A Technical Appendices and Supplementary Material

A.1 Feature Regularity Conditions and General Log-concave Distributions

The literature on learning halfspaces with noise typically assumes that the feature vector x has an
isotropic log-concave distribution [Balcan and Long, P13, Awasthi ef all, P01, [Zhang et al], 2020,
Shen, P0773]. The log-concave and isotropic log-concave distributions are defined as follows.

Definition 1 (Isotropic log-concave distribution [Lovasz and Vempald, 2007]). A random vector
z over R? with probability density function ¢,(-) follows a log-concave distribution if In ¢,(-) is
concave. Moreover, it is isotropic if E [z] = 0 and E [zz"] = I.

The following lemma summarizes some important properties of (isotropic) log-concave distributions
that have been proved by literature.

Lemma 2. Suppose z € R with probability density function ¢,(-) follows a log-concave distribu-
tion. Then, the following holds.

(a) (Klvans_et all [P009] Lemma 5.17) For d = 1, assume that E [ZQ] = C?, then for every
t>0,P(|z|>t) <e L

Moreover, if z is isotropic, then,

(b) (Lovasz and Vempald [P007] Lemma 5.2) ¢,(z) > B1(d) for all 0 < ||z||2 < 1/9, where
Bi(d) = 2784,
(¢) (Lovasz and Vempald [2007] Lemma 5.5) For d = 1, ¢.(z) < 1.

(d) (Klvans et all [PO09] Lemma 7 ) For d > 2, ¢.(z) < Ba(d)ePs(Dlzlz where By (d) =

—7d
28442 ¢ and B3(d) = 2(d—1)(202(d—1))<d*1>/2'

Following Lemma [, one can show that any mean-zero isotropic log-concave distribution satisfies
the regularity conditions in assumption B. Importantly, in this part, we show that the regularity
conditions can hold even for a mean-zero log-concave distribution that is not isotropic. In this
case, eigenvalue bounds on the covariance matrix of the distribution determine the corresponding
regularity parameters.

Lemma 3. Let x € R? (d > 2) have zero mean and a log-concave distribution. Suppose the
eigenvalues of its covariance matrix > = K [XXT} are all bounded within [\, \| for some positive
constants )\, \, then the distribution of x satisfies the regularity conditions in assumption B, with

parameters L, = —53/%1), Ly = 515(\2), R=3VAU = %, Uy = [32;\2), §= —Bf’/(;), Q = VA for

B1(1), B1(2), B2(2), B3(2) given in Lemma D.

A.2 Numerical Experiments

In this subsection, we conduct numerical experiments to evaluate our proposed algorithm. To high-
light the challenges posed by Massart Noise and strategic behavior, and to demonstrate the effective-
ness of our algorithm, we compare its regret against two benchmarks: (1) the Strategic Perceptron
algorithm from Ahmadief-all [Z021], designed for noiseless online strategic classification, and (2)
the PAC learning algorithm for halfspaces with Massart Noise from [Zhang et al] [2072(]], designed
for non-strategic classification. Note that these benchmarks are both originally designed for full
feedback settings, whereas our work focuses on partial feedback. We evaluate the performance of
these benchmark algorithms both when they have access to full feedback (while our algorithm does
not) and when they only use partial feedback as our algorithm.

We test the algorithms under two different settings, with key parameters outlined in Table . Each
setting is replicated 30 times, and we report the average regret for each algorithm. Our analysis
includes a performance comparison of the different algorithms and an investigation of how various
problem parameters influence our proposed algorithm.

Benchmark against Strategic Perceptron by Ahmadi ef all [202T] To understand the impact
of Massart Noise, we compare our algorithm with the Strategic Perceptron algorithm from Ahmadi
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Table T: Numerical experiment settings.

*

Index Dx 7l n(x) 5 w
Setting 1 Standard Normal 0.1 n(x) = (1 — exp(—|x]|2)) 0.1 (1,0)
Setting 2 Unit Ball 0.1 n(x) =n 0.1 (1,0

ef-all [2021]]. This algorithm provably achieves only a finite number of mistakes under a noiseless
model where the feature-label relationship is deterministic and the true and negative classes are
strictly separated by a positive margin. Ahmadi_ef-all [P021] modify the classical Perceptron algo-
rithm by setting a higher threshold for classifying an agent as positive and proxy surrogate features
to estimate the agents’ true features. Their proxy feature is defined as follows.

Definition 2 (X;, proxy feature , Ahmadiefall [Z021]). Fora given classifier h(-) = sgn((w,-)+m),
an agent (x,y) reports his feature as r according to Lemmal. Then the corresponding proxy feature
X in Bhmadi et all [PO71] is defined as

s _ JTt YW (w,r) =vyandy, = —1; )
ry otherwise.

Algorithm 5: Original Strategic Perceptron with Full Feedback (Ahmadief-all [Z02T])

Accept the first agent without declaring any classifier
if y1 = 1 then
W < Iy
else
W < —T7
wa = Wa/|[Wallo
fort=2---,Tdo
Declare classifier ht(r) = sgn({w¢,r) — ), receive agent response r¢
Classify the agent as §: = h(r¢)
if Yt §£ :ljt then
Wil ¢ Wi + YeXe, Wit — Wit /|| Wit ||2
else
Wil < Wt

Their original algorithm, designed for the full feedback setting, is presented in Algorithm B. Algo-
rithm B below directly adapts this algorithm to our partial feedback setting. Specifically, instead of
using all data points that incur misclassifications for update, the refined algorithm uses only posi-
tively classified agents with true labels —1 to adjust the coefficient vector.

Algorithm 6: Strategic Perceptron with Partial Feedback

Accept the first agent without declaring any classifier
if y1 = 1 then
Wz — I
else
Wz “— —I
Wo = W2 /[[Wallo
fort=2---,Tdo
Declare classifier h+(r) = sgn({w¢,r) — ), receive agent response r¢
if (w,r;) > - then
Accept the agent and receive his true label y;

else

Reject the agent without getting his true label
if y» = —1 then

Wil ¢ Wi — Xe, Wil ¢ Wep1/||[Wegt||2
else

Wil < We
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Figure 3: Average regrets of our algorithm and two Strategic Perceptron-based benchmark algo-
rithms over different time horizons 7" under the two settings listed in Table . Results are based on
30 independent replications of the experiment.

Figure O illustrates the average regret of each algorithm over 50,000 cycles in both settings listed
in Table M. We observe that our algorithm’s regret grows sublinearly, while the two benchmarks’
regrets may accumulate linearly. The original Strategic Perceptron with full feedback (the dashed
red line) demonstrates slightly better performance compared to its partially feedback-modified coun-
terpart (the dashed green line). However, the improvement remains marginal, suggesting that our
partial feedback setting is not the primary cause of the Strategic Perceptron’s failure. Intuitively, the
ineffectiveness of the two benchmarks stems from their sensitivity to noise when updating with data
from all admitted agents. When 6(w*, w;) is relatively small but (w,, r;) (equals (w;, x;) when
(wy, 1) > ) is large, the algorithm is more likely to admit a ‘wrong’ agent (y; = —1 but h(r;) = 1)
due to noise rather than an inaccurate classifier. Since the perceptron algorithm updates are based
on mistakes (Rosenblafi [TY58]), the presence of noise increases the probability of misleading up-
dates for the classifiers. In contrast, our algorithm explores a small band near the decision boundary,
whose bandwidth decreases proportionally to 6(w*, wy), k = 1,2,--- | K across batches. Within
this band, wrong admissions are more likely due to suboptimal classifiers than noise, making the
update more effective. This enables our algorithm to gradually converge to the optimal decision.

Benchmark against Non-Strategic Learning under Massart Noise by Zhang et all [2020]
Next, to highlight the impact of agents’ strategic behavior, we compare our algorithm against the
algorithm proposed by Zhang et al] [2020] (see Algorithm @), which is designed for adaptively learn-
ing halfspaces with Massart Noise in the non-strategic classification setting. Their algorithm also
adopts a localization scheme that focuses on data within an increasingly narrow band near the clas-
sification boundary and uses online mirror descent in batches for classifier updates. However, they
do not consider the impact of agents’ strategic behavior. We test the performance of their algorithm
under strategic manipulation in both full feedback and partial feedback settings. The two settings
differ in: 1) whether the principal can collect labels of those who are negatively classified (full
feedback) or not (partial feedback) and 2) the algorithm chooses different bandwidths for updates,
namely, {r|—by < (W ;,rr:) < by} for the full feedback setting and {r|0 < (wy ;,r ;) < bi}
for the partial feedback setting.

As shown in Figure B, after a common pure exploration phase, the regret of the non-strategic learning
algorithm in both full feedback and partial feedback settings grows linearly. This is because the non-
strategic learning algorithm ignores agents’ strategic manipulation. Consequently, true negative
agents may misreport their features to be positively labeled. In contrast, our algorithm accounts for
agents’ strategic behavior and is able to efficiently learn the ground truth distribution.
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Algorithm 7: Non-Strategic Learning under Massart Noise

Input: Feedback setting ', noise level bound 7, lengths { T} U {Tk } =, bandwidths {by, }7—,, step
sizes {ak}szo, feature dimension d
wo = Non-Strategic-Initialization(F, Tinit) // See Algorithm B
w1 = Non-Strategic-Refinement(F, wo, 77, To, bo, o, d) // See Algorithm H
for k < 1to K do
Wi+1 = Non-Strategic-Batched-Enhancement(F, w1, 7], k, Tk, bk, ak,d) // See Algorithm MO

Algorithm 8: Non-Strategic-Initialization

Input: Feedback setting F, iteration length Tini
for ¢ < 1 to Ty do
Uniformly draw wigi;; € S?
Declare hinit,i (r) = sgn({Winit,s, ) ), agent (Xinit,i, Yinit,s ) arrives and reports Tinit,;
Make classification decision ilinit,i(rinit,i)
if ' = “full” then
collect label ¥init,s
if ' =“partial” then
collect label yini,;only if ﬁinit,i(rinh,i) =1
if I = “full” then
return wo = T,-l,,,-, o ity Y,
if ' = “partial” then
return wo = ﬁ ZZT':”'{ Tinit, i Yinit,i ] ((Winir,i, Tinir,s) > 0)

Algorithm 9: Non-Strategic-Refinement

Input: Feedback setting F', Initial vector wo, noise level 7, iteration length T, bandwidth by, step size
o, feature dimension d
Initialization : wo 1 = Wo/||Wol|2

for ¢ <— 1 to Ty do
Declare classifier §o,; = ho.i(r) = sgn({(wo,i, r)), agent (X0, yo,;) arrives and reports ro ;
if F' = “full” then
Make classification decision §jo,1 = ho,;(ro,;) and collect label yo ;
Compute gradient:
£o,i = [—7rod (Yo,i = Jo,1) + (1 — 7)ro,:l (yo.: 7# Fo,1)[I(—bo < (Wo,i,r0,:) < bo)
if ' = “partial” then
Make classification decision o1 = izoﬂ-(ro,i) and collect label yo ; only if go,; = 1
Compute gradient:
£o,i = [—7ro,: I (yo,i = Po,1) + (1 = 7)ro:l (yo,i: 7 Ho,1)]1(0 < (Wo,:,T0,:) < bo)
Set constraint set: Wy = {w | ||wl]2 < 1, (w,Wo) > c1(1 —27)}
2
Update w: Wo i+1 = arg minwew, (€o,i, W) + %%, where p = lnl?g(:)dll
Normalize: Wo,i+1 = Wo,i+1/||Wo,i+1||2
Compute mean vector: wi = T% ST woy

return wi = w1 /||w|2

Impact of Different Parameters We examine three groups of additional settings to analyze the
impact of different parameters. For each group, we test both settings from Table [l. The average
regret over 30 independent experiments for each group is depicted in fig. B up to 50,000 cycles.

We first examine how different maximum manipulation distances v = 0.1, 0.2, 0.5 affect the regret
of our algorithm. As depicted in Figure B (al) and (a2), larger + values result in higher regret.
Intuitively, a larger v permits more agents to manipulate their features, so the strategic manipulation
problem becomes more severe. This causes all algorithms to have worse performance.

Next, we vary the feature space dimension, setting w* to be (1,0) (d = 2), (1,0,0,0) (d = 4), and
(1,0,0,0,0,0) (d = 6), respectively. The average regret across different time horizons is shown in
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Algorithm 10: Non-Strategic-Batched Enhancement

Input: Feedback setting F, initial vector wy, noise level 7, batch index k, iteration length 7}, bandwidth
by, step size ay, feature dimension d
Initialization :wy ; = wy,
for i < 1to Ty do
Declare classifier hy ;(r) = sgn({w,i, r)), agent (Xk,i, Yk,;) arrives and reports r ;
if ' = “full” then
Make classification decision §x,; = hi,i(rk,:) and collect label yy ;
Compute gradient:
&k,i = [Tkl (yo,i = Ur,i) + (1 — 7)ro,il (yo,s # Gr,s)|LI(—bo < (Wo,s,10,5) < bo)
if ' = “partial” then
Make classification decision g ; = fzkz(rkz) and collect label y ; only if gy ; = 1
Compute gradient:
8k,i = [—re,:l (Yo, = Ur,i) + (1 — 7)ro,sI (yo,s # Jk,s)]I(0 < (Wo,i,r0,:) < bo)

. . . llw—wy il In(8d .
Update: Wy, i+1 < arg minwew, (8k,i, W) + iz(Tlﬂl)p where p = ln(nS(dS)Zl , the constraint set
Wi = {w] |lwl]l2 < 1, ||w — wy||]2 < 0, starting angle 0 = 575
Normalize: Wi, i+1 = Wk,i+1/||Wk,i+1|2
Compute mean vector Wgy+1 = Tik Zsz"l Wk.i
return Wgt1 = VAV]C+1/HVAV]C+1 ||2
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Figure 4: Average regrets of our algorithm and two Non-strategic learning based-benchmark algo-
rithms over different time horizons 7" under the two settings listed in Table 0. Results are based on
30 independent replications of the experiment.

fig. B (bl) and (b2). As expected, the d = 2 setting yields the lowest regret, while d = 6 setting
yields the highest, consistent with our regret bound.

We finally investigate the impact of the noise level 7 on our algorithm’s convergence in fig. B (c1)
and (c2), setting 77 to 0.1, 0.2 and 0.4. Surprisingly, the impact of the noise level manifests in
opposite trends across the two settings. In setting 1, a higher noise level results in greater regret
when T is large enough. Conversely, in setting 2, increased noise levels lead to a lower regret rate.
This discrepancy might stem from the fact that, as the noise level rises, the learning accuracy of the
clairvoyant optimal classifier diminishes. Given that regret is defined as the difference in cumulative
error between our algorithm’s classifiers and the clairvoyant optimal ones, the noisier environment
could potentially narrow this gap.

A.3 Technical Lemmas

In this subsection, we list some technical lemmas as instruments for our further proofs.

Properties of Regular Distributions
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Figure 5: Average regrets of our algorithm over different time horizons 7" on various parameters.
Results are based on 30 independent replications of the experiment.

Lemma 4. Suppose that the distribution of a random vector x ~ Dy satisfies the regularity condi-
tions outlined in Assumption O, then, it has the following properties.

(a) ForvVw € S andV b > 0, Ly min{R, b} <P (0 < (w,x) < b) < U;b.

(b) There exist positive constants cg, cg > 0, such that for any two unit vectors vy, vy € Se if
0<60(vi,v2) < 7, then

sl (sgn((vi, %)) # sgn((va, x))) <0 (v1,v2) < coP (sgn((vi, %)) # sgn((v2,x))) .
3)
Proof. (a) Since (w, x) forms a projection of x onto a certain 1-dimensional hyperplane, property
(a) trivially holds by conditions 1 and 2 in Assumption .

(b) Letz == ({v1,x), (v2,x)), which is a projection of x onto a 2-dimensional subspace V5 spanned
by vy and vy. Let ¢y, (-) and Dy,denote its density and distribution, respectively. Let Gy, =

{z |sgn(z1) # sgn(zz)}, then,
Py~p, (sgn((vi,x)) # sgn({ve, x))) = Puup,, (z € Gvy)

= /ZGGV Pv, (z) dz

> / Lo dz
z€GyNB2(R)

> LyR?0 (vi,va),

where the first inequality holds by condition 1 of Assumption D that Ly < ¢y, (z) for all ||z||2 < R.
The last inequality holds by an observation that fze G, NB2(R) 1dz > R29(v17 v3). Hence, we
2

prove the first inequality of (B).
To prove the second inequality of (B), for Ve > 0, we have

Py, (sgn((v1,x)) # sgn((vz, x)))
= PZNDVQ (Z S sz)

< Puupy, (2 € Gy, |12]2 < €) + Ponpy, ([12]2 > €)

< / P15 (2) + P, (| (V1 %) [ > €) 4 P, (| (v2, %) [ > €)
z€G v, NB2(¢)

- / 013 (2) + Py (| (v1,%) | > €) + P (| (v, ) | > €)
z€Gy, NB2(¢)

< Usf (v, va) € + 2exp(1l — Qe),
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where the last inequality holds by the fact that ¢y, (z) < Usexp(—d||z|2) < Us; according to

Assumption @ condition 2 and Py..p_(| (w,x) | > €) < exp(l — Qe) for Yw € S¢ according to

1—In(0(vyi,v2))
Q

Assumption P Condition 3. Taking € = , then we have

P, (sgn((v1,%)) # sgn((va, %)) < (g T 2) b (vi,va).

Thus, we complete the proof of the second inequality in (B). O

Probability Tail bounds

Definition 3. ((o, b)-subexponential, Wainwrighi [P019], Definition 2.7) A random variable X with
mean (i = E [X] is (o, b)-subexponential, if for VA € [—1, £].

E [exp(A(X — 2))] < exp ((’2;2) |

Lemma 5. ((o,b)-subexponential tail bound, another form of Wainwrighi [20U19], Proposition 2.9)
Suppose X is a (o, b)-subexponential random variable with mean E [X| = p, then with probability

at least 1 — 9,
/ 1 1
X<pu+ 2021ng+2bln5,

also, with probability at least 1 — §,

1 1
XZM—HQO’QIHE—QZ)IDS.

Lemma 6. (A Bernstein-type bound for i.i.d. random variables, another form of Wainwrighi [2019],
Equation (2.18)) Suppose { X }I¥_, is sequence of i.i.d. (o, b)-subexponential random variables, then,
with probability at least 1 — 0,

N N
g S; +a./2N1n5+2b1n5

and, with probability at least 1 — ¢,

N N 1 1
X; > E[X;] — 2NIn - —2bln —.
; 7; [Xi] — 04/ n(s n5

Lemma 7. (A Bernstein-type bound for a martingale difference sequence, another form of Wain-
wright [?019], Theorem 2.19) Suppose { X }_, is a sequence of conditionally (o, b)-subexponential
random variables adapted from filtration {F;}Y ,, i.e.,

E [exp(A(X; — E[X; | Fi_1])) | Fia] < exp (0'2;2) = [—2 11)] .

Then, with probability at least 1 — 6,

X; < Xi| Fiot] +oy/2NIn < + 2bIn
DX <Y EIXi| Fi] 40y /2NIn <+ 2bIn 5,

i=1 i=1

and, with probability at least 1 — ¢,

N
1 1
X; > (X ] Fiz 2N In—- —2bln —.
;:1 ; E: | 1] — o4/ n6 n(S
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Lemma 8. (Azuma Hoeffding’s Inequality, another form of Wainwright [P019], Corollary 2.20)
Suppose { X}V, is a sequence adapted from filtration {F;}Y | such that X; € [a,b], Then, with
probability at least 1 — ¢,

N N 1 1
;Xi < ; E[X:| Fica] + (b—a)y/ ZNn 5

and, with probability at least 1 — §,

N N 1 1
th > Z E[X;| Fi1] — (b— a),/azvlng.
i=1 =1

We show in the following lemma how to determine the parameters (o, b) prescribed in Definition B
by a given probability tail bound.

Lemma 9. Suppose a random variable satisfies P (| X| > a) < Cexp(—2) for given C,v > 0,

then X is (6v+/1 4 2C, 6v)-subexponential. Also, if Y is a random variable that satisfy |Y| < M,
then, XY is (6Mv+/1+ 2C, 6 Mv)-subexponential.

Proof. First, consider | X |'s moment generating function E [e*X1] | for VA > 0, we have

E [eMXq = /JFOO]P’(eMXl > u) du
0
§1+/+OO (|X|>ln/\u) du
1

+o0 .
Sl—!—C’/ u” 2 du.
1

From the above inequality, we get that E [e} ] <1+ £AL < 00if 0 < A < L. Set A = 2, as

E {eéle} = Z:’OO ](ELE()! ]‘, we have:
E[|IX/']
G0y

<E [eélxq <1+2C. @

Now we introduce a new random variable X’ that is an independent copy of X, then we can bound
E [exp(AM(X — E[X]))] by Jensen’s inequality, E [exp(A(X — E [X]))] < Elexp(AM(X — X))].
1

Therefore, we only need to bound E [exp(A(X — X'))]. For VA € [—&&, L],

7§:IE[(X XN XE[(X - X)Zum]
=0 =0

OOE X2z 221/\22 ) )
[ | ] <1+ (1+420) Z( y> 2%\

<1+)
=1+ (1+20) i(?)m)% <142(1+2C)(3vN)?

i=1

|y 212
< exp(2(1 + 20) (3v\)?) = exp (m) 7

2

where the first equality holds by Taylor expansion, the second equality holds since £ [(X - X' )1] =
0 for all i’s that are odd. The first inequality holds by the fact that |z — 2/|* < 2071 (|z|* + |2/|?) for
all ¢ > 1, and that X and X' have the same distribution. The second inequality holds by (&). The

third inequality holds since >_:;° | (3vA)% = 153(@))\2)2 <2x (3vA)? when A € [, &5]. The last

inequality holds by the fact that 1 4+ x < e” for all x € R.
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Thus, by definition of (o,b)-subexponential, we conclude that X is (6v+v/1+ 2C,6v)-
subexponential.

Now we prove the subexponential property of XY". Since |Y| < M and P (| X| > a) < C exp(—;(),
P(‘XY| > ) <P (‘X‘ > 7) < Ce (—7)
a >qs} .
Za)< =)= Mo

Replacing v by Mv, we conclude that XY is (6Mv+/1 + 2C, 6 Mv)-subexponential. O

Lemma B directly accommodates our regularity assumption and leads to the following corollary.

Corollary 2. (Subexponential property of regular distributions) Suppose X is a random variable

that satisfies Assumption D, then, for ¥V w € B%, (w,x) is (15’ g) subexponential.

Proof. By Assumption @ Condition 3, P[| (w,x) | > t] < exp(l — Qt) for V ¢ > 0. Then by

Lemmal, setC = e, v = é, then, 6v+v/1 + 2C = Lg% < 156’ 6rv = %, we conclude that x is

(%, %) -subexponential. L)

The relationship between E [(w*, —g;, ;)] and 0 (wy, ;, w*) Recall that in the non-strategic set-
ting, we shall adjust the coefficient by solving a sequence of adaptively constructed online regret min-
imization problems miny ey, S0%, (W, gr i) — Yoty (W™, gr) with gg s = [—7%pil (yrs = 1)+
(1 — 7)xp I (yr,s = —1)]I(xx,; € Dy,) via mirror descent over k = 0. .., K batches, using local
data within increasingly narrow bands Dy, ; = {x : 0 < (wy;,x) < b,}. The key ingredient un-
derlying this guarantee is that the gradients gy, ; are well constructed so that |(wy, ;, gk ;)| is small
and meanwhile E [(w*, —gy ;)] upper bounds 6 (w*, wy, ;). Here, we show the relationship between
E [(w*, —gk,)] and 0 (wy ;,w*) for k = 0,1,--- , K, which is critical in the guarantees of Algo-
rithm B and Algorithm B.

Fix batch k and iteration i, to connect E [(w*, —gy ;)] and 6 (wy, ;, w*) we introduce a new vari-
able fy ;(wy ;) in (B). Later, we will show how E [(w*, —gy ;)] upper bounds f ;(wy ;) and how
fie,i(Wy ;) approximates 6 (wy, ;, w*).

frilwrs) = E[| (w*,x) |[I({(w*,x) <0)| x € D] . 5)

Now, we show that E [(w™*, —gy, ;)] can upper bound f, ;(wy, ;) by the following lemma.

Lemma 10. Given a unit vector wy,; € S? and an agent with true feature-label pair (X ;, Yk ;)-
Forgi; =[xkl (ks = 1) + (1 — )Xkl (yr.i = —1)|I(xk,; € Di;) and fi ;(wy ;) defined in
(B). The following holds.

E[(w*, —gr,i)] > (1 —20) fri(We,i)P (x € Dy ).

Proof. First, for convenience, we rewrite gy, ; as the following.

8ri = [—NxXk Ll (yei = 1) + (1 — N)xp il (yr,i = —1)|I(xx,; € D)

1
= (—ka i ( >> X, il(Xk,i € Di.i)-
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Then, we have

1 1
E[(w*, —gk:)] =E KW*, <2yk,i - <2 - 77)) Xk,i> I(xx; € Dm)}
(1 1
<W , <2yk,z’ - <2 - 77)) sz> Xp,i € Dk1:| P(xy,; € D) +0

(W™, xk:) Elyk,i| Xk, | Xk, € Dii] P(x € Dy )

I
=

E
1 = *
— (2 — n) E [<W an,i> | Xk,i S Dk,i] P (X S Dk,i)

Y

1
( — ’I]) E [| <W*,Xk’i> | | Xk,i € Dk,i] P (X S Dk,i)
LN
— (2 — n) E[(Ww*, %) | Xk,; € Dii]P(x € Dy ;)
(1 — 277) E H <W*,Xk’i> |]I(<W*,Xk’i> < 0) | Xk, € Dkﬂ‘] P(X S Dk,i)
= (1 —=27) fr,i(Wr,i)P (x € Dyi),

where the second and third equality hold by the law of iterated expectations, and the inequality holds
as the following.

E Yk, | Xki] = (1= n(xx,i))sgn((W, X)) — n(xp,i)sgn((W*, X))
(1 = 2n(xk,i))sgn({w*, X i))
> (1 —27)sgn((W*, xk4)).

Next, in the following lemma, we show that fj ;(wy ;) measures the closeness of w* and wy, ;.
Lemma 11. For fixed batch k and iteration i, if § (W*, wy, ;) = ¢, then the following holds.

1. When 0 < by, < % and ¢ € [%’“, g] we have

Lo

R2¢.
32U, ¢

Jri(Wii) >

2. When 0 < by, < % and ¢ € [%,77— %’“}, we have
Ly o

i(Wii) 2 == R*(m — ).

et (Wi2) 320, (m—9)

Proof. We prove the two cases respectively.  For Case 1, define the region G; =
{x]0 < (Wi, x) < bp, —2Rsing < (w*,x) < —3Rsing}, see Figure B as an illustration. We
have the following

(W, x) [T((w*,x) <0)I(0 < (wy;,x) < by)]
(w*,x) |L(x € G1)]

v

Y

RsingE I (x € Gy)]

Y
ol B =

RoP (X S G1)

\%
gl

h
N
%
-
S
T

where the first inequality holds since G; C {x|0 < (wy;,x) < b, (w*,x) < 0}. The third in-
equality holds by the fact that sin ¢ > % for 0 < ¢ < 7. And the last inequality holds by the claim
that P (x € Gy) > %LgRbk, which we will show later.

29



w
\ 5 .

Figure 6: Illustration of region (1 (the red region) in Case 1. Which satisfies G; =
{x]0< (w,x) < b, —1Rsin¢g < (w*,x) < —1Rsin¢}.

Hence, we can establish the lower bound of f, ;(wy ;) by:

Sri(wii) = E[| (W, x) [T((W",x) <0)[ 0 < (Wi, x) < b
Efl (w*,x) [T((w*,x) <0)I(0 < (Wi, x) < bi)]
P (0 < (Wi, x) < by)
35 LaR2 by,
_IP(O < AW i, x) < by)

R2
- 32U1 ?

where the last inequality holds by Lemma B, property (a).

Now we show the claim that P(x € G1) > %LgRbk. For a given vector x, we first project x
down to the subspace V> C R? spanned by w* and wy; and denote the projected value z =
(W, x) , (w,x)).

Without loss of generality, let w = (0,1) and w* = (sin¢,cos¢). As illustrated in Figure B,
the parallelogram ABCD denotes the region G1, where A = (iR, 0), B = (%R, 0), C =

( R+ tdn 3 bk) (1 R+ t:rlf 3 bk) Since C is the farthest point to the origin with respect
to the Euclidean Norm, and H( R+ tan¢’bk)H < H( R+ tangb’bk)H =1iR+ mbr’f¢ + b, <

iR+ qu]f + by < R, then forall z € {z = (21,22) | —3Rsin¢g < 21 < —1sing, 0 <z < by},

we have ||z < R. Also, the area of parallelogram ABCD is by, - 1R = 1Rb;. In addition, by
Assumption B, condition 1, the density ¢y, (z) of projected value z satisfies ¢y, (z) > Lo for all
z € Vo N B2(R). Hence, we can lower bound P (x € G1) by

1 1
P(xeGy)>Ly- ZRbk = ngRbk.

The proof of Case 2 is similar to that of Case 1. Deﬁne the region G =
{x]0 < (W, x) < by, —3Rsin(r — ¢) < (w*,x) < —1Rsin(r — ¢)} (see Figure ). We re-
place ¢ in the proof of Case 1 by m — ¢, by choosmg A = ( 1R, O), = ( 1R, 0),

C= ( 1R—|— m,bk), D= ( 1R + m bk) and then we complete the proof. O

Lemma [ directly leads to the following corollary.

Corollary 3. IfO(w*,wy ;) < T, and fri(Wy;) < 16[62(,7 R?0y, then (w*, wy ;) < %.

Proof. We conduct a case analysis.

L If 6(w*,wg;) <
G(W*,Wk,i) < ? < ek.

then by our setting of by in Algorithm B and Algorithm H,
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Figure 7: [Illustration of region G5 (the red region) in Case 2. Which satisfies G =
{x]0 < (wy,i,x) < by, —3Rsin(r — ¢) < (w*,x) < —1Rsin(7 — ¢)}.

2. If % < O(wr,wy;) < 3, then by Lemma @I, we have fi;(Wg:) >
3551 R%*0 (w*, Wy, ;), combing it with the condition that f ;(Wy ;) < 16%72%]%29” we have

O(w*, wy,;) < 9.

Other lemmas We also outline some other lemmas that are used in the subsequent proof.
Lemma 12. (Triangular inequality of angles) Suppose vectors x,y,z € R? satisfy 0 < 0 (x,y) <
Zand0 < 0 (x,z) < 7, then,

[0(xy) —0(x,2) | <0(y,2) <O(xy)+0(x,2).

Proof. Without loss of generality, assume that ||x||2 = ||y|l2 = ||z||= = 1. First, we decompose
vectors y and z into components along the direction of x and perpendicular to x, respectively, as:

y = cos(0 (x,y))x + sin(f (x,y))y 1x;
z = cos(f (x,2z))x + sin(d (x,2))z x,
where y | x and z | » are unit vectors that are perpendicular to x. Hence, we have

cos(f (y,2)) = (y,2z) = cos(0 (x,y)) cos(f (x, 2)) + sin(0 (x,y)) sin(6 (x, 2)) (y1,21),

where the second equality holds since (x,y,) = (x,z,) = 0. Since y, and z, are both unit
vectors, by Cauchy-Schwarz inequality, —1 < (y1,z1) < 1. Also, since 0 < 0 (x,y) < 5 and
0 <0(x,2z) < 7, wehavesin(f (x,y))sin(f (x,2z)) > 0. Putting all together, we have:

cos(f (y,z)) < cos(d (x,y)) cos(0 (x,2z)) + sin(f (x,y)) sin(d (x,2z))

=cos(f (x,y) — 0 (x,2)), ©)
nd
‘ cos(f (y,z)) > cos(d (x,y)) cos(0 (x,2z)) — sin(f (x,y)) sin(d (x,z))
=cos(f (x,y) + 0 (x,2)).

Since cos(x) is decreasing in z € [0, 7], and cos(z) = cos(—z) for all z € R, we get 0 (y,z) >
|0 (x,y) — 6 (x,2z) | from (B), and 6 (y,z) < 0 (x,y) + 0 (x,z) from (@).

(N

Lemma 13. Given a random vector x ~ Dy that satisfy Assumption B, then with probability at least

=0,
oo < % (1 +in (?)) .

Proof. We bound ||x || element-wisely. Given x ~ Dx and j € [d], let z; be the j-th coordinate of
x. Let eVl € R? denote the unit vector whose j’th coordinate is 1 while other coordinate is 0, then,
by Assumption B, condition 3, for Va > 0

P(lzj| >a)=P (‘ <em,x> ‘ > a) < exp(l — Qa).
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Taking union bound over all coordinates, we have
P(lxlloc = a) < dexp(1 — Qa).
Taking a = é (1 +1n (%)) in the above inequality and hence we complete the proof. O

A.4 Proofs for Section 2

In this subsection, we outline some important results to describe the relationships between classifier

h(-) for unmanipulated features x and classifier i for reported features r = r*(x, &), which is
critical for the subsequent algorithm design.

Proof of Proposition [

Proposition 1. Forany (w, m) € S*xR, the output of h(r) = sgn((w,r)+m—=) forr = r*(x, h)
is identical to the output of h(x) = sgn({w,Xx) +m) for any x € R%

Proof. For fixed w € S% and m € R, we categorize the agent population into three
classes according to their true features x: {x|(w,x) +m < 0}, {x]|0 < (w,x) +m < v} and

{x|(w,x) +m > ~}. Then, we discuss their classification output by /(x) and h(r) with respect
tor = r*(x, h), respectively.

1. When (w,x) + m < 0, h(x) = —1. At the same time, (w,x) +m —y < —7, by
Lemma [, agent in this region will report his feature truthfully, i.e., r = x. Thus, B(I‘) =
sgn((w,r) +m — ) = sgn((w, x) + m — ) = —1. Hence, we have h(x) = h(r) = —1
for Vx € {x|(w,x) +m < 0} .

2. When 0 < (w,x) +m < 7, h(x) = 1. At the same time, —y < (w,x) +m — v < 0, by
Lemma [, agent in this region will manipulate his feature as r = x + (y — m — (w, x))w.
Thus, A(r) = sgn((w,t) +m — ) = sgn((w,x + (y —m — (W,x))w) + m — ) = 1.
Hence, we have h(x) = h(r) = 1 for Vx € {x|0 < (w,x) +m < 7}.

3. When (w,x) +m > v, h(x) = 1. At the same time, (w,x) +m — v > 0, by Lemma [,
agent in this region will report his feature truthfully, i.e., r = x. Thus, h(r) = sgn((w, r) +

m — ) = sgn({w,x) + m — ) = 1. Hence, we have h(x) = h(r) = 1 for Vx €
{x|{w,x) +m >~}

O

Inferring agents’ true features from their reported features Proposition [ directly leads to the

following corollary, enabling us to infer an agent’s true features x given a classification rule B() and
his corresponding reported features r.

Corollary 4. For given announced classifier iL() = sgn ((w,-) + m) and agent response r, then,
his true features x satisfy the following.

1 if (w,r) + m #0, thenx = r;
2. if(w,r) + m =0, then —y < (w,x) + m < 0.

A.5 Proofs for Section B

In this subsection, we show the theoretical guarantees of Algorithm D, Algorithm B and Algorithm B,
respectively.

Theoretical Guarantees of Algorithm @ A key observation in the non-strategic and noiseless
classification scenario is that y (w*,x) > 0 holds for all (x,y). Consequently, xy always forms
an acute angle with the optimal normal vector w*. Considering agents’ strategic responses and the
bandit feedback setting, we introduce Lemma [ to show that, under our construction in Algorithm D,
Wy is an unbiased estimator of E[xy].
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Lemma 14. In Algorithm B, we have

E[wo] = E[xy].

Proof. In Algorithm [, at iteration 4, the principal declares classifier hl(mzl( ) = sgn({Winiti, I))

and hl(mzl( ) = sgn({—wWin,r)), and receives response rl(mz . and rl(mzl respectively. By
Corollary B, we get that rl(nllz i <<wmm, 1(n121> > 0) = l(nllzl]l (<Wini“, 1(n121> > 0) and
1(r12121]I (< Winit,i, I 1(mt)1> > 0) = 1(112121]I <<_Winit1; 1(n121> > 0) AISO’ (Xl(rlllzﬁyl(nllt)l) and

(xl(flzl, yl(n?lt) 1) are i.i.d. drawn from D, hence,

E [ri(nliziyigil)i]l <<wmm, fm“> > O) +r el <<*Winit,i7 rl(flzl> > O)]

=E [ fmﬁiyﬁﬁiﬂ (<Winit1a fm21> > 0) + Xl(nzlzl i(n2it),iH (<_Winit,i7 X1(n2121> > O)}
= E [xyl ((Winiti, X) > 0)] + E [xyl ((Winici, X) < 0)]
=E[xy].

Thus, we have

T .
_ 1 & ! 2) (2
E [wo] = Tt ZE { i(nigiyi(nit),i]l (<Wlmtu 1(n121> > 0) i(niziyi(nit)i]l << Winit,i, I 1(n121> > 0)}
mi ’L:1
=E[xy].

O

Now we show that w( constructed by Algorithm @ has a positive inner product with the optimal
coefficient w* with high probability.

Proposition 2. For some constants co, ¢, > 0, when Algorithm B runs for Ty, = coInT/(1 — 27)?
iterations, its output Wy satisfies (W*, wo) > c1(1 —27) > 0 and 6 (W*,wq) < T with probability
at least 1 —2/T2.

Proof. First, considering the non-strategic classification problem, we establish a lower bound of
E[(w*, x) y] as the following.

E[(w", x)y] = E [E[y| x] (w", x)]
=E[[(1 = n(x))sgn((w",x)) — n(x)sgn((w”,x))] (W, x)]
=E[(1 = 2n(x))[{(w",x) ] ®)
= (1 =2n)E[|(w",x) ]
> (1-20) L1 R?,
where the first equality holds by the law of iterated expectations. The second equality holds by the
definition of Massart Noise. The third equality holds since sgn({w*, x) (w*,x)) = | (w*,x) |. The
first inequality holds because 1(x) < 7, ¥x € R%. Now we prove E [| (w*,x) |] > L; R? for the

last inequality as the following: let xy, = (w*, x) denote a 1-dimensional projection of x. Then,
by Assumption B, condition 1, ¢y, (xy,) > L; for all —R < xy, < R. Hence, we have

R R
E[| (w*,x)]|] > 2/ xXv, dv; (Xvy ) dxy, > Lq X 2/ xdx = L1 R
0 0

Second, considering agents’ strategic response, we find an unbiased estimator of E [(w*,x) y]

through samples. By Lemma M4, w, = Tilnn ZZT‘“‘i rl(mzly](nllz i (<w,m”, l(nll21> >0> +
2 .2 r?

Tinit.i Yinit,i 1 (<—wm,t s Tinit 1> > O) is an unbiased estimator of E [xy]. Therefore, E [(w*, wo)] =
E[(w*,x)y] > (1 - 2i) L, R2.
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Finally, using the results of concentration inequalities, we establish the high proba-

bility bound of (w*,wyg). By Corollary O, <W rD >H <Wmm, ](mzz >O) =

7~ init,¢

(vt xBT (wiix) > 0)  and (w2 V(w2 ) 5 0) =

<w X1(n212 1> I (<—wim-t i xl(mz ;) > 0). Then, by Assumption 2 condition 3 and Lemma B, we get

that both < ’ 1(11112 1> yl(nllt) 1H (<W1mt i T 1(n12 z> > 0) and <W 7r1(n12 z> yl(r1211)1]I (< Winit,i, T 1(r1212 z> > O)
6
Q

56 ) -subexponential. Thus, by Lemma B, we have that with probability at least 1 — =5

T.
e (1) > (1) Q)

> (w", L ({Winiio ot ) > 0)
Tinit P <W rlmtz ylm[z Winit mltz

9)
T .
1 & InT 24InT
> E [(w*, x) yI((Winit.i, X) > 0)] — — - — ,
~ Tinit ; | ) YE((Winici» X) ) QV Thic @ Tinit

and with probability 1 — 75,

Z <W*’ r1(n212,z> y1(112121H << Winit,i ) 1(11212@> > O)

32 [InT 7 %lnT
Q Tinit Q Tinit ’

(10)

T;Z (W*, %) yI({(Winit,s, X) < 0)] —

Taking the union bound for () and (M), then, with probability at least 1 — =,

T
_ j — 1
{w", Wo) = Tnit Z <W 7r1(n121> yl(mt) i (<Wm1t i T 1(n131> > 0)
mi i=1
1 Tinit
T < J 1(112127,>y1(112n)@]1 (<*Wmit,z, l(nzlzl> > 0)
init i=1
T
Ly 32 T 24T
2 T ) ZE (W™, %) yL({Winit,i, X) > 0)] — Q\/: -
mi i=1 mr mni
T
e 32 [InT 24InT
+ E [(w*, x) yI({Winit,i, X) < 0)] — — _ =
T 2 B X) (Wi %) < 0)] = Gy~

InT 48InT
71init Q T‘inil
64 [InT 481InT

1—27)L1R* — — - —
2 M QV Thic  Q Thnie

=mmtwm—%

1
> 5(1 —27) L R?.

The first inequality holds by (8) and (). The second inequality holds by Lemma [4. The
last inequality holds by setting Tjp; = [%—‘, then % 1;[:: < (1 —27)L1 R* and
g l}lTl < ( — 27)) L1 R? for large enough T'. Thus, we complete the proof of Proposition B. [

Theoretical Guarantees of Algorithm B Recall that in the 7’th iteration of Algorithm B, we de-
clare classifier ho ;(r) = sgn({wy, r)) and construct the gradient as g9 ; = [—7rol(yo; = 1) +
(1 —q)ro,I(yo; = —1)I(0 < (wo,, o) < bp). In Lemma [, we establish the high probability

upperbound of 3°1° E[(w*, —80.,))| Fo.i_1] by Y10, (wW*, —8o.4).

34



Lemma 15. In Algorithm B, with probability at least 1 — 1/T?, we have

S E[w*, —80.0)| Foi1] < ) (W, —80.)
i=1

i=1

24 4
+ F\/l + 2pbo/ToIn T + 78 InT,

where p = max{ Uy exp(9), %%M}.

Proof. Since <W*7 _gO,i> = <W*7 XO,i> I (O < <W0,i7 X07i> S bo) (%ymi — (% — 'F])), we ﬁrst estab-
lish the probability tail bound of (w*, % ;) I(0 < (wq;,X0,) < bp).
We partition X ; into two orthonormal vectors, for notational convenience, we omit the subindex 0, ¢

of x¢.; and let x|, denote the ingredient of x¢ ; that is parallel to wq ;, i.e., X|jw = (Wo,i,X0,i) Wo,i
and x , denote the ingredient of x ; that is vertical to wyq ;, i.e., X1 = X0,; — X||,- Then,

Thus, we have to bound part (a) and (b) in (I), respectively. First, we bound part (a) as

(W, X)) 1(0 < (w5, %0,:) < bo) = (W*, (Wo., X0,5) Wo,i) [(0 < (wo.i,%0,:) < bo)
< bo (W*, Wo ;) (12)
S b07

where the first equality holds since X|w, = (Wo,i,X0,;) Wo,;. The last inequality holds by the Cauchy-
Schwarz Inequality. Next, we bound part (b) in (). For ||wq; — w*||2 < ro and a > by, we have

P (] (w*, x1w) L0 < (wo,%0,i) < bo)| >a—bp)
=P ([ (W, x1w)| > a—0bo, 0<(Wo,%0,i) < bo)
=P (| (Wiw:X0:) | >a—0by, 0<(Wo,%0,) < bo),

where we prove the second equality as follows

(WX L) = (W X )+ (Wi X )

<Wj_w7 XO,i> = <wj_w’ XLW> + <Wj_W’ XHW> '

since <Wﬁw,Xlw> = <wj_w,x||w> = 0, we have (W*, X | w) = (W}, X0).

Denote X := <Hvxﬁ,x07i> and Y = (wg,Xo,). Then, (X,Y’) forms a projection of xg ;
Lw
onto a 2-dimensional subspace V5 spanned by ﬁ and wo ;. Let ¢y, denote the density
1w

of (X,Y). By Assumption B condition 2, we have ¢y, (X,Y) < Usexp(—d|(X,Y)|2) =
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Us exp(—6v X2 4+ Y2). Hence, we can bound the above probability by

P (| (W*,x1w) 10 < (Wi, X0,:) < bo) | > a—bo)

* — b
=P< <W}W7X0,i>‘ > (1*707 0 < {wo,X0,) < bo)

IIWLWII ~ Wl
/ ) U (X, V)XY
a—bg

Iw

Twll2

bo
< U2/ / exp 6\/X2 n Y2) AxXdy

Tw LWHQ

SUgbo/ exp(—0X)dXdY

Twi o2

_ %bo exp (_5a:bo)
4 W ll2

U- 1)
L exp(0), <_5a> .
0 To
The last inequality holds by the fact that ||w* — wq ,||2 < 7o, which implies ||w* |2 < 7o, and
that by < o = 2, which implies exp (5%3) < exp (8). Combing (I2) and (I3), for a > by,

(13)

P(<W*,X0’i>ﬂ<0<<WQZ,X01><bo)>a)<P<|<W XJ_W OS W017X02><b0 |>a—b0)

Ugexp bo Xp( )

(14)
For 0 < a < by,
P ((w*, x0,;) I(0 < (w4, %0,:) < bg) >a) <P (] (w*,x0,:) 10 < (wg;,X0,:) < bg)| >0)
<P (0 < (wq,X0,4) < bg)
< Uibg
15
< Uibg exp <5b0> exp (_5(1) (1s)
To 0

< Uy exp(0)bg exp <5a> .
To

The third inequality holds by Lemma B property (a). The fourth inequality holds for 0 < a < by.
The last inequality holds since by our construction, by < 1y = 2.

Let p = max { Uy exp(d), Uz%p(‘s) }, by (@) and (I3), we conclude that for V a > 0,

P (I(0 < (wo,i,x) < bo) (W",x) > a) < pbg exp <—5:;> , (16)
Thus,
P (| (w*,—80,:) | = a)
=P (‘ (w*,x0,:) 1(0 < (wo,i,X0,4) < bo) <;y0,i — (; - 77)) ’ > a)
<P (1w, x0,6) 10 < (wo,i, X0,i) < bo) | > a)

where the first inequality holds since | 2yo; — (3 — 7) ‘ < 1. In the last inequality, since ||wq; —
w2 < ||woill2 + [|[w*|l2 = 2, we take 7o = 2 in (If) and get the upper bound.
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By Lemma 8, (w*, —gg ;) is (32+/T+ 2pbo, 22 )-subexponential. By Lemma [, we can get that
with probability at least (1 — 1/72),

& d 24 48
Z]E[<W*7 —80,i))| Fo,i-1] < Z (W*, —8o,i) + ?\/1 + 2pbo/To In T + ~ T
i=1 i=1
O

The following lemma establishes a high-probability upper bound for the average of fo ;(wq ;) over
Tp iterations.

Lemma 16. In Algorithm B, if (w*,wo) > $(1 — 2n)LiR? then there exist some con-

stants co,c3,cq > 0, when setting bandwidth by = co(l — 217)2, iteration number Ty, =
%ﬁdln d(In'T)?, step size ag = ¢4 quféllr]‘]‘é, then with probability at least 1 — 3/T?, we
have

1 . (1 —27) LR

T ; foi(wo,i) < min {1, Li %} == cemr
Proof. Recall that in the non-strategic setting, gr; = [—7xol(yo;=1) + (1 —

7)%0,:1 (y0,; = —1)]1(x0,; € Do), where Dy ; = {x|0 < (wq4,x) < bp} is just the localization
region. Since the announced classifier is hg ;(r) = sgn({(wyg,r)), by the construction of g ; in
Algorithm B and Corollary B, we have

80, = [—7r0,il (Yo, = 1) + (1 — 7)ro,:I (y0,; = —1)]1(0 < (Wo,i,T0,:) < bo)
= [=nx%0,i1 (yo,s = 1) + (1 = 7)x0,:I (Yo, = —1)]I (x0,s € Do,i)

= 80,i-
Then, by Lemma [, we have
E[(w*, —80,:)] = E[(W*, =g0,:)] > (1 = 27) fo,i(Wo,s)P (x € Do) - (17)

We proceed to establish the high probability bound of ZZ.T; E [(w*,—80,;)]. By Lemma 3, with
probability at least 1 — 1/72, we have
To To

L L 24 48
D EW*, —80.) Foa] <D (W —Boa) + = VI + 2000V To T + = InT, - (18)

i=1 i=1

where p = max{ Uy exp(0), Uz%p(é)}.
Next, we move on to upper bound 221 (w*, —80,;) through a nonstandard regret analysis of online
mirror decent.

Let B(v1,v2) = 35q/lvi — vz} denote the Bregman divergence w.rt. 55555l| - |17, where

p= %. In each iteration 1, the regularizer, B(-, wo ;_1) is 1-strongly convex with respect to

|| ||, [see Shalev-Shwarfz [2007]]. From the analysis of online mirror descent [see Orabona [2023],
Lemma 6.9], with step size o, we have

2
. Qg i~
(080,i, Wo,i — W) < B(W", wo;) — B(W", Woit1) + 70Hg0,i 2,
where ¢ = In(8d) > 2. Summing the above equality over i € [Ty], we get
To a2 To
> (0o, woi — W) < B(W*, wo1) — B(W*, wor,11) + 70 > ll&o.illz-
i=1 i=1
Dividing both sides by ag, and moving 221 (Wo,i, 80,;) to RHS, we get
Ty 1 Ty o o
D (W =) < - [BOWwo.) = Bwwor )] + 3 (Wou —8oi) + 5 3 180l
i=1 i=1 =1
1 Lo g &
< OTB(W*7W0,1) +) " (woi, —8o.) + 70 > lgo.llz.
0 i=1 i=1

19)
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Now we need to bound the three terms in the RHS of () respectively.

First, we bound B(w*, wq 1) = B(w*, wy)

I = woll} @ [w = woll} ® dlw* = woll} ©
2(p—1) 2(p—1) 2(p—1)

where inequality (a) holds by the fact that ||x||, < ||x||; for all p > 1 and x € R%. Inequality (b)

holds since ||x||; < V/d||x||» for all x € R?. Inequality (c) holds since ||[w* — woll2 < ||w*||2 +
[woll2 = 2 and 17 < In(8d) — 1 < In(84).

B(W*, W071) = (8d), (20)

Next, we bound 221 (—Wo.5, 80,i)-

Since  (—wo,i, 8o0,i) = (Wo,i,%0,i) (350,i — (5 = 1)) 1(0 < (Wo,;,%0,i) < bg), then
| <_W0,i7g0,i> | < bO and E [<_W0,i7g0,i>] < boP (X S DO,i)9 by Lemma E, with probability
atleast 1 — 1/72, we have

To To
> (~woir804) < Y E[(~Wo,i,80.) | Fo.i1] + bo/ToIn T
i=1 i=1 . 21
< by Y _Pr(x € Do) + bo/ToInT.
i=1

Finally, we bound ZITL |go,ill2. Since [lgoillq < 2[lgo,illoo» We only need to upper bound
ST |lgo.i]|%, which satisfies

1 1
‘H(O < (Wo,i,%0,:) < bo) (—2110,1' + <2 - 77)) X0,s

By Lemma [[3, we have with probability at least 1 — 1/7p772,

180,illc = < [%o0ill oo

o0

1 3
[[%0,i [0 < 0 (1 + In(dT,T?)) < alnf

Thus, taking the union bound over i € [Tp], we have with probability at least 1 — 1/7°2,

To

Z |go,:

i=1

2 <1 31T2—9T1T2
o > OX al’l —@O(H).

Hence, with probability at least 1 — 1/ T2,

To
Z 180,
=1

Combining (I[8), (Z0), (ZT) and (Z2) together, and taking the union bound, we get with probability
atleast 1 — 3/T72,

o 36
2 <4 llgosllZ < g Do D)% (22)
=1

To
(1=2n) > fo.i(woi)P(x € Dy,;)
=1

To
< ZE [(W*, —80,)]

i=1

o 24 48 (23)
<> (W —8oa) + =1+ 2pb0\/ToInT + —InT

— 5 5

To

2d In(8d 18«

< # +by > Pr(x € Do) +bo/ToIn T + QQOTO(InT)Q

i=1

24 4
+ F\/l —|—2pb0\/T01nT—|— FSIHT,
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where p = max { Uy exp(9), Uz%p(é) } By Lemma B, property (a), and the fact that by < R, we

have L by < P (x € Dy ;) < Uiby, dividing both sides of (Z3) by (1 — 277) L1boTp, we get

1 &
7 ; fo,i(wo,i)
1 2d1n(8d) Uy 1 InT 18ayg 9
<— - + by + e (T
(7)) (1 — 27})L1b0T0 (1 - 2’/])L1 0 (1 — 27})L1 TQ (1 - 2n)Q2L1b0( )
lnT 48 InT
v 14 2pb D P ——— .
T A= 20)0Libo 2n VoLab V1 AP0 2L, T
By our setting, by = min{l,L1R?} % = (1l — 293 Ty, =
576(142pbo)dIn(8d)(InT)% _ Qy/dIn(8d) Vdind
( pg%é%é )AnT)" 3 2 )gdlnd(lnT) = SUEnT = “UTmT then we
finish the proof. O

The following lemma established by [Zhang et all [?Z(0200] indicates that by the construction of the
constraint set W, any two vectors in W, form an angle that is no bigger than = — %(1 —27) L1 R2.

Lemma 17. (Zhang et al [P24], Lemma 19) For any two vectors u,v. € W, =
{wlllwl2 <1, (w,wo) > £(1 —27)L1R?}, we have  (u,v) <7 — (1 — 27])L1R2

We use the following corollary to show that, in the 7’th iteration, a small value of f; ;(wy ;) indicates
that wg ; and w* are close.

Corollary 5. If w* € Wy and fo;(wo,;) < min {1, L;R?} %&LZRQ, then 6 (W*, wq ;) <

10 -
Proof. We first exclude the case that § (w*, wo ;) > 7, which we prove by contradiction. Suppose
0 (w*,wjo,;) > Z. By Lemma [7 and our choice of by, 6 (w*, wo ;) < m—3(1—2n)L1R? < m—by.
From Lemma [T, we get f, ;(Wy ;) > =22~ R? (1 — 0 (W*, wy,;)). Together with the condition that

= 32U,
fou(wo,) < TUZZDIALR e have § (w*, wo,) > m— (1 —2) L1 R? > 7w — }(1 - 207) L, R,

which is a contradiction. Thus, we conclude that 6 (w* ;WO,z) <3

. 1—27) Ly R? LoR? .
Next, since fo;(Woi) < l 323[)]12 < ié0; 5 by Corollary B, setting 6 = 7, then
G(W*awo,z) S ?0 - LO O

Putting all pieces together, now we are able to show the main theoretical guarantee of Algorithm B.

Proposition 3. For the constant ¢y in Proposition B and some constants cs, c3,cq4 > 0, when the
initial vector wy satisfies (w*, wWo) > c¢1(1 —27) and Algorithm B runs with bandwidth by = co(1 —
2i))2 for Ty = cs3dInd(InT)?/(1 — 27)8 iterations with step size ag = c4+/dIn(d)/(v/ToInT),
then its output w1 satisfies 0 (w*, w1) < /4 with probability at least 1 — 3/T?.

Proof. In Algorithm B, the constraint set we choose for gradient update is Wy = {w| ||[w]l2 <
1, (w,Wo) > c1(1 — 27)}, where ¢; = 2L R?, since (w*, Wo) > c¢1(1 — 27), we can conclude
that w* € W.

Next, Lemma I8 shows that with probability at least 1 — 3/ T2,

7(1 — 27) Ly R?

24
28800, @4

1 0
?0 Z fO,i(WO,i) S min {1, L1R2}
=1

Let Ay denote the set { | fo,i(wo,;) > min {1, L, R?} %I)JLZRQ}. Combing (24), we have:

. 27) LaR 1 —27)LyR?
mln{l,L1R2}(28$,*me (Wo,i) > T mln{l L Rz}%

39



Solve the above inequality and we get |A°| < 1
From Corollary B, set g = I, we know that when i € Ag, O(w*, wo ;) < 1g- Thus,

where the first inequality holds since cos z is decreasing in = € [0, 7] and cosx > —1. The sec-
ond inequality holds since cosx > 1 — %xz for all z € [0,7]. The last inequality holds since

(1-1%) (1 —1 (1—"6)2) — 5~ 0.73 > 0.71 ~ cos (§). By the concavity of cos(f (w*,-)), using
Jensen’s 1nequa11ty, we conclude that when the above inequality holds, we have

T() TO
1 1 7T
* ) > = * ) > Y.
cos (9 (w T ;:1 W()’Z)) > T ;:1 cos(6 (W*,wq;)) > cos (4)

Thus, we can get that with probability at least 1 — 3/7"2, Algorithm B returns a vector w; such that
O(w*, wy) < 7. O

Theoretical Guarantees of Algorithm @ The following lemma shows that if, in batch k, iteration
i, we can identify agents whose true features lie in the localization region Dy ;, and Wwe use proxy
features to construct a proxy gradient g, ;, then IE [(w*, —gj. ;)] upper bounds E [(w*, —g}. ;)] (and
hence upper bounds 6 (w*, wy ;).

Lemma 18. Given a classification rule h(r) = sgn((wy.i,r) + my.;) with fixed wy; € S* and
arbitrary my, ; < 0, an agent (X, ;, Yr i) reports his feature as ry, ; according to Lemmal. Construct
proxy data as

i;jl = (v + (b — (Wi, Tri) ) Wit )T (Ykys = 1, Xk, € Dii)

X = (Tri — (Wi, Tri) W) I (Y = —1,Xi,i € Di i),

Then, we have
E[(w", —8k,)] = E[(W", —gk.i)] -
Proof. First, by Lemma [, given wy, ;,my, ;, for Vx5 ; € R4, we have
T+ (b — (Whis Thyi) ) Wi = Xk + (by — (Wi, Xk i) )W i,

and
T — (Whyir Thyi) Wi = Xki — (Whi, Xk,i) Wi

Therefore, when xj, ; € Dy, ; = {x] 0 < (w4, x) < by}, we have the following

(vt -

Wt + (b — (Whis Tri) )Whei) DYk, = 1, X € Diyi)

(W, Xp5) + (b — (Wi, Xii)) (W, Wi ) D(yr,i = 1, Xpi € Di i)

(
= (W, Xp,i + (e — (Weis Xp,i) )Whei) T(yk,i = 1, Xii € Dys) (25)
=
> (W, Xpi) [(yr,i = 1, Xpi € Diy),

where the inequality holds since (W*, wy, ;) > 0 and (wy, ;, Xz ;) I (X € Dg ;) < bg.
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Similarly,

<W*7>~<;;¢> (W, Thi — (Wi, Pryi) Wii) T(yks = —1, Xpi € Di i)
= (W*,Xpi — (W iy Xk,i) Wei) L(Yki = —1, Xpi € Dy ;) (26)
= [(W*, Xpi) — (Whis Xki) (W Wei) | T (g, = —1, Xpi € Dyyg)

< (w*, %) I(yr, = —1, Xg; € Dy ).

where the inequality holds since (w*, wy ;) > 0 and (W ;,Xx) 1 (x5; € Dy ;) > 0. Combing
(I3) and (Z8), we have

E [<W*7 7gk2>]

=ik [(w*, %5, )| - (1= DB [{(w*. %,
2 B (W %k (g = 1, Xei € Dpi)] = (1= ME LW %130 L (ys = =1, Xpi € D))
=E[(W", —gkq)] -

O]

The following lemma shows that by pairwise comparing agents’ responses under two different de-
clared classifiers designed in Algorithm B, we can unbiasedly estimate the proxy data desired by

Lemma IR and hence construct a gradient estimator gy, ;, accordingly.
Lemma 19. Given Xz'z, X}, ; and gy, ; defined in Lemma I3, for the proxy data X;C +) )E,(Clz_) )E;QZ-H,

x}fz ) and gradient estimator gy, ; defined in Algorithm B, we have

(L+) _ £(24) %
E[sz kz :| E[XZJ ’

E[x7 - %27 =E[5]-

and

,
Moreover,

E[(w", —gki)] = E[(W", —8ka)] -

Proof. For fixed normal vector wy; and bandwidth b, recall that D,(Cli) =
{x]0 < (W, ) <~+ bk} and D(2) = {x|bp < (wg,i,x) <y+0br}. Then, we can ver-
ify that Dy, ; = D /Dk ;. By Corollary B, we have

X = [tea+ (b — (Wei, 0 )Wa L (s = 1, Xpis € D)

= [Xp,i + (b — (Whis X0,i) )WL (Yri = 1, Xis € Dyi)
Xy = [T — (Whis Thi) Wi [y, = —1, Xpi € Dy i)

= [Xk,i = (Whis Xk,i) Wh L (Yk,i = =1, Xki € Diyi)
12+ (= (o) w1 (42 =1, 2 < (i) 22-00)
= [ 56 (bk <wk7i,x,(€172>) W;“} I (y,(:; =1, x(l) e D(l))
K07 = 189 = (waonf) w12 = 1, v = (wnorfl) <7-+.0)
) (oY wi] 1 (42 = 1, < € DY),
+ p )w }]I(y,(fz) 1, <w;“,r§“)>: ’y+bk>
X,(fl)» + (bk - <Wk,ivxl(cQ,z)’>> Wk,z} I (Z/;(H) =1, X(2) Dl(czz)) )
r,(fz <w;C ¢7I';(622>Wk,¢} I (y,(fl) = —1, <Wk Z7rl(c22> = v+ bk)

= [ngl) <wk 1,x,(€22> wkﬂ-] I (y,(fz) = -1, x(2) D,(fz)) .
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Also, (xgz, y,(clz)) and (XE€ Z, y,(C Z)) are drawn i.i.d. from D, thus,
B 5] =[50+ (b~ (e ] 1662 = 1 52 € P)]
{52+ - (onx2)) w1 (421 <2 € 2)
=K [[x—i— (b — (Wi, %))Wy, 4|1 (y =1,xe€ D,i 2)}
B [+ (b — (Wi, X)Wl (y = 1, x € D)) |
=E[[x+ (by — (Wi, x))Wi ;]I (y =1, x € Dy ;)]
K {x;] :
_)] =E {ik } Therefore,
E[(w*, ~&.)] = 7E [<w*, & -2 - (- e [(wr, %57 - 507
- (w5~ 10 [ 57)]
=E[(w", =8k
O
Next, we establish the high probability bound of ZlT:kl E{w*, —8ki)| Fri-1] by
Yo (W, 8-

Lemma 20. At batch k of Algorithm B, when |wW* —wy, ;||2 < 7k for Vi € [T}], then with probability
at least 1 — 2/T?, we have

Ty,

ZE ~8ra) | Fric1] <D (W*, —gk)

i=1

48
+ F\/l +2p(y + bp)re/Ti In T + 7k,

where p = max{ Uy exp(0), Uz%p(é)}.

Proof. First, we partition (w*, —gy, ;) into two parts, as the following
(W*, —8k,:)
= (WP %) - -G - x57)
= (wr iR = a7 = (w1
(a) (b)

Since the randomness in part (a) arises from one sample, while the randomness in part (b) arises
from another independent sample, parts (a) and (b) are independent. Therefore, we can bound them
separately. We first discuss the high-probability tail bound of part (a).

We partition ﬁ&élf) -(1- ﬁ)&,(cl f) into two orthonormal vectors. For notational convenience, we

omit the subindex %, and let x|, denote the component of x that is parallel to wy, 4, i.e., X|w =
(Wi, X) Wy, ;, and X | v denote the component of x that is orthogonal to wy, ;, i.e., X | w = X — X|jw-
Then,

27)

< * ﬁi](cllJr) (1— ﬁ)il(cl,f)>

(wt (s == mall?) (v (D - -l ) ) 09

(al) (a2)
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Hence, we have to bound part (al) and (a2) in (E8), respectively.
To bound part (al) in (ZX), we have

<W* >A<|(|1,V+)> = <W*,I“(|i), + (bk — <sz, ;i >) Wm> ( =1,7< <sz,l'§”)> <~+ bk)
:<w*,r‘(|£3,+ (bkwki—r|‘w>> (y,” 1,7 < <w;“,r}(cz> <fy—|—bk)
:<W*abkwkr,i>ﬂ (/y;” = <Wk i g 1> <7 +bk)
Sbka
(29)

where the last inequality holds because (w*, wy, ;) < ||[wW*||2||W i||2 < 1. Similarly,

(o) = (o (o £ o = 1 ) =1 410

_[ox (D) (1) (1) _ 1N\ _ 30
_<w T Hw>]1(y,“ =1, <W;M, k1>—’7+bk) (30)
=0.
Combing (Z9) and (B0), we can bound part (al) as
< (’r]X](C z+) (1 n)xlgll*)) |w> < bg. 3D

Next, we bound part (a2) in (ZX). From Lemma [, we get that

00 = (e (o o)) ) = (o) (o)) =<

hence,

1 A (1,—
(v (i —a-msi) )

(a2)

=17 <w*, (r,(fz + (bk — <wk“r,(€12>) W;“->L >]I (y,glz =1,7< <w;c “ré 2> <7v+ bk)
-1 —77)< i (1‘;(@2 <Wk,z',1‘;g2>Wk,i>L >H( b =-1,7< <sz,r;(”)> < 7+bk)
(o V(5 = 1, <) € D) — (1) (o E () = -1, ) < 1)
1 1 a 1T 1
= (w ) (52 = (5-7) )1 (=82 e 2L2).

where the second equality holds by Corollary B.

Since ‘ %y,(:z) — (l 777) ’ < 1, we only need to establish the high probability bound of
)

2
<w*, X(fw> I (xgz S D,Slz)), for a > b, we have
P (| (w va)v>]1 (xi e D) |z a-n)
([ (wxt) 2 a0 () <5 0)

:P()<WJ_W,X](€13>‘ >a—bg, 0< <W;“7X,(C )> < W—i—bk)

where the last inequality holds because <W x(ll‘)ﬂ> = <w LW,xg_l‘),v> + <WHW,XS_1V)V> =

. 1 1 1 1
<WJ_W7XS_\)N> = <WJ_W’XS_\)N> + <Wj_w’x\(|v3/> = <Wj_w7xl(€ 2>
Let X = <ﬁ,xk 1> and Y = (wy, i,xk i). Then, (X,Y") forms a projection of xy, ; onto a

2-dimensional subspace V5 spanned by W and wy, ;. Let ¢y, denote the density of (X,Y). B
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condition 2 of Assumption B ¢y, (X,Y) < U exp(—4||(X,Y)]||2), thus, we can bound the above
probability by

P(|(wxQ)1(xe D)) [z a-b) /+OO /wbk (X,Y)dXdY

*
w2

+oo v+bi
< UQ/ / exp(—dv X2 +Y?)dXdY
0

a—byp
Tw* T2
+oo
< U2('7+bk:)/ , exp(=0X)dXdY
||w1wk||2
_Ll+b) o ( a— by )
0 ||VVLW||2
< Bl+b) o <5a bk)
6 ’["k
< Us exp(6)(y + by) exp (_5(1) ,
5 %

where the third inequality holds since |[w* — wy, ;|| < rp < T, which implies ||w* |2 < ry. The
last inequality holds since by, < 7 by our setting.

Since ’(%y,(flz) -(3- ﬁ))‘ < 1, for a > by, we have

(| (v} (5 (5-7) ) 1 (2 e D) | 2a- )

<P (| (v () < 1) [ 0 ) < L2000 (52,

(32)

Combing (B2) and (B), we get that for a > by,

(| (w05 | 20) < (| (v (-0 msfi) )2 0)

< Uz exp(6) (v + bk) exp <5a

) T'Ek
(33)
For 0 < a < b,
P (| (wraxil? = = mxi 7Y [z a) <P (| (wr P - -nx{7) | > 0)
<P (x) e nf2)
(34)

<U; (’Y + bk)
< Urexp(6)(y + by) exp (—5f> :
k

Where the third inequality holds by Lemma B property (a) and the last equality holds since a < b, <
Tk.

Combing (B3) and (B4), we establish probability tail bound of (a) in (Z2): for Va > 0 and p =

Us exp(§) }
5

max { Uy exp(9), , we have

(| (sl = 0= mxl7) [ 2 a) < o+ b esp (-0

a
Tk '
Following the same technique, we can bound part (b) of () for a > 0 by:
P (| (wors? — (- maf )] 2.0) < e (5.
’ k
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By Lemma B, part (a) and part (b) in () are (% V14 2p(y + b)re, grk)-subexponential, thus,
by Lemma [, we get that with probability at least 1 — 1/T2,

Ty

Y E [< R - -l )> ’ fk,z‘—l}
ot (35)
.- ) - 24
< < ,ﬁi,(HH (1-n)x 5” )>+—\/1+2p’y+bk eV T In T + (SrklnT
i=1
and with probability at least 1 — 1/7°2,
Z E [< X, ZH (1- ﬁ)iz(jf)> ’ fk,iq}
(36)

i=1
- __(2,4) _~(2,5) 12 24

> Z< Xy — (A= 0)x, > — ?\/1 +2p(y + bi)re/Ti In T — 5Tk InT.
i=1

Taking the union bound of (B3) and (Bf), we get that with probability at least 1 — 2/ T2,

Tk
N P 24 48
Z E[<W*7 *gk,i>)| Fk‘ﬂ-—l} S Z <W ; *gk7¢> + ?\/1 + 2/)(")/ + bk)'rk \/Tk InT -+ ?Tk InT.
i=1 =1

O

We then show that by our construction of g, ;, ZZT; 1 (—W&.s, 8k.;) also has a high probability upper
bound.

Lemma 21 (High probability bound of ZZTL (—Wg,i,8k,i)). At batch k, with probability at least
1 —2/T?, we have

Ty Ty
> (Wi 8ki) < bk Y P (x € D) + 20bp/Ti InT.
i=1 i=1
Proof. Since gy, ; = n(x,(vlf) fc,(jf)) +(1— 77)()2,(5;7) - x,(f’ ), and we have the
<ka Xl(f,f) € D;(f,g),

Thus,
El(wis, k0] =B [1(y=1, xe DY) ~1(y =1, x e D)
= nbiP (y =1, xe€ Dkﬂ-)
=nbpP(y =1[x € Di;) P(x € Dy;) .

(1 +) (1, ) A( +) (27 )

Also, since X, and X, are calculated by one sample while x and X, are calculated

by another 1ndependent sample we can reformulate (wy, ;, —8x ;) as the followmg

(Wis ~&hi) = (Wi i = (=7 = (w50 = =07, 67

(@) (b)

where (a) and (b) in (B2) are independent. Thus, we establish the high probability bound of parts (a)
and (b), respectively.
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For part (a), ‘ <wk i 77x,(c z+) (1- n)&élé_)> ‘ < 7by, so by Lemma B, with probability at least
1-1/1?,
T Tk
3 <wk R ﬁ)xﬁ;‘)> <ME [<Wk k) — (1)l )>‘ ./—'.k,i—l}
i=1 i=1
+ b/ T InT.

Similarly, for part (b), with probability at least 1 — 1/772,

T
> (wia x5 - (1= px 7)) = ZEmexk;*) (=% Fiia] o
i=1

— b/ T InT.

Combing part (a) and (b) above, and taking the union bound, we get that with probability at least
1-2/T?,

Tk Tk
> (~Whir ki) SE D (~Wiis 8k) | + 2006/ Ti In T
=1 =1
Ty
= nby ZPr(y = 1‘ X € Dk,i) PI(X S Dk,i) + 20bp/ Ty In T 39)
i=1
Tk
< by, Z PI‘(X € Dk,i) + 20bp/ Ty InT.
=1

The following lemma shows a high probability upper bound of Z7T:kl |&k.: ||f1

Lemma 22 (High probability bound of 7%, ||&x.:[|2). In Algorithm B, with probability at least
1-2/T?

T

) 144
S llgkill% < A5 Ti(nT)?
=1 Q

Proof. For ¢ = In(8d) > 2, ||8k.illq < 2|8k hence, we only need to establish the high
probability bound of ||gy ;|/cc. By our construction of g ;,

5 L+) o2+ S\ a(l=) s (2—
I8killc = |-G = %) + = - =57
sl ERCER ] Sl I el ECE )l el
00 ’ oo ’ 0o

]
H (1) Wk,i)]I
]

i = —DI(x) € D))

’ (oo}

—nHml (b — (Wi X )W ll(es = DI € DY)
Wiy X](gll)>
)

I
(
I(ye: = DI(x{) € DY)
I(

+77H X + (b = (Wiio X)W |
(1-7 H x,“ <wk,i,x§€27z),>wk,i) Yk,i = 1)]I(x§§2 € Dy;) .
< H o+ ] 20 .
From Lemma [3, we get that ,with probability at least 1 — ﬁ,
Hx(l) <L (14 In(dTxT2)) (40)
k.t — k )
il =0
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and with probability at least 1 — 74,

1
ngg .55 (1 + In(dT},T2)). (41)

Taking the union bound of (B0),(E), we get that with probability at least 1 — %,

. 2
&k, I, < ot o In(dTT?) + 2(y + by).

Taking union bound over all iterations i € [T}], we have that with probability at least 1 — 2/72,

Z [E:

Thus, we conclude that with probability at least 1 — 2/7°2,

anmn < 4Z|\gmn Ti(InT)>.

36

0 Ty.(InT)2.

oo = Tk (Q 0 In(dT},T?) + 2(vy + bk)>2 <T <é 1n(T3)>2 —

O

Given the starting angle of batch k as 0 = 551, the following lemma establishes the high proba-
bility upper bound of the average of fi ;(Wg.;).

Lemma 23. In Algorithm B, at every batch k € {1,2,--- | K}, lfﬂ(w , W) < 6, there ex-

ists some constants cs,cg,cy > 0, when setting bandwidth b, = cs 23 L jteration number
T, = CGW% L step size oy, = c7 T\flng’ then with probability at least 1 — ﬁ, the
following holds
LQR 0
42
Ty, - Zf’” wii) < 195000, (42

Proof. Combing Lemma [M, Lemma I8 and Lemma [, we have (1 —27) fi i (Wg,; )P (x € Dy ;) <
E [(w*, —&k.:)], hence, it suffices to upper bound Zﬁl E [(W*, —8k.i)]-

First, we upper bound Z;i’“l E [(w*, —&k.i)] by ZLT=k1 (W, —8k.i)-

By our setting of constraint set, cos(0 (W, ;, Wg)) = (Wi, Wg) > cos 8y, since cos 0 is decreasing
in 6 € [0, 7], hence, we have 6 (wy, ;, wi) < O, thus, [|[wWg; — Wi|l2 < 0 (Wg i, Wi) < ;. Also,
Wi — w2 < 0 (wg, w*) < 0, by Lemma [, ||wy; — w*|2 < 26). According to Lemma [T,
set 7, = 20y, then with probability at least 1 — 2/T2, the following holds:

. 48 96
ZE —8k.i))| Fri1] < Z " =8ki) 5 V142007 + b0V T InT + =6, In T

i=1
(43)
Next, we move on to upper bound ZzT:" 1 (W*, =g ;) through a nonstandard regret analysis of online
mirror decent. Let B(vy,vs) = ﬁ [[v1 — 2|2 denotes the Bregman divergence w.r.t. ﬁ II-

|2, where p = %. In each iteration 4, the regularizer, B(-,wy ;_1) is 1-strongly convex

with respect to || - ||, [see Shalev=Shwarfz [Z0(17]]. From the analysis of online mirror descent [see
Orabona [2023], Lemma 6.9], with step size ay,, we have

X g .
(8his Wi — W") < B(W", wy ;) — B(W", Wy ip1) + 7k||gk,i||3'

Where ¢ = In(8d) > 2. Summing the above equality over i € [T}], we get

Tk 2 Ty
akgk,iawk,i_w = W, Wgi1)— w* , Wk Tk+1 - 8k,i
( ) < B(w* ) — B( )+ [z
i=1 i=1
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Dividing both sides by ay, and moving ZlT:kl (W i, 8r.i) to RHS, we get
Tk

Tk Ty
. 1 * A Qg N 2
; (W*, —gr) < oTk[B(W*’W’“’l) — B(W*, W 1, 11)] + ; (Wi, —8hi) + = ; ll&k.ill;
1 T a Tk
k 4 2
< B0V wka) £ 3 (v i) + 5 3 gl
(44)
Now we need to bound the three terms in the RHS of (B4) respectively
First, we bound B(w*, wy 1) = B(w*, wy,).
w* — wi|? @ * - 2 (b — 2 (o) 2
2(p—1) 2(p—1) 2(;0 - 1) 2
Where inequality (a) holds by the fact that [|x||, < [|x||1 for all p > 1 and x € R?. Inequality (b)
holds since ||x||; < V/d||x|| forall x € R?. Inequality (c) holds since ||w* —wy||2 < 0 (Ww*, w},) <
0.

Next, we bound Y, * | (—wy, ;, 8.;). By Lemma I, we have that with probability at least 1 —2 /7"
Tk

T
D (Wi 8ki) <7k Y P (x € D) + 20bp/Ti In T (46)
i=1 i=1
Finally, we bound Z;‘F:’“ 1 18k.]|2. By Lemma P2, we have with probability at least 1 — 2/7"
Z I8l < G Thln )"

(47)
Combining (&3), (B3), (E6) and (E7), and taking the union bound, we get that with probability at
least 1 — 6/T72,

(1=27) Y foi(Wei)P (x € D)

i=1
Ty
< ZEKW*a_gk,i”
i=1 (43)
1 dln(8d)92 _
R R bk;P (x € D) + 27bp/Tp In T + QZaka(lnT)
96
+ F\/l +2p(y 4 bi) 0 /T In T + ~OxinT.
By Lemma B, property (a), and the fact that b, < b; < R, we have L1by, < P(x € Dy ;) < Uybg,
dividing both sides of (ER) by (1 — 277) L1 T}by, we get
1 &
T ; Fri(Wii)
2 — —
< 1 dln(_8d)9k U17 by 1+ 277_ 1nT 20y, (InT)? (49)
ar 2(1 - 2n>L Tibe ' 1—2n)L ¥ A -20)L, T2 2m) by
(9k lnT 96 9k InT
\/ 1+ 2p( bi) _
+5(1f2 2007+ br) Ao b T
By our setting, b, = (1-27)L; Lo R?

3840007 O

57672 (14+2p(y+b1))d In(8d)(In T)?
52c2(1-27)%b2

(y+1)dInd(In T)? /k _ QVdWn@d)0r _  /dInde,

Co—(1—am1 4k = T T 7 /F 1 then we get our proof
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Based on Lemma 3, we establish the main theoretical guarantee of Algorithm Bl in Proposition B.

Proposition 4. For some constants cs,cg,cy > 0, when Algorithm B runs with an initial vec-
tor wy, satisfying 0 (w*,wy) < 0 = /2L bandwidth by, = c5(1 — 27)27F for T), =
c6d®(y 4+ 1)dInd(InT)2/(1 — 20)* iterations with step size oy, = c7V/dIndOy /(T InT), its
output Wi,y satisfies 0 (W* , wri1) < g1 = % with probability at least 1 — 6/T>.

Proof. For the given unit vector wy, that satisfy 0(w*, wy,) < 6, < 7, we have

[w* — wll2 < 2sin (G(W2W’“)> < 2sin (Z’“) < 0y,

The first inequality holds since ||w*||2 = ||wk|l2 = 1. The second inequality holds since sin z is
increasing in = € [0, 7], the last inequality holds since sinz < x forall 0 <z < 7.

By our choice of W, for every iteration i, we have cos(6 (W ;, Wi)) = (W, Wg) > cos(6),
thus, since cos x is decreasing for 0 < = < m, then 6 (wy, ;, wy) < 0%, hence,

O(w*, wi i) <0 (W, wi) + 6 (Wi, wg ;) < 20y, (50)
where the first inequality holds by Lemma I2. By Lemma [, with probability at least 1 — %,

2 .
T%c ZzT:kl fk,i(Wk,i) < 5228130?61 . Let Ay, = {Z S [TkH fk,i(wk,i) > 16%2;]1 RQQk}. Thus,

LoR%, 1 & LoR20), | Ay
et TR sy T . N> kel By
128000, = Ty ;f ki(Wei) 2 o5

From t_he above inequality and we get |’%’:| < %, and thus “%’:‘ > %. By Corollary B, the iterations
i' € Ay, satisfy O(w*, wy ;) < %. Other iterations i’ € Ay, satisfy 6 (w*, wy ;) < 26 by (ED).

Therefore,

1 N 1 | Al | A
— ) > z ERT 9 faeid}
T, ;COS(@ (W*, Wg.;)) > cos (59> X T, + cos(26) x T,
79
1— =02 ) x4 (1—2x46?) x —
—( 50 )X80+< 2~ )xso
1 1 1
>1— 02— = x ¢
- 50 2 20
21—i92
20

where the second inequality utilizes the fact that cosz > 1 — %xQ and the last inequality holds since
Eosx < 1—1a?for0 <z < . By the concavity of cos(6 (w*,-)) when §(w*, wy;) < 5, we
ave

1 T 1 T 0
cos(0 (W*, wWi1)) = cos (9 (w*, T ;wm>) > T ;COS(@ (W*, wg.;)) > cos <2k) )
Since cos z is decreasing in x € [0, 7], we have O(W*, wy41) < %_ ]

A.6 Proofs for Section d

In this section, we outline the proof of Theorem [, which is the key theorem of this paper.
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Theorem 1. For any instance of our online strategic classification problem with noise level 1, max-

imum manipulation distance v, and feature dimension d, the expected regret of classifiers h from
Algorithm [ over T cycles satisfies

E[Reg(h; T)] = O (dlnd x (InT)2/(1 - 27)% + /(7 + DdInd x TInT/(1 — 277)2) .

Proof. To derive the regret bound in Theorem [, we decompose the total regret Reg(h; T') as defined
in () into two parts according to pure exploration phase versus exploration-exploitation phase, and
then we move on to decompose the regret in the exploration-exploitation phase according to certain
events. We upper bound each of these parts separately. First, we define the two phases and the events
used in the regret decomposition.

Definition 4. Define the set Tpp = {t € [T]|0 < t < 2T, + To } as the pure exploration phase,
where T, and Ty are number of iterations in Algorithm O and Algorithm B. Define the set
Tee = {t € [T]| 2T+ To <t < T} as the exploration-exploitation phase. Define the event
Eimir = {{(Wo,w*) > co(1 — 27)}, where ¢y is a constant defined in Proposition B. For
k € {0,1,2,--- K}, define the event ¢, = {0 (Wry1,W*) < 55z} Define the event
€= giir[) €0 ﬂke[K] € as the “clean event”.

In Definition B, the pure exploration phase 7Tpg corresponds to all cycles in the Initialization and
Refinement Algorithm, and the exploration-exploitation phase Tz g corresponds to all cycles in the
Enhancement Algorithm. By Proposition B, Proposition B and Proposition B, the events defined in
Definition B satisfy the following properties:

2
P (ginit) > 1 - T2 (5D
3
P (g0 | €init) > 1 — T (52)
6
P(Ek | Ek—1,Ek—2," "50;5init) = ]P(Ek ‘ E:‘kfl) >1-— ﬁ’ vk € [K} . (53)

Hence, taking the union bound by (&),(52) and (B3), we get that the probability of clean event
satisfy

P(c) =P > 2 3 6\*_, 6
(e) = Einitﬂgo ﬂfk Z 1_ﬁ X 1—ﬁ X 1_ﬁ _1_T'

ke[K]
Then, we decompose the total regret as
Reg(h; T) = Reg(h; Tpg) + Reg(h; Tpg, €) + Reg(h; Tpg, &), (54)
where £ denotes the complement of €, and the three parts of (B4) is represented as the following:

Reg(h; Tpp) = Y Brr(h) — | Tpg | x Err(h*)

teTprE

Reg(fl7 TEEa E) = Z (Err(};’t) - Err(ﬁ*)) I (6) )
teTer

Reg(h; Tpp, &) = Z (Err(ﬁt) - Err(ﬁ*)) I(2) .
teTeR

The first term in (84) denotes the expected regret incurred during the pure exploration phase. The sec-
ond term captures the expected regret incurred during the exploration-exploitation phase, given that
the clean event holds. The last term characterizes the expected regret incurred during the exploration-
exploitation phase, given that the clean event does not hold.

Now we upper bound the three parts of (84) respectively. For the first term Reg(fl; TrpE), the regret
incurred in a single cycle is at most 1, and the length of pure exploration phase is | Tpr| = 2Timic+ 7o,
then, the expected total regret during these time can be upper bounded by

E [Reg(fl; TPE)} < Z 1< 2T +To =0 <(1—1277)8d1n d(ln T)2> , (55)
teTPE
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where the last equality holds by our setting that Ty, = O ((1 572 In T) and Ty =
O ((bsdnd(nT)?).

Then, we upper bound the expectation of the second term Reg(fl; TeE,€), which is the cumula-
tive regret incurred under the clean event during the Enhancement procedure. Let Reg, (h; Tgg, €)

denote the regret in each batch k € {1,2,--- | K} during this procedure under “clean event” ie.,
Reg(h; Tpg,e) = Eszl Regk(fl; TEE, €), then we only need to upper bound E Regk(fl; TeE, 5)}
for each batch k € {1,2,--- , K}, which is characterized as

E [Regk(fl; TeE, 5)}

_ éi E [Err(izgg) — Err(h*) s} P (c)

< iz E [Brr(h) - Bre(h") | e]

<;E{ (sen ({weaoxil) =) #0k2) =1 (sen ({wril”) =) #0i2) |
3 [t (wearf2) - ) #42) -1 (o 27 7) #62) 4
1

= 2 E[n sen (i) #2) =1 (s ((w x2)) #0) |
#3 £ 1 (en ((wnaox2) =) #002) 1 (s (o x2)) #2) o]

(56)
Where r,(c1 *) and r,(C *) are the counterfactual agent responses under the optimal classifier. The
first equality holds by the fact that E [XT (e)] = E[X |I(e) = 1P () + E[0]| I(e) = 0] P (&) =
E [X | €] P (). The inequality holds since 0 < P (¢) < 1. The last equality holds by Proposition [I.

For the first term within the summation in the RHS of (&), we have

[0 (s (e (1)) #002) =1 (on (i) #0i) <
P (sgn ((w*, %)) # sen ((wi i) | 57
10

§277

where cjq is a positive constant. The first inequality holds by the triangular inequality, the last
equality holds since by Lemma 8 property (b), and Proposition B.
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For the second term, we have

s (e 0) 42) 1o (ox2)) 4181 |
= o (o) ) #082) i mxi2)) #167)
s o () £2) -1 o (o)) 2
< s () ) o (weni) |
8 i ((x?)) £ (ox2)) 4

=P (0< (wiixf)) < b) +P(sen ((w',x)) # sen (Wi ) |2)

C10 ci1(1—27)  cio
<U b _ < — —_—
10k + oF oF + o’

where c11 > 0 is a positive constant. The first inequality holds by the triangular inequality, the last
inequality holds by Lemma B property (a) and (b), and Proposition B.

o) ]

Summing (87) and (BR) over [T%], and then we can upper bound (Bf) by
Ty
-~ 1 1—2n
E [Regy (s Tm,2)] < 0(1) - o5 +0(1) - —
i=1
Tk (1 —2)T}
2k o2k
1
=20 ——— Ddlnd(InT)? ) .
o (=gt + Damaa1y’)

Since T = |Tpg| + |Tee| and |Tpe| = O(dInd(InT)?), then |Trr| = O(T). Also, the
exploration-exploitation phase corresponds to all cycles run in Algorithm B, hence 2 Zszl T, =

|Ter| = O(T). By T}, = 4O <(1 57 (7 +1)dInd(InT) ) we get the total number of batches

+0(1) -

as K = log, (O (%)) Then, we can upper bound the cumulative regret during the
exploration-exploitation phase under “clean event” as

E [Reg(fl; TEE,E)} = iE [Regk(fl; TEE,E)}
k=1

s (0 lirzmir ) ) ) (59)
_ Z 2k ((1_277)4(74— 1)d1nd(1nT)2>

k=1
0 ((1_1217)2\/ (v + 1)d1ndTlnT> .

Finally, we upper bound the third term in (84) as

E [Reg (b Ter.2)| = 3 E[(Brr(h) - Bue(h)) 1(2)]

t€eTer
6 (60)
<E| > ]I(a)] = |Tep|P(E) <T - =6.
T
teTrE
By combining the upper bounds of (83), (R9), and (&), we finish the proof. O

A.7 Proofs for Appendix A1

Before proving Lemma B, we need to first prove some intermediate lemmas. In the following lemma,
we show that any log-concave distributed random vector with zero mean and positive definite covari-
ance matrix can be linearly transformed into a new random vector with an isotropic log-concave
distribution.
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Lemma 24. For any random vector x € R? that follows a log-concave distribution with E [x] = 0

and E [XXT} = X, where X is positive definite, the transformed random vector z = Y -2x that
follows an isotropic log-concave distribution.

Proof. We first prove that z = Yoox is isotropic. Since E [XXT] = 3, ¥ is positive definite,
1 1 T 1 1 T

then E [zzT] =Y 2FE [XXT] (Z*§> = Y23 (E’5> = I. Also, since E[x] = 0, then

E[z] = £ 2E[x] = 0.

Next, we show that the probability density function of z is log-concave. Suppose the corresponding
probability density functions of x and z are ¢y (-) are ¢, (-), respectively. Since ¢y () is log-
concave, then for V o € [0, 1] and V x1, %2 € R4,

aln(¢x (x1)) + (1 — a) In (dx (x2)) < In (éx (ax1 + (1 — a)x2)).
Then, for ¥ o € [0, 1], 1, 25 € R,
In ((¢7 (1)) + (1 — @) In ((¢2 (22)))
aln (det (24) 6x (Sh21) ) + (1= ) n (det (32) o (3
(6x (2221)) + (1= ) n (6 (S¥22) ) +1n (det (=
In (o (042%21 Y (1-a) zézz)) +1n (det (2%>)
= In (¢ (021 + (1 — @) 22)).

Thus, ¢,(-) is isotropic log-concave. O

Qe

[NSE

%))
)

In

I
Q

IN

The next lemma outlines the relationship between the eigenvalues of the covariance matrices for a
high-dimensional random variable before and after it is projected onto a lower-dimensional subspace.

Lemma 25. Let x be an arbitrary d-dimensional random variable with a positive definite covari-
ance matrix Y, whose maximum and minimum eigenvalues are A and ), respectively. Let Vg an
arbitrary d'-dimensional subspace with d'" < d. Let Xy, denote the projection of x onto Vg with

covariance matrix Xy, whose maximum and minimum eigenvalues are \y,, and \y, , respectively.
_ _ a d Vyr
Then, Ay, < X and Ale >\

Proof. Let P € R*4" denote the projection matrix of x, ie., PTP =7 and PTx = xvy,, , then,
Evd, = PTY.P. Hence, by definition of maximum eigenvalue, we have

_ VTZVd,V vI PTY. Pv
Av, = max ——F— = max e ——
v#0, veERY V'V v#0, veRd’ A
vIpPTy pv ulSu X
= max ————< max ——— =
v£0, verd’ vI PT Py u#£0, uekd ulu ’
where u = Pv.
. VTZVd,V . vI PTY.Pv
Ay, = min ——F— = mn ———
d v#£0, veRY VIV v#0, veR viv
. vIPTy Py . ul’>u
= min ———— > min =)
v#0, verd VI PT Py u£0, uekd ulu ’
where u = Pv. O

Now we are ready to prove Lemma 0.
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Lemma 3. Let x € R? (d > 2) have zero mean and a log-concave distribution. Suppose the
eigenvalues of its covariance matrix ¥ = E [XXT} are all bounded within [\, \] for some positive

constants )\, \, then the distribution of x satisfies the regularity conditions in assumption B, with
parameters L1 = 53}), Ly = 7515(\2)’ R=3JA U = Uy = —’62)(\2), 5= —Bf/(;), Q = /A for

B1(1), 81(2), B2(2), B3(2) given in Lemma D.

et

Proof for Lemma B. For arbitrary 1-dimensional subspace V; C R! and 2-dimensional subspace
Vo C R2, let xy, and xy, denote the projected vectors on V; and V5 with covariance matrices Xy,
and Yy, respectively. Let Ay, and Ay, denote the maximum eigenvalues of Yy, Xy, and Ay,
and )y, denote the minimum eigenvalues of ¥y, Xy, respectively. Then by Lemma I3, we have

-t _1 _1
A > )\Vl, A > )‘Vz’ A < AVl and A < sz' Let Zy, = va XVys 2y, = EV; XVy- Then, Zy, and Zy,
have isotropic log-concave densities, denoted as ¢, and ¢, , respectively.

We first determine L1, L and R prescribed in Assumption B, Condition 1. For all [|xv; |2 < $/A,
Xy, ’s probability density function ¢x,, (-) satisfies

1(1)

= — . 61

o VA (61)
1

\/7 xv; |l < \% - VA = §. Then, the first inequality in

Pxy, (X11) = bz, (Z;I%le) det (Z‘_/l%) >

_1
Now ||zy, [|l2 = szfxvl

(BI) holds by Lemma [, property (b) and det (E %> >

Lemma 3.

\/;\71. The second inequality holds by

Similarly, for all ||xy; ||, < §+/A, xv,’s probability density function ¢y (-) satisfies

bery (x12) = 0o, (1131 ) et (3,7) = A | @)

a 62
25 (62)

_1
Now ||z1, |2 = HZV; xv, |, < \/% xvsllo < \% - $3/A = L. Then, the first inequality in (62)
pems Py

holds by Lemma O, property (b) and det (E;f) > ;\L The second inequality holds by Lemma 3.

Combining (&) and (B2), we have L1 = \(f)’ Ly = 1X2), R— %@
Then, we determine Uy, Uz and 6 prescribed in Assumption [, Condition 2. For ¢x,,, (+), we have
1 1
(bxvl (XV1) = ¢zvl (ZV12 XV1) det ( ) 7

where the first the inequality holds by Lemma @, property (c) and d

ﬁ.

M\»—-
N—
\/\

inequality holds by Lemma 3. Thus, U; =
For ¢, (+), we have

B2(2) exp (—53(2) Hzx_ffxvz

)

D, (51,) = Oy, (S0, ) et (31 <

Ay,
B2(2) exp( %2) ||Xv22)
<
Ay,
. B2(2) exp (—’@37\/(;2) Ixv, Hz)
g A b)

where the first inequality holds by Lemma D, property (d) and det (E‘_/f) < )\L The second
Avy

_1
inequality holds by HEV; XVa ||, > \/% |xv, ||5- The last inequality holds by Lemma I3.
2
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Thus, we have Uy = BZT(Q) 0= 53—\/%2)

Finally, we determine () prescribed in Assumption @, Condition 3. For arbitrary w € B?, (w, x)
forms a 1-dimensional random variable whose probability density function is log-concave. Let

xy; = (w,X) denote the projected random variable and 0‘2/1, =E [x‘T/{xV{} denote its variance.
Then, by Lemma B property (a), for every ¢t > 0,

P(lz|>t)<e V'™ < VAL

where the second inequality holds by 0‘2,1, > AV{ > ). Thus Q = /. O
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