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Abstract

Modeling the dynamics from sparsely time-resolved snapshot data is crucial for un-
derstanding complex cellular processes and behavior. Existing methods leverage op-
timal transport, Schrodinger bridge theory, or their variants to simultaneously infer
stochastic, unbalanced dynamics from snapshot data. However, these approaches re-
main limited in their ability to account for cell-cell interactions. This integration is
essential in real-world scenarios since intercellular communications are fundamen-
tal life processes and can influence cell state-transition dynamics. To address this
challenge, we formulate the Unbalanced Mean-Field Schrédinger Bridge (UMFSB)
framework to model unbalanced stochastic interaction dynamics from snapshot
data. Inspired by this framework, we further propose CytoBridge, a deep learning
algorithm designed to approximate the UMFSB problem. By explicitly model-
ing cellular transitions, proliferation, and interactions through neural networks,
CytoBridge offers the flexibility to learn these processes directly from data. The ef-
fectiveness of our method has been extensively validated using both synthetic gene
regulatory data and real scRNA-seq datasets. Compared to existing methods, Cyto-
Bridge identifies growth, transition, and interaction patterns, eliminates false transi-
tions, and reconstructs the developmental landscape with greater accuracy. Code is
available at: https://github.com/zhenyiizhang/CytoBridge-NeurIPS.

1 Introduction

Reconstructing dynamics from high-dimensional distribution samples is a central challenge in science
and machine learning. In generative models, methods such as Variational Autoencoders (VAEs)
(Kingma and Welling 2013), diffusion models (Ho et al. 2020; Sohl-Dickstein et al. 2015; Song et al.
2021), and flow matching (Lipman et al. 2023; Tong et al. 2024a) have achieved success in generating
high-fidelity images by coupling high-dimensional distributions (Liu et al. 2023). Meanwhile, in
biology, inferring dynamics (also known as trajectory inference problem) from several static snapshots
of single-cell RNA sequencing (scRNA-seq) data (Ding et al. 2022) to build the continuous dynamics
of an individual cell and construct the corresponding cell-fate landscapes has also attracted broad
interests (Schiebinger et al. 2019; Klein et al. 2025; Zhang et al. 2025b).

To study the trajectory inference problem, optimal transport (OT) theory serves as a foundational tool
(Bunne et al. 2024; Zhang et al. 2025b; Heitz et al. 2024; Zhang et al. 2025c¢). In particular, several
works propose to infer continuous cellular dynamics over time by employing the Benamou—Brenier
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formulation (Benamou and Brenier 2000). Given that cell growth and death are critical biological
processes, modeling the coupling of underlying unnormalized distributions has led to the development
of unbalanced dynamical OT by introducing Wasserstein—Fisher—Rao metric (Chizat et al. 2018a;
Chizat et al. 2018b). To further account for the prevalent stochastic effects on single-cell level,
methods inspired by the Schroédinger Bridge (SB) problem seek to identify the most likely stochastic
transition path between two arbitrary distributions (Gentil et al. 2017; Léonard 2014). To tackle both
stochastic and unbalanced effects simultaneously, methods have been developed to model unbalanced
stochastic dynamics (Pariset et al. 2023; Lavenant et al. 2024), along with a recent deep learning
method (Zhang et al. 2025a), which leverages the regularized unbalanced optimal transport (RUOT)
framework to infer continuous unbalanced stochastic dynamics from samples without requiring prior
knowledge.

Nevertheless, the majority of existing trajectory inference methods do not account for cell-cell
interactions in cell-state transition dynamics, which involve important biological processes such as
intercellular communications (Almet et al. 2024; Tejada-Lapuerta et al. 2025; Cang et al. 2023).
Developing frameworks to infer unbalanced and stochastic continuous dynamics with particle interac-
tions from multiple snapshot data remains a critical yet underexplored challenge.

To address this challenge, we proposelimbalanced Mean Field Schrédinger Bridge (UMFSB)

a modeling framework based on the Mean Field Schrédinger Bridge that extends to unnormalized
distributions. We further develop a new deep learning meti@ydaBridge) to approximate the
general UMFSB and learn continuous stochastic dynamics with cellular interactions from snapshot
data with unbalanced distributions. Our primary contributions are summarized as follows:

» We formulate the UMFSB problem to model unbalanced stochastic dynamics of interactive
particles from snapshot data. By reformulating UMFSB with a Fisher regularization form, we
transform the original stochastic differential equation (SDE) constraints into computationally
more tractable ordinary differential equation (ODE) constraints.

» We propose CytoBridge, a deep learning algorithm to approximate the UMFSB problem.
By explicitly modeling cellular growth/death and interaction terms via neural networks,
CytoBridge does not need prior knowledge of these functions.

» We validate the effectiveness of CytoBridge extensively on synthetic and real sScRNA-seq
datasets, demonstrating promising performance over existing trajectory inference methods.

2 Related Works

Various Dynamical OT Extensions and Deep Learning Solvers Numerous efforts have been
made to learn dynamics from snapshot data. To tackle the dynamical optimal transport problem,
several methods have been proposed by leveraging neural ODEs or ow matching techniques (Tong
et al. 2020; Huguet et al. 2022; Wan et al. 2023; Zhang et al. 2024a; Tong et al. 2024a; Albergo
et al. 2023; Palma et al. 2025; Rohbeck et al. 2025; Pétmtval. 2025). To account for sink and
source terms in unnormalized distributions, Peng et al. 2024; Sha et al. 2024; Tong et al. 2023;
Eyring et al. 2024 developed the neural ODE-based solver for unbalanced dynamical OT. Wang et al.
2025 developed a ow matching approach to simultaneously learn velocity and growth. For the
Schrédinger Bridge (SB) problem, approaches have been proposed based on its static or dynamic
formulations (Shi et al. 2024; De Bortoli et al. 2021; Gu et al. 2025; Koshizuka and Sato 2023;
Neklyudov et al. 2023; Neklyudov et al. 2024; Zhang et al. 2024b; Bunne et al. 2023; Chen et al.
2022b; Zhou et al. 2024a; Zhu et al. 2024; Yeo et al. 2021; Jiang and Wan 2024), with corresponding
ow matching methods (Tong et al. 2024b). To further incorporate unbalanced effects in the SB
framework, methods utilizing branching SDE theory (Lavenant et al. 2024; Ventre et al. 2023; Chizat
et al. 2022), forward-backward SDE (Pariset et al. 2023), neural ODEs with Fisher information
regularization (Zhang et al. 2025a), or with rst-order optimality conditions (Sun et al. 2025) have
been introduced. However, theoretical formulation, along with an effective deep learning solver to
simultaneously account fambalanced stochastic effectandparticle interactions in the dynamical

OT framework, remains largely lacking.

Modeling Cellular Interactions in Trajectory Inference  Several studies have explored the incor-
poration of cellular interaction effects into time-series scRNA-seq trajectory inference. For instance,
Atanackovic et al. 2025 employs a graph convolutional network within a ow-matching framework



to model the impacts of neighborhood cells within the initial cell population. You et al. 2024 intro-
duced a population-level regularization in the energy form. Yang 2025 formulated the topological
Schrédinger Bridge problem on a discrete graph. Fu et al. 2025 improves the accuracy of pseudotime
inference by integrating cellular communication pattern. Howearegxplicit quanti cation of cell
interaction dynamicsin scRNA-seq trajectory inference is yet to be explored.

Mean-Field Control Problem Several works have explored mean- eld problem (Zhou et al. 2024b;
Ruthotto et al. 2020; Lu et al. 2024; Yang et al. 2024; Huang et al. 2024; Han et al. 2024; Shen
and Wang 2023; Li and Liu 2025; Li et al. 2023; Shen et al. 2022) and its variants, as well as the
incorporation of particle interaction terms in the Schrodinger Bridge Problem. Backhoff et al. 2020;
Hernandez and Tangpi 2025 investigated theoretical properties of the Mean Field Schrédinger Bridge
Problem. Rapakoulias et al. 2025 develop a deep learning solver for the MFSB problem. Liu et al.
2022b; Liu et al. 2024 proposed the generalized formulation of Schrédinger bridges that includes
interacting terms. Yang et al. 2022 formulated the ensemble regression problem and developed a
neural ODE-based approach to learn the dynamics of interacting particle systems from distribution
data. However, these approaches either requice knowledge to specify the interaction potential

eld or do not account founbalanced stochastic dynamics

3 Preliminaries and Backgrounds

In this section, we provide an overview of unbalanced stochastic effects and interaction forms within
the dynamical OT framework. By integrating two perspectives of RUOT and MFSB described below,
we motivate the formulation of the Unbalanced Mean Field Schrodinger Bridge (UMFSB) framework.

3.1 Regularized Unbalanced Optimal Transport

The regularized unbalanced optimal transport, also known as the unbalanced Schrédinger Bridge
problem (Chen et al. 2022c), considers both the unbalanced stochastic effects in the dynamical OT
framework (Baradat and Lavenant 2021; Zhang et al. 2025a):

De nition 3.1 (Regularized Unbalanced Optimal TranspoConsider
Z:Z Z:2Z
inf = kb(x;t)kg (x;t)dxdt + ( g(x;t)) (x;t)dxdt;
(ibg) o g2 0 RI

where : R! [0;+1 ]corresponds to the growth penalty function, ani$ the weight of the growth
penalty. The in mum is taken over all paifs b;g) suchthat (;0) = o; (;1) = 1; (X;t)
absolutely continuous, and
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with vanishing boundary condition: I|m (x;t)=0.
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Hereb(x;t) is the velocity,g(x;t) is the growth function, and(t) is the diffusion rate. Note that
here ¢ and ; are not necessarily the normalized probability densities, but are generally unnormalized
densities of masses.

3.2 Mean Field Schrodinger Bridge Problem

Schrédinger bridge problem aims to nd the most probable path between a given initial distribution
o and a target distributiony, relative to a reference process. Formally, it can be stated as:

,min D ok o
o~ 0, 17 1

where fg 1 is the probability measure induced Ky (0 t 1) and the reference measuré 1-
However, the classical Schrédinger bridge problem considers the independent particles. The mean
eld extends the SB problem to thateracting particleswith given initial and nal distributions.

We consider thelY ; = (Y ;t)dW, where (Y;t) 2 RY 9is the diffusion rateW ; 2 R% is



the standard multi-dimensional Brownian motion and it is called the diffusion Schrédinger bridge
problem, where it has a dynamic formulation. So the mean eld Schrédinger bridge problem can be
stated through this dynamical formulation (Backhoff et al. 2020; Hernandez and Tangpi 2025):

De nition 3.2 (Mean Field Schrédinger Bridge Problenonsider
Z Z
. T1
inf

Zkb(x;t)k3 (x;t)dtdx; 1
(b;)Rdoz()Z() 1)

The in nium is taken over al{b; ) subjectto (x;0)= o; (x;1)= 1, and
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where is the interaction potential and itis satised x)= ( x). Thek(; ):RY RY! Ris
the interaction weight function.

4 Unbalanced Mean Field Schrédinger Bridge

In this section, we introduce the unbalanced mean eld Schrddinger Bridge problem. Inspired by
regularized unbalanced optimal transport, the dynamical formulation De nition 3.2 suggests a natural
way to relax the mass constraint by introducing a growth/death gerim (2). Meanwhile, we also
introduce a loss function in (1) which considers both the growth and transition metric.
De nition 4.1 (Unbalanced Mean Field Schrodinger Bridg€onsider
Z Zq, Z Z,
inf fkb(x;t)kﬁ (x;t)dtdx + ( g(x;t)) (x;t)dtdx;
(bgi;) Ri o 2 RI 0
where ( ): R! R" isthe growth cost function. The in nium is taken over(@t g; ; ) subject
to (x;0)= o; (x;1)= ,,and
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where s the interaction potential and it is satisied x) = ( x). Thek(;):RY RY! Ris
the interaction weight function.

In De nition 4.1, if k(x;y) = 0, which means there is no cell-cell interaction, it degenerates to the
regularized unbalanced optimal transpgotoblem. If the growth penalty is set such tlggxk; t)
must be zero (i.e., by setting g(x;t)) = + 1 for g(x;t) = 0 and (0) = 0 ), the framework
degenerates to simpler forms: if interactions are presgrt ¢) 6 0), the formulation reduces to
theMean Field Schrodinger Bridgeroblem; if interactions are absehi(k;y) = 0), it reduces to
theregularized optimal transpogproblem. It becomes thegnbalanced dynamics optimal transport
whenk(x;y) = (t)=0 and ( g) = ¢°. It becomes thelynamics optimal transpowhen growth,
interaction and diffusion all goes to zero. We can reformulate De nition 4.1 with the following Fisher
information regularization.
Theorem 4.1. The unbalanced mean eld Schrédinger Bridge De nition 4.1 is equivalent to
ZZ
T 4(t) }
8 2
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where () : R! Risthe growth cost function, andis the weight of the growth cost. The in nium
is taken over al(b;g; ; ) subjectto (x;0)= o; (X;1)= 1,and
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where s the interaction potential and it is satisied x) = ( x). Thek(;):RY RY! Ris
the interaction weight function.



Herev (x;t) is a new vector eld function. This Fisher information form transforms the original SDE
problem into the ODE problem which is computationally more tractable. Next, we will focus on
solving this problem. The proof is simple and we left it in Appendix D.1 for reference.

Remark 4.1. From the proof of Theorem 4.1, the relation between the new vectowr (&¢t) and
b(x;t)isv(x;t) = b(x;t) % 2(t)r y log (x;t): The newv (x;t) is also known as probability
ow ODE andr  log (x;t) is the score function. Conversely, if the probability ow ORE; t)

and the score function 4 log (x;t) are known, then we can recover the original drift term.

5 Learning Cell Dynamics and Interactions through Neural Networks

Assume that we collect scRNA-seq samples from
unnormalized distributionsX; 2 R™ 9 (t =
1;2; ;T)atT time points, whera; is the number
of cells attime andd is the number of genes, here we
propose theCytoBridge algorithm to approximate
UMFSB through neural networks. We parameterize
transition velocityv(x;t), cell growth rateg(x;1t),
log density function% 2(t)log (x;t) and cellular
interaction potential( x;t) using neural networks
Vv ;g,s and respectively, as shown in Fig. 1.
To effectively approximate the loss function in Theo-
rem 4.1, we model the evolution of the mass densities
through a number of weighted interacting particles,
which is supported by the following proposition.
Proposition 5.1. Consider a system &f weighted
particles inRY, where each particlé has a position
X1 2 RY and a positive weight; (t) > 0. The _ _ _
weightw; (t) evolves according to the ordinary differ- ~ Figure 1: Overview of CytoBridge.
ential equation (ODE% = g(X1;t)w;(t); where
g:RY [0;T]! Ris a given growth rate function. The positiof{ evolves according to the
stochastic differential equation (SD)I%)
dXi = b(Xi;t)dt ﬁ KOXHXDw (H)r « ( Xy XDdt+ () dwy:
j6i

Unlger assumptions stated in D.1, in the limit\of! 1, the weighted empirical measurd' =
W - Wi (t) x| converges weakly to a deterministic measupe; t) dx, where (x;t) is a weak
solutlon to the part|al d|fEerent|aI equation (PDE)

2
O o v h b KK (X y) (i0dy  (xiD) + D
@t Rd 2

with the initial condition (x;0) = o(X).

(x;t)+g(x;t) (x;1);

The derivation is left in Appendix D.2. By combining the results in Broposmon 5.1 and Theorem 4.1,

the ODE constraints we simulate is indabd; = v(Xi;t)dt 25 Noi o K Wit x ( X]

X1)dt, whereki; = k(X1;X!) is the cell-cell interaction strength amg = w(X!) is the particle
Welght

5.1 Simulating ODEs: Random Batch Methods

In ODE simulation, the computation complexity@fN ?) due to the cellular interaction term. To
speed up simulation, we adopt the Random Batch Methods (RBMs) (Jin et al. 2020; Jin et al. 2021;
Jin and Li 2022), which transforms the interaction among all particles into interaction with particles
within random grouping only. The algorithm reduces the computational complex@jio 1)N),
wherep is the number in the bata®,. Assumingv(x;t) and satisfy certain conditions, it has the

convergence result such that, ~f\,1) (1); f\,l) (t) Cp ~ (Jinetal. 2020; Jin et al. 2021), where

is the step size. Theﬁ) (t) is the empirical distribution produced by Algorithm 1 anﬂi) (t) is the
distribution by simulating the original ODEs.



Algorithm 1 Simulating ODEs: RBM
1. form2 1:[T=]do
andomly dividef 1;2; ;N = npginto n batches
2: for each batchio n
Epdate particles witdX | = v(X|;t)dt 17 kg wir x (XI XDt
jsij 2c,

5.2 Reformulating the Loss with Weighted Particle Simulation

The total loss to solve Theorem 4.1 is composed of three parts, e.g., the energy loss, the reconstruction
loss, and the Fokker-Planck constraint such that Lepergyt rLReconst ¢ Lrp: HereL gnergy
loss promotes the least action principle of transition endrgysonspromotes the matching loss. i.e.,

(x;1) = 1, andLgp promotes the three neural networks that satisfy the Fokker-Planck equation
constraint. We reformulate the loss terms through weighted particle representation and an RBM-based
Neural ODE solver.

Energy Loss Genehallﬁmg the idea in (Sha et al. 2024), the energy loss in; CytoBridge is

equivalent toE,, OT Tk (x(0); 0k + Lkr ws Ko+ v (x(t);t);si+  (g) w(tdt

R )
where w (t) = exp Og(x(t);s)ds and x(t) satises dxi=dt = v(xi;t)

1 e KX xDwir i (x' xJ). However, direct optimization of this term is challenging

due to the involvement of the inner prodinet (x(t);t);s i which introduces mutual dependencies
between the optimization of ands . To address this issue and simplify the computation, we adopt
an upper bound of the energy for training purposes (Appendix A.5).

Reconstruction Loss The reconstruction loss aims to align the nal generated density to the
true data density. Here we need to consider the unbalanced effect, so we use the unbalanced
optimal transport to align itL recons= mLlmasst dLoT: TheLmassiS used to obtain the cell
weights and align the cell number/ mass in the datasets. We then use the weights to normalize
the distribution and appli o1 to match the distribution. In this work, we employ the local mass
matching strategy from (Zhang et al. 2025a). Speci cally, the trajectory mapping function

predicts particle coordmate@l; B '/QT ;1 from an initial setA, over time indicesl', governed
by dx=dt = v if no interaction is con5|dered @ with a modi ed velocn,ylncorporatlng the
interaction potential : e(x';t) = v(x';t) N T jei k(x';x)r i ( x' x1). Additionally,

a weight mapping function? models particle weights vidlogw; (t)=dt = g (x;(t);t), starting
from initial weightsw; (0) :Pl =N whereN represents batch size. Mathematically, we use the
empirical measurey = Ni iN:1 x; 10 approximate the true distributiory, hence the uniform
weights. This convergence to the true distribution is guaranteed Wheh . The mass matching

loSSL vass IS c'_J,)mposed of two terms. The rst term is de ned as the Iocal mass matching loss

L Local Mass = Mk, whereMy quanti es the error between predlcted weightgty) and

target weights based on the cardinality of mapped points. As detailed in Appendix A.4, the target

weights, derived from the number of closest real data points, encourages the growth network to
assign higher weights to particles moving into denser state space regions, thus provides ne-grained
guidance on the p,rowth network. Besides, the second term is de ned as the global mass matching
lossL giobal Mass= 2 Gk whereGy is used to align the change of weights in total. An optimal

transport lost o1 = k:l Wz(\/\‘/k,w(tk)) further aligns the predicted and observed distributions.
Details can be found in Appendix A.4.

Fokker-Planck Constraint To enforce the physical relationships among the four neural networks,
it is essential to introduce a physics-informed loss (PINN-loss), which incorporates the Fokker-Planck
constraintzasaguiding principlerp= k@ +rx ( ) g k+ yk (x;0) pok;where

zexp %

Training CytoBridge aims to train four neural networks to model cell dynamics and interactions.
To stabilize the training procedure, we leverage a two-phase training strategy. In the pre-training



phase, we seek to provide a suitable initialization of these four neural networks. We rst initialize
g andv without the interaction term to provide an approximated matching. Then we train
with xed g , leading to re ned dynamics. The score netwarkis trained based on conditional

ow matching. In the training phase, these initialized networks are further re ned by minimizing
the proposed total loss. We summarize the training procedure in Algorithm 2 and Appendix A. We
conduct ablation studies on different components of our training procedure in Appendix B.7. The
selection of loss weighting is discussed in Appendix C.2.

Algorithm 2 Training CytoBridge

Ensure: Trained neural ODR , growth functiong , score networls and interaction

1. Pre-Training Phase:

2: for i =1 tonggedo . 1. Initialize growthg and velocity
3: fort=0toT 2do

4: L At VAt +1), w(hir) (WAt +1)

5 | L recons mM¢ + dWZ(Wt;W(t)); updatev ;g W.r.t. Lrecons

6: fori =1 tonggedo . 2. Initialize interaction potential
7: fort=0toT 2do

8: L At eAt+1), whir) (WA t+1)

9 | L recons W Z(Wt;W(t)); updatev ; W.I.t. L Recons

10: fort=0toT 2doAs V(A t+1) . Generate datasets), .
11: for i = 1 t0 Njgg-densitydO . 4. Initialize the score network
12: L (Xo:X1)  q(Xo;X1),t U (0;1),x p(x;tjXo;X1) usingAo;:::; A7 1

13: Lscore K s xS (X;t)+ 1k3; updates W.r.t. Lscore

14: Training Phase:
15: Estimate initial distributionpg(x) from Ag using Gaussian Mixture Model (GMM).
16: for i =1 tonggedo

17: fort=0toT 2do
18: Rt E(/Qt;t+R1),w(f$t+1) I(w(Ay);t+1) i
19: Lenergy  Ex S Lkv G+ Tkr s kS + kv koks ket (g) w()d
20: L Recons m(Mt + Gt) + dWZ(Wt;W(t))
21 Lee k@ (X5 )+rx ( ()X ) g() (x5 )k+
wk (X;0)  po(x)k
22: | | Lrotar L Energy T r Lreconst Lep; updatev ;g ;s ; W.Ir.t. L rotal
6 Results

Next, we evaluate CytoBridge's ability to simultaneously learn cell dynamics and cell-cell interactions.

In computations below, we také g(x;t)) = g?(x;t) and (t) is constant. We also assume the
interaction term is dependent on the distance between cells in gene expression space and we use
radial basis functions (RBFs) to approximate it (Appendix A.3).

Synthetic Gene Regulatory Network In order to examine CytoBridge's capabilities of learning

cell dynamics as well as their underlying interactions simultaneously, we conducted experiments on
the three-gene simulation model following (Zhang et al. 2025a). The dynamics of the original three-
gene model are governed by stochastic ordinary differential equations, incorporating self-activation,
mutual inhibition, and external activation (Appendix B.1), as shown in Fig. 2 (a). Additionally, we
incorporated interactions into the simulation process. We consider the following types of interactions:
(1) attractive interactions. (2) Lennard-Jones-like potential (both attractive and repulsive) (3) no
interactions. We aim to test whether CytoBridge can recover interaction in each case. For attractive
interactions, the cells with similar gene expressions tend to converge toward similar levels. The

interaction potential isdenedas: ( X y)= kx yk2 As shown in Fig. 2(b), the dynamics
of the three-gene model exhibit a quiescent area as well as an area with notable transition and



increasing cell numbers. Moreover, the attractive potential results in the reduction in variance of the
observed data at different time points. We compared CytoBridge with other methods across all time
points using the Wasserstein distan@é,; j and the Total Mass Variation (TMV) metric, de ned in
Appendix C. We summarized the results in Table 1. It is shown that CytoBridge achieves the best
performance in both distribution matching and mass matching. Balanced Schrddinger bridge (e.g.,
(Tong et al. 2024b)), which neglects both growth and interaction terms, results in false transition and
variance patterns (Fig. 2(c)). DeepRUOT (Zhang et al. 2025a), which is an unbalanced Schrédinger
Bridge solver, exhibits correct transition patterns but fails to capture the reduction in variance as
it neglects the cell-cell interactions (Fig. 2(d)). By leveraging the UMFSB framework, as shown
in Fig. 2(e), CytoBridge correctly models both the transition patterns and the reduction in variance
as the correct interaction potential (Fig. 2(f)) and growth rate (Fig. 2(g)) can be directly learned
by CytoBridge. Also, CytoBridge is capable of constructing the underlying Waddington landscape
(Fig. 2(h)). The low-lying regions on this landscape correspond to areas of high probability density,
representing stable states. Other than the attractive interaction potential, we also incorporated the
Lennard-Jones-like potential, and no interaction case. Results can be found in Appendix B.1, Figs. 4
and 5 and we nd CytoBridge can correctly identify both the LJ potential and no interaction in these
cases. Overall, both quantitative results and qualitative analysis indicate the necessity of incorporating
both growth and interaction terms.

Figure 2: (a) lllustration of the synthetic gene regulatory dynamics. (b) The ground truth cellular
dynamics project 0fX 1; X 2). The red lines indicate the ground truth trajectories of cells in (b), or
inferred trajectories of cells in (c) to (e). (c) The dynamics learned by balanced Schrédinger bridge
SF2M (Tong et al. 2024b). (d) The dynamics learned by DeepRUOT. (e) The dynamics learned by
CytoBridge. (f) The learned interaction potential. (g) The growth rates inferred by CytoBridge. (h)
The constructed landscapetat 4. The z-axis represents the density of cells.

Table 1: Wasserstein distand&/{) and Total Mass Variation (TMV) of predictions at different time
points across ve runs on synthetic gene regulatory data with attractive interactien® 05). We
show the mean value with one standard deviation, whel indicates the best among all algorithms.

t=1 t=2 t=3 t=4

Model Wy T™MV W, T™MV W1 T™MV W1 T™MV

SF2M (Tong et al. 2024b) 0.146002 0.080 0000 0.320 0004 0.250 0000 0.447 0005 0.515 0000 0.554 0.00s 0.930 o0.000
Meta FM (Atanackovic et al. 2025)  0.14800 0.080 0000 0.241 0000 0.250 0000 0.288 0000  0.515 0000 0.404 0.000 0.930 o.000
MMFM (Rohbeck et al. 2025) 0.10%000 0.080 0000 0.223 0000 0.250 0000 0.438 0000 0.515 0000 0.366 0000 0.930 0.000
Metric FM (Kapusniak et al. 2024)  0.318000 0.080 0000 0.751 0000 0.250 0000 0.690 0000 0.515 0000 0.614 0000 0.930 0.000
UOT-FM (Eyring et al. 2024) 0.05b.000 0.010 0000 0.058 0000 0.036 0000 0.060 0000 0.044 0000 0.054 0000 0.095 o0.000
MIOFlow (Huguet et al. 2022) 0.315000 0.080 0000 0.387 0000 0.250 0000 0.483 0000 0.515 0000 0.518 0000 0.930 0.000
uAM (Neklyudov et al. 2023) 0.48%.000 0.081 0000 0.995 0000 0.033 0000 1.402 0000 0.459 0000 1.655 0000 1.516 0.000
UDSB (Pariset et al. 2023) 1.13d00s 0.018 0006 1.489 0018 0.135 0014 1.4550022 0.447 0011 0.543 0015 1.018 0035
TIGON (Sha et al. 2024) 0.169000 0.097 0000 0.184 0000 0.165 0000 0.167 0000 0.210 0000  0.179 0000  0.384 0.000
DeepRUQT (Zhang et al. 2025a) 0.04402 0.014 0007 0.045 0002 0.026 0018 0.053 0002 0.059 0032 0.057 0.00s  0.075 0.044
CytoBridge (Ours) 0.015 0001  0.013 0009 0.014 0001 0.021 0024 0.018 0002 0.043 0041 0.038 0.00s 0.058 o0.061




Mouse Blood Hematopoiesis To demonstrate the scalability of CytoBridge to high-dimensional
data, we adopt the mouse hematopoiesis dataset (Weinreb et al. 2020) which includes 49,302 cells
with lineage tracing data collected at three time points. We use PCA to reduce the dimensions to 50
and serve as the input of CytoBridge. The dataset comprises diverse cell states and demonstrates
pronounced cell division. Consequently, accurately modeling both cellular dynamics and growth
rates is critical for reliable inference of cell fate. As shown in Table 2, CytoBridge outperforms other
state-of-the-art methods in distribution matching, highlighting CytoBridge's capabilities of capturing
transition patterns (Fig. 3(a)). Besides, evidenced by the TMV metric, CytoBridge is able to recover
the increase in cell numbers by learning the growth rate (Fig. 3(b)). The regions with high learned
growth rates correspond to the hematopoietic stem cell populations. This is biologically consistent
with the lineage tracing barcode results (Sha et al. 2024). The score function learned by CytoBridge
indicates the existence of multiple attractors, which may lead to different cell fates (Fig. 3(c)). To
further demonstrate the impact of cell-cell interactions on the transition of cells, we computed the
correlation of each cell's drift and interacting force. As shown in Fig. 3(d), the learned cell-cell
interactions may promote early-stage cell differentiation and inhibit later-stage cell differentiation.
Some additional results can be found in Appendix B.2.

Figure 3: Application in mouse blood hematopoiesis data 0:1), visualized in UMAP space. (a)
The overall velocity learned by CytoBridge. (b) The growth rates learned by CytoBridge. (c) The
score function learned by CytoBridgetat 2. (d) The correlation of velocity and interacting forces.

Embryoid Body, Pancreatic -cell differentiation and A549 EMT We further evaluated Cyto-
Bridge on the Embryoid Body single-cell data which consists of 16,819 cells collected at ve time
points (Moon et al. 2019). We used PCA to reduce the dimensions to 50 and serve as the input of
CytoBridge. As shown in Table 9, CytoBridge generally outperforms other methods in distribution
matching and maintains mass-matching results comparable to other unbalanced algorithms. We plot-
ted the learned velocity and score in Fig. 6, indicating the different cell fates learned by CytoBridge.
The correlation of each cell's drift and interacting force is shown in Fig. 6(d) indicates that the learned
cell-cell interactions may promote cell differentiation while inhibiting cell differentiation of some
outliers. We also consider the 3D-cultured in vitro pancreatoell differentiation dataset (Veres

et al. 2019) and A549 lung cancer cell line epithelial-mesenchymal transition (EMT) dataset induced
by TGFB1 (Cook and Vanderhyden 2020). Interestingly, we nd that the interaction in the A549 cell
line EMT process may be very weak. The detailed results can be found in Appendices B.3 to B.5.



Table 2: Wasserstein distand&/{) and Total Mass Variation (TMV) of predictions at different time
points across ve runs on mouse hematopoiesis data@:1). We show the mean value with one
standard deviation, whetmld indicates our algorithm as the best among all algorithms.

t=1 t=2

Model W, ™V W3 T™MV

SF2M (Tong et al. 2024b) 8.217001  2.231 0000 11.086 0002 5.399 o0.000
Meta FM (Atanackovic et al. 2025)  8.545000 2.231 0000 10.313 0000 5.399 0.000
MMFM (Rohbeck et al. 2025) 7.648000 2.231 0000 10.156 0000 5.399 0.000
Metric FM (Kapusniak et al. 2024)  7.788oc0  2.231 0000 11.449 0000 5.399 0.000
UOT-FM (Eyring et al. 2024) 8.114000 0.100 0000 9.170 0000  0.118 o0.000
MIOFlow (Huguet et al. 2022) 6.313000 2.231 0000 6.746 0000  5.399 o0.000
uAM (Neklyudov et al. 2023) 7.53%000 2.875000 9.762 0000 5.670 o000
UDSB (Pariset et al. 2023) 10.68x0ss 0.282 0146 13.477 00s3  3.010 o0.225
TIGON (Sha et al. 2024) 6.140000 1.234 0000 6.973 0000  2.083 0.000
DeepRUOT (Zhang et al. 2025a) 6.05202 0.200 0001 6.757 0006 0.260 o0.007
CytoBridge (Ours) 6.013 0002  0.208 0001  6.644 0011 0.078 o013

Extension to Spatiotemporal Transcriptomics To demonstrate CytoBridge's applicability in
modeling cellular interactions with explicit physical proximity, we applied CytoBridge to a zebra sh
spatiotemporal transcriptomics dataset (Liu et al. 2022a), using slices from 5.25 hpf and 10 hpf as
input. We evaluated the performance of CytoBridge on the task of reconstructing the dynamics of cell
spatial migration, as well as gene expression, with a separate velocity and interactions for physical
space and gene expression space respectively. As shown in Table 13, CytoBridge outperforms other
methods in both tasks. The results are visualized in Fig. 9. Furthermore, downstream interpretability
analysis of the learned interactions identi ed biologically relevant pathways crucial for zebra sh
development. Detailed results can be found in Appendix B.6. The preliminary application of
CytoBridge to spatiotemporal transcriptomics demonstrates our framework's potential in modeling
spatially resolved data.

7 Conclusion

We have introduced CytoBridge for learning unbalanced stochastic mean- eld dynamics from time-
series snapshot data. To tackle the interacting particle system inference from temporal snapshots,
CytoBridge transforms the SDE constraints into ODE leveraging Fisher regularization for more ef -
cient simulation in training. We have demonstrated the effectiveness of our method on both synthetic
gene regulatory networks and single-cell RNA-seq data, showing its promising performance. Overall,
CytoBridge provides a uni ed framework for generative modeling of time-series transcriptomics data,
enabling more robust and realistic inference of underlying biological dynamics.

Limitations and Further Directions While CytoBridge offers valuable insights into incorporating
cell-cell interaction with unbalanced stochastic dynamics, several aspects could bene t from further
exploration. Firstly, CytoBridge minimizes the upper bound of the energy term in the UMFSB
problem. Directly optimizing the original UMFSB formulation remains an important question.
Potential solutions may involve leveraging neural SDEs or the integration-by-parts strategy proposed
by (zZhang et al. 2025a) as viable approaches. Secondly, the current neural network parameterization
of cellular interaction terms is based on techniques used to reduce degrees of freedom, such as RBF
expansion. Future work could explore sparse representation methods to replace it for improved
expressive power. Thirdly, the training of CytoBridge involves multiple stages. Simplifying the
training process by incorporating optimality conditions (e.g., HIB equations) presents a promising
research direction (Sun et al. 2025). Furthermore, the current modeling of cellular interactions have
not incorporated certain biological priors such as ligand-receptor information. We plan to explore
this direction in future work to further re ne our approach. Finally, extending the concept of ow
matching to this context and developing simulation-free training methods for stochastic, growth/death,
and interaction dynamics could also advance the CytoBridge's applicability.
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A Training Details
A.1 Training CytoBridge

The training of CytoBridge involved training ,g ,s and . These networks were initialized after
the pre-traing phase, and the overall training process involved minimizing the following loss:

L= I—Energy+ r Lreconst f LFp:

The calculation of each loss component involved the numerical solution of temporal integrals and
ODEs, which was performed using the Neural ODE solver (Chen et al. 2018). The gradients of the
loss function with respect to the parametersforg ,s and  were derived through neural ODE
computations, and these networks were optimized using Pytorch (Paszke et al. 2017). To calculate the
reconstruction loss during training, we utilized the implementation of Sinkhorn algorithm provided
by (Feydy et al. 2019).

A.2 Training Initial Log Density Function through Score Matching

Conditional Flow Matching (CFM) is used to learn an initial log density. First, sample pajr1)
are chosen from an optimal transport ptfRo; X1), and Brownian bridges are constructed between
them. We initially assume(t) to be constant.

The log density is matched with these bridges, whgbet j (Xo;x1)) = N(X;tx; + (1

t)Xo; 2t(1 1)) and its gradientis » logp(x;tj (xo;x1)) = 20 %0 X fort 2 [0;1]. The

neural networks (x;t) is used to approximat§ 2 logp(x;t) with a weighting function s. The
unsupervised lodls s is:

Lus= 2kr xs (xit) 5 ?r x logp(x; t)k:

NI

The corresponding CFM losk geore iS:
1 .
Lscore= Eqo gkf xS (x;1) 2 2r x logp(x;t] (XO;Xl))kg;

whereQ%=(t U (0;1)) q(xo;Xx1) p(x;tj (Xo;x1)). By taking the weighting function as:
p
2 t1 t

(=2

The CFM loss can be converted to:
Lscore= K s()r xs (X;t) + 1k§;
where ; N (0;1). This formulation is computationally more tractable.

A.3 Modeling Interaction Potential

Inspired by the design of machine learning force elds in physics (Schiitt et al. 2017; Batzner et al.
2022; Wang et al. 2024), we model the cell interaction network by expanding dis@ndetween
cellsi andj using radial basis functions (RBFs). An exponential transformation is rst applied to the
raw distancel; . A set ofK RBF featuresgy (d; ), are then computed based on this exponentially
scaled distance:

a(dj)=exp(  «Exp( dj)  ¥)?)
The RBF centersy are initialized by uniformly discretizing the exponentially transformed distance
interval that corresponds to original distances frOrto a prede ned cutoffdeyos. The width
parametersy are initialized as the inverse square of a term proportional to the average spread of
these centers in the transformed exponential scale. The RBF expansion allows our model to learn
interactions between different cells by encoding interaction distances across multiple scales, rather
than enforcing interactions only between similar cells.

into a multi-layer neural network (NN) with its own set of trainable parametgfs,, to predict the
interaction potential . This relationship can be expressed as:

( xi;xj) = NN(e(dj ); nn)
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The interaction weight functiok(x;; x;) is de ned as:

o 1 if dij < d cutoff
k(xi; Xj )= 0 if dij eutoff

A.4 Reconstruction Loss Function

The local mass matching 10£s ocal massiS designed to ensure that the distribution of weights among

the sampled particles at each time step aligns with the local density of the real data. Suppose we
sample particles at different time points with batch $izewhich is denoted a&;. At a given time

stepty, the local mass matching errbty is computed for thé&l sampled particles. This error is

de ned as:

X 1 ne 2
My = wi(t) —card h Y(xi(ty)) —
i=1 N 0 2

Here,w; (tk) is the weight of the-th sampled particle at timig, ny denotes the number of cells in

the original dataset at tintg. The termcard h, 1(xi(tk)) represents the number of sampled data
points fromAy that are mapped to theth sampled particlg; (tx) via the mappindn . This mapping

hy assigns each real data pointAp to its closest sampled particle & . Essentially, the formula
measures the squared difference between the particle's current weight and the proportion of real data
points it represents. Thus, it provides a ne-grained guldance 9_;1 the we|ghts of parucles Moreover,
under the condition thd#l, = 0, it follows that INl wi(tk) = 2, card h, xi(te)) M

nk=ng. Therefore the local matchlng loss also encourages the alignment of the total mass The local
mass matching lods ocq MaSF;s then calculated by summing these errors over all time steps from
k=1toT L I-LocaIMass k=1 Mk

Besides, a global mass matching loss is further adopted to align the total number of cells at different
time points during the training phase. Speci cally, the global mass error@ys de ned as:

2
X n
Gy = wity) —
i Mo
Here, The global mass matching ldsgigpa ManIS then calculated by summing these errors over all
time stepsfronk =1 t0T 1. LgiobaiMass™ k=1 Gk

P
The optimal transport loss is computed bBgr = T ! L Wo (WK w(ty)). Here wk =
(1=N;1=N;:::; 1=N) denotes the uniform dlstrlbbqun of sampled poiAisat timet, with batch
sizeN, W(tk) = (wa(te);wa(ty); o swy (tk))= 2, wi(tk) denotes the predicted weight distri-

bution of particles at timé.

A.5 Energy Loss Function

To simplify the computation, we adopt an upper bound of the energy for training purposes:
Z1 1
Lenergy=Exy & S kv (X(t); K + SKr s Ko+ kv (x(1);t)koks ko + (@) w (Ddt;
0

B Additional Results

B.1 Synthetic Gene Regulatory Network

Dynamics By combining these interactions with the three-gene regulatory network, the system
dynamics is de ned as follows:
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dx} _ L(XD? + s o B
- i i i I; [N
dt 1+ ((XDZ+ o(X3)2+ a(Xh2+ ' e
dX; _ 2(X)° ¢ Xh+ 5y o X Kijy Wir 2 i ;
= - - - I; [N ]
dt 1+ (X124 XD+ a(XH2+ ? N L., "
dX} 3(X})? i 1 X
= - X3+ 3¢ — Kij Wi T 3 i :
dt 1+ 3(X})2 jei =1
Here,X ' (t) denotes the gene expressions ofittfecell at timet, ij representy X' X1), while

i, iand representthe strengths of self-activation, inhibition, and external stimulus respectively.
The interaction weight function is de ned based on a pre-de ned thresti@lgh, wherek;; is set
to 1 if di; is within the threshold, otherwide; = 0. The parameters describe the rates of gene
degradation, and, ; represents stochastic in uences via additive white noise. The probability of

.. . . . . . . 2
cell division is associated witK , expression, given by the formutpa= g%. When a cell
2

divides, new cells are generated with independent random perturbagir{§; 1) for each gene
around the gene expression pro(¥ 1 (t); X 2(t); X 3(t)) of the parent cell. Hyper-parameters are
detailed in Table 3. The initial cell population is drawn independently from two normal distributions,
N ([2;0:2; 0]; 0:1) andN ([0; 0; 2]; 0:1). At each time step, any negative expression values are set to
0.

Table 3: Simulation parameters on gene regulatory network.

Parameter Value Description
1 0.5 Strength of self-activation fof ;
1 0.5 Strength of inhibition by 3 on X 1
2 1 Strength of self-activation fof ,
2 1 Strength of inhibition by< 3 on X,
3 1 Strength of self-activation foX 3
3 10 Half-saturation constant for inhibition terms
1 0.4 Degradation rate fof ;
2 0.4 Degradation rate fof ,
3 0.4 Degradation rate fo 3
1 0.05 Noise intensity foX ;
2 0.05 Noise intensity foK ,
3 0.01 Noise intensity foK 3
d 0.014 Noise intensity for cell perturbations
1 External signal activatiny ; andX
deutoff 0.5 Threshold of interaction weight function
de 0.1 Equilibrium distance of the Lennard-Jones potential
Frax 100 The upper bound of the magnitude of forces
dt 1 Time step size

Time Points [0, 8, 16, 24, 32] Time points at which data is recorded

Hold-one-out Evaluations To evaluate CytoBridge's capability of recovering distributions at
unseen time points, we conducted hold-one-out experiments on synthetic gene regulatory data with
attractive interactions. Speci cally, intermediate time points were individually left out during training
and subsequently recovered during evaluation. Note that the default setting of UDSB only supports
data with three time points as inputs, we only compare with the performance of other methods. As
shown in Table 4, CytoBridge performed best on all held-out time points, indicating its ability to infer
reasonable trajectories from snapshots.

Lennard-Jones Interaction Potential The Lennard-Jones-like interaction potential lets cells tend
to prevent others from being too similar while attracting cells with distinct gene expressions. The
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