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Abstract

While Large language models (LLMs) are driving the rapid advancement of ar-
tificial intelligence, effectively and reliably training these large models remains
one of the field’s most significant challenges. To address this challenge, we
propose POET, a novel reParameterized training algorithm that uses Orthogonal
Equivalence Transformation to optimize neurons. Specifically, POET reparame-
terizes each neuron with two learnable orthogonal matrices and a fixed random
weight matrix. Because of its provable preservation of spectral properties of weight
matrices, POET can stably optimize the objective function with improved general-
ization. We further develop efficient approximations that make POET flexible and
scalable for training large-scale neural networks. Extensive experiments validate
the effectiveness and scalability of POET in training LLMs.

1 Introduction

Recent years have witnessed the increasing popularity of large language models (LLMs) in various ap-
plications, such as mathematical reasoning [13] and program synthesis [3] and decision-making [77].
Current LLMs are typically pre-trained using enormous computational resources on massive datasets
containing trillions of tokens, with each training run that can take months to complete. Given such a
huge training cost, how to effectively and reliably train them poses significant challenges.

The de facto way for training LLMs is to directly optimize weight matrices with the Adam opti-
mizer [37, 55]. While conceptually simple, this direct optimization can be computationally intensive
(due to the poor scaling with model size) and requires careful hyperparameter tuning to ensure stable
convergence. More importantly, its generalization can remain suboptimal even if the training loss is
perfectly minimized [36]. To stabilize training and enhance generalization, various weight regular-
ization methods [4, 10, 12, 47, 49, 79] and weight normalization techniques [28, 38, 39, 50, 52, 54]
have been proposed. Most of these methods boil down to improving spectral properties of weight
matrices (i.e., singular values) either explicitly or implicitly. Intuitively, the spectral norm of a weight
matrix (i.e., the largest singular value) provides an upper bound on how much a matrix can amplify
the input vectors, which connects to the generalization properties. In general, smaller spectral norms
(i.e., better smoothness) are considered to be associated with stronger generalization, which inspires
explicit spectrum control [33, 59, 67, 79]. Theoretical results [6] also suggest that weight matrices
with bounded spectrum can provably guarantee generalization. Given the importance of the spectral
properties of weight matrices, what prevents us from controlling them during LLM training?

* Inefficacy of spectrum control: Existing spectrum control methods constrain only the largest
singular value, failing to effectively regularizing the full singular value spectrum. Moreover, there
is also no guarantee for spectral norm regularization to effectively control the largest singular value.

* Computational overhead: Both spectral norm regularization [79] and spectral normalization [59]
require computing the largest singular value of weight matrices. Even with power iteration, this still
adds a significant overhead to the training process, especially when training large neural networks.
Additionally, spectral regularization does not scale efficiently with increasing model size.
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matrices directly, POET keeps the ran-

domly initialized weight matrix Wy unchanged during training and learns two orthogonal matrices
R; P to transform Wy. This reparameterization preserves the singular values of weights while allow-
ing flexible optimization of the singular vectors. POET effectively addresses the above limitations:
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* Strong spectrum control: Because orthogonal transformations do not change the singular values
of weight matrices, POET keeps the weight spectrum the same as the randomly initialized weight
matrices (empirically validated by Figure 1 even with approximations). Through the initialization
scheme, POET thus directly controls the singular value distribution of its weight matrices. As a
result, and in contrast to standard LLM training, POET matrices avoid undesirable large singular
values after training (Figure 1 and Appendix I). To further facilitate the POET algorithm, we
introduce two new initialization schemes: normalized Gaussian initialization and uniform spectrum
initialization, which can ensure the resulting weight matrices have bounded singular values.

* Efficient approximation: While a naive implementation of POET can be computationally expen-
sive, its inherent flexibility opens up opportunities for efficient and scalable training. To address the
key challenge of optimizing large orthogonal matrices, we introduce two levels of approximations:

— Stochastic primitive optimization: The first-level approximation aims to reduce the number of
learnable parameters when optimizing a large orthogonal matrix. To this end, we propose the
stochastic primitive optimization (SPO) algorithm. Given a large orthogonal matrix R 2 R™ ™,
SPO factorizes it into a product of primitive orthogonal matrices, each involving significantly
fewer trainable parameters. These primitives are constructed by parameterizing randomly
sampled submatrices of the full matrix. This factorization is implemented as a memory-efficient
iterative algorithm that sequentially updates one primitive orthogonal matrix at a time. To
improve the expressiveness of the sequential factorization, we adopt a merge-then-reinitialize
trick, where we merge each learned primitive orthogonal matrix into the weight matrix, and then
reinitialize the primitive orthogonal matrix to be identity after every fixed number of iterations.

— Approximate orthogonality via Cayley-Neumann parameterization: The second-level approxi-
mation addresses how to maintain orthogonality without introducing significant computational
overhead. To achieve this, we develop the Cayley-Neumann parameterization (CNP) which
approximates the Cayley orthogonal parameterization [48, 65] with Neumann series. Our
merge-then-reinitialize trick can effectively prevent the accumulation of approximation errors.

POET can be viewed as a natural generalization of orthogonal training [48, 51, 65], wherein the
model training is done by learning a layer-shared orthogonal transformation for neurons. Orthogonal
training preserves the hyperspherical energy [47, 49] within each layer—a quantity that characterizes
pairwise neuron relationships on the unit hypersphere. While preserving hyperspherical energy proves
effective for many finetuning tasks [51], it limits the flexibility of pretraining. Motivated by this,
POET generalizes energy preservation to spectrum preservation and subsumes orthogonal training as
its special case. The better flexibility of POET comes from its inductive structures for preserving
weight spectrum, rather than more learnable parameters. We empirically validate that POET achieves
better pretraining performance than orthogonal training given the same budget of parameters.

To better understand how POET functions, we employ vector probing to analyze the learning dynamics
of the orthogonal matrices. Vector probing evaluates an orthogonal matrix R using a fixed, randomly
generated unit vector V by computing V=RV which corresponds to the cosine similarity between
Rv and v. By inspecting the cosine similarities of seven orthogonal matrices throughout training, we



observe that the learning pro-

cess can be divided into three

distinct phases (Figure 2):

(1) conical shell searching

The cosine starts dt(i.e, R

is the identity) and gradually

converges to a stable range

of [0:6; 0:65], which we ob-

serve COﬂSIStenﬂy across <’;!Ilzigure 2: POET's three learning phases. Left:
learnable orthogonal matri-

ces. This suggests thRt transformsv into a thin conical shell around its original direction. (2)
stable learning on the conical shelfhe cosine remains within this range while the model begins to
learn stably. Despite the cosine plateauing, validation perplexity continues to improve almost linearly.
(3) nal adjusting: Learning slows and eventually halts as the learning rate approaches zero. We
provide an in-depth discussion and empirical results in Appendix A,G. Our major contributions are:

illustration; Middle: angle; Right: loss and validation.

» We introduce POET, a novel training framework that provably preserves spectral properties of
weight matrices through orthogonal equivalence transformation.

» To enhance POET's scalability, we develop two simple yet effective approximations: stochastic
principal submatrix optimization for large orthogonal matrices and the Cayley-Neumann parame-
terization for ef cient representation of orthogonal matrices.

» We empirically validate POET's training stability and generalization across multiple model scales.

2 From Energy-preserving Training to Spectrum-preserving Training

Orthogonal training48, 51, 65] is a framework to train neural networks by learning a layer-shared
orthogonal transformation for neurons in each layer. For a weight matrix fw,; ;wpg 2

R™ " wherew; 2 R™ is thei-th neuron, the layer's forward passyiss W > x with inputx 2 R™
and outpuly 2 R". Unlike standard training, which directly optimizéé , orthogonal training keeps

R 2 R™ ™M to jointly transform all neurons in the layer. The forward pass becgmeg RW )~ x.

The effective weight matrix i®Vr = fwR; ;wRgwherewR = Rw;. A key property is its
preservation of hypersphe)r(ical energi/ith W ; w;=kw;k, orthogonal training ensures
HE(W ) := we w® '= kRw; Rwjk = HEWR); 1)
i8] i8]

where hyperspherical ener¢f( ) characterizes the uniformity of neurons on a unit hypersphere.
Prior work [47-49, 76] has shown that energy-preserving training can effectively improve general-
ization. Orthogonal netuning (OFT)[L, 65] also demonstrates that netuning foundation models
while preserving hyperspherical energy achieves a favorable trade-off between ef cient adaptation to
downstream tasks and retention of pretraining knowledge. While the hyperspherical energy preserva-
tion is effective for netuning, it can be too restrictive for pretraining. To allow greater exibility in

the pretraining phase, we relax the constraint from preserving hyperspherical energy to preserving the
singular-value spectrum instead. By inherently maintaining the spectrum, energy-preserving training
is a special case of spectrum-preserving training. As a generalization, spectrum-preserving training
learns a transformatioh : R™ " ! R™ " that preserves the spectrum:

1 T(WO) Vo2 T(WO) ; » min( m;n ) T(WO) = l(WO); Z(WO); y min( m;n )(WO) ; (2)

where (W) denotes thé-th singular value ofV o (sorted by descending order with being
the largest singular value). How we instantiate the transformatioesults in different algorithms.
Generally,T is a spectrum-preserving map, and can be either lingidf nonlinear p). If we only
considerT to be a linear map, then Theorem 1 can fully characterize the foffn of

Theorem 1 (Simpli ed results from B2]). For a linear mapT : R™ "I R™ " (m 6 n), if
1(T(W)) = (W) always holds for alww 2 R™ ", then the linear mag@ must be of the
following form: T(W ) = RWP ,foral W 2 R™ " whereR 2 R™ ™ andP 2 R" " are some
xed elements in orthogonal grougid(m) andO(n), respectively.

All parameterizations for the linear map can be expressed &W )= RWP , whereR and
P are orthogonal matrices. For instance, OFT is an energy-preserving method (a special case of
spectrum-preserving training), where the map simpli e (W )= RWI , with | as the identity.



POET preserves hyperspherical energy under isotropic Gaussian initialization[48] shows

that weight matrices that are initialized by zero-mean isotropic Gaussian distribetipri7]) are
guaranteed to have small hyperspherical energy. Because zero-mean isotropic Gaussian is invariant
under orthogonal transformatioRW P also has small energy (see Section 4 and Appendix B).

3 Reparameterized Training via Orthogonal Equivalence Transformation

This section introduces the POET framework, which reparameterizes each neuron as the product of a
xed random weight matrix and two learnable orthogonal matrices applied on both sides. POET serves
as a speci ¢ implementation of spectrum-preserving training. Inspired by Theorem 1, it parameterizes
the spectrum-preserving transformatibrusing a left orthogonal matrix that transforms the column
space of the weight matrix and a right orthogonal matrix that transforms its row space.

3.1 General Framework

Following the general form of spectrum-preserving linear maps discussed in the last section, POET
reparameterizes the neuronR¥/ (P, whereW, 2 R™ " is a randomly initialized weight matrix

that remains xed during training, arld 2 R™ ™;P 2 R" " are trainable orthogonal matrices.
This reparameterization effectively applies an orthogonal equivalence transformation (OET) to random
weight matrices. Speci cally, OET is a double-sided transformation, de nedBEW ;R ;P ) =

RWP , where the input matri¥V is multiplied on the left and on the right by orthogonal matrices

R andP, respectively. The forward pass of POET can be thus written as

y=Wge x=(RWoP)x; stt RRR=RR”>=1; P°’P=PP” =1 ; 3)

whereR andP can be merged into a single weight maWikrp = RW (P after training. Therefore,
the inference speed of POET-trained neural networks is the same as conventionally trained ones.

Spectrum control. POET can be interpreted as learning weight matrices by simultaneously transform-
ing their left singular vectors and right singular vectors while keeping the singular values unchanged.
Given the singular value decomposition (S\R), = U oV ~, the reparameterized neuron weight
matrix become®Vrp = RU oV > P where bottRU andV > P are orthogonal matrices. This
effectively constitutes an SVD &V gp . Itis also straightforward to verify that the spectral properties

of Wgrp remain identical to those of the initial matii .

Neuron initialization . Since POET preserves the spectral proper-

ties of the initial weight matriXV o, the choice of initialization plays

a critical role. We consider two common schemes:standard

initialization, which samples from a zero-mean Gaussian with xed

variance (the default choice for LLaMA models); and X3vier

initialization [17], which uses a zero-mean Gaussian with variance

scaled by the layer dimensions. To facilitate POET, we propose two

new initialization schemes. The rst methodniform-spectrum

initialization, applies SVD to a standard initialization and sets all

singular values td, balancing spectral properties throughout traifjgure 3: Singular values of a weight matrix
. . . R . . of size 512 1376, randomly generated by
ing. The secondiormalized Gaussian initializatigmormalizes gierent initialization schemes.
neurons drawn from a zero-mean Gaussian with xed variance. This

is directly inspired by prior work showing that normalized neurons improve convergéfced, 52).
To ensure that the POET-reparameterized network is statistically equivalent to a standard network at
initialization, we always initialize both orthogonal matrices as identity matrices.

3.2 Ef cient Approximation to Orthogonality

POET is conceptually simple, requiring only the optimization of two orthogonal matrices. However,
these matrices are typically large, and naively optimizing them leads to signi cant computational
challenges. We start by introducing the following ef cient approximations.

3.2.1 Stochastic Primitive Optimization

The core idea of SPO is inspired by how QR factorization is performed using Givens rotations and
Householder transformations. Both methods construct a large orthogonal Rdiyixsequentially
applying @imitive orthogonal transformations.g, Givens rotations or Householder re ections),

i.,e, R = ic:l G;, whereG; denotes thé-th primitive orthogonal matrix. While ead; is of

the same size aR, it is parameterized by signi cantly fewer degrees of freedom. See Figure 4



Figure 4: Examples of the primitive orthogonal transformation magrjxin different orthogonalizations (two examples for each method). Note
that, blue blocks represeht light purple blocks denot@ and deep purple blocks are the actual orthogonal parameterization to be learned.

for an illustration. Both Givens rotation and Householder re ection use relatively low-capacity
parameterizations—for example, each Givens rota@ipimvolves only a single effective parameter—
which limits their ef ciency in representing the full orthogonal matrix. SPO follows a similar idea

of factorizing the original orthogonal matrix into multiple primitive orthogonal matrices. However,
unlike Givens and Householder methods, SPO treats the number of effective parameters in each
primitive matrix as a tunable hyperparameter and adopts a stochastic sparsity pattern.

Fully stochastic SPQO The basic idea of fully stochastic SPO is to randomly sample a small
submatrix and enforce its orthogonality, allowing it to be easily extended to a full orthogonal
matrix by embedding it within an identity matrix—a process similar to Givens or Householder
transformations. To represent a large orthogonal m&rx R™ ™, we start by de ningc index
setsS! = fs;  ;sig f 1, ;mg(j 2 [1;c]), where each set has cardinalj§/j = b, a
hyperparameter controlling the number of effective parameters of a primitive orthogonal matrix.
S!; 8j are randomly sampled from the full indicEs;  ;mg. LetG; 2 RP P be a small orthogonal
matrix, andD (S)) = fe(s)); ;e(sh)g2 R™ b he a selection matrix, wheefk) is the standard
basis vector with & in thek-th position and elsewhere. The factorization is given by

Y ) )
R = lm + D(S") (% I b) D(s')>} 7 stGy Gi = GiG = Iy 8§ 4
=1 G; : Thei-th primitive orthogonal matrix
whereD (S') (A) D (S')” is a projector that replaces the bsub-block withA . | ,, andl , are
identity matrices of sizen  m andb b, respectively. To ef ciently parameterize small orthogonal

matricesG;, we can use the CNP introduced in the next section.

Block-stochastic SPO While fully stochastic SPO is simple, it may fail to transform all neuron
dimensions because the identity matrix leaves part of the space unchanged. See the blue blocks in
Figure 4(c) as an example. To address this, we propose block-stochastic SPO, which rst constructs
a block-diagonal orthogonal matrix with small blocks for parameter ef ciency, and then applies a
random permutation to enhance expressiveness by randomizing the sparsity pattern. Block-stochastic
SPO transforms all neuron dimensions simultaneously, as shown in Figure 4(d). Formally we have

¥ o - o
R = > Diag(Gil;G{??; GIP %) | st(G) Gl = GI(G) =1y 8, (5

i
-1 |

G;: Thei-th primitive orthogonal matrix

whereG{ 2 RP Pis thej-th block of the block diagonal matrix, and;; 8i are all random permuta-
tion matrices. As long as each diagonal bl@k is an orthogonal matrix, bot@; andR are also
orthogonal matrices. We also use CNP to ef ciently parameterize each orthogonai@lock

The merge-then-reinitialize trick. The factorizations in Equatidid) and(5) offer a simple approach

to optimizing large orthogonal matrices by sequentially updating primitive orthogonal matrices.
However, storing all previous primitives incurs high GPU memory overhead. To mitigate this, we
propose the merge-then-reinitialize trick, where the learned primitive orthogonal matrix can be
merged into the weight matrix after every certain number of iterations, and then reinitialized to the
identity matrix. After reinitialization, stochastic sampling is repeated to select a new index set (in
fully stochastic SPO) or generate a new permutation (in block-stochastic SPO). This trick allows only
one primitive matrix to be stored at a time, substantially reducing GPU memory usage.

3.2.2 Cayley-Neumann Parameterization

The classic Cayley parameterization generates an orthogonal rRainithe form ofR = (I +

Q)(I Q) !whereQ is a skew-symmetric matrix satisfyir@ = Q> . A minor caveat of this
parameterization is that it only produces orthogonal matrices with deterniirfaat elements of the
special orthogonal group), but empirical results48,[51, 65] indicate that this constraint does not
hurt performance. However, the matrix inverse in the original Cayley parameterization introduces



numerical instability and computational overhead, limiting its scalability to large orthogonal matrices.
To address this, we approximate the matrix inverse using a truncated Neumann series:

o X X
R=(1+Q)I Q) '=(I+Q) Q' (1+Q Q' =(1+Q) 1+ Q' (6

i=0 i=0 i=1
where a larger number of approximation terknleads to a smaller approximation error. By avoiding
matrix inversion, the training stability of POET is improved; however, this comes with a price—the
approximation is valid only when the Neumann series converges in the operator norm. To initialize
orthogonal matrices as identity, we @tto a zero matrix in CNP, satisfying the convergence
condition initially. As the training progresses, however, updat€3 tnay cause its operator norm to
exceedl, violating this condition. Fortunately, our merge-then-reinitialize trick mitigates this issue
by periodically resetting to a zero matrix, ensuring its operator norm remains small.

3.2.3 Overall Training Algorithm

Step 1: Initialization. We initialize the weight matrices using normalized Gaussien: Wy.

Step 2: Orthogonal matrix initialization . For fully stochastic SPO, we randomly sample an index
setS, and parameteriz&6r 2 RP P andGp 2 RP P using CNP (Equatiof6)). Both matrices are
initialized as identity, s&® andP also start as identity matrices. For block-stochastic SPO, we sample

a random permutation matrixg; p, and parameterizeGL; ;Ggm?eg andf G} ; ;Gg%eg
using CNP. Then we initialize them as the identityRs@ndP again starts as identity matrices.

Step 3: Ef cient orthogonal parameterization. For fully stochastic SPO, we hale = |, +
D(S)(Gr Ip)D(S)” andP = 1,+ D(S)(Gp 1,)D(S)”. For block-stochastic SPO, we
haveR = 7Diag(GL; ;G%°°) randP = 3DiagGL; ;GS°°%) ».

Step 4: Inner training loop for updating orthogonal matrices. The equivalent weight matrix in the

forward pass iRWP . Gradients are backpropagated throéglandP to updateGr; Gp (fully
stochastic) oG ; G} ; 8i (block-stochastic). This inner loop runs for a xed number of iterations.

Step 5: Merge-then-reinitialize The learned orthogonal matricBRsandP are merged into the
weight matrix byW RW P . If not terminated, return t&tep 2for reinitialization.

4 Discussions and Intriguing Insights

Parameter and memory complexity By intro- Method  #trainable params Memory cost
ducing a hyperparametbias the sampling budget, Adamw mn 3mn
fully stochastic SPO decouples parameter corfiatore [82] mn mn +mro+2nr
plexity from the size of the weight matrices. With aPCET (FS) b(b 1) mn +3b(b 1)

smallb, POET becomes highly parameter-ef cient?OET BS) z(m +n)(b. 1) mn + 3(m + n)(b 1)

though at the cost of slower convergence. This ghple 1: Comparison to existing methods. Assume2 R™ "

f ibl d b fGi )}m n), GaLore with rank and POET with block sizé. FS

ers users a exible trade-o etween e CIENCYjyenotes fully stochastic SPO, and BS denotes block-stochastic SPO.
and speed. In contrast, block-stochastic SPO has

parameter complexity dependent on the matrix sizg, fn + n), making it more scalable than
AdamW, which requiresnn trainable parameters. In terms of memory complexity, both POET
variants can be much more ef cient than AdamW with a suitable sampling biddgetomparison

of parameter and memory complexity is given in Table 1.

Performance under a constant parameter budgetSince POET

optimizes two orthogonal matric&s; P simultaneously, a natural

question ariseswhich matrix should receive more parameter budget

under a xed total constraint?To investigate this, we conduct a

controlled experiment where different ratios of trainable parameters

are allocated tdR andP under a xed total budget. All other

settings é.g, architecture, data) remain unchanged, with full detaifgﬁgt‘;nﬁ:toi’;rgogrma;lﬁgrmgj; r;’gd_er a
provided in the Appendix. We use validation perplexity as the

evaluation metric. The total parameter budget matches that of fully stochastic POEﬂ'zwi#nn
for R andb= %n for P, whereh = 8, 4, and3 correspond to small, medium, and large budgets,
respectively. We explore seven allocation settirigsP =1:0 (i.e., orthogonal training48, 51, 65]),
0:9:0:1,0:75:025, 0:5: 0.5 (i.e., standard POETY:25:075, 0:1:0:9, and0: 1. Results in Figure 5
show that POET with a balanced allocation betwBeandP yields the best performance.



Figure 6: Dynamics comparison of average singular value entropy (singular value diversity) between direct training (AdamW, Muon) and POET.

Guarantees of weight spectrum For POET with standard and normalized Gaussian initializations,

we have proved in Appendix C that the largest and smallest singular values of weights can be bounded.
For normalized Gaussian, the bound is only dependent on the row-to-column ratio of the weight
matrix. For standard Gaussian, the bound has an extra dependence on the neuron dimension.

Connection to generalization theory Several generalization resul B3, 76] based on bounding

the spectral norm of weight matrices. In particular, the spectrally-normalized margin analysis in [6]
bounds the misclassi cation error in terms of a margin-based training loss and a complexity term.
The complexity term is proportional ©=( n ) where andn are margin and sample size a@d
bounds the spectral complexity. Forlarayer ReLU MLP and maximal widtH, Q is bounded by

¥ ® dow ke )2 32
°7 i=1 Kk i=1 kwikes "

wherek k andk kg denote spectral and Frobenius norm respectively. Those norms remain invariant
when training the network with POET and at initialization they can be bounded with high probability
using standard results from random matrix theory (Appendix C). 'Bhg scale at initialization is typically

chosen such thaW 2 RY 9 satis eskW k = O(1) andkW k = O(" d) so thatQ = O (d).

Approximation properties of SPO. We have seen in Theorem 1 that the factorizaRdd P with
orthogonal matriceR andP is the most general spectrum preserving transformatiohl oHere

we expres®R andP as products of stochastic primitives, but as we state next, this does not reduce
representation power when using suf ciently many primitives.

Lemmal. Ifc m In(m)(m=b2 for some > O then with probability atleast m ( 2
over the randomness of the index setsve can express any orthogonal matRxas a product ot
primitivesG; as in Eq.(4). Moreover, the orthogonal matri®; depends only on the se8$ and
matricesG! selected in earlier steps.

The proof of this lemma can be found in Appendix D. The result extends to Block-stochastic SPO as
this is strictly more expressive than fully stochastic SPO. The key idea of the proof is similar to the
factorization of orthogonal matrices into a product of Givens rotations. Indeed, by multifitying

with properly chosen primitive matric€3; we can create zeros below the diagonal for one column
after another. Note that ea@ hasb(b 1)=2 parameters whil® hasm(m 1)=2 parameters,
which implies that generally at leagt m=b)?) primitives are necessary. In Appendix D we also
provide a heuristic that with high probability for=" O(In(m)(m=b)?) every orthogonal matrix can

be written as a product @forthogonal primitivess; .

Inductive bias. POET-reparameterized neurons result in neural networks that maintain identical
architecture and parameter count during inference as conventionally trained networks. While standard
training could technically learn equivalent parameters, they consistently fail to do so in practice. This
indicates POET provides a unique inductive bias unavailable through standard training. POET also
aligns with prior ndings in P, 18] that optimizing factorized matrices yields implicit inductive bias.

Dynamics of singular spectrum Inspired by fi6], we conduct a spectral analysis by comparing
the singular spectrum among AdamW, Muon and POET. Following§], we compute SVD



entropy of the trallged Llama-60M model at different iteration. Speci cally, the SVD entropy, de ned
asH( ) = |Og - P—z log P—z measures the diversity of singular values; higher entropy

indicates a more unlform and diverse spectruid)] pttributes the favorable performance of Muon
over AdamW to the more diverse spectrum of weight matrices updates. As shown in Figure 6, POET
consistently maintains high spectral diversity throughout training, owing to its orthogonal equivalence
transformation. Therefore, POET can better explore diverse optimization directions.

POET minimizes hyperspherical energy While POET generalizes energy-preserving training to
spectrum-preserving training, it still ensures low hyperspherical energy when initialized with a zero-
mean isotropic Gaussian distribution. This is signi cant, as POET retains the generalization bene ts
of minimal hyperspherical energyt[-49]. This property comes from the invariance of zero-mean
isotropic Gaussian to orthogonal transformatiatg] ghows that for a weight matriw/ initialized

by zero-mean isotropic Gaussian, its neurons, after being normalized, are uniformly distributed on
the unit hypersphere. This property provably leads to a small hyperspherical energy. Since zero-mean
isotropic Gaussian is invariant to orthogonal transformat@BT(W ;R;P) = RWP does not
change the distribution o/ ,i.e, RWP =4 W . We give a derivation in Appendix B. Therefore,

the transformed neurons of the new weight maRW P are also uniformly distributed over the unit
hypersphere after being normalized. This validates that POET provably preserves a small energy.

The property that POET preserves singular spectrum while retaining
small hyperspherical energy well justi es why POET yields stable
training and good generalization. Such a property only holds true
when the weight initialization follows zero-mean isotropic Gaussian,
which is perfectly satis ed by current weight initialization. It may
also justify why zero-mean isotropic Gaussian initialization works
better than the uniform spectrum initialization in our experiments. _ _
To further validate that POET maintains a small hyperspherigg{g‘zge”eﬁpﬂﬁ‘ﬂ'ﬁs:zfg Sompari-
energy, we plot the hyperspherical energy of the Llama-60M mode

at different iterations in Figure 7. We compare the sum of the hyperspherical energy of all the
layers trained by AdamW, Muon or POET. The results again verify POET's energy-minimizing
property. Different from previous orthogonal trainingg8], POET can not preserve exactly the
same hyperspherical energy during training, but it can well minimize hyperspherical energy in an
expectation sense. We also nd that Muon can better minimize hyperspherical energy than AdamWw.

5 Experiments and Results

We start by evaluating POET on large-scale LLaMA pretraining, followed by an extensive ablation
study to justify our design choices. Detailed settings and additional results are given in Appendices.

5.1 LLM Pretraining using LLaMA Transformers

We perform the pretraining ex- Model (#tokens)  60M (30B) ~ 130M(40B)  350M (40B) 1.3B(50B)

periments on the Llama trans- Adamw 26.6825.30M) 20.82(84.93M) 16.78(302.38M)  14.73(1.21B)
formers of varying sizes (60M, Galore 29.8125.30M) 22.35(84.93M) 17.99(302.38M)  18.33(1.21B)
130M, 350M, ]__3B) for POET. LoRAi=es 39.70(4.85M) 32.07(11.21M) 25.19(30.28M)  20.55(59.38M)
We use the C4 datasedd], a  POETsp=ss 29.52(2.39M)  24.52(552M)  20.29(14.90M)  18.28(29.22M)
Cleaned Web Crawl CoerS from POETgsp-=128 26.90(4.81M)  21.86(11.12M)  18.05(30.04M) 16.24(58.91M)
Common Crawl, widely used POETssp=256 25.29(9.66M) 19.88(22.33M)  16.27(60.32M)  14.56(118.26M)
for LLM pretraining [29, 56, POETesp-1/8 34.06(053M) 29.67(1.78M)  24.61(6.34M)  18.46(25.39M)
87]. For POET-BS,b is the POETesp=1/4 28.69(2.13M)  23.55(7.13M)  19.42(25.44M)  17.60(101.66M)

POETrsp=1/ 25.37(8.54M) 19.94(28.56M) 15.95(101.86M) 13.70(406.88M)

block size of the block- diagonalTable 2: Comparison of POET with popular pretraining methods using different sizes of LLaMA
orthogonal matrix. For POET; ‘models. Validation perplexity and the number of trainable parameters are reported.
FS, bh=bm for R andhy,=bn

for P. We compare POET against GaLo8&?], a low-rank pretraining method, and AdamW, the
standard pretraining optimizer. We generally follow the settings8#j. [To better simulate the
practical pretraining setting, we signi cantly increase the number of training tokens for all methods.

Table 2 shows that both POET-H$:(/2) and POET-BSE256) consistently outperform both Galore
and AdamW with signi cantly fewer parameters. For LLaMA-1B, POET-BS1(2) yields the best
overall performance, achieving a validation perplexityl 870, much better than Adam\Wi.4:73)

and Galore 1833). Block-stochastic POET with=256 achieves the second-best performance



(14:56), which still surpasses Adamw

with only one-tenth of AdamW's train-

able parameters. Similar patterns can

be observed for models of smaller

sizes. Moreover, we compare the

training dynamics between Adamw

and PO_ET In Flgure_ 8. The t_ralnlng Figure 8: Validation perplexity dynamics on LLaMA-350M and LLaMA-1.3B.
dynamics of POET is quite different

from AdamW. After an initial rapid drop in perplexity, POET improves more slowly than AdamW.
As seen in Phase Il (Figure 2), this slower but stable progress can lead to better performance in later
stages. We attribute this intriguing phenomenon to the unique reparameterization of POET and How
we ef ciently approximate orthogonality. The exact mechanism behind this phenomenon remains an
open question, and understanding it could offer valuable insights into large-scale model training.

To highlight POET's non-trivial performance improvement, we in-

crease the training stepisg(, effectively tokens seen) for AdamWw,

and nd that POET-FSIgE1/2) still outperforms AdamW even even

if AdamW is trained with almost triple the number of tokens. Re-

sults are given in Figure 9. In this experiment, the AdamW learning

rate was carefully tuned for the full training run, and no training

tokens were repeated. Thus, the improvement is non-trivial and can-

not be attributed to merely increasing training steps. Interestingjbyye 9: Validation perplexity dynamics of

we also observe from Table 2 that POET's performance app _Pgzéfbglﬁfgﬁi'ﬂ?g}ae“/l‘g’aﬁqr:,v'}'gmd
strongly correlated with the parameter budget and larger budgg@tSimost twice the number of seen tokens.
consistently yield better results across model scales. This is particu-

larly important for model scaling lawp]. Another notable observation is that POET signi cantly
outperforms LORA 26] given a similar parameter budget. For instance, with approximately 30M
trainable parameters, POET attains a validation perplexifyBdf5, signi cantly better than LoRA's

25:19. We further observe that the block-stochastic variant is more parameter-ef cient than the fully
stochastic one. On the 130M model, it achieves a validation perplexit9.88 with nearly 6M fewer
trainable parameters, comparedl®94 for the fully stochastic variant. We hypothesize that this is
due to better coverage of weight parameters. Speci cally, the block-stochastic variant ensures all
corresponding weights are updated at each step, unlike the more uneven updates in the fully stochastic
variant. Experimental details and results on weight update coverage are provided in Appendix H.

Pretraining Llama-3B. To demonstrate the scalability of POET, we applyethod Perplexity
POET to pretrain Llama with 3B parameters while reusing the same hypersamw 19.61
rameters from the 1.3B model. This model was trained with arly0 of the = POETsp=12 1690

tokens used for the 1.3B model. Compared to Table 2, the slightly higher e 3: Validation perplex-
perplexity is attributed to the reduced training data (5B tokens). Table 3 shéi ﬁ’ﬁ'n”?giﬁg; ?Ohﬁéni?

that POET maintains the performance advantage over AdamW at the 3B scale,

consistent with the conclusion drawn from Table 2 for smaller models. Our ndings con rm that the

bene ts of POET are not limited to smaller models but can extend robustly to larger scales.

5.2 LLM Finetuning on Downstream Tasks

To better evaluate models FT Model ColLA MNLI MRPC QNLI QQP RTE SST-2 STS-B
beyond the validation per- p gy AdamW 0361 0658 0696 0818 0.829 0534 0914.880
plexity, we show the results POET 0523 0818 0.824 0885 0902 0661 0920 0.873
of netuning the trained opy AJaMW 0388 0774 0689 0842 0867 0531 0915 0762
model on the GLUE bench- POET 0437 0812 0740 0855 0.877 0538 0924 0.791

AdamW 0435 0.804 0.806 0.856 0.889 0.653 0.904 0.878
POET 0505 0.821 0.826 0.892 0.902 0.682 0.931 0.887
Table 4: Downstream performance on GLUE between AdamW- and POET-pretrained models.

mark [75]. This benchmark POET
provides a comprehensive
assessment of a model's
language understanding capabilities through a diverse set of downstream tasks. The performance on
GLUE serves as an important indicator of the transferability of the model's learned representations.
Performance was measured using accuracy for MNLI, MRPC, QNLI, QQP, RTE, and SST-2; the
Matthews Correlation Coef cient for CoLA; and the Pearson Correlation Coef cient for STS-B. For
each task, we netune the models for 10 epochs using a consistent learning rate of 2e-5. The evalua-
tion covers several netuning strategies: full netuning (Full FT) with AdamW, orthogonal netuning
(OFT) [51, 65, and netuning with POET. The results in Table 4 show that the POET-pretrained



model consistently outperforms the AdamW-pretrained baseline across all tasks and netuning meth-
ods. The results further validate POET's generalizability. In this setting, OFT uses signi cantly less
parameters than both Full FT and POET, so OFT generally performs worse. However, the comparison
between Full FT and POET is fair, since both methods update the entire model.

5.3 Ablation Studies and Empirical Analyses

Initialization schemes We empirically compare different random initial-Scheme Perplexity
ization schemes for POET, including two commonly used ones (standatdard 26.22
Gaussian, Xavier][7]) and two proposed ones (uniform spectrum, normalizetpvier 2579

Uni. spectrum  27.29

Gaussian). Speci cally, we use fully stochastic POET witti/2 to train _
I}\L)ormallzed 25.37

Llama-60M on 30B tokens and report the validation perplexity in TableT e 5 perf ¢ dif
Results show that the normalized initialization will lead to the best Nglor nitiaioatiore
performance, and we stick to it as a default choice. Interestingly, uniform

spectrum initialization performs poorly. This suggests a trade-off between preserving good weight
spectral properties and achieving strong expressiveness. it may limit its expressiveness. Finding the
optimal singular value structure for weights remains an important open problem.

Perplexity
Merge-then-reinitialize frequency. The proposed merge-then-reinitialize tricks 3029
allows POET to train only a small fraction of the large orthogonal matfitemd 25 27.27
P per iteration, signi cantly reducing GPU memory usage. However, this trick 25.99
also introduces a reinitialization frequency hyperparamBterwhich determines 2% 2537
how often the orthogonal matrix is merged and reset to the identity. The index 22553518
in POET-FS and the permutation matrix in POET-BS are also resampled at each. .. p-erplex-

reinitialization. Therefore, it is quite important to understand how this hyperparat dgifterentT,, .
eterTy, affects performance. Following the previous initialization experiment, we

use POET-FS witl=1/2 to train Llama-60M on 30B tokens. We vary the reinitialization frequency
from 5 to 1600and report the validation perplexity in Table 6. Results show that do@and400
perform well. Therefore, we s@t, = 400 in all experiments by default. Scheme  Perplexity

Neumann series approximation CNP approximates the matrix inverse using =o  Not converged

a Neumann series. As the number of Neumann terms directly in uendes: 22.56
the approximation quality, understanding its impact on model performartce? 21.54
is essential. To this end, we evaluate how varying the number of Neum&rir? 20.22

terms affects performance, using POET-FS waith1/2 to train LLaMA-130M. * =* 2019
Results in Table 7 show that increasing the number of Neumann terms genelf;. Number of terms
improves validation perplexity. However, this also leads to slower training.

Moreover, dropping all Neumann terms £ 0) leads to training divergence, highlighting the critical
role of maintaining orthogonality. To balance overhead and performance, we n#8 M&tmann
terms k = 3) reach a good trade-off.

Additionally, we evaluate the accu-

racy of the Neumann approximation

to understand how the number of

Neumann terms affects the orthog-

onality. The orthogonal approxi-

mation error is de ned bye,y, = , o , , )

kRR T I kF =KI kF ~We randomly Figure 10: Approximation error of orthogonal matridesandP of a weight matrix.
select a weight matrix and compute the approximation error of corresponding orthogonal nitrices
andP . For clarity, we visualize the error in the initial 1000 training steps in Figure 10. We observe
that, with more Neumann terms, the orthogonal approximation error is indeed lower. Moreover, the
merge-then-reinitialize trick can periodically reset the error. More results are given in Appendix L

6 Related Work, Concluding Remarks and Acknowledgement

Related work. Inspired by low-rank adaptation methods such as LoR@), [a number of recent
approaches1l, 20, 27, 30-32, 43-45, 53, 58, 71, 81, 82] have explored low-rank structures to
enable ef cient pretraining of large language models (LLMs). In parallel, sparsity has also been
extensively studied as a means to improve training ef ciency in neural netw@rkg,[15, 25, 72, 78].
Compared to approaches that exploit low-rank structures, relatively few works have explored sparsity
for pretraining. Our work broadly aligns with the sparse training paradigm, as POET leverages

10



sparsely optimized orthogonal matrices to enhance training ef ciency. A parallel line of res@édrch [

46, 60, 69, 80] focuses on developing ef cient optimizers for large-scale neural networks. While
our work also targets ef cient training of large models, it is orthogonal to these efforts, as POET
can be integrated with any optimizer. The way POET uses orthogonal matrices to transform neurons
may also relate to preconditioned optimizers such as MG@dh Fhampoo 19] and SOAP 73],

as well as to the broader eld of manifold optimization (e.g)])] POET-trained weight matrices
remain statistically indistinguishable from randomly initialized ones due to the isotropy of zero-
mean independent Gaussian distributions. This yields interesting connections to random neural
networks [21, 40, 40, 62, 74], random geometry [22], and random matrix theory [16].

Concluding remarks. This paper introduces POET, a reparameterized training algorithm for large
language models. POET models each neuron as the product of two orthogonal matrices and a xed
random weight matrix. By ef ciently learning large orthogonal transformations, POET achieves
superior generalization while being much more parameter-ef cient than existing LLM pretraining
methods. Experiments show that POET is broadly applicable to both pretraining and netuning tasks.

Acknowledgement The authors would like to sincerely thank Lixin Liu, Han Shi, Gege Gao,
Zhen Liu and many colleagues at Max Planck Institute for Intelligent Systems for many helpful
suggestions. Additionally, the authors also sincerely thank all the anonymous NeurlPS reviewers for
their constructive suggestions that greatly improved the quality of our work.
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A Delving into POET's Three Training Phases

A.1 More Details on Vector Probing

The three training phases of POET are summarized from the empirical observation of the vector
probing results. The idea of vector probing is very straightforward. We generate a constantvector
that is randomly initialized. Then we let it to be transformed by the learned orthogonal m&rices
andP . Finally, we compute the cosine of their anglg:Rv andv> Pv. In this process, the probing
vectorv is always xed. The full results are given in Appendix G.

Beyond a particular constant probing vector, we also consider a set of randomly sampled probing
vectors that follow our proposed normalized Gaussian initialization. Speci cally, we consider the
following expectation:

E, s 1fV Rvg; (8)
wherev is a vector initialized by normalized Gaussian distribution (thus uniformly distributed on a

unit hyperspher&™ 1). Becaus&fvv>g= % then we have that

1
E, o :fV Rvg= aTr(R): 9)
whereTr( ) denotes the matrix trace. Its geometric interpretation is the cosine of the rotation angle
betweerv andRv .

Next, we look into the variance af(x) = v> Rv (we simplify the expectation over the unit
hypersphere t&):

Var(q(x)) = Ef (v> Rv)?g (Efv” Rvg)%: (10)
First we computé&f (v> Rv )?g:

Tr(R)2+2 RIR

Ef (v’ Rv)%g=

_ Tr(R)?+ Tr(R?)+ m
- m(m + 2)
Then we comput¢Ef v> Rv g)?:
2
(Efv> Rv g)? = Trr(niRz): (12)

Finally, we combine pieces and have the nal variance:

2Tr(R)?
m+ Tr(R?) + =03
m(m +2)

Var(v> Rv) = (13)

which shrinks at the order @(1=m). Therefore, when the dimension of orthogonal matrices is
large, even if we use a xed random probing vectotthis rotation angle is quite consistent.

A.2 Geometric Interpretation of the Trace of Orthogonal Matrices

Let's delve deeper into the trace of orthogonal matrices. It generally represents how much a trans-
formation preserves vectors in their original directions. Speci cally, the trace indicates how much
“alignment” or similarity there is between the original vectors and their images after transformation.

The trace of an orthogonal matfikx 2 R™ ™ can be written as

xn
Tr(R) = e’ Re; (14)
i=1
wheree;; 8i are unit basis vectors. This expression reveals that the trace measures the sum of inner
products between each original directignand its transformed versidRe ;. Sincee; Re; can
be interpreted as the cosine of the angle betvegemdRe ;, the trace thus re ects how much the
orthogonal transformation aligns with or deviates from the original coordinate directions.
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We also plot the trace of bofR andP during the POET training. The results are shown in Figure 13
and Figure 14. After dividing the trace by the orthogonal matrix dimension, we obtain that the result
is generally in the range ¢0:6; 0:65] after training. This is similar to the results of vector probing.

Therefore, we empirically verify the conclusion that the expectation of vector probing resﬂf{éﬁs
with a small variance.

A.3 Empirical Observations

The training dynamics of POET presents three geometry-driven phases. We note that these phase
changes are based on empirical observation, and further theoretical understanding of this process
remains an open problem.

Phase I: conical-shell searchingotates each orthogonal matfkandP smoothly away from the
identity while preserving their singular values, so the cosine similarity between transformed and
initial weight vectors falls froml to  0:6; this provides a spectrally well-conditioned “cone” in
which learning can proceed safely. this phase serves the role of “spectral warm-up”. By plotting
the cosine similarity of any one layer, we always see the same graceful slide tdWe+a$5,
independent of model size, layer type, or whether you train with fully-stochastic or block-stochastic
SPO. This phase carves out the thin “shell” in which subsequent learning lives.

Phase II: stable learning on the conical shelbccupies the bulk of training: the angles to the
initial vectors stay locked in that narrow band, optimization now shears weigthts the cone, and
validation perplexity drops almost linearly because spectra remain frozen and gradients act only on
meaningful directions. In this phase, the trace of the orthogonal matrices stay almost as a constant.

Speci cally, we hypothesize that the orthogonal transforms have reached a “good” cone; thereafter
they mostly shear vectors inside that shell, leaving the angle to the original vector unchanged. The
spectrum continues to be exactly that of the random initial matrix, so gradients can no longer distort
singular values and instead devote capacity to learning meaningful directions. Because the geometry
is stabilized in this phase, the learning of patterns happen in a stable subspace. This stable learning
phase takes up 80% of the training time.

Phase IlI: nal adjusting coincides with learning-rate decay; the orthogonal transforms barely move,
making only tiny re nements to singular vectors, so additional steps yield diminishing returns. This
phase is merely the LR cooldown; weights and spectra are already near their nal con guration, so
progress naturally slows.
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B Minimum Hyperspherical Energy in POET

We start by showing that orthogonal equivalence transformation in POET can provably obtain small
hyperspherical energy for its transformed weight matrices. This result holds when the weight matrices
are independently initialized by zero-mean isotropic Gaussian distribution. Both Xavjer[d
Kaiming [23] initializations satisfy such a weight initialization condition. Orthogonal equivalence
transformation is given b@ET(W ;R ;P) = RWP , where the input matri¥V is multiplied on

the left and on the right by orthogonal matridesandP , respectively.

WhenW is initialized by zero-mean isotropic Gaussian distributictg] has shown that these
random neurons, if normalized, are uniformly distributed on the unit hypersphere. This leads to a
provably small hyperspherical energy for the randomly initialized weight matrix. In the following,
we will show that after orthogonal equivalence transformation, the weight matrix still maintains a
small hyperspherical energy.

We consider a weight matriw/ 2 R™ " where each entry isi.d. sampled from a zero-mean
Gaussian distribution with variance the same variancd.e, W N (0; 2). After applying
orthogonal equivalence transformation, we h&/é* = RWP whereR andP are two orthogonal
matrices. Then we compute the distributionéf"®". Because linear maps preserve Gaussianity,
each entry otV "®"is a nite linear combination oW; , and henceW "*"follows a joint Gaussian
which can be fully characterized by mean and covariance.

The mean oWV "% is given by

EW™ =R EW] P=R 0 P=0=EW] (15)
For its covariance, we consider two generic entdg¥* andW 5"

jj0-

X
Wi]['leW - Rik WI?IEWPH '

k;l
X (16)
W= Ry WIEPy o
uv
Then we compute the covariance between the two entries:
Cov(Wi'™", Wi50) = Rik Rioy Py Pyj oCoM(Wiq ; Wyy )
K;lu;v (17)
= Z(RR > )ii O(P > P )” 0

i jj ©°
which implies the following resutls:

» The covariance matrix is a diagonal matrix, so different entrie& ¢f" are uncorrelated.

» BecausaV "Vis a joint Gaussian and different entries are uncorrelated, each ery'8f
is independent.

« Each entry ofV "®" has identical variance?.

To sum up, each entry &% "Visi.i.d. N (0; ?2), which is identical to the distribution of each entry
of W . Because we haw/ " =4 W , we can conclude that, similar W' , W e,y also has provably
small hyperspherical energy among neurons.

Despite being extremely simple, we nd that this is in fact a signi cant result. Under zero-mean
isotropic Gaussian initialization, spectrum-preserving training and energy-preserving training can
be achieved simultaneously. It also partially explains why the proposed normalized Gaussian
initialization achieves the best performance.
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C Guarantees of Weight Spectrum under POET

For standard Gaussian initialization where each element of the weight Mat2xd n is sampled
with a normal distribution, we have the following standard results [8, 70]:

max (W) 7% 1+

o (18)

Q.-ﬁjl_\ Q-‘?H

W) 21

which gives spectrum guarantees for weight matrices generated by the standard Gaussian initialization.

In the following, we give the spectrum guarantees for the normalized Gaussian initialization. We
start by stating the following theorem from [49]:

Theorem 2. Letw;; ¥, 2 RY be i.i.d. random vectors where each element follows the Gaussian
distribution with mear® and variancel. Thenvy = k\fﬁ; Vp = Iﬂ‘fn—"kz are uniformly distributed

on the unit hyperspher®® 1. If the ratio § converges to a constani2 (0; 1), asymptotically we
have forW =fvy; ;vag2RY ":

) pP- pP— 1
n|!|1m max(W) ( d+ d) (miax kv ky
p

, = P— .

where max () and min () denote the largest and the smallest singular value of a matrix, respectively.

(19)

)

Proof. We rstintroduce the following lemma as the characterization of a unit vector that is uniformly
distributed on the unit hypersphesg 1.

Lemma 2 ([64]). Letv be a random vector that is uniformly distributed on the unit hypersphere
s? 1. Thenv has the same distribution as the following:

Uy Us Uqg

bp——— 57— 20

P TP P, (20)
i=1 Ui i=1 Ui i=1 Ui

whereus; us; :Uq arei.i.d. standard normal random variables.

Proof. The lemma follows naturally from the fact that the Gaussian veatag®_; is rotationally
invariant.

Then we consider a random matiix = fwq; ; ¥n g Wherew; follows the same distribution of
fui;  ;uqg. Therefore, it is also equivalent to a random matrix with each element distributed
normally. For such a matriW , we have from [70] that

P- P—
lm me(W) =" d+ " d
. P— P— (21)
nI!llrn mn(W)=d d
where max () and min () denote the largest and the smallest singular value, respectively.
Then we write the matri¥V as follows:

W =W
9. . ;
kV‘lkz
T R @
0 0 k\f:-kz
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which leads to
im  max (W)= lim  max (W Q)
n'l n'l .

. | . (23)
n|!I1I’T‘I min (W) = r!'m min (W Q)

We st assume that for a symmetric matéx2 R" " ;(A) n(A). Then we introduce
the following inequalities for eigenvalues:

Lemma 3([57]). LetG;H 2 R" " be positive semi-de nite symmetric, andlet i; < <
ik n. Then we have that

s s
i (GH) i (G) t«(H) (24)
t=1 t=1

and

Y
i, (GH ) i (G) n tsa(H) (25)
t=1 t=1

where ; denotes thé-th largest eigenvalue.

We rstletl i< <ix n.Becaus&V 2 RY " andQ 2 R" ", we have the following:

¥ d
i (WQ) = i (WQQ>W?>)

t=1

(26)
i (W>WQQ >)

t=1

by applying Lemma 3 to the above equation, we have that

v v
i i
i (W>WQQ~>) i (W>W) n 142(QQ7)
t=1 t=1 (27)
YK
= i (W) n t41(Q)
t=1
N Y
P p
i (W>WQQ ~) i (W>W) +(QQ~>)
t=1 t=1 (28)
YK
= i (W) +(Q)
t=1
Therefore, we have that
YK
i‘(WQ) iI(W) n t+l (Q) (29)
t=1 t=1
\k
i (WQ) i (W) «(Q) (30)
t=1 t=1
Suppose we have= 1 andi; = n, then Eq. (29) gives
n(WQ) (W) n(Q) (31)
Then suppose we hake= 1 andi; = 1, then Eq. (30) gives
1(WQ)  1(W) 1(Q) (32)
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Combining the above results with Eq. (21) and Eq. (23), we have that
n|!i{n max (W ) = r|1|'r1n max (W Q) n”m max (W ) max (Q)

. : : (33)
|||m mn (W)= lim min (W Q) lim min (W) min (Q)
n'l n'l n!'l
pP- P— .
=( d d) miln kv ko
which concludes the proof. O
Combing with the fact that
lim max 92 = fim min K§iK2 = 1. (34)
n'l d n'l d

we essentially have that p_
nIlilm max(W)! 1+

. p— (35)
nllllm mn(W)! 1

which can be written to the following results:

max (W) 75 1+
' P (36)

min (W) 251
n!l

which shows that under our proposed normalized Gaussian initialization, the maximal and minimal
singular values are well bounded by a constant that is only dependent on the size of weight matrix.
These results justify the effectiveness of our proposed normalized Gaussian initialization in POET.
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D Proofs of Lemma 1

Proof of Lemma 1We consider an orthogonal matii and orthogonal primitive&' corresponding
to uniformly random subse®!  [m] of sizeb as explained in the main text (see equaiid)). The
main claim we need to prove is that given any vest@® R™ and aseS [m]with k 2 [m] we
can nd an orthogonal primitive matri& corresponding to the s&t such that

(Gv) =0 fori2 Swithl>k

(Gv)y O (37)

(Gv)=v, forl2S.

Moreover, for allw 2 R™ withw; =0 fori  k the relation

Gw = w (38)
holds. We can assume that the matbiiXS) = fe(s1);:::;e(sp)g contains the entries; in
ascending order. Then we write

> — V1
D(S)"v= iy (39)

wherew; 2 R™ corresponds to the entrisswith s; < k andw, 2 R to the remaining entries, in
particularsy, +1 = k becausé 2 S. It is well known that for every vector there is a rotatio
aligningv with the rst standard basis vector, i.e., such tiat = e(1) for some 0. Consider

such a matrixQ for the vector#, and then de ne the orthogonal matrix

1o, Ob b,
: 40
Obz by Q ( )

Careful inspection of4) implies that the last part B7) is actually true for anys as the second
term has rows with all entries equal to zero forle S. For the rst part we nd

G =

1
2

V1

D(S)GD (S)’v = D(S)G e(1)

X
= D(S) = e(si)(w)i+ e(k):  (41)

1

Here we usedy,, +1 = k in the last step. Since in addition
((Im D(S) 1, D(S)")v)i =0 (42)

foralll 2 S we conclude that indegdv ), =0 forl 2 S andl >k, (Gv)x 0. The remaining
statement (38) follows from the observation that when decomposing as in (39) we nd

W1

D) w= o (43)
(becausev; =0 fori k) and therefore
(G 1p)(D(S)"w = 0p (44)

by de nition of G and we ndGw = w.

The rest of the proof is straightforward by induction combined with a simple coin collector problem.
For the rest of the proof it is convenient to reverse the indices, i.e., to consider pr@jucts: G,
Assume that we have chosén fori ¢« and somey 2 N such that the product

PK=Gg ::: Gi R” (45)

satisesP|f5, 0 = 0 forall k< k and|®> k%andP/f,, Ofork®< k. Letcu: o+

(m=b)? In(m). Then, we can bound for ahy> k the probability that there is ng < j Ck+1
suchthafk;lg S! using thatS! follows a uniform i.i.d. distribution by

- . ) b2 Ck+1  Ck b2 mZ
P6@ <] ocu1:kl29) 15 exp ﬁln(m) =m

(46)

23



The union bound implies that with probability at least m  *! thereisforall >k acc <j
C+1 suchthafk;lg S!. If this holds we seG; for ¢ <]j C«, as constructed abovekf2 S!
andGj = 1, otherwise. This then ensures that

Pk = Gg, ::: Gi R’ (47)

satis esP 55 = 0 fork® kandI®>k© Fork®<k this follows from(38) and fork®= k from
(37). We conclude by the union bound tHaf" is an upper triangular matrix with non-negative
diagonal entries with probability atleasst mm *1 =1 m ( 2. But we also know thaP ™
is orthogonal and therefore satis &™ = 1, and we thus nd

G.. i G1=R: (48)

O

m

Next we give a heuristic that actualy(In( m)m?=I7) terms are suf cient to express every orthogonal
map as a product of stochsastic primitives. For »ade consider the map

: O(B°! O(m) ( Gy;:::;Go)= Gj: (49)

If In(m)m?=I# we have that with probability atleast m ( 2 forallk;| 2 [m] there is
j  csuchthak;l 2 S!. Assume that this is the case. Recall that the tangent spa@é&pfat
the identity is the space of skew-symmetric matrices. Consider a tangent {¢tor : ; X ) with
Xi 2 Skew(). Then

X
D(1p::;1p) (X1 Xe)= D(S') X; D(S'): (50)
j=1

This is a surjective map okew(mn) under the condition that for a;| 2 [m] thereisj  csuch
thatk;l 2 S!. We can therefore conclude that the image ofontains a neighbourhood of the
identity. Moreover, since is a polynomial mapD is surjective everywhere except for a variety of
codimension one. While this is not suf cient to conclude that the image &fO(d) or dense in
O(d) it provides some indication that this is the case.
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E Experimental Details

Parameter ‘ Llama 60M Llama130M Llama350M Llama 1.3B
Hidden dimension 512 768 1024 2048
Intermediate dimension 1280 2048 2816 5376
Number of attention head 8 12 16 32
Number of hidden layers 8 12 24 24

Table 8: Model architectures for different Llama variants.

Model Spec. #GPU Ir(base) Ir(POET) training steps batch size grad acc.
b=1=2 1 le-2 le-3 300,000 256 2
Llama 60M b=1=4 1 le-2 2e-3 300,000 256 2
b=1=8 1 le-2 4e-3 300,000 256 2
b=1=2 1 5e-3 le-3 400,000 128 2
Llama 130M | b=1=4 1 5e-3 2e-3 400,000 128 2
b=1=8 1 5e-3 4e-3 400,000 128 2
b=1=2 4 5e-3 le-3 400,000 128 1
Llama350M | b=1=4 4 5e-3 2e-3 400,000 128 1
b=1=8 4 5e-3 4e-3 400,000 128 1
b=1=2 8 le-3 le-3 500,000 64 1
Llamal.3B | b=1=4 8 le-3 2e-3 500,000 64 1
b=1=8 8 le-3 4e-3 500,000 64 1

Table 9: Hyper-parameter setup of POET-FS.

This section outlines our experimental setup, including the codebase, datasets, and computational
resources used.

Code framework. Our method is implemented on top of the codebase fi@#h' [(Apache 2.0
license), which we also use to reproduce the AdamW and Gal ore baselines. We will release our code
for reproducing all training results prior to publication.

Training details. We employed the AdamW optimizebJ] for all our training runs. The

speci ¢ hyperparameters used for each experiment are detailed in the Table 9 and Table 10
referenced below. We use the consine learning rate scheduler with the minimum learning ra-
tio of 0:01L. We use the number of warmup steps @fweight decay of0:01 and gradient
clipping of 0:1. For the AdamW baseline, we report results for the optimal learning rate
from[1 10 2;5 10 3;1 10 %;5 10 #;1 10 %5 10 °;1 10 ®]. After each merge-then-
reinitalize step, we additionally increase the gradient clipping for 10 training steps to improve
training stability.

Model architecture. Our work utilized theHugging Face Transformerg code base to construct

the Llama model for pretraining, which is under #ygache 2.0license. The speci ¢ layer setups

for the different scaled Llama models are summarized in Table 8. Note, the intermediate dimension
of the Feed-Forward Network (FFN) has been slightly modi ed for the POET-BS, compared to the
con gs in [82], because the linear layer dimensions have to be divisible by the POET-BS blodk size

Dataset. We use theColossal Clean Crawled Corpy£4) datasetq6] for pretraining. The C4
data is a large-scale, meticulously cleaned version of Common Crawl's web crawl corpus. It was

https://github.com/jiaweizzhao/Galore
2https://github.com/huggingface/transformers
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Model Spec. #GPU Ir(base) Ir(POET) trainingsteps batchsize grad acc.
b= 256 1 le-2 le-3 300,000 256 2
Llama 60M b=128 1 le-2 2e-3 300,000 256 2
b=64 1 le-2 4e-3 300,000 256 2
b= 256 1 5e-3 le-3 400,000 256 2
Llama 130M | b= 128 1 5e-3 2e-3 400,000 256 2
b=64 1 5e-3 4e-3 400,000 256 2
b= 256 4 5e-3 le-3 400,000 128 1
Llama 350M | b= 128 4 5e-3 2e-3 400,000 128 1
b=64 4 5e-3 4e-3 400,000 128 1
b= 256 8 le-3 le-3 500,000 64 1
Llama 1.3B b=128 8 le-3 2e-3 500,000 64 1
b=64 8 le-3 4e-3 500,000 64 1

Table 10: Hyper-parameter setup of POET-BS.

originally introduced for training the Text-to-Text Transfer Transformer (T5) model and has since
become a standard pre-training dataset for testing training algorithms for pre-training large language
models. The dataset is released undeQB&C-BY license.

Compute Resources. All the training tasks are performed onNV/IDIA HGX H100 8-GPU
Systemnode with 80GB memory each. Depending on the model scale, we train on 1, 4 or 8 GPUs.
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F Implementation and CUDA Acceleration

To enable ef cient POET training, we implement the Cayley—Neumann parameterization. To reduce
memory usage, we leverage the structure of the skew-symmetric ngatBxR" ", where the
diagonal entries are zerQf = 0) and off-diagonal elements satis®yj = Q;i . This structure
allows us to store only the upper triangular par€oés a vector, reducing the number of trainable
parameters from? ton(n  1)=2. During the forward pas®) is reconstructed on-the- y using

a specialized CUDA kernel, signi cantly accelerating this process. In addition, the Neumann
approximation removes the need for costly and numerically unstable matrix inversion, offering further
computational gains. Overall, training a 1.3B LLaMA model on a single H100 8-GPU node yields a
3.8x speedup over the baselinee( native implementation). Table 11 summarizes the contribution of
each component to the overall training time.

Design | Speed-Up
Neumann approximation 15
Skew-symmetric CUDA kerne 1.3
Total 3.8

Table 11: Method design and clock time speed-up.
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G Results of Vector Probing forR and P

In this ablation study, we perform vector probing on the orthogonal maticgsR™ ™;P 2 R" "

for all linear layers for all blocks of a 60M Llama model trained with POET-FS. The cosine similarity
results are reported in Figure 11 and Figure 12, and the trace results are reported in Figure 13 and
Figure 14. Since we want to understand the learning dynamics of the orthogonal matrices, we employ
b= 1 with POET learning rate & 10 “ to eliminate the need for resampling and reinitialization

of the orthogonal matrices. Interestingly, we observe this three-phased learning dynamics across
different types of linear layers and different-depth transformer blocks.

Figure 11: Cosine similarity for vector probing Bf across the self-attention components (query, key, value, and
output projections) and feed-forward network components (up-, down-, and gate-projections) in all transformer
blocks of a POET-trained Llama 60M model.

Figure 12: Cosine similarity for vector probing Bf across the self-attention components (query, key, value,
and output projections) and feed-forward network components (up-, down-, and gate-projections) from all
transformer blocks of a POET-trained Llama 60M model.
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Figure 13: Trace oP across the self-attention components (query, key, value, and output projections) and feed-
forward network components (up-, down-, and gate-projections) from all transformer blocks of a POET-trained
Llama 60M model.

Figure 14: Trace oR across the self-attention components (query, key, value, and output projections) and feed-
forward network components (up-, down-, and gate-projections) from all transformer blocks of a POET-trained
Llama 60M model.
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H Weight Update Evenness of Different POET Variants

To understand the higher parameter ef ciency of POET-BS compared to POET-FS, we employ a
toy example to visualize their different weight update mechanisms by counting the total number of
updates for each element of the weight matrix. The visualization results are given in Figure 15 and
Figure 16. Speci cally, in this experiment, a 664 matrix was randomly initialized and trained for

100 steps under various POET-BS and POET-FS con gurations. The merge-then-reinitialize trick is
performed at each iteration, and the same set of weight elements was effectively updated between
two successive merge-then-reinitialize operations. For each weight element, we compute its total
number of update in these 100 steps.

Given 100 training steps and updates from tRtlandP , each element of the weight matrix can be
updated at most 200 times. This target is consistently achieved by POET-BS, and it is also agnostic
to the block size. All POET-BS variants can enable the maximal number of updates for each weight
element to be 200. In contrast, POET-FS results in signi cantly fewer updates per weight element,
with updates also unevenly distributed. This unevenness arises from stochasticity, causing certain
weights to be updated more frequently than others. While this is less problematic at large iteration
counts, it can introduce unexpected training dif culties in earlier stages.

(a) POET-BSI=8) (b) POET-BS = 16) (c) POET-BS b= 132)
Figure 15: Visualization of the weight update mechanism of POET-BS after 100 steps of update ard.

(a) POET-FSIf= 1=8) (b) POET-FSIi= 1=4) (c) POET-FSlf= 1=2)
Figure 16: Visualization of the weight update mechanism of POET-FS after 100 steps of update arid.
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| Training Dynamics of Singular Values

We conduct an ablation study to compare the training dynamics of singular values of weight matrices
betweerAdamW andPOET. The results of AdamW are given in Figure 17, Figure 18 and Figure 19.
The results of POET are given in Figure 20, Figure 21 and Figure 22. A 60M LLaMA model was
trained for 50,000 iterations with an effective batch size of 512, using both AdamW and POET-FS
(b= 1=2). The model was evaluated every 5,000 steps, and the singular value dynamics are computed
by performing singular value decomposition on the weight matrices. For POET, a merge-then-
reinitialize step was applied before each evaluation. Training is nished at 50,000 steps, as the
spectral norm of the AdamW-trained model plateaued at this point.

Figure 17: Training dynamics of the singular values of weight matrices within Blocks O-i-fthew represents
Block i) of a 60M Llama Transformer trained withdamW.
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Figure 18: Training dynamics of the singular values of weight matrices within Blocks 2—#fthew represents
Block i) of a 60M Llama Transformer trained withdamW.
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Figure 19: Training dynamics of the singular values of weight matrices within Blocks 5-i~-fthew represents
Block i) of a 60M Llama Transformer trained withdamW.
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