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A Proof of Theorem

Before proceeding with the proof, we introduce the following definition and lemma.

Definition 1 (V-functor). A V-functor P : D — & between V-categories consists of a map on objects
and, for each pair of objects X,Y € D, a morphism Pxy : D(X,Y) — E(P(X),P(Y)) inV,

satisfying functoriality axioms.

Definition 2 (V-Category of V-Presheaves). The category of V-presheaves on C, denoted [C°P, V),
is the V-category whose: @ Objects are V-functors P : C°? — V. @ Hom-objects |P, Q)] for
P,Q € [CP, V] are given by the end [, V(P(X),Q(X)), where V(P(X), Q(X)) is the internal

homin V.

Lemma 1 (V-Enriched Yoneda Lemma [7]). The V-enriched Yoneda Lemma states that for any
A € C and any V-presheaf P : C°P — V), there is an isomorphism in V:

[COP7V](Y(A)’ P) =y P(A) (1)
This isomorphism is V-natural in A and P.

Corollary 1 (Yoneda Embedding [7, 12]). For any two objects A, B in a locally small category C,
there is a bijection:

Nat(Hom¢ (A, —),Home (B, —)) = Home (B, A). 2)

This demonstrates that the functorY : C°? — [C, Set], defined by Y (A) = ha = Homc(A, —), is
fully faithful. This functorY is known as the Yoneda embedding.

Theorem 1. The V-enriched Yoneda embeddingY : C — [C°P, V] for the sample category C enriched
overV = ([0, 0], >, 0, 4) with the cost function d is V-fully faithful.

Proof of Theorem 1. A V-functor F' : D — £ is V-fully faithful if for every pair of objects X, Z € D,
the morphism Fy 7 : D(X, Z) — E(F(X), F(Z)) in V is an isomorphism. We need to show that
forany A, B € C,themap Y4 p : C(A, B) — [C°?,V|(Y (A),Y (B)) is an isomorphism in V.

Considering the V-Yoneda Lemma, we set P = Y (B). Since Y (B) = hp is a V-presheaf on C, we
can substitute it into the lemma:

(€7 V(Y (A),Y(B)) =y Y (B)(A). ©)

By definition of the Yoneda embedding Y, Y (B) is the functor hp such that hg(X) = C(X, B) for
any X € C. Therefore, Y (B)(A) = hg(A) = C(A4, B).

Substituting this back into the isomorphism derived from the Yoneda Lemma, we get:

[Copav](Y(A)vy(B)) =y C(AvB) 4
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The map Y4 g is this canonical isomorphism. In our enriching category V = ([0, 0], >,0,+), an
object is a non-negative real number. An isomorphism x =2y, y means there are morphisms x — y
(i.e.,z > y)and y — x (i.e., y > x) in V. This implies x = y. Thus, the isomorphism in V is:

(€7, V(Y (A),Y(B)) = C(A, B). )

This means that the map Y4 g : C(A4, B) — [C°?, V](Y (A),Y (B)) is an equality of non-negative
real numbers. An equality is trivially an isomorphism in V (since > = and = < x). Since Y4 p is
an isomorphism in V for all A, B € C, the V-functor Y is V-fully faithful.

Proposition 1. If two samples X;, X; € Ob(C) have V-naturally isomorphic Indra representations
and the cost function d satisfies the identity property, then X; = X .

Proof of Proposition 1. Assume that C(X;, —) =y C(X;,—). This implies the existence of a V-
natural isomorphism « : C(X;, —) — C(X;, —). By the definition of V-natural isomorphism, for
every object X, € C, there is an isomorphism ax, : C(X;, Xj) — C(X,, X)) in V. In the Cost-
category V, morphisms are costs, and the order is given by >. An isomorphism x =) y exists if
and only if z > y and y > x, which implies = = y. Therefore, o x, being an isomorphism means
that for all X}, € C, C(X;, Xi) = C(Xj, X), which translates to d(X;, Xi) = d(X;, Xi). Now,
consider specific choices for X;. Let X; = X, then d(X;, X;) = 0 and thus d(X;, X;) = 0.
Let X; = Xj, then d(X;, X;) = 0 and thus d(X;, X;) = 0. By the identity property of the cost
function d, d(X;, X;) = 0 implies X; = X,, and d(X;, X;) = 0 implies X; = X. Therefore,
X, = X;. 0

Theorem 2. For any V-functor P : C — V, the V-hom-object of V-natural transformations from the
Indra representation of sample X; to P, denoted by [C,V](C(X;, —), P), is V-isomorphic to P(X).

Proof of Theorem 2. This theorem is a direct consequence of the covariant V-enriched Yoneda
Lemma. The lemma states that for any V-category C, object A € C, and V-functor F' : C — V, there
is a V-natural isomorphism:

[C,VI(C(A, -), F) =y F(A). (©)
Setting A = X; and F' = P, we have:

[C,V](C(Xi, =), P) =y P(X;). @)
In the Cost-category V, this isomorphism is an equality. Therefore:

[C,VI(C(Xi, —), P) = P(X,). ®)

This equality establishes a bijection between the set of V-natural transformations o : C(X;, —) — P
and the elements of P(X;). Specifically, this bijection maps a V-natural transformation « to its
component at X; evaluated at the identity morphism, a.x, (idx,) € P(X;). This result demonstrates
that the Indra representation C(X;, —) completely captures all information about how outgoing
distances from X; can be mapped into the values of any V-functor P. The structure of any such
mapping is fully determined by the value P(X;). O

Corollary 2. The relational structure among objects in the sample category C is preserved and
reflected in the relationships between their Indra representations.

Proof of Corollary 2. Let C be the sample category enriched over V = ([0, oc], >, 0, +). To demon-
strate this theorem, we need to show that for any two samples X;, X; € Ob(C), the mapping:

YXi’X]' : C(Xi’Xj) — [C,V](C(Xj,—),C(Xi,—)), (9)

is a bijection. This mapping takes a morphism f : X; — X to a V-natural transformation Y'(f).
According to the covariant V-enriched Yoneda Lemma, we know that:

[C7V]<C(Xi7_)7C(Xj7_)) =y C(X]7Xz) (10)

This isomorphism shows that there is a bijective correspondence between )V-natural transformations
from C(X;,—) to C(X;, —) and morphisms in C(X}, X;). Since the Yoneda embedding maps
morphisms of C into these natural transformations, and the Yoneda Lemma proves that the set of
such natural transformations is in bijection with the morphisms of C, we conclude that the Indra
representation preserves the relational structure of C. The mapping Yy, x; is this bijection. O



B Experimental Details

B.1 Datasets
The following outlines the datasets used in our experiments.

» Office-Home [14]: The Office-Home dataset is a benchmark commonly used for evalu-
ating domain adaptation and generalization methods. It comprises approximately 15,500
images categorized into 65 classes spanning everyday objects, such as "backpack," "bike,"
"keyboard," and "speaker." These images are collected from four distinct domains that
reflect varying degrees of domain shift: Art (Ar), Clipart (Cl), Product (Pr), and Real-World
(Rw). The Art domain contains artistic renditions of objects, Clipart includes cartoon-style
illustrations, Product features images from e-commerce websites with clean backgrounds,
and Real-World consists of natural photographs taken with a camera. The dataset is notably
challenging due to the significant differences in style, texture, and lighting across these
domains, making it ideal for testing both unsupervised domain adaptation and domain gener-
alization algorithms. Introduced in the context of deep domain adaptation, the Office-Home
dataset has become a standard benchmark in the field due to its diverse domain shifts and
realistic object categories.

e MS-COCO [8]: The Microsoft Common Objects in Context (MS-COCO) dataset is a large-
scale benchmark designed to advance object recognition, segmentation, and captioning
in complex, real-world scenes. It contains over 330,000 images, with more than 200,000
images labeled with dense instance-level annotations. These annotations span 80 object
categories—including people, animals, vehicles, and household items—resulting in more
than 1.5 million object instances. A key feature of MS-COCO is its focus on objects
in context, meaning that the images often contain multiple objects arranged in natural
scenes with occlusions and varying spatial relationships. In addition to bounding boxes
and segmentation masks, the dataset includes five human-annotated captions per image,
making it particularly valuable for image captioning and vision-language tasks. The dataset
is split into training, validation, and test sets, with the test set further divided into "test-dev"
and "test-challenge" for benchmarking competitions. MS-COCO has become a cornerstone
dataset in computer vision, especially for tasks involving detection, segmentation, keypoint
estimation, and multimodal learning.

* NOCAPS [1]: The NOCAPS dataset is a large-scale benchmark designed to advance the
field of novel object captioning—enabling models to describe objects not present in paired
image-caption training data. It comprises 15,100 images sourced from the Open Images
V4 validation and test sets, each annotated with 11 human-generated captions, totaling
166,100 captions. Notably, approximately 400 object classes in the test images are either
absent or rarely mentioned in the COCO Captions training set, highlighting the dataset’s
emphasis on evaluating a model’s ability to generalize to unseen objects. The training
data for nocaps includes COCO image-caption pairs and Open Images’ image-level labels
and object bounding boxes, without additional paired captions for the novel objects. To
assess model performance, NOCAPS categorizes images into three subsets: in-domain
(only COCO classes), near-domain (both COCO and novel classes), and out-of-domain
(only novel classes). This structure challenges models to leverage object detection data and
linguistic knowledge to generate accurate captions for a broader range of visual concepts,
thereby promoting research towards more generalized and context-aware image captioning
systems.

e TIMIT [5]: The TIMIT Acoustic-Phonetic Continuous Speech Corpus is a foundational
dataset in speech recognition research, developed by DARPA and released in 1993. It
contains 6,300 phonetically rich sentences read by 630 speakers from eight major dialect
regions of the United States, ensuring broad phonetic and dialectal coverage. Each speaker
reads 10 sentences, of which two are identical across all speakers (SA sentences), while
the remaining are either phonetically diverse or dialect-specific. The corpus features high-
quality recordings at 16 kHz sampling rate, with time-aligned orthographic, phonetic, and
word-level transcriptions, as well as phoneme boundary annotations. The audio data is
stored in NIST SPHERE format. TIMIT’s careful design makes it a benchmark for tasks
like automatic speech recognition (ASR), phoneme recognition, speaker identification, and



acoustic modeling. Despite its relatively small size by modern standards, TIMIT remains
widely used for low-resource speech tasks and controlled phonetic studies due to its precision
and annotation richness.

B.2 Models

The following presents the details of the foundation models used in our experiments.

Vision Foundation Models:

e ViT [4]: https://huggingface.co/google/vit-base-patch16-384.
* Convnext [15]: https://huggingface.co/facebook/convnext-base-224-22k.
* Dinov2 [10]: https://huggingface.co/facebook/dinov2-large.

Language Foundation Models:

* BERT [3]:https://huggingface.co/google-bert/bert-large-uncased.

* Roberta [9]: https://huggingface.co/sentence-transformers/all-roberta-large-v1.
Foundation Models

» wav2vec [13]: https://huggingface.co/facebook/wav2vec2-base
* wavlm [2]: https://huggingface.co/microsoft/wavlm-base
* hubert[6]: https://huggingface.co/facebook/hubert-base-1s960.

Multimodal Foundation Models
e CLIP [11]: https://huggingface.co/openai/clip-vit-large-patch14.
* CLAP [16]: https://huggingface.co/laion/clap-htsat-fused.

B.3 Experimental Details and Reproducibility

Algorithm B.3 shows the pseudo codes for our algorithm on vision and language models. To support
reproducibility, we have released the source code.

Algorithm 1 Cross-Modal Matching using Indra Representation

Input: text_inputs, img_inputs, integer k
Output: matching score score

—_

Compute text features: 1" < text_model(text_inputs)

Compute image features: I < img_model(img_inputs)

Normalize features: 7' < L2Normalize(T), I <+ L2Normalize(I)
Build Indra representations: I and I< using Eq. (5)

Compute difference matrix: D < cdist(I¥, 1<)

Select top-k nearest neighbors: (Val, Ind) + TopK(D, k, smallest)
Gather similarity scores: S < Gather(atten_clip, Ind)

Compute mean score: score < Mean(S)
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C Broader Impact

The proposed Indra representation draws philosophical inspiration from Indra’s Net, emphasizing
the interconnectedness of data points through relational structure. This perspective encourages a
move away from isolated feature encodings toward more context-aware and structure-preserving
representations. Such a shift may promote greater interpretability and robust generalization in
machine learning systems, particularly in settings where relational consistency matters, such as
multimodal learning, scientific modeling, and human-centered Al.



By explicitly modeling the relationships between entities, our method may also contribute to fairer and
more inclusive models, as it could help mitigate biases arising from treating samples independently.
However, we acknowledge that relational representations may also amplify spurious correlations if
the underlying data is biased. Care must be taken to ensure that such structures are learned from
ethically sourced and diverse datasets.

In the long term, we hope that incorporating ideas from philosophical traditions like Indra’s Net
can broaden the conceptual foundation of Al, fostering interdisciplinary thinking and encouraging
researchers to explore more holistic and principled approaches to representation learning.
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