 remain valid with an

additional factor oN=m, e.g., the regret SSEHEN the Targetedn setting will beO(rT'\]‘—f2 logT). O
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A.13 Binary Outcome Expert Weighting

Lemma A.2. Optimal Majority Voting Expert Weights for Binary Classi cation:From Nitzan
and Paroush [24] , in a weighted majority voting scenario, as described in Sec. 2.2, when the space
of outcomes is binary (binary classi cation), the optimal weighting that maximizes the combined
predictive accuracy for all experts combined is,
Pi

: A.26
1 p (A.26)

Wherep; is the competency of expérfthe probability that the expert predicts correctly.)

i =log

Proof. We begin with a few key assumptions. First as stated, that the space of predictive outcomes
is binary, the expert predicts true, they receive a valug, @nd false a value dd. Lety denote

a set of outcomes (i.ey = [1;0;1;1; 0] indicates that experts 1, 3, 5 selected the correct answer
out of 5 experts). Due to the binary aspect of the outcomes, if an expert consistently predicts the
incorrect outcome, we can always negate their prediction (predict the opposite) to obtain a equally
consistently correct outcome. Further, let us de ne an aggregation furfcfign y 7! f 0; 1g that

takes any outcome and aggregates all individual outcomes to form a single outcbbn&gn

Pairing with Compliments: Suppose we impose an arbitrary pairing over outcomes. Al(g)
denote the selection ovgrwhere we impose as the positive outcomes voters Bi(g) denote its
compliment. Thus for any outconye= A(y)[ B (y). This implies that if all outcomes are 1/X(y)
the outcome of (y) will result in an overall positive outcomeg=1; 8y 2 A(y) =) f(y)=1.
The complimentB (y) is by de nition mutually exclusive fromA(y) therefore it is not possible to
include both in the selection voting criteria (eith%¢y) or B (y) for any outcomey.) We also can
see that there is a deterministic relations that maps any seléetignto its compliment (y) (i.e.

if Aly)=1[1:;0;1;1;0] =) B(y) =[0;1;0;0;1].) Therefore, the set of all outcom¥sis paired
in such a way. Let us denote this@sy (y); Bk (y)) for each pair.

Maximizing E[f (y)]: In order to maximize the probability thdt(y) = 1, for each pair
(Ak(Y); Bk(y)) we must determine a selection rule that selects the greaté?(Ak (y)) or
P (Bk(y)). For notation purposes, we impose that,

P(Ak(y)) P(Bk(y)); 8k2K =) EI[f(y)l= E[f (¥) (A.27)

Should a selection rule be found such that Eq. (A.27) holds, then the Edfug)] is maximized.

This simply holds because all outcomes are assigned to pairs, and events in each are mutually exclu-
sive (or condition), and events between pairs are not (and condition). We can express this probability
as,

Y Y Y Y
P(A(y)) = P 1 p) 1T p) p=PBHY): (A.28)
i2A  j2B i2A i2B

This forms a suf cient condition, so long as the selection rule ful lls Eq. (A.28).

Selection Rule:lt just so happens that our selection réigy) selectd (y) = 1, then the weighted
sum of outcomes i\ (y) must exceed that @& (y) by de nition. Thus,
X X
iYi j Flip (y;) (A.29)
i2A i2B
WhereFlip represents theitwise not operatoi(for example[1;1;0] ! [0;0; 1]). This forms a
necessary condition for the selection rule to outpy) = 1.

Log-Odds Weights: Given the suf cient and necessary conditions to prodi¢e (y)] outlined in
Eq. (A.28) and Eq. (A.29). We can readjust Eq. (A.28) such that,
Y ' Y '
pi Pi

i2A(l p) i2B (1 pj)

(A.30)
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Taking the logarithm, we obtain,

X log b X log b (A.31)
b @ P L @)
The optimal weights therefore are equivalent to,
Pi
i =lo A.32
=100 705 (A.32)

Likewise forj as well, mutatis mutandis. To summarize, the suf cient and necessary conditions
from Eg. (A.28) and Eq. (A.29) enforce a single unique solution for the optimality condition of
E[f (y)] expressed in (A.32).

O

A.14 Relation Between the Optimal Binary Classi cation and Weighted Majority Voting

The setting of Nitzan and Paroush [24] considers rst, arbitrary neutral decision rules, whereas we
restrict our analysis to a speci ¢ class of majority voting systems operating over sub-committees.
Consequently, the binary voting framework of Nitzan and Paroush [24] encompasses a strictly
larger set of decision rules, which allows the approach to achieve superior performance only in the
binary classi cation setting.

For example, consider a simple setting in which there are only two experts with compefencies

p2 > 0:5g. According to Nitzan and Paroush [24] , the optimal neutral decision rule is given by
f (X1;X2) = sign(wyXy + WaX2), wherew; =log(pi=(1 p;)) > Oandx; 2f1; 1gisthe expert

i's decision. The success probability of this decision rule will be,

P (f(x1;x2) =1)= P (sign(wWixs + Woxp)=1)= P(Xx1=1;x2=1)+ P(xy=1;x2= 1)
= pp2+ pr(l p2) = pu:

This performance can be achieved using the WMV scheme by considering. and , = 0 and
quotaQ = 0:5in (2.7). In this case, (2.7) will be

Pma(E; )= pip2+ p1(1  p2) = pu:

Now, supposd p; > 0.5 > p,g such thatw; < jw,j. For examplep; = 0:6 andp, = 0:1.

In this casef (x1;x2) will always ip the decision of expert 2 and ignore expert 1 which leads to
the success probability df p, = 0:9. But this performance cannot be achieved by the WMV.
Because, if the optimal committee is only expert 1, then the success probaliilidy itthe optimal
committee contains both of them, then the succe8%is0:1+0:6 0:9+0:4 0:1=0:64.

A.15 Non-Contradiction of Expert Inclusion

De nition A.1. Inclusion Signal: The inclusion signal of the advantage functiete; ; &) is de-
ned as,

1(F(Ei; B2) > O):
GivenE; andE, are disjoint subsets &, 1(F(E;; E;) > 0) serves an indicator representing whether

the advantage function is positive. This indicates if it is advantageous to retain the exgrirset
the originalE = E; [ E , or truncate it tdg;.

De nition A.2. Conservative Advantage FunctionGiven two mutually exclusive subs&s E
andE, E ,whereg \E ; = ;, for optimistic and pessimistic estimates expert competencigs of
denoted ag; and P, respectively, the conservative advantage function is de ned as

F(Ey; E);
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such that,
E=fp;:png; E= fgl;:::,QN o:

That is,E represents the egalitarian voting committee substituting the optimistic estimates of the ex-
pert competencigs, andE represents the egalitarian voting committee substituting the pessimistic
estimates of expert competencigs,

Remark 4. Guarantee on Consistent ExclusionGiven a bisectiorB 1,, that divides two an or-
dering over a set of expertg, into two ordered setd; andE,, wherep; > p; foralli 2 E; and
j 2 E, itfollows that,

F(E;;E;) 0 =) FESE) O

We begin by asserting that any committee with dominant competencies for all expertd(i.e.
experts, all experts have higher competencies in one committee than another) will result in
Pmaj(E)  Pma(E), and it follows,Pmaj(E1; E2)  Pmaj(Er; E2). When we are provided a condition
F(E;;Ez)  Othis impliesPmgj(Er; B2)  Pmaj(E1), by the de nition from Eq. (2.6). Therefore,
Pmaj(El; EZ) Pmaj(El; EZ) Pmaj(El) :) Pmaj(El; E2) Pmaj(El) :) F(El; E2) 0.

We can conclude thag(E;E)) 0 =) F(E;E) 0. Notice that during breakad® , the
bisection property 1o naturally dividesE into two sets at the barrier betweeandj (see Diagram

2), and we can be free to seldgt from within E; without contradicting the bisection property (i.e.

pi > p; foralli 2 E; andj 2 Ey). Therefore, it holds that,

F(E;E2) 0 =) FE;E) O

In other words, if a conservative advantage function is applied, when this conservative advantage
function, F(E;; E2) signals to excludds, from E; [ E 2, then with high probabilityl , this
exclusion ofE, from the optimal committee is valid.

Condition A.1. Consistent Inclusion: Provided an egalitarian voting committee with expegts
and their respective competencias : : pn , Where two mutually exclusive subsetsE, are formed
from the breakage ever; , such thafy > p;; 8i 2 E;;8) 2 E, (see Diagram 2), and suf cient
samples are drawn, such thatiICB < 4, it follows that the inclusion signal (see Def. A.1) of the

conservative advantage functidf(E, ; E,), must be consistent with the inclusion signal computed
under the true competencidy g ; ), i.e.,

F(E;;E))>0 () F(E;E)> 0

Note that the expert elimination condition checks the condi(i®, ; E;) 0 for any candidate set,
wherep; > p;; 8i 2 E;;8j 2 E with high probability,1 . Itis therefore not possible to falsely
eliminateE, from E with high con dence, as we are stipulating the lowest estimates of competence
for By (group with higher competence) and highest estimates of competené&e {group with

lower competence) - if no advantage exists here, then we can con dently elinkinftam E. In the
reverse situation without additional constraints, the inclusion signal under the conservative estimate
of F(E;; E2) may be inconsistent with the inclusion signal under true competeR¢ESE,) (i.e.

the signs of the two signals are different). Therefore, we next de,agas a property of the expert

con guration such that consistency is achieved, per Condition A.1.

De nition A.3. 4-Consistent Gap: We denote a consistency gaps; 2 [0; 1], as the maximum
value such that Condition A.1 holds.

For any con guration of experts, there must exisi;@; such that Condition A.1 holds, as there are

no constraints on how smalk, can be. When we draw enough samples such2bi@iB <

then we will obtain a consistent elimination function, when our con dence of expert competencies
is less than the gap needed for always computing inclusion-consistent advantage functions with high
condence. Given the properties of the problem, i.e. expert competency arrangemantsn

exact computation can be performed to determifg, and the value of,, is independent of the
number of the number of expefts or number of sampleE. Letf B 1,9 denote the set of bisections

of E (i.e. division of the set of experts into two sets post breakage, where; for alli 2 E; and
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j 2 E2). The range of admissible,,; values can be expressed as,
G(E):= UCB2 R"jSign F(E;;E) =Sign(F(Ei;E)) ; 8(E;E)2fBg (A33)
We expressm as,
maj = argmax (A.34)

UCB2G (E)

A.16 Alternative Bound for Theorem 2

We provide an alternative upper bound for Theorem 2 which upper bounds the regrétidl/
algorithm. As preliminaries, we introduce the de nition f8f ) and Lemma A.3 which stipulate
that any two sets i5( ) cannot be disjoint.

De nition A.4. For a given set gf weights, we denote $f ) the collectionf Sy;:::; Scg of all
con gurations of experts such that ., « >Q foralli andS; 6 S; foralli 6 j.

Lemma A.3. Any two sets irS( ) have non-empty intersection.

P
Proof. Otherwise, we have at leasandj suchtha5;\ §; = ;. Then, ,,5 g k> 2Qwhile
due to constraink k 2Q. This is a contradiction. O

Theorem 3. Regret Bound for -WMV: An algorithm Based on-MIP weight assignment, such as
in Algorithm 2, achieves a regret boundR$ 2 O 2N NT log NT

Proof. Letp! be the empirical estimate pf after collecting i.i.d. samples, then due to Hoeffding's
inequality, we have,

" t 2 2
P B pi 2exp — 2exp —
v 22 22
where = max; ;. Recall that at each round, we collect samples from all experts. Thust after
rounds, we have collected precis¢lyamples from each expert. Using Union bound, we have
. t 2
P o p :8i2f1;:;Ng 1 2N exp 57 (A.35)
Using the inclusion-exclusion principle, and the de nition®f ) = fSy;:::; Skg, we have
Xy X Y
Pmaj(E; ) = P ot
i1=1j2s;, i16i2=1j2Si,[ Si,
Whenjp;  pfj for all experts, i.e.j 2 [N], for any given , we obtain,
t
Pmaj(E; ) ﬁmaj () =
Xy Xk Y Xy . X Y .
Pi P+ 4 B+ o
i1=1j2s;, i16i2=1 j2Si,[ Si, i1=1j2Si, i16i2=1j2Si,[ Si,
X X N 1 X
B N 1 b
i=1j2S; d=5-e i2S.[ [ Sk

wheredae denotes the ceiling of real numbar As shown in Remark 5 for a simple scenario, the
rst inequality is tight. The last inequality is due to Lemma A.3 which implies that the maximum
size of S( ) is dN'ﬂl and consequently, we have at m0§5f 11e] repetitions of eaclp; in the

2 2

above double summation. Knowing that, ,s ( .;s, B N, leads to the boundd'ﬂTlle N .

e]
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Applying the Stirling's approximation, we can achieve the following,

t 2N NP
Pmaj(E; ) 'dmaj (E; ) PWN =2 N :

Applying the concentration result in Eq. (A.35), we obtain,

P Pmg(E; ) Idmajt(E; ) ZNPW P P p :8i2[N] 1 2Nexp ;—22
Now, requiring the probability to be at leakt , we obtain,
P Prg(E ) Py () o 1 (A.36)
where,
o(t) := r 2N47N2Iog N :

t

Let us consider two possible cases at rotindi) Pmaj(E; ) Pmg(E; ') > 2 o(t) and (ii)
Pma(E; ) Pma(E 1) 2 o(t). Next, we show that casewon't happen with high proba-
bility. To this end, using the concentration in (A.36), we imply that the following events hold with
probability atleast 2 .

t
Poai(E; ) B (B ) olt);
Prai(E; 1) B (B 1) o(t):

Combining the above inequalities with the assumption of case (i), Le., Pmy(E; )
Pmai(E; ) > 2 o(t), implies Bugy (E; 1) < Bhg (E; ). This is a contradiction with! 2
arg max Idmajt(E; ). Thus, with probabilityl 2 , case (ii) occurs. By letting = 1=(2T),
we could bound the regret as follows,

X . Xo X .
Rt = Pmaj(E; ) Pmaj(E; ) 1+ Pmaj(E; ) Pmaj(E; )
t=1 t=1 t=to+1

1 1. X
to*'f(T to) + (1 ?) 2 o(t)
t=to+1
Zq

q q__
to+1+(1 %) 8N 4N 2jog 4TN pl—fdtzo 2V NTlog NT

to

wheretg := 2N 4V 2log 4TN . Note that during the initial phase, whén to, we bound the
instantaneous regrets by their worst scenario that is 1 as the utility function is a probability.]

Remark 5. Let consideN = 3 experts with competencigs; p2; ps and weights = (1;1;1). In

this caseS( ) = ff 1;2g;f1; 3g;f2;3gg. Moreover, lety = p; + for all i, where min; p;

then

Praf(E; ) Bhg(E; )i=jpip2 PaP2+ piPs  Pifs+ P2Ps PoPs 2(PiP2Ps  PuPops)]

= j(Pr+ p2) +(Pi+ps) +(P2+pa) +3 % 2(pip2+ pipa+ P2pa)  2(pi+ Pt pa) X 27
=j2pi+p2+ps (PiP2+ PaPs+ PaPs) 2ot P2t ps) 3 2 2%

34



P
1e] 2SS P = 2(py + p2 + p3) . Now, lets compare the
exact value and the bound for whpr (:02;:03;:04). In this case,

N 1 X

N 1 Pj
Sl j2S1] Sa[ Ss

The introduced bound iy
2

j Pmgi(E; ) Bog(E; )j=0:18 j 0:1748 +2:822 23
Note that the above expression can be arbitrary smaflagends to zero.

A.17 Scaling Variance ofl=n; for Bernoulli Variables

Lemma A.4. For estimates sums of Bernoulli variabl¥s 2 f 0;1g, wherep; is the probability
of success for variablX;, f = r‘j— is the empirical estimate, andl; is the empirical count of
successes, it holds that,
! !
X X 22

P pi Pi 2 exp Pﬁ

i=1 i=1 i=1

Proof. Scaling1=n;: Since eactX;; 2 [0;1], the range of each scaled vanalﬁf.L is contained
in f0; 1=n;g. Each original Bernoulli random variabl;; takes values if0; 1g, thus,
Xi;j 2 [0; 1]:
When forming the empirical mean,
X
B = o Xij 3
j=1
each summand inside the sum is sc:aledialyI . Therefore,
X
ALY 0= [0; 1=ny]:
n;

This implies the range of each scaled variable is reduced from ldngtlengthl=n;. This scaling
is allows us to applying Hoeffding's inequality, as the concentration bound depends on the sum of
the squared lengths of these ranges,

X i 1 2 X 1
— 0 = n 5=
i=1 j=1 ni i=1 ni

X
i=1 VF‘)
Hence, the variance proxy in the concentration bound is governediq#.

Applying Hoeffding's inequality for sums of independent bounded variables, for ang:

1
. . 22
P(jS j ) 2expE¢p - 2& :
I=1 ni W 0
Simplifying the denominator,
X 1 2 X4
ng — = —
i=1 ni i=1 i
Hence, ] !
X\l X\I 2 2
P pi pi 2exp P
i=1 i=1 i=1 n;
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B Algorithms

B.1 Greedy Algorithm for Constructing Optimal Egalitarian Committee

Algorithm 3 Greedy Algorithm - Construct Optimal Committee with Accurdiy,;

Require: Set of expert& andEcang = ;
Ensure: Optimal Pyqj andEoec

1: Sort all experts by their accuracy measpireresulting insorted (f pig).

2: Ecand €.

3:forj =2 toN do _

4 if F(Ecang;E®%) 0O; 8E°2 TopKE.,,) then . Check the advantage function.
5: Ecand E[E °

6: Prmaj Pmaj(Ecand)

7 end if

8: end for

9: Eoec E cand

10: return Pmaj; Eoec

B.2 Zooming Algorithm

Algorithm 4 Zooming Algorithm for Lipschitz Bandits

1: Input: Metric spacgX;d), Lipschitz constant > 0, time horizonT
2: Initialization: Set active arms Active ;

3:fort=1;2;:::;T do

4: Update Con dence Intervals:

5: for x 2 Active do

6: Compute empirical mean reward:

1 my(x)
MN(X)= —— rs(x
0= 5y T
7 Compute con dence radius: s
2logT
re(x) = nt(?()
8: end for
9: Activate New Arms:
10: for x 2 X nActive do
11: if miny2 acive d(X;y) > ¢(y) then
12: Addx to Active
13: end if
14: end for

15: Select Arm to Play:

xe =arg max ("i(x)+ re(x))

16: Play Arm X;:
17: Observe reward and update (x)
18: end for

The zooming algorithm from Kleinberg, Slivkins, and Upfal [39] adaptively explores and exploits
strategies in a metric space by maintaining con dence intervals around the estimated rewards of
active arms, serving as an appropriate benchmark bandit algorithm for when the reward function
lacks convexity. It dynamically activates new arms that are suf ciently far from existing ones (based
on their con dence radii) and prioritizes arms with high upper con dence bounds. In non-convex
spaces, the algorithm leverages the Lipschitz condition to generalize observations across nearby
arms, ensuring ef cient exploration while adapting to the structure of the problem instance.
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C Experiment Details

C.1 LLM Of ine Performance Benchmarking (i.e. Expert Competencies)

Figure 4: Visualization of the performance comparison of language models across three benchmarks (GSM8K,
CQA, BoolQ) as a function of parameter count (7B, 8B, 14B).

Model GSM8K Acc. (%) CQA Acc. (%) BoolQ Acc. (%) Params. (B)
Aya 7.71 9.20 43.00 8
OpenOrca 12.90 12.80 10.40 7
Samantha 15.69 18.50 11.30 7
Notus 25.53 22.90 3.91 7
Qwen 31.25 32.66 48.98 14
Mistral 43.88 43.20 65.31 7
Gemma 47.07 62.68 55.10 7
Deepseek-R1 79.52 73.83 71.43 14
phi-4 92.69 78.90 71.63 14

Table 2:Model performance ranking. Models listed by their accuracy across various domains in the of ine
setting, alongside their respective parameter count (billions).

C.2 Description of Datasets for Task Generation in Online Simulation

Dataset Description Testing Capabilities and Limitations

GSM8K Collection of 8.5k middle school-level mathThe collections of questions are relatively
problems from Cobbe et al. [36] solvable bybasic and relevant to mathematics. The ex-
elementary operations and logical reasoningpert is allowed to propose any answer they

would like (in this case limited to integers).

CommonsenseQA Open-source from benchmark dataset frdmis dataset benchmarks the reasoning capa-
Talmor et al. [37] containing 9.26k ques-bilities of LLMs, and provides a catalogue of
tions with common sense yes/no questions.candidate answers to choose from.

BoolQ A question-answering dataset from Clark eThis dataset examines the logical reasoning
al. [38] that focuses on logical reasoningcapabilities of LLMs and provides a cata-
and evaluation of boolean expressions. It ifogue of possible answetsie andfalse
part of the BIG-Bench Hard (BBH) suite.

Table 3: Overview of selected evaluation datasets.
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C.3 Computing Speci cations

Component Speci cation

CPU InteP Core™i9-9900K @ 3.60 GHz
Cores/Threads 16

GPU NVIDIA GeForce RTX 2080
VRAM 8 GB GDDR6

CUDA Version 11.8

System Memory 64 GB DDR4
Storage NVMe SSD
Python Version 3.8.10
Gurobi Optimizer 9.5.2

Table 4: Computing hardware and software library speci cations.
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C.4 Chain-of-Thought Prompting with Constrained Output Formatting

Structured Chain-of-Thought Prompting: Our approach implements a constrained variant of
chain-of-thought (CoT) prompting [40] with strict output formatting rules. We provide a prompt
template for each of the domains.

C.4.1 GSM8K Prompt Template

### Instructions:

1. Read the question carefully and identify what is being asked.
2. Solve the problem methodically, showing each step clearly.
3. Double-check your calculations before finalizing the answer.
4. Your final output MUST follow EXACTLY this format:

### Reasoning:
[Your step-by-step reasoning here]

### Final Answer: [Numerical Value]

### Required Output Format Rules:

- Only numbers allowed in final answer (e.g., 42, 3.14, 2/3)
If uncertain, return ### Final Answer: O

No additional text after final answer

Final answer must be the last line

### Question:
{question}

### Choices:
{choices}

### Reasoning:

C.4.2 CommonsenseQA Prompt Template

### Instructions:

1. Read the question carefully and identify what is being asked.
2. Solve the problem methodically, showing each step clearly.
3. Double-check your calculations before finalizing the answer.
4. Your final output MUST follow EXACTLY this format:

### Reasoning:
[Your step-by-step reasoning here]

### Final Answer: One of 5 catagories [A, B, C, D, E]

### Required Output Format Rules:

- Only numbers are allowed in the final answer (e.g., A, B, C, D, E)

- If you cannot determine the answer, you MUST pick a random answer from [A, B, C, D, E].
- No additional text, explanations, or characters after the final answer.

- The final answer line must be the very last line of your response.

### Question:
{question}

### Choices:
{choices}

### Reasoning:

39



C.4.3 BoolQ Prompt Template

### Instructions:

1. Read the question carefully and identify what is being asked.
2. Solve the problem methodically, showing each step clearly.
3. Double-check your calculations before finalizing the answer.
4. Your final output MUST follow EXACTLY this format:

### Reasoning:
[Your step-by-step reasoning here]

### Final Answer: One of 2 catagories [true, false]

### Required Output Format Rules:

- Only numbers are allowed in the final answer (e.g., true, false)

If you cannot determine the answer, you MUST pick a random answer from [true, false].
No additional text, explanations, or characters after the final answer.

The final answer line must be the very last line of your response.

### Question:
{question}

### Reasoning:

C.4.4 Output Parsing Algorithm

The response parsing algorithm enforces strict numerical output constraints through regular expres-
sion matching:

Algorithm 5 Response Parser

1: procedure PARSERESPONSKR)

pattern  “nnnriFinal Answerns*(-nd+n. d*—I[-+]?nd+/nd+)”
3 match regexsearciR; pattern IGNORECASE
4 if match.succeghen

5 return match.groujl)

6: else
7

8

9:

return “0”
end if
end procedure
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C.5 Extended Empirical Results

Algorithm N iEj Pnyg - R+t %R # Png  Domain Con g. Id.
SEE 20 9 0.992 0.010 546.2 0.921 0.980 Bernoulli SE3
Comb. UCB 20 9 0.992 0.010 6932 - 0.370 Bernoulli SC3
SEE 15 3 0.985 0.040 649.8 0.867 0.969 Bernoulli SE3
Comb. UCB 15 3 0.985 0.040 4906 - 0.549  Bernoulli SC2
SEE 5 3 0.883 0.010 535.3 0.719 0.871 Bernoulli SE1
Comb. UCB 5 3 0.883 0.010 1905 - 0.759 Bernoulli SC1
-WMV 9 9 0.644 0.004 217.4 0.545 0.606 Bernoulli WV3
Zooming 9 9 0.644 0.004 4784 - 0.449  Bernoulli WZ3
-WMV 6 6 0.911 0.004 312.4 0.331 0.853 Bernoulli WvV2
Zooming 6 6 0.911 0.004 467.0 - 0.765 Bernoulli Wwz2
-WMV 3 3 0.881 0.106 287.0 0.474 0.835 Bernoulli wv1i
Zooming 3 3 0.881 0.106 546 - 0.681 Bernoulli wz1
-WMV 9 9 0.897 0.023 200.1 0.080 0.828 Bernoulli WS4
SEE 9 9 0.897 0.023 216.0 - 0.806 Bernoulli WES5
-WMV 5 5 0.811 0.05 203.8 0.114 0.732 Bernoulli WS5
SEE 5 5 0.811 0.05 230.1 - 0.707 Bernoulli WE5
-WMV 3 3 0.89 0.02 202.6 0.484 0.817 Bernoulli WS6
SEE 3 3 0.68 0.05 392.7 - 0.427  Bernoulli WEG6
-WMV 9 9 0.927 0.027 587.0 0.829 0.927 GSMS8K WG3
Zooming 9 9 0.927 0.027 3443 - 0.604 GSMS8K ZG3
-WMV 6 6 0.927 0.132 420.6 0.353 0.918 GSMS8K WG2
Zooming 6 6 0.927 0.132 650.2 - 0.891 GSMS8K G2
-WMV 3 3 0.439 0.057 302.0 0.660 0.433 GSMS8K WG1
Zooming 3 3 0.439 0.057 886.0 - 0.369 GSMS8K ZG1
SEE 9 4 0.807 0.036 328.2 0.939 0.805 CommonsenseQA CS3
Comb. UCB 9 4 0.807 0.036 5437 - 0.293 CommonsenseQA CC3
SEE 5 3 0.810 0.031 676.8 0.364 0.810 CommonsenseQA CS2
Comb. UCB 5 3 0.810 0.031 1065 - 0.664 CommonsenseQA CC2
SEE 3 1 0.810 0.051 339.0 0.65 0.807 CommonsenseQA CS1
Comb. UCB 3 1 0.810 0.051 970 - 0.763 CommonsenseQA CS1
-WMV 9 9 0.763 0.0085210.1 0.402 0.675 BoolQ WB3
Zooming 9 9 0.763 0.0085 3514 - 0.483 BoolQ ZB3
-WMV 5 5 0.735 0.013 360.9 0.512 0.735 BoolQ wWB2
Zooming 5 5 0.735 0.013 7403 - 0.694 BoolQ ZB2
-WMV 4 4 0.735 0.04 183.1 0.225 0.667 BoolQ WB1
Zooming 4 4 0.735 0.04 236.4 - 0.586 BoolQ ZB1

Table 5: Multi-armed bandit experiment results showing consistent performance across environments, with
10*. Performance metrics show reduced cumulative redret) (and increased empirical

time horizonT

accuracy Kﬁmaj) across all baselines.
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