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Abstract

Machine learning models now influence decisions that directly affect people’s
lives, making it important to understand not only their predictions, but also how
individuals could act to obtain better results. Algorithmic recourse provides ac-
tionable input modifications to achieve more favorable outcomes, typically rely-
ing on counterfactual explanations to suggest such changes. However, when the
Rashomon set — the set of near-optimal models — is large, standard counterfactual
explanations can become unreliable, as a recourse action valid for one model may
fail under another. We introduce ElliCE, a novel framework for robust algorith-
mic recourse that optimizes counterfactuals over an ellipsoidal approximation of
the Rashomon set. The resulting explanations are provably valid over this ellip-
soid, with theoretical guarantees on uniqueness, stability, and alignment with key
feature directions. Empirically, ElliCE generates counterfactuals that are not only
more robust but also more flexible, adapting to user-specified feature constraints
while being substantially faster than existing baselines. This provides a princi-
pled and practical solution for reliable recourse under model uncertainty, ensuring
stable recommendations for users even as models evolve.

1 Introduction

When an algorithmic decision denies someone a loan, a job, or insurance coverage, a natural ques-
tion follows: What could I change to obtain a better outcome next time? Algorithmic recourse an-
swers this question by providing concrete, actionable changes that could lead to a more favorable de-
cision. A common way to generate such recommendations is through counterfactual explanations—
small modifications to an individual’s features that flip the model’s prediction. Yet, even when the
recommendation looks specific (e.g. “increase your income by $5000”), one must ask: “Would that
same change still work tomorrow if the institution retrains or replaces its model?” or “How stable
are these suggestions across equally good models that explain the data in different ways?”

Most existing counterfactual generation methods [43} 146, 48,1504 152} 155} 159} 163] implicitly assume
that the underlying model is fixed and perfectly known. In practice, models evolve: banks regu-
larly retrain risk predictors, healthcare institutions update diagnostic classifiers, and regulators may
require model re-validation under new privacy or transparency constraints. Small shifts in data or
regularization can result in very different-yet-equally-accurate models. This phenomenon, known
as the Rashomon Effect [9} [15| 23| 54, |56]], implies that many distinct predictors achieve nearly
optimal performance. In such settings, a counterfactual valid for one model can fail under another,
undermining the reliability and consistency of algorithmic recourse.
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Recent approaches have attempted to produce robust counterfactuals, meaning counterfactuals that
are valid under small parameter perturbations or across predefined ensembles [[19} 22| 26| |32} 33|
34,38, 161]. However, these methods either rely on heavy-weight mixed-integer solvers, restrict
robustness to local neighborhoods around a single model, or lack formal guarantees of validity
across the full space of near-optimal solutions known as the Rashomon set. None of them directly
leverages the geometry of this Rashomon set itself.

We introduce ElliCE, an efficient and provably robust framework for algorithmic recourse that works
over an ellipsoidal approximation of the Rashomon set. By modeling the space of near-optimal mod-
els as an ellipsoid derived from the curvature (Hessian) of the loss landscape, ElliCE reformulates
robust counterfactual generation as a tractable convex optimization problem. The resulting counter-
factuals are valid for every model inside the ellipsoid, ensuring that a user’s recommended action
remains meaningful even if the deployed model is replaced by another equally accurate one from
the approximated Rashomon set.

Our contributions are fourfold: (1) Theoretical foundation. We derive a closed-form expression
for the worst-case prediction, which allows us to formulate the robust recourse problem as a con-
vex optimization and establish formal guarantees of validity, uniqueness, and stability for ElliCE’s
counterfactuals. (2) Geometric intuition. We show that EIliCE’s robustness term connects the coun-
terfactual’s stability with the importance of the features it modifies as the optimization naturally
aligns recourse directions with the principal curvature axes of the loss landscape. (3) Actionability.
ElliCE supports feature-level constraints, such as sparsity constraints, immutable or range-restricted
attributes, allowing users to generate realistic, actionable recourse tailored to specific application
or user settings. (4) Empirical validation. Across multiple high-stakes tabular datasets, EIliCE
achieves higher robustness and remains one to three orders of magnitude faster than competing
baselines, while maintaining proximity and plausibility.

Ultimately, ElliCE looks at algorithmic recourse through the lens of model multiplicity. Instead of
relying on a single model’s decision boundary, it offers explanations that stay consistent across many
models that fit the data almost equally well. This perspective treats the Rashomon Effect not as a
flaw to eliminate, but as an inherent source of uncertainty to account for, leading to stable recourse
in the presence of model diversity.

2 Related works

Rashomon Effect. The Rashomon Effect, a term popularized by Breiman [9] in the context of ma-
chine learning, describes the phenomenon where multiple distinct models can achieve near-optimal
empirical risk (these models form a Rashomon set). This effect is also referred to as model mul-
tiplicity [6} 45]. The existence of the Rashomon set has implications for the trustworthiness and
reliability of machine learning systems, influencing feature importance [16} [17, 21} 49], fairness
[14} 42} 1471, the existence of simple yet accurate models [7, 156, 57] to name a few. Significant
research has focused on measuring and characterizing the Rashomon set for different model classes
[28] 29} 130, 164! 166]. Our work leverages insights into the geometry of the Rashomon set, explored
by works like Donnelly et al. [18], Zhong et al. [66], but applies them to the distinct challenge of
generating robust algorithmic recourse across this set.

Counterfactual Explanations (CEs). Counterfactual Explanations have emerged as a promi-
nent tool for providing algorithmic recourse. Numerous approaches exist for generating CEs.
Proximity-based methods aim for counterfactuals requiring minimal feature space perturbations
[10, 481162, 163]. Sparsity techniques prioritize modifying the fewest features possible to enhance ac-
tionability [46}159], while some methods attempt to balance both objectives [43]. Another research
direction emphasizes plausibility, ensuring generated CEs represent realistic instances by constrain-
ing them to the data manifold, for example, using guidance from generative models [36, |50} |51]],
encoding feasibility rules [37], or tracing density-aware paths [52]. Recent extensions also incor-
porate temporal reasoning [12] and fairness objectives [J5, 140l 165]. A key limitation across these
approaches (which ElliCE directly addresses) is the assumption of a fixed, perfectly known predic-
tive model, as counterfactuals constructed near a specific decision boundary can become unstable
under model updates or perturbations.

Robustness to Local Model Perturbations. Building upon the limitation of fixed models, one
line of work has focused specifically on achieving robustness against small, local changes or per-



turbations in the model’s parameters. For instance, ROAR [61] optimizes CEs considering local
A-perturbations of the model. Jiang et al. [31] introduced A-robustness, a formal metric to assess
CE validity under bounded parameter perturbations in neural networks, with subsequent works de-
veloping provably robust MILP-based methods [32]]. While these methods offer formal guarantees
for A-robustness, MILP-based approaches can face scalability challenges, and the focus is generally
on local parameter stability rather than the broader implications of the Rashomon Effect.

Robustness under the Rashomon Effect. A growing body of work addresses counterfactual ro-
bustness under model multiplicity, aligning closely with the Rashomon Effect. Several approaches
evaluate stability across predefined sets or ensembles of models, introducing heuristic stability mea-
sures (e.g., T:Rex [26] and RobX [19])), probabilistic frameworks [22, [38], or guarantees under
specific norms and conditions like distribution shift [24} 39| 41]]. Foundational work by Pawelczyk
et al. [S1] conceptually linked the Rashomon Effect to counterfactuals, though primarily enhancing
input perturbation robustness. More recent methods use argumentative ensembling [34] or aggregate
explanations across AutoML-generated sets [11]] to handle model multiplicity.

Our work takes a distinct approach. Rather than relying on ensemble agreement, heuristic stability
metrics, local perturbations, or argumentative aggregation, ElliCE leverages the local geometry of
the Rashomon set, approximated by an ellipsoid, to derive theoretically grounded, robust recourse
valid across all models within the approximation.

3 Background and Notation

Dataset and hypothesis space. Consider n i.i.d. samples S,, = {z; = (x;,v;)}}_;, where x; €
X C R% and y; € Y = {0, 1} are generated from an unknown distribution D on X’ x ). Let Vpred
be an output space, where V,..q C R for scores (logits) or Vpreq C [0, 1] for probabilities. Then
F = {fo : 6 € ©} is a hypothesis space of functions fg : X — V,,cq, parameterized by a vector
6 € © C RP. For example, F can represent linear models or multilayer perceptrons. We denote a
specific function by fg. As our analysis focuses on the parameter space ©, we will often refer to the
model directly by its parameter vector 6.

Loss and objective function. Let ¢ : V,,.cq X Y — R be aloss function. In this work, we consider
binary cross-entropy (logistic) loss ¢( fo(x),y) = —[ylog(c(fe(x)))+ (1 —1y)log(1l —o(fe(x)))],
which is applied to the model’s raw score (logit), s = fo(x), where o(s) = Trop—y i the
sigmoid function. However, our results generalize to other convex losses. The true risk is the

expected loss J(0) = E,[¢(fo(x),y)] that we approximate with the empirical risk, which is the

average loss, J(0) = 1 37" | ¢(fo(xi),y:). We also define an ¢>-regularized objective function:
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L(0) = J(6) + 2116]|3, where A > 0 is the regularization strength. The empirical risk minimizer
(ERM) is 6 € arg mingee L(6). When A = 0, the ERM is 0 € arg mingee .J(6).

Rashomon set. Following [21} 56, 164], we define the e-Rashomon set within the parameter space
© as the set of parameter vectors whose corresponding models fg have objective value close to the
minimum: . L
R(e)={0€0O:L(0O)<L(O)+¢€},

where € > 0 is the Rashomon parameter defining the allowable tolerance in objective compared to
the ERM, ﬁ(é) It is typically a small value. The existence of the Rashomon set with multiple,
distinct parameter vectors 8 (corresponding to potentially distinct functions fg) achieving similar
performance implies that different underlying logic (how features contribute to predictions) can
explain the data equally well. It is important to be aware of this variability among near-optimal
models when generating explanations for individual predictions, as different models in R (¢) might
suggest different ways an outcome could be changed.

Counterfactual explanations. Let g : Vpreq — {0,1} be the decision function that converts a
model’s score output s = fg(x) to a final binary class label by applying a threshold ¢, such that

g(s) = 1[s > t]. For an ERM 6 and for an input vector xo with prediction g(f4(x0)) = 9o,
a counterfactual explanation x. is a data point such that its predicted class is the opposite, i.e.,

9(fs3(xc)) = 1 — go. The set of all counterfactual explanations for x, under the model 6 and
decision function g is defined as:

Clx0,0) = {xc € X : g(fy(xc)) = 1= g(fg(x0))} -



For instance, in a credit loan application scenario, if an applicant x( is denied a loan (e.g.,
9(f3(x0)) = 0), a counterfactual explanation x. would be a modified version of their ap-
plication details (e.g., increased income, reduced debt) such that the model predicts approval,
9(fs(xc)) = 1. While many such x. might exist, practical algorithmic recourse aims to find expla-
nations that require minimal change for the user. This means finding the “closest” counterfactual:
Xp = argming .4 V(Xe,Xo), where v(-,-) : R? x R? — R is a defined distance function or
cost metric that we discuss next.

Distance Metrics. In our framework, we primarily focus on the two distance metrics for generating
actionable and interpretable counterfactuals: ¢, or Euclidean distance and mixed distance £,,,;;.
Note that ¢5 is a natural geometric measure of proximity, that penalizes large differences in any

feature, v(x¢,X0) = 2(Xe,X0) = ||xe — %0[|3 = Z?Zl(:vcj — o;)?. For practical applications
where features have different natures (continuous and categorical), one can also consider the mixed

distance v (-, -) = £z, inspired by Gower’s distance. Assuming that the data are standardized, it is
defined as: £, (Xc, X0) = \/Zjelmm (ej — wo5)% + ZjGIcat w;j1[zcj # xo;], where Zcop and

T.qt denote the sets of continuous and categorical feature indices respectively, 1[] is the indicator
function, and u; are optional weights reflecting the cost of changing feature j. We use {3 distance
for our theoretical analysis in the subsequent sections.

Next, we describe our approximating framework and outline the optimization process.

4 A Framework for Robust Recourse over the Rashomon Set

We focus our theoretical analysis on linear predictors of the form fg(x) = 6" x. However, the same
methodology applies in the final embedding space of multilayer perceptrons (MLPs) by writing the
model as fg(x) = ' h(x), where h(x) is the penultimate-layer embedding and 6 are the last-
layer parameters. We freeze h(-) and apply the same ellipsoidal procedure to @ as in the linear case
(equivalently, replace x by h(x) in the formulas below).

Approximated Rashomon set. For certain objectives, such as ¢>-regularized mean-squared error
on linear models, the Rashomon set is exactly an ellipsoid in the parameter space [56]: R(¢) =
{6:(0—-6)T(XTX + \,)(0 — ) < ¢}, where X € R"*? s the data matrix, whose i-th row
is the feature vector xiT, I, is an identity matrix of size p X p, and A € R, is the regularization
parameter. Because mean-squared error provides a local quadratic approximation to other convex
losses, the exact ellipsoidal form of its Rashomon set serves as strong motivation for the Rashomon
set approximation. Building on this and on similar geometric intuition [66], we approximate the
e-Rashomon set with an ellipsoid defined by the local geometry of the loss landscape:

Rie) = {0: %(e —6)TH©O - 6) < o},

where H = X TWX + A, is the Hessian of the ¢>-regularized loss function, evaluated at 0. For
logistic loss, T is an n x n diagonal matrix of weights where w;; = o(fg(x;))(1 — o(f4(xs)))-
Recall from Section [3|that o'(-) is the sigmoid function.

The Hessian matrix H of the regularized objective ﬁ(@) is strictly positive definite. This is because
it is the sum of the positive semidefinite (PSD) Hessian from the convex logistic loss and the positive
definite (PD) Hessian from the ¢, regularization term (A[,), assuming A > 0. A positive definite
Hessian is important for our framework, as it guarantees the approximating ellipsoid is well-defined
and bounded, and ensures that H is invertible for our closed-form solution.

In cases where the unregularized risk J(6) is minimized (e.g., for neural networks), the resulting
Hessian is only guaranteed to be PSD and may be singular. For these models, we ensure positive
definiteness in practice by adding a small stabilization term, af},, o > 0, to the computed Hessian,
which is a standard technique to guarantee invertibility.

Optimization. To find a robust counterfactual explanation, we want to compute an explanation x.
that is closest to the original point x, while ensuring that its predicted outcome is above a target
threshold ¢ for all models within the approximated Rashomon set. In other words, for a given xg,
we look for a minimally modified (measured in some distance; we will use {5 here) x., such that
its predicted outcome achieves ¢ even when evaluated by the least favorable model @ within the



approximated Rashomon set 7@(6) Formally, this requirement leads to the following optimization
problem:
min  ||x. — %03 s.t.  min 0 x. >t (D
Xc OeR(¢)
The inner minimization problem admits a closed-form solution, as we show next in Theorem[I] By
reformulating the problem in this way, we get a tractable optimization framework that supports more
efficient computation and analytical analysis of solution properties.

Theorem 1 (Closed-form solution). For positive-definite Hessian H, the inner minimization
problem over the ellipsoid-approximated Rashomon set R(e) has the closed-form solution
mineeﬁ(e) 0"x. = 0"x, — \/2¢ x! H-1x.. Moreover, for a given X., the worst-case model

H_lxC

O.0rst(Xc) that achieves this minimum is: 0,0r5t(Xc) = 0 — /2 N

We prove Theorem[I]in Appendix[A.T] As a direct consequence of Theorem [T} we obtain a practical
criterion for verifying the robustness of a potential counterfactual. Specifically, since the theorem
provides an explicit characterization of the output generated by the least favorable model 8 € 7%(6)
for a given x., we can immediately determine if this x. achieves the target ¢ across the entire set as
we show in the following corollary.

Corollary 1. A given counterfactual explanation x. is robust with respect to all models in the
ellipsoid-approximated Rashomon set R(¢) against a target score t if and only if: 0Tx. —

V2ex! H 1x. > t.

By substituting the closed-form solution from Theorem|I]into the original optimization problem (TJ),
the robust counterfactual optimization problem becomes:

min  ||x. — Xol|2 st. 0Tx, —\/2ex] H-1x, > t. (2)
Xe

The resulting problem is a quadratically constrained quadratic program (QCQP), which is a class
of tractable convex optimization problems. We solve it efficiently using a gradient-based method.
Leveraging the formulation (2), we implement two approaches for generating counterfactuals: a
search-based method for generating data-supported counterfactuals lying on the data manifold, and
a continuous optimization method for exploring potentially novel non-data supported solutions.

Continuous CE generation. For non-data supported counterfactuals, we solve the convex optimiza-
tion problem in Equation (Z) using a gradient-based approach for both linear models and multilayer
perceptrons. This method directly optimizes for a counterfactual x. in the input space. For neural
networks, the process is guided by the worst-case model 6,,,,-s:(X.) identified in the final layer’s
embedding space using Theorem [I| with the resulting gradients mapped back to the input features.
The full details of this procedure are available in Appendix [B.4]

Data-supported CE generation. For practical applications where counterfactuals should remain on
the data manifold, we generate data-supported explanations based on the training set. Specifically,

we evaluate the robust logit 07Tx; —+/ 2ex,; H~1x; for each training data point x; using Theorem
Then, we compute the subset Sg;qp¢ by filtering out points where this robust prediction exceeds the
target threshold t. Finally, we use k-d tree nearest neighbor search within Sg¢p;e to identify the
points closest to the input point Xg in terms of defined distance (for example, ¢5), which gives us a
counterfactual that is both robust and lies on the data manifold.

The continuous approach offers flexibility by exploring the entire feature space for new solutions,
while the data-supported approach guarantees plausibility by restricting solutions to observed ex-
amples. We evaluate the performance of both approaches in Section [ and focus on theoretical
guarantees of our framework next.

5 Theoretical Guarantees of ElliCE Counterfactuals

In this section, we explore key theoretical properties of the counterfactual explanations generated
under our framework. Note that we use {5 distance as target distance between x( and x.. We show
that the counterfactual explanations generated by our method are valid, unique, stable, and align



with important directions in the feature space. We focus on each of these properties separately and
proofs of theorems provided in this section are in Appendix [A.2]

Validity. By explicitly optimizing for the worst-case model 8,,,,-s; within the defined ellipsoid, any
counterfactual x. generated by ElliCE is, by construction, valid for all models in the approximated
Rashomon set. This inherent validity ensures that the provided recourse is faithful, regardless of
which model from the approximated Rashomon set was selected.

Uniqueness. By Theorem [2] that we state next, any solution X, to the optimization problem (2) is
unique. Because our objective is strictly convex and the approximated Rashomon set is character-
ized as an ellipsoid, for a given X, there can never be two distinct counterfactuals at the same (5
distance from the original xq. In practical terms, this uniqueness guarantees that ElliCE provides a
single solution for a given input and desired robustness level. This directly addresses and resolves
“explanation multiplicity” [25]], where multiple, distinct explanation paths might exist for a single
input (at least for /5 distance).

Theorem 2 (Uniqueness). If a solution x. to the optimization problem (2)) exists, then X is unique.

Stability. The input data x is often subject to noise or minor variations. A desirable property is that
such small changes in the input do not lead to drastically different counterfactuals. Our framework
ensures this stability. Theorem [3|formally states that the process of generating robust counterfactuals
is Lipschitz continuous with a constant of 1. This means that if the original input x is perturbed
by a small amount d to become xj), the resulting robust counterfactual x/, will not deviate from the
original counterfactual x. by more than the magnitude of the initial perturbation ||d||2. This property
guarantees the reliability of the explanations.

Theorem 3 (Stability). Given an input x, let x. be the robust counterfactual solution for x¢. If the
input is perturbed to x)y = xq + 8, where § € R, and x., is the robust counterfactual solution for
X, then [|xc — x¢[l2 < [|8]]2.

Alignment with Important Feature Directions. An insightful explanation should not only pro-
vide a path to a different outcome but also highlight which features are most critical in achieving
that change, particularly under model uncertainty. The robustness penalty term, C...p(€,X.) =

/2ex] H—1x,, plays a key role in this alignment. Theorem@formalizes the intuition that to mini-
mize this penalty (and thus find an efficient robust counterfactual), the recourse direction x. should
align with directions in the feature space that are most sensitive or influential, as captured by the
eigenvectors of the Hessian matrix [1. Specifically, under reasonable conditions, the penalty is min-
imized when the counterfactual aligns with the leading eigenvector of H, which often corresponds
to the direction of greatest sensitivity. This encourages the counterfactual to suggest changes along
features that have a significant impact, making the explanation more informative.

Theorem 4 (Alignment with Important Feature Directions). Define the robustness penalty as
Crop(€,%c) = \/2ex] H=1x, for a symmetric positive definite Hessian H. Let A1 be the largest
eigenvalue of H with corresponding eigenvector qu, and assume that A1 is unique. Then, for a fixed

non-zero norm ||X.||2, the robustness penalty term Ci.op (€, X, ) is minimized when the counterfactual
vector X is aligned (i.e., collinear) with the eigenvector q.

Price of robustness. Previous literature has observed the trade-off between robustness and prox-
imity [22]]. Indeed, intuitively, increasing robustness and ensuring validity across a larger set of
potential models may require more changes to the input features, effectively increasing the proxim-
ity. This implies a “cost” for greater robustness that Theorem [5| formalizes.

Theorem 5 (Robustness-Proximity Trade-off). For an input xq such that 0Txo < t, where 0 is
ERM, let x%(€) be the optimal robust counterfactual for a given robustness level € > 0, and let
v(e) = ||xz(e) — xol|3 be its ls distance from xo. If v(e1) > 0 and x(e1) # O, then for any two
robustness levels 0 < €1 < €g, v(€1) < v(eg).

The practical impact of this trade-off is significant. Overly robust counterfactuals may become
distant and unactionable, while insufficient robustness compromises recourse reliability under model
shifts. This underscores the need for methods that efficiently explore this trade-off by achieving
substantial robustness with reasonable proximity—a goal that ElliCE effectively meets (Figure[2).

When applying our theoretical results to MLPs, the validity guarantee is fully preserved in the
input space, which is a key result. The formal guarantees for uniqueness (Theorem [2), stability



(Theorem[3), and the robustness-proximity trade-off (Theorem[5)), however, depend on the convexity
of the feasible set (see proof of Theorem [2). While this convexity is guaranteed in the embedding
space h(x), the nonlinear mapping from the input space (x — h(x)) means it is not guaranteed to
hold there. This distinction highlights a fundamental challenge for robust recourse in deep models
and underscores that extending these formal guarantees to the input space is a promising direction
for future work. Nonetheless, these theorems provide a principled geometric foundation for our
approach and hold for linear models and embedding spaces. Next, we present empirical results
showing that ElliCE’s performance is consistent with its theoretical guarantees.

6 Evaluation Pipeline and Experimental Results

In our evaluation pipeline, we work with the hypothesis space of linear models and multi-layer
perceptrons (MLPs). However, our results can be extended to other hypothesis spaces that can be
optimized with gradient descent, such as neural additive models [1]. In this section, we empiri-
cally show that ElliCE is faster and more robust as compared to other methods that produce robust
counterfactuals. Please see Appendix [B]for additional details and results.

Datasets. We consider nine datasets from high-stakes decision domains such as lending (Aus-
tralian Credit [53], FICO [20], German Credit [27]], Banknote [44]), healthcare (Parkinson’s [60],
Diabetes [58]]), and recidivism (COMPAS [2]), as well as benchmark datasets (Wine Quality [13]],
Extended Iris [3]). Please see Table |3|for detailed dataset descriptions and preprocessing notes. We
used datasets with predominantly categorical features (FICO, Australian Credit, COMPAS, German
Credit, Diabetes) for data-supported CE generation, and datasets with continuous features (Diabetes,
Parkinson’s, Banknote, Iris, and Wine Quality) for continuous methods. We balanced the datasets,
standardized continuous features, and, for some datasets, dropped rows with missing values.

Baselines. We compare ElliCE to other methods that are designed to generate robust counterfactual
explanations, such as T:Rex, Interval Abstractions (we refer to it as Delta-robustness [31]), PRO-
PLACE, and ROAR. T:Rex [26] generates robust counterfactuals for neural networks using a Stabil-
ity measure that depends on variance. It quantifies robustness to naturally occurring model changes,
providing probabilistic validity guarantees. It is a successor of RobX [19], which targets tree-based
ensembles. Interval Abstractions [33] ensures that counterfactuals are robust to bounded changes
in model parameters (weights and biases). It uses interval neural networks and mixed-integer linear
programming. PROPLACE [32] formulates counterfactual generation as a bi-level robust optimiza-
tion problem: it enforces plausibility by restricting solutions to the convex hull of realistic samples
and uses interval bounds on neural networks to ensure robustness. ROAR [61]] optimizes counter-
factual validity under bounded model parameter perturbations using a robustness-constrained loss
formulation. Most implementations of our baselines follow Jiang et al. [335].

Evaluators. Precisely computing the entire Rashomon set for the hypothesis spaces that we con-
sider is intractable. Therefore, to evaluate the robustness and validity of counterfactual explanations
generated by ElliCE and the baselines, we rely on established techniques that approximate or char-
acterize this set. These approaches generate diverse collections of near-optimal models, each serving
as a proxy for the actual Rashomon set. Our evaluators include: Random Retrain, which retrains
models multiple times with different random seeds to capture procedural variability. Rashomon
Dropout [30], which applies binary dropout masks to a single trained neural network’s weights dur-
ing inference, creating an ensemble of thinned sub-models. Adversarial Weight Perturbation (AWP)
[28], which generates diverse models from an initially trained model by applying small perturba-
tions to its weights. We define the objective tolerance (Rashomon parameter) for the evaluators as
Etarget> Which is distinct from e. This separation ensures that the Rashomon set used for evaluation is
controlled independently from the robustness tolerance € used by ElliCE.

Metrics. We evaluate the generated counterfactual explanations based on four metrics: validity,
proximity, robustness, and plausibility. Validity measures whether a generated counterfactual x.
for a given input x( successfully achieves the desired outcome ¢ when evaluated on the original
model fpaseline for which it was generated, Validity = % S 1 foaseline (Xei) = ). Proximity mea-
sures the closeness of a counterfactual x, to the original instance xy. We primarily report the /o
distance: ||x. — Xo|2. Lower values indicate less change required and are thus better. Plausibil-
ity checks whether the generated counterfactuals lie in realistic regions of the feature space. Our
data-supported counterfactuals are inherently plausible, as they lie on the data manifold. For con-



tinuous approach, because ElliCE enforces robustness by pushing counterfactuals away from the
decision boundary, the resulting counterfactuals might shift toward higher-density regions of the tar-
get class. Nevertheless, we evaluate plausibility using the Local Outlier Factor (LOF) [32], a stan-
dard outlier-detection metric. LOF values close to 1 indicate high plausibility, whereas larger values
suggest the counterfactual is in a low-density region. Robustness computes whether the generated
counterfactual x. remains valid (i.e., still achieves the desired outcome c) for all models within an
evaluator ensemble R(amget). Total is calculated as the average across all n counterfactual points:

Robustness = % Z?Zl 1 [V fo € ﬁ(etarget), fo(x¢,) = ¢| . A higher robustness score (closer to 1) is
better, indicating that more counterfactual explanations are robust to model changes.

Experimental Setup. For evaluators, we define a target multiplicity tolerance globally in range
Erarget € [0,0.1]. We provide discussion on how to choose ElliCE’s € in Appendix [B} For every
dataset, we performed 4-fold stratified cross-validation. Within each fold, the training data are
further split into 80% for training and 20% for validation. The procedure within each inner fold is as
follows: (1) We train a base model fyaseline, Which serves as a reference model for all counterfactual
generation methods. (2) Using fyaeline as a reference (if required by the evaluation method), we
generate €greei-Rashomon set. (3) Multiplicity parameters for each baseline (e for ElliCE, ¢ for Delta
Robustness, ROAR and PROPLACE, or 7 for T:Rex) are tuned via grid search on the validation set
with a goal of maximizing validity. We allocate approximately the same amount of time for each
method to tune its parameters with a hard maximum of 8 hours per method per data fold (as a result,
we could not run PROPLACE for Parkinsons dataset). (4) Final performance metrics are reported
on the held-out split of the outer fold. Note that due to our tuning procedure, we expect high validity
metric for ElliCE and baselines. Indeed, for data-supported methods validity is consistently 100%
across datasets, so we do not report it.

We conducted experiments on logistic regression and multilayer perceptrons. Consistent with prior
work [32, [61]], we focus on generating counterfactuals that change predicted labels from O to 1.
Linear models are trained using Scikit-learn’s LBFGS solver with an /5 penalty (regularization pa-
rameter 0.001). MLPs are trained with the Adam optimizer (learning rate 0.001), early stopping, and
{5 regularization parameter 0.001. For evaluation, we generate one counterfactual per method for
each data point in the held-out set. Each counterfactual is then evaluated against the three evaluators
(Random Retrain, Rashomon Dropout, AWP). The exact construction algorithms for these evalua-
tors are described in Appendix[B.2] Reported metrics are averaged across data points and folds, with
plots displaying the mean and standard error.
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Figure 1: Robustness evaluation of ElliCE against baselines. The plot displays the robustness metric
(y-axis) as a function of the target robustness level ege; for the evaluators (x-axis). ElliCE consis-
tently outperforms all baselines across all robustness levels. See Appendix |B|for more figures. For
ElliCE+R for MLPs, we apply additional regularization to the Hessian, using A = 0.1 instead of
0.001.



Table 1: Performance of counterfactual methods on MLPs. For evaluators, we Set gt to 10% of

the training objective (€urget = 0.1 X L( foaseline))- R here stands for Robustness, L2 for proximity,

and PROP stands for PROPLACE. See Appendix [B|for results on other datasets.

Evaluation Metric

Data Method Retrain Dropout Rashomon AWP

Rt L2) Rt L2} Rt L2)
Data-supported (DS)

ElliCE 1.00 = 0.00 3.53 +0.17 | 1.00 = 0.00 4.91 +0.22 | 1.00 £ 0.00 5.06 £+ 0.29

FICO DeltaRob | 1.00 £+ 0.00 4.00 £ 0.10 | 1.00 £ 0.00 5.67 £0.58 | 0.96 + 0.07 5.70 £0.72

T:Rex 0.83 +£0.08 3.124+0.07 | 0.01 =0.00 3.07 & 0.11 | 0.00 & 0.00 2.77 4+ 0.19

ElliCE 1.00 £ 0.00 3.48 +0.10 | 1.00 £ 0.00 4.32 + 0.31 | 1.00 £ 0.00 4.00 + 0.24

German | DeltaRob | 0.98 4+ 0.01 3.45 4+ 0.06 | 0.99 +£0.02 4.00 & 0.15 | 1.00 £ 0.00 3.99 + 0.22

T:Rex 0.99 +0.01 3.474+0.04|097 +0.02 4.034+0.20|0.99 +0.01 4.234+0.24

Continuous (CNT)
ElliCE 098 £0.01 2.15+£0.39(0.99 +0.02 3.05+0.340.98 +0.02 3.22 +0.40
PROP 0.48 =048 2.01 =0.05|0.19+0.28 2.01 &0.05| 0.08 & 0.19 2.01 & 0.05
ROAR 0.86 £0.11 1.86+£0.24|0.40+028 1.86+0.24|0.31 +:0.26 1.86 +0.24
T:Rex 0.94 +£0.03 247 +0.86|0.90+0.08 4.18+0.36 |0.94 +0.04 4.18 +0.36

Diabetes

Table 2: Runtime performance and speedups for data-supported CE for MLPs.

Absolute (seconds) Relative (speedup)
Dataset ElliCE T:Rex Delta Rob Over T:Rex Over Delta Rob
FICO 1.792 £0.123 7.006 £ 0.058 242.035 + 1.161 3.91x 135.04 x
COMPAS | 0.526 +£0.011 3.534 +0.128 360.480 4+ 6.701 6.72% 685.34 %
Australian | 0.057 £0.011 0.281 +0.006 2.783 £ 0.032 4.92x 48.64 x
Diabetes | 0.053 £0.001 0.296 + 0.006 1.922 + 0.032 5.60 % 36.33 %
German 0.101 £0.001 0.432 +0.013  9.905 £ 0.068 4.27x 97.88 %

6.1 ElliCE Generates Robust Counterfactuals

Figuremillustrates the relationship between the evaluators’ multiplicity level eqreer and the achieved
robustness for the baselines. We report results for both linear models and MLPs for data-supported
and continuous methods. Across different settings, we observe that ElliCE consistently produces
more robust counterfactuals than baselines. Notably, ElliCE’s counterfactuals generally do not ex-
hibit a decrease in robustness as egrger increases, demonstrating stability under different levels of
target multiplicity. This robustness, however, can sometimes come with a greater distance from
the original instance (i.e., longer CEs), a trade-off that we saw in Section [5] and report in Table [T}
For the MLP setting, our empirical results in Figure [1|and Table |1{suggest that ElliCE’s ellipsoidal
approximation offers good flexibility, allowing it to adapt to the underlying loss function’s shape.

6.2 EIlliCE is Efficient

Tables 2] [5]and [6]clearly demonstrate EIliCE’s advantage in computational efficiency. Our method
is consistently faster than baselines with speedups of up to three orders of magnitude. The runtimes
of both T:Rex and Delta Robustness tend to grow substantially with the dataset size. In contrast,
ElliCE remains lightweight and exhibits better scalability. Across all datasets tested, EIliCE’s abso-
lute runtimes for generating a counterfactual remain under two seconds. This efficiency comes from
a closed-form solution for the inner optimization problem (Theorem 1). The primary preprocess-
ing cost involves computing and inverting the Hessian matrix H, requiring O(np?) for computation
and O(p®) for inversion, performed once per model (where n is the training set size and p is the
parameter dimension). Per-instance counterfactual generation then requires only O(p?) operations.

6.3 Sensitivity Analysis

Figure 2] (a,b) shows an empirical sensitivity analysis of EIliCE’s robustness with respect to its in-
ternal Rashomon parameter €. The plots show how the achieved robustness (evaluated against the
Random Retrain and Ellipsoidal Rashomon set evaluators, respectively) varies as ElliCE’s internal
e changes. These results illustrate that ElliCE can achieve high levels of robustness even for rel-
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Figure 2: (a,b) Sensitivity of ElliCE’s robustness (y-axis) to its internal ¢ hyperparameter (x-axis).
Robustness is evaluated against Random Retrain (a) and an Ellipsoidal Rashomon set approximation
defined with a fixed €reec (b). (¢, d) Robustness vs. £5 proximity trade-off (c) and plausibility (d) of
counterfactuals generated by ElliCE and baselines on Diabetes dataset.

atively small values of its internal e when evaluated against the Retrain ensemble. For the middle
plot (Ellipsoidal evaluator), while initial robustness may be lower for smaller internal € values, the
performance increases sharply, as e approaches the targeted robustness level.

6.4 Robustness-Proximity Trade-off and Plausibility

Figure [2|c) illustrates the inherent trade-off between robustness and proximity for CEs generated
by ElliCE, supporting our discussion in Section [5] While the trade-off occurs for all baselines,
ElliCE achieves the highest robustness at a given length level. Understanding this trade-off is key to
selecting counterfactuals that balance reliability under model shifts with practical user actionability.
ElliCE provides a mechanism to navigate this by allowing control over its Rashomon parameter. We
also observed good plausibility across all baselines and datasets, as supported by Figure [2(d) and[§]
All LOF values tend to be close to 1, thus the generated counterfactuals lie on the data manifold.

6.5 Actionability

To ensure that generated recourse remains realistic and feasible, we incorporate actionability con-
straints that specify which features can change and within what ranges. ElliCE supports restrictions
on features, including immutable features (e.g., age, citizenship) as well as range and direction con-
straints such as income or loan duration. It also allows for sparse counterfactuals by adding an
optional penalty on the number of modified features. For instance, before applying actionability,
one robust counterfactual on the German Credit dataset suggested changing the applicant’s age, an
immutable feature. After enforcing immutability and sparsity constraints, ElliCE instead adjusted
the credit amount and credit length, reducing both and thus lowering the predicted credit risk, which
is reasonable in the lending context. Further details are provided in Appendix D]

7 Conclusions, Implications and Limitations

Standard algorithmic recourse is fragile. A recommendation given to a user today may become
invalid tomorrow if the underlying model is retrained or replaced—a common scenario under the
Rashomon Effect. This paper addressed this reliability gap by introducing ElliCE, a framework that
provides recourse with provable robustness guarantees. ElliCE approximates the set of near-optimal
models with an ellipsoid and computes counterfactuals that remain valid across this approximated
Rashomon set. A strength of ElliCE is its support for actionability. Users can specify immutable
features, range or direction constraints, and optional sparsity penalties, ensuring that the resulting
recourse is both robust and realistic. This flexibility might help prevent impractical or unethical rec-
ommendations and gives users greater control over actions. While robustness alone does not ensure
fairness, user-specified actionability constraints can help to ensure that counterfactuals remain feasi-
ble and ethically sound. A comprehensive fairness analysis remains an important direction for future
work. The ellipsoidal approximation, while efficient, is a simplification of the true Rashomon set,
and for neural networks our analysis currently captures local rather than global model multiplicity.
Despite these limitations, ElliCE offers a practical and theoretically grounded tool for robust and
actionable recourse, providing stable and trustworthy advice.
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contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these
goals are not attained by the paper.
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thors should reflect on how these assumptions might be violated in practice and what
the implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

e The authors should reflect on the factors that influence the performance of the ap-
proach. For example, a facial recognition algorithm may perform poorly when image
resolution is low or images are taken in low lighting. Or a speech-to-text system might
not be used reliably to provide closed captions for online lectures because it fails to
handle technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to ad-
dress problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification: We provide the theorems in the main paper and proofs in the Appendix.

Guidelines:

The answer NA means that the paper does not include theoretical results.

All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

All assumptions should be clearly stated or referenced in the statement of any theo-
rems.

The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a
short proof sketch to provide intuition.

Inversely, any informal proof provided in the core of the paper should be comple-
mented by formal proofs provided in appendix or supplemental material.

Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main
experimental results of the paper to the extent that it affects the main claims and/or conclu-
sions of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: Experimental setups are detailed in the Experimental Section and the Ap-
pendix. The code is available in the supplement.

Guidelines:

The answer NA means that the paper does not include experiments.

If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps
taken to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture
fully might suffice, or if the contribution is a specific model and empirical evaluation,
it may be necessary to either make it possible for others to replicate the model with
the same dataset, or provide access to the model. In general. releasing code and data
is often one good way to accomplish this, but reproducibility can also be provided via
detailed instructions for how to replicate the results, access to a hosted model (e.g., in
the case of a large language model), releasing of a model checkpoint, or other means
that are appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all sub-
missions to provide some reasonable avenue for reproducibility, which may depend
on the nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear
how to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to re-
produce the model (e.g., with an open-source dataset or instructions for how to
construct the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case au-
thors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: All datasets used are publicly available (Australian Credit, COMPAS, Dia-
betes, FICO, German Credit, etc.). The paper provides sufficient algorithmic details and
experimental settings to reproduce results. Code is available in the supplements.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not
be possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

¢ The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: See Section[6|and Appendix.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of
detail that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropri-
ate information about the statistical significance of the experiments?

Answer: [Yes]
Justification: We report mean and standard deviation over multiple runs.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer “’Yes” if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).
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* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

¢ Itis OK to report 1-sigma error bars, but one should state it. The authors should prefer-
ably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis of
Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: Yes, in Appendix.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments
that didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: Our work adheres to the NeurIPS Code of Ethics.

Guidelines:

* The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.
* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.
* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]

Justification: We have mentioned the broader impact in the introduction and conclusion.
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

e If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact spe-
cific groups), privacy considerations, and security considerations.
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* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitiga-
tion strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: Our paper doesn’t release models that have the potential to cause harm.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by re-
quiring that users adhere to usage guidelines or restrictions to access the model or
implementing safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: We use open access datasets and baselines and cite the sources of all the
datasets and baselines we used in the paper.

Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the pack-
age should be provided. For popular datasets, paperswithcode.com/datasets has
curated licenses for some datasets. Their licensing guide can help determine the li-
cense of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New assets

Question: Are new assets introduced in the paper well documented and is the documenta-
tion provided alongside the assets?

Answer: [Yes]
Justification: We provide the code for this paper.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can
either create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the pa-
per include the full text of instructions given to participants and screenshots, if applicable,
as well as details about compensation (if any)?

Answer: [NA|
Justification: The paper does not involve crowd-sourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research
with human subjects.

* Including this information in the supplemental material is fine, but if the main contri-
bution of the paper involves human subjects, then as much detail as possible should
be included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, cura-
tion, or other labor should be paid at least the minimum wage in the country of the
data collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: The paper does not involve crowd-sourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research
with human subjects.

* Depending on the country in which research is conducted, IRB approval (or equiva-
lent) may be required for any human subjects research. If you obtained IRB approval,
you should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity
(if applicable), such as the institution conducting the review.

Declaration of LLM usage
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Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA|
Justification: We used LLM for editing and improving the clarity of wording.
Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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A Proofs for Theoretical Results in Sections 4 and 3]

In this appendix we provide the proof of theoretical results provided in Sections ] and [3]

A.1 Proof for Theorem[I|

We state and prove Theorem [I] below.

Theorem (1| (Closed-form solution). For positive-definite Hessian H, the inner minimization
problem over the ellipsoid-approximated Rashomon set R(€) has the closed-form solution
minoe’fz(e) 0'x, = 0Tx, — /2¢ x! H=1x.. Moreover, for a given X., the worst-case model

~ —1
O.0rst(Xc) that achieves this minimum is: 0orst(X.) = 0 — \/2€ —H xe

VxJH 1%,

Proof. Recall that H is positive definite, therefore H 1/2 is well-defined, symmetric, and invertible.

Letv = HY/?(0 — é) and & = H~'/?x.. Then, we can reformulate our inner optimization problem
using v and & as variables.

First, denote 6 — 0: — H~1/2y, then we can substitute @ — & = H—1/2y into the constraint
1(0—6)"H(0—0) < etoget:
(Hfl/Q,U)TH(Hfl/Q,U) _ ,UT(Hfl/Q)THHfl/Q,U
=v H Y2HH %

T

=v' Iv=v"v=|v|3

Second, recall that £ = H —1/2x .. then we have that:
0'x,. = (é + H_l/zv)—rxC =0 x.+ ¢,
The original optimization problem is now entirely in terms of v. Since 67x, is a constant with
respect to v, the optimization problem becomes:
A T

0'x,+ min v'¢
lvll2<v2e

Note that we are looking for a minimum of a linear function over a Euclidean ball in terms of v.
This problem of minimizing a linear function a " x subject to an £-norm constraint ||x||; < B has a

well-known closed-form solution [8]]. The optimal value is —B||a/||2, achieved at & = —Bg; (for

a # 0). Translating to v and &, we get that the optimal value of the v-minimization is —v/2¢||£]|2,
achieved at v = f\/iﬁ (for & # 0).

And translating to the original problem formulation, we get that the overall optimal value is 07 x, —
V2¢||H=/?x,||5. The optimal @, is achieved at:

N H 'x
gwors =60—-v2 —_ .
t - (H—chu)

Note that if x, = 0, then the solution is 00,5t = 0.

O

The corollary [I] follows immediately from the above theorem. It allows us to easily check if the
counterfactual explanation is robust given the ellipsoid-based Rashomon set, even if this explanation
was generated by another method.

A.2 Proof for Theorem 2l

We state and prove Theorem [2] below.
Theorem 2| (Uniqueness). If a solution x. to the optimization problem ) exists, then x. is unique.

24



Proof. The objective function ||x. — xo||3 is strictly convex as a squared Euclidean norm.

Consider the constraint function g.(x.) = éTxc — +/2ex] H-1x,.. The first term, éTxC, is linear
and thus concave. The second term is convex, since v/x] H~1x, = ||[H~/2x,||5 is a norm, which
is convex given that H and H —1lis positive definite. Given that e > 0, g.(X.) is the sum of a concave
function (8 " x,.) and the concave function (—+/2¢|| H ~'/?x,||2), which means g.(x.) is concave.

Therefore, we get that the feasible set S = {x. | g.(x.) > t} is a convex set for a threshold ¢.

Minimizing a strictly convex function over a convex set guarantees that if a solution exists, it is
unique.

O

A.3 Proof for Theorem[3

We prove Theorem [3|after first proving a helping Lemma about the set of feasible solutions S defined
in the proof of Theorem [2]above.

Lemma 1. For H > 0 and ¢ > 0, the feasible set S = {x. | 0Tx, —\/2ex] H-1x, > t} is closed
and convex. Furthermore, if a solution to the optimization problem (2)) exists, S is non-empty.

Proof. Let g.(x.) = 0 x,. — \/2¢ x/) H~'x,, then the feasible setis S = {x. | g(xc) > t}. We
already showed in the proof of Theorem [2] that S is a convex set. It must be non-empty, so that
a solution to the optimization problem (2) exists. Therefore, we next focus on showing that S' is
closed.

Notice that g.(x.) is continuous, as it is being composed of differences and compositions of contin-
uous functions. Since g.(x.) is continuous, the set S = {xX. | g.(x.) > t} is closed. O

Now, we state and prove Theorem

Theorem 3| (Stability). Given an input xo, let X be the robust counterfactual solution for xo. If the
input is perturbed to x)y = xg + 8, where § € R, and x., is the robust counterfactual solution for
g, then |[xc —xc[l2 < [|8]]2.

Proof. Let S = {x | 6Tx—+/2exT H-1x > t} denote the feasible set for the robust counterfactual
solutions. According to Lemma S is a non-empty, closed, and convex set.

The robust counterfactual solution x,. corresponding to an input xo minimizes [|x — x||3 for x € S.
Thus, x.. is the Euclidean projection of xo onto S. Let Ps(+) denote this projection operator. Then,
we have:
Xc:PS(X0)7 X;::PS(Xé))'
The Euclidean projection Ps onto a non-empty, closed, convex set S is 1-Lipschitz continuous.
Given that ||xg — xg||2 = ||0]|2 since x{, = x¢ + , we get:
e = xcll2 = [ Ps(x0) — Ps(x0)]l2

< lIxo = xpll2 = [[6]]2-

Therefore, we obtain: ||x. — xL|[2 < ||d])2.
O

Next we focus on proving that our counterfactual solutions are aligned with directions of the impor-
tant features.

A.4 Proof for Theorem[

We state and prove Theorem 4] below.

Theorem [ (Alignment with Important Feature Directions.). Define the robustness penalty as
Crop(€,%c) = \/2ex] H=1x,. for a symmetric positive definite Hessian H. Let A1 be the largest

eigenvalue of H with corresponding eigenvector qi, and assume that Ay is unique. Then, for a fixed
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non-zero norm ||X.||2, the robustness penalty term Ci.op (€, X..) is minimized when the counterfactual
vector X, is aligned (i.e., collinear) with the eigenvector qj.

Proof. When x. = 0, the conclusion of the theorem are satisfied in the trivial sense. Assume that
X, # 0. Minimizing C)..5(€, X.) for € > 0 is equivalent to minimizing XCTH “Ix..

Since H is symmetric positive definite, its decomposition is H = UAU ", where U is an orthogonal
matrix, such that its columns (qy, . . ., qq) are the eigenvectors of H, and A = diag(\1, A2, ..., Ag)
is the matrix with eigenvalues on the diagonal. Then H~! = UA“'UT, where A™! =
diag(1/X1,1/Aa,...,1/)g). The smallest eigenvalue of H~! is 1/)y, since by assumption of the
theorem A1 > Ao > --- > Xy > 0.

Let £ = U'x.. Then x. = U¢, and ||€|l2 = |[U"x.||2 = [|xc||2 since U is orthogonal. We are
minimizing the following quadratic form:

d 2
x[H "%, = (U§) T (UATUT)(UE =€TA =D 32
j=1""

To find the optimal for &, we analyze which direction minimizes this sum for any given positive
norm. Thus, we add constraints that ||£||3 is fixed and positive, ||£||3 = a? > 0, and search for
minimizing direction among all vectors with the fixed norm a. Since 1/A; < 1/A; for j # 1,

the sum Z;lzl sz- /); is minimized when the whole mass of the squared norm ||£||3 is placed on

the component that corresponds to the smallest coefficient 1/A;. Therefore, the minimizing £ is
(£]€]l2,0,...,0)" in the basis of U. Transforming back to x.:

d
xc=U€=&a1 + Zfz‘qz' = (£[[&ll2)a1 = (£lxcll2)ai-

i=2
Thus, for any fixed non-zero norm, x| H~'x,. is minimized when x. is aligned with the eigenvector
qi.

O

A.5 Proof for Theorem

The last property we consider is that the counterfactuals generated by ElliCE have a robustness-
proximity trade-off. This property has also been observed by other works [22] and is natural for
counterfactual generations. EIliCE allows us to find the smallest length counterfactuals that are
robust to all models in the Rashomon set. We next state Theorem [5|and then prove it.

Theorem |5| (Robustness-Proximity Trade-off.). For an input xq such that éTXO < t, where 0 is
ERM, let x%(€) be the optimal robust counterfactual for a given robusmess level € > 0, and let
v(e) = ||x%(e) — xol|3 be its lo distance from xqo. If v(e1) > 0 and x(e1) # 0O, then for any two
robustness levels 0 < €1 < €a, v(€1) < v(€2).

Proof. For every robustness level € > 0 define the feasible region
Cle) := {x eR? ‘ 0"x —V2exTH 1x > t}.

Recall that x* (¢) is the unique minimiser of the strictly—convex objective Obj(x) = miny ||x—xo||3
over C(e) as we proved in Theorem 2} Based on the theorem notations, v/(€) = ||x (€) — xol|2.

If 0 < €1 < €9 then for every x € R%: —\/2e;x T H-1x > —+/2e5x" H1x. Therefore for any
X € C(Gg)!
0'x — V2 xTH 1x>0"x — \/2ex H 1x > .

This means that sets C(e2) and C(ep) are enclosed:
C(eg) - C(El).

Then for x%(e2) € C(e1) and x5 (e1) in C(€1) we get that v is non-decreasing:

v(a) = |xo—xi(e)lz < lxo—xi(e)]; = v(e).

26



Table 3: Datasets description and pre-processing notes. In Comments, we provide original dimen-
sion of the dataset before any edits (#samples x #features).

Dataset # # Preprocessing Notes Source Comments
Name Sam- Fea-
ples tures

Parkinson’s 5872 18 motor_.UPDRS is considered as the target, that was bi-  [60] Orig.
narized by cutting at the median value. Dropped sub- 5875 x 21
ject#, test_time, raw UPDRS columns. Under-sampled
to balance the dataset. Shuffled data.

Wine 2554 11 Binarized target quality at the median value. Dropped  [13] Orig.6497 x
Quality type and raw quality. Under-sampled to balance dataset, 12

Shuffled data.
German 600 61 Performed one-hot encoding for all categorical features.  [27] Orig.
Credit Under-sampled to balance the dataset. Shuffled data. 1000 x 20
Extended 800 4 Converted to binary classification: 1, if Iris-setosa, 0  [3]] Orig.1200x
Iris otherwise. Under-sampled to balance the dataset. Shuf- 67

fled data. Only kept features present in the original Iris

dataset.
Banknote 1220 4 Selected variance, skewness, curtosis, entropy as fea-  [44] Orig.

tures. Under-sampled to balance the dataset. Shuffled 1372 x 4

data.
Australian 530 18 Dropped the first column (unique identifier). Under-  [53]] Orig.
Credit sampled to balance the dataset. Shuffled data. 640 x 19
FICO 9470 20 Dropped 3 features with the high amount of miss-  [20] Orig.

ing values (MSinceMostRecentDelq, NetFractionln- 10459 %23

stallBurden, MSinceMostRecentIngexcl7days) and re-
moved rows with >40% missingness among remain-
ing features. Filled remaining missing values with -1.
Under-sampled to balance the dataset. Shuffled data.

COMPAS 6392 7 Under-sampled to balance the dataset. Shuffled data. 4] Orig.
6907 x 7
Diabetes 536 8 Under-sampled to balance the dataset. Shuffled data. 58] Orig.
768 x 8

To show strict increase we will assume contradiction. More specifically, we assume that v(e;) =
v(ez). Then both x} (€ ) and X} (e2) minimize Obj(x) over C(e1). Uniqueness of the solution means
that it is possible only when:

x;(e1) = xz(e2) = x* # 0.

Because v(e;) > 0, we have xg ¢ C(e1). Therefore the minimizer x* of minycc(e,) [|[X — Xol|2
cannot be x( and must lie on the boundary of C(e1), i.e.,

07x* — 2 |H Y 2x*|y = t.

Now suppose for contradiction that v(ez) = v(e1) with e2 > €. Since C(e2) C C(e1), the point
x* is feasible for C(e;), and v(e3) = v(e1) implies that x* also attains the minimum distance over
C(e3). By uniqueness of the projection (Theorem , it follows that the minimizers coincide, i.e.,
x*(e2) = x*(€1) = x*. In particular, x* must be feasible for C(e2), which gives the inequality

0Tx* — 26 ||[H Y ?x* ||y > t.

Combining this with the boundary equality for €; forces €; = €5, which is a contradiction.
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B Additional Experiments

In this Appendix, we provide more experimental results and show how ElliCE performs under dif-
ferent optimization schemes and compared to different baselines.

B.1 Datasets

Please see Table [3] for the summary of all datasets used in the paper and pre-processing notes, if
any. For each dataset and each fold, we fit a StandardScaler on the training set, computing the per-
feature mean and variance, and then apply those parameters to both the validation and test splits.
This ensures that each continuous feature is centered at zero mean and scaled to unit variance based
on the training data. One-hot encoded and binary features are left untouched.

B.2 Empirical Rashomon Set Construction

Each evaluator set of models was constructed as follows. Retrain models were obtained by inde-
pendently retraining the base model from random initialization using different random seeds on the
same training and validation data. Models whose training loss remained within the Rashomon bound
were retained to form the Rashomon set. Dropout models were generated by applying Gaussian
dropout noise directly to the weights of the trained base model. The dropout variance hyperpa-
rameter was first tuned to approximate the target Rashomon bound by finding the maximum dropout
value such that at least 5% of the models sampled using it remained within the Rashomon set (which
in practice, due to the discreteness of the dropout search space, typically ranged between 10% and
15%). During model sampling, if a specific perturbed model exceeded the Rashomon bound, its
dropout variance was reduced by a factor of 2; if the resulting model satisfied the Rashomon con-
straint, it was retained. AWP models were produced using Adversarial Weight Perturbation (AWP),
where the base model’s parameters were iteratively updated with adversarial perturbations computed
on the training data. We stopped the perturbations once the training loss exceeded the Rashomon
threshold and retained the model weights from the previous step, ensuring that all generated models
remained valid members of the Rashomon set.

B.3 Computation Resources

Our experiments were conducted on Apple M2/M2 Max MacBooks (16-32 GB RAM) for develop-
ment and Google Cloud Platform C4 VMs (4-16 vCPUs, 16-64 GB RAM) for production runs. We
performed parallelization using multiprocessing for cross-validation folds. Our complete pipeline (5
datasets, 2 model types) required ~ 64 hours sequential execution on a single CPU. We used fixed
random seeds for reproducibility.

B.4 Optimization

For continuous scenarios where counterfactuals are not required to be on the data manifold, we
implemented a continuous optimization approach described in Algorithm [T]and 2] This gradient-
based method directly optimizes in the input space by iteratively computing the worst-case model
using Theorem|[I]and updating the counterfactual through gradient descent on a multi-objective loss
combining prediction, robustness, proximity, and sparsity terms.

B.5 Hyperparameter Tuning

For hyperparameter tuning, we chose the best hyperparameters for each method, targeting validity
first and then robustness. We observed that ElliCE, TRex, and ROAR behaved more consistently
across different model types and datasets, not requiring significant adjustments to their hyperpa-
rameter search ranges. In contrast, Delta Robustness and PROPLACE required disproportionately
different search ranges depending on the model, primarily because different model architectures
(linear vs. neural networks) operate with vastly different parameter scales and amplitudes, requiring
delta-based perturbation methods to adjust their sensitivity accordingly.

For linear models, the search range for Delta Robustness was [0.2, 3.0] with a step size of 0.1 to
0.2 (dataset-dependent), and for PROPLACE, the range was [0.2, 6.5] with a step size of 0.2. MLPs
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Algorithm 1 Continuous ElliCE (Preparation & CE generation)

1: Imput: {(xi,y:)}i=,, baseline model fg, Rashomon budget e, regularization J, initial xg
Preparation:

D B+ ¢(xi), H <« [E 1]

- Optionally refit last layer @ <— LR(H )

We eé,seflwc,pka(s)

¢ W« diag(p© (1 — p))

H« XH"WH+ A

Generation:

. Initialize: x. < Xo, steps < 0

: while steps < T do

h+ ¢p(xc), h« [h7,1]7

Worst-case model (Theorem .'

—1

11: 0 = we — V/2e %

VhTH-1h
12: Prediction loss: £prea = BCE(h we, 1)
13: Robustness loss: £;or, = BCE(R" 0,,,1)
14: Proximity 10ss: £prox = ||Xe — X0 ||3
15: Sparsity loss: fsparse = ||Xe — Xo||1
16: Total objective: L= Cl‘gpred + BETOb + Aéprox + Y Ksparsc
17: Gradient update: x. < X — 1 Vx L
18:  ifh' 6, > 0then
19: break
20: steps <— steps+1

21: Output: robust counterfactual x.

—_

Algorithm 2 Continuous ElliCE (CE generation)

1: Input: factual xo, central weights w., Hessian H, Rashomon radius e, learning-rate 1, max_steps 7',
coefficients (c, 5, \,7)

. Initialize: x. < xo, steps < 0

: while steps < T do

Compute penultimate features h < ¢(x.), augmented b < [, 1]"

Worst-case model (Thm. ):

—17
ew = We — \/ﬂ ’{{711’_
VhTH-h
7: Prediction 1oss £prea = BCE(h T we, 1)
8: Robustness 10ss £rol, = BCE(I}TGw, 1)
9: Proximity 10ss £prox = ||Xc — Xol|3
10: Sparsity 10ss Lsparse = ||Xc — Xol|1
11: Total objective £ = & lpred + B lrob + A lprox + ¥ Lsparse
12: Gradient update x. < X — 1 Vx L
13:  ifh' 6, > 0 then
14: break
15: steps <— steps+1
16: Output: robust counterfactual x.

AN AN i

required much smaller amplitudes: Delta Robustness used a range of [0.002,0.1] with a step of
0.004, and PROPLACE used [0.02, 0.5] with a step of 0.02. Interestingly, for an MLP with hidden
layers [32, 32] on the Parkinsons dataset, PROPLACE began to lose validity and failed to find coun-
terfactuals (CEs) for § > 0.001. Consequently, its search range was reduced to [0.0001, 0.001] with
a step of 0.0004. Even within this adjusted range, PROPLACE sometimes failed to converge in a
reasonable time when generating CEs for certain inputs x. Thus, we imposed a hard time limit of
30 seconds per CE generation.

For both TRex and TRexI, we tuned the threshold 7 in the range [0.375,1.0] with a step
of 0.05 to 0.1. For EICE and Continuous EIlliCE, the respective search ranges were
[0.00125-0.0025, 0.15-0.2] with step sizes of 0.0025-0.01, and [0.0025,0.2] with step sizes of
0.0025-0.01. For ROAR, we used ranges of [0.01-0.6] with a step of 0.06.
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Figure 3: Robustness evaluation of ElliCE against baselines on MLPs using data-supported genera-
tion across all datasets.
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Figure 4: Length evaluation of ElliCE against baselines on MLPs using data-supported generation
across all datasets.

Additionally, we applied early stopping for all methods upon achieving a robustness score of 1,
which significantly reduced running times for some methods.

B.6 The Choice of ¢ Parameter for ElIliCE

The choice of the robustness parameter € is a key consideration when generating recourse. ElliCE is
designed to produce explanations robust to the Rashomon set, offering a basis for selecting e.
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Figure 5: LOF evaluation of ElliCE against baselines on MLPs using data-supported generation
across all datasets.
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Figure 6: Robustness evaluation of ElliCE against baselines on linear models using data-supported
generation across all datasets.

Empirical evidence (as seen in Figures[6] [3] [I3] and [T4) indicates that models produced by random
retraining often represent a smaller, less diverse subset of the Rashomon set, making them easier
to be robust against. ElliCE frequently achieves perfect robustness to such retrained models with
relatively small e values.

Ideally, if £qreer (the Rashomon parameter of the evaluator) is known, we recommend choosing
€ > Euger- Selecting a value slightly higher, such as € = €gper + 0.01, can provide additional
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Figure 8: LOF evaluation of ElliCE against baselines on linear models using data-supported gener-

ation across all datasets.

confidence by accounting for broader model multiplicity beyond the local estimates ElliCE focuses
on. This helps prevent under-exploration of the Rashomon set.

If a precise €rger Value is unavailable from an evaluator or prior analysis, we recommend using
model performance metrics as a practical way to gauge an appropriate €. For example, one might set
a target based on acceptable performance deviations. Empirically, rules of thumb such as choosing
€ that corresponds to a 10% increase above the original model’s loss, or an e that captures models
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Table 4: Counterfactual explanations generated by ElliCE based on German Credit dataset. We pro-
vide the original input, closest counterfactual, and actionable counterfactual respecting immutable

features (denOted by T) Etarget = O~01i/train(fbaseline)

Feature Original Robust CE Actionable and Robust CE
Checking Account Status No account No account No account
Duration (months) 48 37.09 34.7
Credit History® Critical account Critical account Critical account
PuI’pOSCT Car (new) Car (new) Car (new)
Credit Amount (DM) 10 127 7 584 7073
Savings Account Status 500-1000 DM 500-1000 DM 500-1000 DM
Employment Duration 1-4 yrs 14 yrs 14 yrs
Installment Rate (%) 2 2 2
Personal Status & Sex! Male, single Male, single Male, single
Other Debtors/Guarantors None None None
Residence Since 2 2 2
PropertyT No property No property No property
Age 44 54.06 44

Other Installment Plans Bank Bank Bank
Housing' Free Free Free
Number of Credits’ 0 0.29 0

Job Level Skilled employee | Skilled employee Skilled employee
Number of Dependents 0 0 0
Telephone None None Registered
Foreign Worker! Yes Yes Yes

within a 5% accuracy deviation, often work well as starting points. The goal is to select an ¢ that
reflects a meaningful degree of model variability relevant to the specific application.

B.7 Experiments for Data-Supported Counterfactual Generation

This section extends results from Section [6] Here, we provide plots for all datasets and hypothesis
spaces. More specifically, robustness and length results for linear models are shown in Figure [6]and
Figure [7]and for multi-layer perceptrons in Figure [3| and Figure [d Table [7] contains a snapshot of
figures when target epsilon is 10% of the optimal loss on the train data. The robustness-proximity
tradeoff plots are in Figure 9] for linear models and Figure [I0]for MLPs.

B.7.1 Examples of Counterfactuals Generated by ElliCE

Based on the German Credit dataset, we demonstrate ElliCE’s ability to generate meaningful and
actionable recourse. More specifically, when dealing with immutable features (those that cannot
be changed), ElliCE can impose immutable feature constraints by restricting candidate selection or
gradient flow, thereby generating realistic alternatives.

In Table[d] we present the original input, the closest output that is robust to model changes (over the
Rashomon set), and then the actionable output. Features such as “Age,” “Personal status & Sex,”
and whether someone is a “Foreign Worker” were held fixed and marked with {.

As input (second column), consider an applicant who was denied credit. The closest robust counter-
factual requires waiting 10 years, which is not feasible for the applicant. We allow changes in other
features such as “Credit amount” or “Duration” but fix “Age” and other features of choice, which
can be chosen by user depending on what is actionable for them at the time.

B.7.2 Analysis of Robustness

As shown in Figure @, across all five datasets (COMPAS, FICO, Diabetes, German and Australian)
as well as all metrics, ElliCE keeps high robustness score almost everywhere, indicating method’s
ability to adapt to different multiplicity levels. All three methods are robust to Retrain Robustness.
Note, that Retrain Robustness for linear models is not influenced by €aret in any way, due to a de-
terminism of linear solvers, thus the plots stay constant. Delta Robustness starts strong, but quickly
drops with increase of €greer. This shows that Delta Robustness is able to capture slight model per-
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Figure 9: Robustness vs length tradeoff on linear models for all datasets and methods. Data-
supported generation, €grger = 0.04.

turbations, but might not able to extend to more uncertainty. T:Rex performs on par or better than
Delta Robustness on all datasets except for COMPAS, showing overall similar behavior.

For MLPs, Figure |§| shows the robustness of ElliCE, Delta Robustness, and T:Rex across different
metrics (Retrain, AWP, and Rashomon dropout) and multiplicity levels (€arget)-

A method’s ability to maintain robustness for large ege values often depends on its capacity to
explore more distant counterfactuals as its internal hyperparameters are varied. Delta Robustness
exhibits this property of exploring further points. T:Rex, however, not always does. If T:Rex con-
siders a point robust for a given threshold 7, increasing 7 will not necessary change that specific
counterfactual, if it remains robust under new 7. ElliCE is designed to navigate the trade-off be-
tween counterfactual length and robustness. It increases counterfactual length strategically, only if
doing so leads to an improvement in robustness.

B.7.3 Analysis of Length

Figure [7] depicts, for each dataset, how the average ¢, distance of counterfactuals increases with
increasing e. For random retrain, all methods give approximately the same length. ElliCE tends to
be in the middle, but has the longest counterfactuals for FICO and COMPAS datasets. For FICO
dataset we observe a clear trade-off between robustness and length: while other methods struggle to
find robust counterfactuals on this dataset, ElliCE does it by increasing the length.

Figure [4] shows that, on average, both the counterfactual lengths themselves and their increasing
trends with €gge are similar across methods for MLPs.

B.7.4 Robustness-Length Trade-off

Figure [0] presents the robustness—length trade-off for linear models, computed as the average
achieved robustness on the validation dataset compared to the used length. It is noteworthy that for
the Retrain Robustness metric, all methods achieve high robustness scores, which can be attributed
to the lower variability typically observed in linear models under retraining. ElliCE demonstrates a
consistent trade-off, producing more robust examples as the length budget is increased. For Delta
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Figure 10: Robustness vs length tradeoff for all datasets and methods on MLPs. Data-supported
generation, e = 0.04.

Robustness, on the Diabetes and Australian datasets, increased counterfactual length does not always
translate to proportionally higher robustness compared to other methods.

Figureillustrates, for five benchmark datasets (with €rgec = 0.04), how counterfactual length ({2
distance) trades off against three robustness metrics: Dropout Robustness (top row), AWP robustness
(middle row), and Retrain robustness (bottom row).

All methods demonstrate a clear trade-off. On some datasets T:Rex explores a range of counterfac-
tual lengths that are, in some instances, shorter than those achieved by ElliCE or Delta Robustness
when ElliCE achieves comparable or higher robustness.

Additional figures for Continuous CE methods are presented in Figures[IT]and [12]

B.8 Experiments for Non-data Supported Counterfactual Generation

Figures [T3] and [T4] illustrate robustness across varying multiplicity levels (¢) for linear models on
five benchmark tabular datasets: Diabetes, Iris, Parkinson’s, Wine Quality, and Banknotes. We com-
pare ElliCE with PROPLACE, ROAR, and T:RexI, using Rashomon Dropout Robustness, AWP
Robustness, and Retrain Robustness metrics. In Table [§] we present all robustness and length re-
sults for Non-data Supported Counterfactual Generation for LMs and MLPs (Retrain columns for
linear models are filled with “-” due to the absence of randomness when training with a standard
deterministic linear solver).

For Random Retrain evaluator, all methods achieve perfect scores. This is likely because linear
models tend to not change upon retraining. Consequently, this also indicates that all methods achieve
perfect validity (i.e., a score of 1) for the retrain method.

Figures[I3]and [I6] present validity results. Most methods generally find valid counterfactuals.

Figures[T7]and[T8]illustrate the relationship between counterfactual length and robustness. While all
methods often start with similar counterfactual lengths for small multiplicity values, EIliCE distinc-
tively increases the length of counterfactuals to enhance robustness, especially as €qrger grows. Thus,
when robust counterfactuals are located nearby, other methods also tend to find them. However, if
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Figure 11: Robustness vs length tradeoff for all datasets and methods on linear models. Continuous
generation, e = 0.04.

achieving robustness at larger e values necessitates exploring more distant points (i.e., increasing the
length budget), ElliCE demonstrates a superior capability to do so effectively.

B.9 Data shift

To further support that the ElliCE effectively handles re-training scenarios (model shifts), we evalu-
ate our methods and baselines under the data shift scenario. Specifically, we split each dataset into
two parts: the first part was used to train our method (ElliCE) and baseline models, while the sec-
ond part was used exclusively to train the Random Retraining evaluator. This setup follows a setup
similar to that used by T:Rex and Argumentative Ensembling and ensures that the methods under
evaluation and the evaluator are trained on disjoint data, capturing a realistic data-shift scenario. For
counterfactual evaluation, we use the same data split that was used to train evaluators model (the
second data part described above). Under the data shift evaluation pipeline, ElliCE continues to
outperform or perform on par with the baselines across both continuous and data-supported settings.
Please see Figures 21| and 22| for more details.

C Delta-Robustness Works in the Last Layer under Reparameterization

Delta-Robustness, a leading baseline for generating robust counterfactual explanations, perturbs all
network parameters within an /,-norm ball of a given radius 4. Our analysis demonstrates a key
finding: under a specific model reparameterization Delta-Robustness works in the final layer of a
MLP, an approach similar to that of ElliCE.

This reparameterization implies that Delta-Robustness then approximates the model uncertainty set
in the last layer using an ¢.,-norm constraint (a hypercube), whereas ElliCE uses an f5-norm con-
straint (an ellipsoid). While ellipsoidal bounds are often presumed to offer a tighter fit for convex
losses, a hypercubic approximation might, in some cases, be more accurate. This geometric differ-
ence could potentially explain cases where Delta-Robustness performs better than ElliCE.

In this section, we establish theoretical limitations for delta interval approaches to robust counter-
factuals under model multiplicity. We prove that for certain model reparameterizations, establishing
robust counterfactuals becomes either too restrictive or computationally inefficient.

36



Diabetes Iris Parkinsons WineQuality Banknote

=

= 1.0 .ttt 1.0 wmeoms < ] () 0000 @ cocgmmen | () ) 1.0 ’.o
2 s 2 r 'O o
£0.8 0.8 0.8 038 7 o8
a 0.61 ° 0.6 . g 0.6 § 0.6 0.61 *
g04 04 0.4 0.4 0.4
2021 0.2 0.2 0.21. 0.2
g g o ,“' 2 . i
& 0.0 = 0.0 " mmmaiic : 0.0 : _0.04 0.0+ :
25 5.0 2 3 2 4 25 5.0 i 2
% 1.0 N"T‘. 1.0 W- 1.0 4000 @ cangeen | () 'a, aw 1.0 r..
208 0.8 0.8 081 | f 081 &
206 0.6 0.61 0.6 067
E 0.4 0.41 - 4 0.4 0.41 ..* 0.4
= 0.2 0.2 £ 0.2 A 0.2 7 0.215
0.0 s s _0.01 == 00 T oo W _ 0.0+ :
25 5.0 2 3 2 4 25 5.0 1 2
2 1.0] yr=ympmes <10 gromesmees 11,0 X 1.0 LYLEE 1.0  cpemnn
£08 0.8 A 0.8 S ¥ 081 = 7 o8
& ¥ $
067, 061 0.61 14 0.6 o 0.6
=044, 047 | 0.444 0.4 0.4
£02 021" 0.2 ok 0.2
51 L & -l Y
& 0.01 = == 0.01 = 0.0 - 0.0 S 0.0
25 5.0 2 3 2 4 25 5.0 1 2
L2 distance L2 distance L2 distance L2 distance L2 distance
[ « EIlCE (Ours)  + EIiCE+R (Ours) PROPLACE = ROAR T:RexIJ

Figure 12: Robustness vs length tradeoff for all datasets and methods. MLPs. Continuous genera-
tion. Egrger = 0.04.

C.1 Problem Setting

Consider a two-layer perceptron with input vector 2 € R?, weight matrices W, € R"*¢ and W, €
Re*" and bias vectors by € R”, b, € R°. The network output can be expressed as:

y:WQ'O'(W1X+b1)+bQ,

where o is a 1-Lipschitz non-linear activation function (e.g., ReLU). Throughout the following
theorems we adopt a threshold of 0.

Let © := {(W;,b;)}~; denote the network parameters of an L-layer network. One approach to
ensure robustness under model multiplicity is to establish a d-interval around these parameters. For
a fixed radius 6 > 0 we define an /..-ball:

Ms(©) = {© = {(W/, b)) Hy | max(|W; = W e, [Ibi = billoc) < .

Norm conventions. For the theoretical analysis, we measure weight perturbations using the in-
duced matrix co-norm
Al = max 3 4],
J

which controls the worst-case row-sum change and yields dimension-stable bounds. Our implemen-
tation uses entrywise (“box”) constraints

([ Allmax = max |Ajz;].
i,

If d 4 is the number of columns of A, these notions are related by
HA| max < ||A||OO < dA HAHmaxa

hence Box(d/d4) C Induced(d) C Box(d). Consequently, results proven under the induced norm
transfer to box perturbations up to a factor of d 4 in the radius (i.e., with appropriately rescaled 9).

(Above Box(9) := {A | [|A]|max < ¢}, and Induced(d) := {A | ||A|lcc < }.)

A counterfactual x. is considered d-robust if it maintains the desired prediction across all models in

Ms(O).
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C.2 Necessary Conditions for Delta-Robustness

We first establish necessary conditions for a meaningful delta-robustness analysis.

Proposition 1. Consider an L-layer network whose last affine layer is hy,(x) = Wrhy_1(x) + by,
with decision rule §(x) = 1[hr(x) > 0]. Assume the final-layer bias satisfies by, < 0.

Robust 0 — 1 counterfactuals (i.e., for a reference input x classified as 0 under the reference
parameters ©, there exists a counterfactual X that is classified as 1 under every ©' € My(0))
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exist within the {,-ball M5(0©) only if the perturbation radius 6 > 0 satisfies:

d < |IWLllso-

Proof. Assume that the perturbation radius satisfies § > ||Wp||. Consider a parameter set ©’ =

{(wWy, 8)) iLzl, where

W =W,

b; = bia

vie{l,...,L—

1},
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Figure 17: Length evaluation of Continuous ElliCE against baselines for linear models.
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Figure 18: Length evaluation of Continuous ElliCE against baselines for NN models. On x-axis we
have the target robustness level €ie and on y-axis the achieved I, length.

As all layers except the last one are unchanged, we can verify that ©' € M;s(0©):
WL = Willo = WL = Ollec = [[Wlloe <6,

For any input x in the last layer we have:

hlL(X) = WihL_l(X) + blL =0- hL_l(X) +br, =br, <0.

1o, = b [l = O

The model ©’ has a degenerate last layer that produces a constant output by, < 0 and predicts class
0 regardless of the input. Since this degenerate model belongs to Ms(0), no counterfactual x. can
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Figure 19: LOF evaluation of Continuous ElliCE against baselines for linear models. On x-axis we
have the target robustness level €,ge and on y-axis the achieved LOF score.
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Figure 20: LOF evaluation of Continuous ElliCE against baselines for NN models. On x-axis we
have the target robustness level €qgec and on y-axis the achieved LOF score.

be robust 0 — 1 with respect to all models in the interval. Therefore, to avoid this case, we must
have § < ||Wi||oo-

O

This proposition establishes our first condition (A) and provides a clear upper bound on the permis-
sible magnitude of §.
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Figure 22: Robustness evaluation of Data supported ElliCE against baselines for MLP for Data
Shift. On x-axis we have the target robustness level e and on y-axis the achieved Robustness
score.

C.3 The Impact of Model Reparameterization

Neural networks exhibit reparameterization invariance, where different parameter configurations can
represent functionally equivalent models. We now demonstrate that this property creates fundamen-
tal challenges for the delta interval approach.

Let a two-layer perceptron be given by
Yy = WQO’(Wlx + bl) + bo,
where W7, Wy are weight matrices, by, by are bias vectors and o is the ReLU activation.

Reparameterization can be achieved by scaling. For any a > 0 we define
1
Wi =awy, o\ =aby, W% =Wy, b =b,.
@

Because ReLU is positively homogeneous, i.e., o(az) = ao(z) for all & > 0, the output is un-
changed:

y = Wi o(W{¥% + 0{) + b5 = 22 o(a(Wix + 1)) + bo = y.

Ws
— 0
a
Theorem 6. Let

fo(x) = Waoo(Wix +b1) + b2, © = (Wy,b1, Wy, ba)

be a two-layer ReLU (1-Lipschitz) perceptron. Suppose the decision threshold is 0, input data is
X = [~1,1]¢ and the negative final bias by < 0.

Fix > 0 and v > 0. Suppose the following two conditions for © hold:

1. (A) Final-layer robustness bound:
6 < [[Walloo

(see Proposition[I))
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2. (B) Layer-wise tangibility:

For each layer i € {1,2}, there exists a parameter perturbation in that layer that is no larger
than 6 in £, norm that changes the output by at least y for some x € X.

Here, for a matrix A, || A||« denotes the induced matrix co-norm (maximum absolute row sum).

For any pair (W, b) and radius § > 0 set:

Bao((W,0),0) 1= { (W', 0) [ [IW' =W <0, [IV' = b]los < 6.

Now layer-wise tangibility condition for a particular pair W, b can be defined as:
sup [FW70) = FOW2, UWa, b, Uby)| > . 3)
€x

(W 1) EBo (W,D).5)

For binary classification, ~ can be set to:

v = min|f(x)].

Then there exists o« > 0 such that for the functionally equivalent reparameterization 0 =
(Wl(a), b§"), Wz(a), bga)), no choice of radius &' > 0 can simultaneously satisfy the correspond-
ing conditions (A) and (B) for the new model.

Proof. Fix a > 0 and consider the reparameterized model ©(®). Condition (A) for the new model
requires

o ||W2||oo
R

We now clarify how tangibility (B) is used in the proof. Since (B) must hold for each layer, it is
enough to show that, for sufficiently large o, no perturbation of the first layer with size at most '
can change the output by  for any input x € X. This contradicts layer-wise tangibility for layer
1=1.

We now establish a key lemma.

Lemma 2. Consider a two-layer neural network with inputs x € [—1,1]% and 1-Lipschitz activation

function o. Fix a second-layer weight matrix Wy. Let (W1,by) be a perturbation of (W1,b1) such
that
W1 — Willoo <6 and |b1 — b1leo < 0.

Then, for all x € [—1,1]4,

|’W20(W1x+ bl) — WQO’(Wlx +gl)||oo <2 - ||W2“w

Proof of Lemma. Let x € [—1,1]%. The change in the hidden representation satisfies
HU(Wlx +b1) — U(Wpc +,51)Hoo < H(Wl - Wﬂx + (b1 —gl)Hij

< Wi = Wilo [[%[lo + (101 = b1lloo
<5 1+46=25

where we used the 1-Lipschitz property of o and ||x||oc < 1. Therefore,
[Wao (Wix+b1) ~Wao (Wix+b1)|| . < [Wallso||o(Wix-+b1)—o (Wix+b1)|| < 26 [[Wa s
O
Returning to the main proof, consider any second-layer weight matrix Wz satisfying HWQ -
VVQ(O()HOO < ¢’. Then
T « w. 00
[Walloe < (WS o + 8" = 102l g1
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By the lemma, for any perturbation (Wl,gl) of the first layer with HWla) — Wl||Oo < ¢ and
16 — by]|o < &, we have, for all x € X,

—~ o o o T 7 774 W s
oo (W ) — Wi+ )|, <29 [Tl < 2 (12l

+5’).

Thus, in order for layer-wise tangibility (B) to hold for layer ¢ = 1, it is necessary that the maximum
possible change exceeds v, i.e.,

25'(% + 5') > 7.

Equivalently,
2(6")* + 26 % —v>0. )
Meanwhile (A) requires
& < ”W;HOO. (5)

For any fixed v > 0, as & — oo the linear term vanishes, so (@) forces

& > \/ZE>O

for some small constant e > 0. But for sufficiently large o we have

W
Si-e > el
(&%

sono ¢’ > 0 can satisfy both (@) and (©). This completes the proof. O

2[Walleo 5
2le2g

Implications

Under the hypotheses of the theorem, and more broadly whenever a single, layer-agnostic radius §
is used, two tendencies emerge:

1. If 4 is chosen comparatively large, the resulting J-interval may admit models in which some
layers could shrink to (near-)zero. Such potentially degenerate members of the interval
might predict the same undesired class for every input, so otherwise plausible counterfac-
tuals could cease to be robust.

2. Because neural networks admit reparameterizations that preserve their input—output be-
haviour, one may be able to construct an equivalent parameter set for which no positive
radius satisfies both the “non-degeneracy” and “tangibility” requirements. In other words,
a single global ¢ may fail to accommodate all members of a functionally equivalent family.

These observations suggest that—without additional machinery such as layer-specific or parameter-
specific radii—its ability to capture meaningful model multiplicity may be limited.

D Enhanced Algorithmic Recourse: Actionability, Sparsity, and Extended
Applications

This section presents additional contributions beyond the core ElliCE framework, including en-
hancements for actionability, sparsity control, plausibility evaluation, and extensions to broader
model classes and feature types. These improvements address practical deployment challenges and
extend the applicability of robust counterfactual generation to more diverse real-world scenarios.

D.1 Plausibility Evaluation

Plausibility is an essential part of counterfactual explanations, ensuring that generated recourse lies
in realistic regions of the feature space.
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To quantify plausibility, we adopt the Local Outlier Factor (LOF) score, a widely used measure
of local density deviation in outlier detection [32]. Let S denote the training dataset, x € R? a
query point, and L (x) the set of its k& nearest neighbors in S under an ¢, distance 4(-, -). For any
neighbor x. € Ly (x), we define the k-distance of x. as dy(X.), and the reachability distance of x
with respect to x.. as

Ta, (X, Xc) == max{d(x, X.), di(Xc)}.
The local reachability density of x is then

| Ly, (x)]
ZxCeLk (x) Tdy, (X7 xc)

Irdg(x) :=

Finally, the LOF score of x with respect to .S is defined as

L 1 lrdk(xc)
LOFk,S(X) = m Z )m

Xc €L (x

By construction, LOF}, g(x) = 1 indicates that x lies in a region of comparable density to its
neighbors, and is therefore considered plausible. Values LOFy s(x) > 1 suggest that  lies in a
relatively sparse region (i.e., more outlier-like), while values < 1 indicate higher-than-average local
density. For a set of counterfactuals, we report the mean LOF score across all points. This measure
provides a principled way to compare the plausibility of counterfactuals generated by ElliCE and
competing baselines.

For data-supported counterfactuals, ElliCE achieves plausibility comparable to baseline methods
since explanations lie on the data manifold by construction. For non-data-supported counterfactu-
als, ElliCE performs competitively with methods not specifically designed for plausibility, outper-
forming TRexI and ROAR on the diabetes dataset while maintaining superior robustness guarantees.
PROPLACE, which is explicitly designed for plausibility optimization, achieves better LOF scores
but at the cost of reduced robustness as demonstrated in our main experimental results.

LOF metrics results are presented in Figures [§] [5] [[9]and [20]

The inherent robustness-proximity trade-off in ElliCE, explored in section |B} naturally contributes
to improved plausibility. By requiring counterfactuals to remain valid across multiple models in the
Rashomon set, our method pushes explanations away from unstable regions near decision bound-
aries, often resulting in more realistic feature combinations that better align with the underlying data
distribution.

D.2 Actionability Enhancements

In practical deployment, counterfactual explanations must respect application-specific constraints
that restrict which features can be modified and how these modifications may occur. To incorporate
such requirements, we extend ElliCE with actionability-aware mechanisms that ensure generated
recourse recommendations remain feasible.

D.2.1 Immutable Features and Directional Constraints

We distinguish two primary classes of actionability constraints. (1) Immutable features: attributes
such as demographic characteristics or historical records that cannot be modified. These are enforced
by gradient masking in continuous optimization and by pre-filtering in data-supported search. (2)
Range-constrained features: attributes restricted to remain within predefined feasible intervals. This
general class includes monotonic one-directional changes as a special case, e.g., non-decreasing ed-
ucation level or non-increasing debt. Range constraints are enforced by projection operators during
optimization and by pre-filtering infeasible candidates in search-based methods.

Table 4| reports an illustration using the German Credit dataset. The example contrasts the closest
counterfactual with an actionable alternative that respects immutability (e.g., age, foreign worker,
gender). The results demonstrate the trade-off between minimal proximity and constraint satisfac-
tion: actionable counterfactuals require larger modifications but remain valid and feasible. The
example in the Table 4| was generated using Continuous ElliCE method.
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Algorithm 3 Continuous Sparsity Optimization

Require: original instance x, model parameters 6, constraint set C
Ensure: sparse robust counterfactual x.
1: x. ¢ x

Run full optimization to accumulate gradient magnitudes g; for each feature ¢
Rank features by decreasing |g;| to obtain list £
A— @
for feature i € £ do

A+ AU {i}

Optimize x. with gradients masked outside .4 and x. projected onto C (range and im-
mutability constraints) during each step

if robustness criterion is satisfied then

break

10: return x.

AR A

o %

D.3 Sparsity Control

Sparse counterfactuals, which alter fewer features, are generally more interpretable and actionable.
ElliCE incorporates possibility of sparsity control for both data-supported and continuous optimiza-
tion settings.

D.3.1 Data-Supported Sparsity Optimization

For data-supported methods, sparsity is promoted either by criteria-based filtering or by a modified
BallTree distance:
v(x1,%2) = C'+ ||lx1 — Xalo + [lx1 — %21

where C' > 0 controls the relative importance of sparsity. Larger values of C' emphasize reducing
the number of modified features, while smaller values prioritize proximity. This formulation enables
efficient sublinear search while balancing sparsity and distance objectives.

Moreover, ElliCE is method-agnostic with respect to nearest neighbor search and supports any avail-
able algorithm, including standard KDTree search with ¢; or ¢ distances.

D.3.2 Continuous Sparsity Optimization

For gradient-based methods, sparsity is enforced through an iterative procedure that integrates fea-
ture importance ranking, greedy selection, and coordinate masking. The procedure is summarized in
Algorithm 3] This procedure produces counterfactuals that are both robust and sparse by modifying
only the most influential features while preventing unnecessary changes.

D.4 Multi-Class Extension

Although our primary analysis considers binary classification, EIliCE naturally extends to multi-
class settings while preserving convexity. For K classes and target y*, we impose robustness con-
straints against all competitors:

mjn [0;—* Xe — GZXC] > T, Ve 7é y*7
0cR(e)

where 7 > 0 is a robustness margin. This produces K — 1 second-order cone constraints, main-
taining computational tractability. For neural architectures, we apply the ellipsoidal Rashomon ap-
proximation in embedding space, with optimization via gradient descent. All theoretical guarantees
(uniqueness, stability, alignment) remain intact under this extension.

D.5 Mixed Feature Types with Gumbel-Softmax
Many real-world datasets contain a mixture of continuous and categorical variables, which compli-

cates joint optimization. We adopt a unified relaxation strategy that treats the two types differently
but within a single optimization framework.
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Table 5: Runtime performance. Data supported CE for MLP. Time required for method-dependent
preprocessing and for computing counterfactuals on the validation set for each subfold.

Dataset [ ElliCE ElliCE+R T:Rex Delta Rob
Linear

FICO 1.521 +£0.019 — 5.447 + 0.062 10.734 £ 0.070
COMPAS | 0.816 £0.016 — 3.037+0.056 4.640 £+ 0.053
Australian | 0.055 £ 0.007 — 0.288 £0.010  0.544 4+ 0.008
Diabetes | 0.051 £ 0.000 — 0.266 £ 0.004 0.413 £ 0.005
German 0.089 + 0.008 — 0.433 £0.008 1.214 £+ 0.023
MLP

FICO 1.792 £0.123 1.283 £0.076 7.006 & 0.058 242.035 + 1.161
COMPAS | 0.526 £0.011 0.443 +0.014 3.534 £0.128 360.480 £+ 6.701
Australian | 0.057 £0.011 0.036 & 0.003 0.281 £0.006 2.783 4 0.032
Diabetes | 0.053 = 0.001 0.033 & 0.001 0.296 £ 0.006  1.922 4 0.032
German 0.101 £0.001 0.037 +0.001 0.432 +0.013  9.905 % 0.068

Table 6: Runtime performance. Continuous CE for MLP. Time required for method-dependent
preprocessing and for computing counterfactuals on the validation set for each subfold.

Dataset [ ElliCE ElliCE+R T:Rex ROAR PROPLACE
Linear

Diabetes 0.250 £+ 0.031 — 19476 £ 1.116 15.282 +1.533 0.836 + 0.038
Iris 0.563 = 0.023 3.219 £ 0.354 15.603 + 0.242 0.639 + 0.008
Parkinsons 12.339 + 4.898 81.553 +13.906  73.409 £+ 11.057 11.157 £+ 0.256
Wine Quality | 1.407 £ 0.061 54.151 £ 2.269 58.821 £ 1.432 4.876 + 0.158
Banknote 0.493 + 0.010 6.579 + 9.541 19.914 + 11.567 1.088 +£0.017
MLP

Diabetes 4.861 &+ 1.539 1.122 £0.578 56.104 £+ 12.937 9.448 + 0.579 78.323 £+ 85.695
Iris 0.562 + 0.025 0.476 + 0.008 20.984 4+ 3.801 17.134 £ 1.816 3.703 + 0.383
Parkinsons 112.323 £ 6.253 1.409 £0.037 25.771 £10.461 104.660 + 14.314 —

Wine Quality | 26.961 £4.745 17.199 £4.981 160.531 £ 37.765 39.688 £5.101  869.119 4 794.885
Banknote 0.631 = 0.030 0.526 + 0.062 14.770 + 3.422 22.985 £+ 3.777 10.622 + 2.580

Continuous features. Continuous variables are optimized directly in R?, with projection opera-
tors enforcing domain-specific constraints such as feature bounds and immutability.

Categorical features. Each categorical variable represented by a one-hot group is relaxed into
a probability vector using the Gumbel-Softmax distribution. Given a logit vector z € RX for
a categorical group with K possible categories, we draw Gumbel noise g; ~ Gumbel(0, 1) and
compute

exp((z; + gi)/7)

K K
> expl(zj +95)/7)
where 7 > 0 is a fixed temperature parameter. As 7 — 0, y approaches a one-hot vector, while for
larger 7 the distribution is smoother. In practice, we keep 7 fixed during optimization, yielding a dif-

ferentiable approximation that allows backpropagation through categorical choices while preserving
the simplex constraint ) _, y; = 1.

K

T [ )

Unified optimization. The counterfactual candidate x. is obtained by combining continuous vari-
ables with the relaxed categorical vectors y. Gradient-based updates are applied jointly to both parts,
with projection steps ensuring immutability and range constraints. During optimization, we sample
discrete counterfactuals by fixing continuous values and drawing one-hot categorical assignments.
If at least one sampled counterfactual satisfies the robustness condition, gradient optimization is ter-
minated. A fixed number of additional samples are then evaluated to explore whether a better robust
counterfactual can be identified.
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Table 7:

0. 1-Z/train (fbaseline ) .

Performance comparison of Data-Supported counterfactual methods at egarger

Evaluation Metrics

Dataset | Method Retrain Dropout Rashomon AWP
Rt L2} Rt L2} Rt L2}
Linear models
EIiCE - — 0.981 (0.03) 2.46 (0.12) ] 0.991 (0.01) 2.57 (0.15)
Australian | DeltaRob — — 0.722 (0.28) 2.64 (0.32) | 0.531 (0.30) 2.51 (0.25)
T:Rex — — 0.988 (0.01) 2.62 (0.16) | 0.983 (0.01) 2.73 (0.18)
EIiCE — — 0.501 (0.50) 2.35 (0.91) | 0.500 (0.50) 2.13 (1.12)
COMPAS | DeltaRob — — 0.001 (0.00) 1.24 (0.11) | 0.000 (0.00) 1.09 (0.04)
T:Rex — — 0.000 (0.00) 0.77 (0.02) | 0.000 (0.00) 0.77 (0.02)
EIiCE — — 0.964 (0.06) 2.65 (0.06) | 0.989 (0.01) 3.10 (0.22)
Diabetes | DeltaRob — — 0.670 (0.33) 2.97 (0.44) | 0.033 (0.02) 2.39 (0.20)
T:Rex — — 0.946 (0.04) 3.04 (0.18) | 0.685 (0.27) 3.43 (0.43)
EILCE — — 1.000 (0.00) 4.93 (0.17) | 1.000 (0.00) 5.46 (0.14)
FICO DeltaRob — — 0.068 (0.03) 3.61 (0.19) | 0.008 (0.00) 3.74 (0.06)
T:Rex — — 0.035 (0.02) 3.02 (0.15) | 0.003 (0.00) 2.89 (0.25)
ElliCE — — 1.000 (0.00) 3.99 (0.20) | 0.997 (0.01) 3.85 (0.11)
German | DeltaRob — — 0.983 (0.02) 4.34 (0.57) | 1.000 (0.00) 4.01 (0.14)
T:Rex — — 0.969 (0.04) 3.91 (0.16) | 1.000 (0.00) 3.92 (0.16)
Multi-layer perceptron
EICE | 1.000 (0.00) 2.30 (0.14) [1.000 (0.00) 2.61 (0.14)[0.954 (0.04) 2.51 (0.15)
Australian | ELICE+R | 0.996 (0.01) 2.24 (0.13)|0.993 (0.01) 2.70 (0.23) | 0.954 (0.05) 2.53 (0.13)
DeltaRob |1.000 (0.00) 2.28 (0.15) [ 1.000 (0.00) 3.16 (0.45) | 1.000 (0.00) 3.29 (0.45)
T:Rex 0.996 (0.01) 2.25 (0.09) | 0.992 (0.01) 2.69 (0.13) | 0.942 (0.08) 2.82 (0.40)
EICE | 1.000 (0.00) 1.12 (0.12)|0.814 (0.32) 1.65 (0.17) | 0.430 (0.35) 1.79 (0.15)
COMPAS | EIICE+R | 0.999 (0.00) 1.08 (0.19) | 1.000 (0.00) 1.86 (0.04) | 0.998 (0.00) 1.99 (0.05)
DeltaRob |1.000 (0.00) 1.20 (0.10) [ 0.999 (0.00) 1.92 (0.16) | 0.775 (0.39) 2.31 (0.42)
T:Rex 0.422 (0.34) 0.72 (0.06) | 0.000 (0.00) 0.63 (0.02) | 0.000 (0.00) 0.60 (0.02)
EICE | 1.000 (0.00) 2.27 (0.13)|0.993 (0.01) 2.78 (0.26) | 1.000 (0.00) 3.11 (0.18)
Diabetes | EIICE+R | 0.992 (0.01) 2.24 (0.17) | 0.996 (0.01) 2.81 (0.21) | 0.980 (0.03) 3.01 (0.34)
DeltaRob | 0.947 (0.06) 2.39 (0.13) | 0.549 (0.23) 2.50 (0.15) | 0.302 (0.17) 2.50 (0.03)
T:Rex 0.988 (0.02) 2.25(0.16) | 0.962 (0.06) 3.06 (0.34) | 0.869 (0.08) 3.09 (0.26)
EILCE | 1.000 (0.00) 3.53 (0.17) | 1.000 (0.00) 4.91 (0.22) | 1.000 (0.00) 5.06 (0.29)
FICO EIICE+R | 1.000 (0.00) 3.72 (0.23) | 1.000 (0.00) 4.75 (0.17) | 0.993 (0.01) 5.58 (0.62)
DeltaRob | 1.000 (0.00) 4.00 (0.10) | 1.000 (0.00) 5.67 (0.58) | 0.957 (0.07) 5.70 (0.72)
T:Rex 0.830 (0.08) 3.12(0.07) | 0.006 (0.00) 3.07 (0.11) | 0.001 (0.00) 2.77 (0.19)
EILCE | 1.000 (0.00) 3.48 (0.10) | 0.996 (0.01) 4.32 (0.31) | 1.000 (0.00) 4.00 (0.24)
German | EIICE+R | 0.990 (0.02) 3.44 (0.08) | 0.996 (0.01) 4.00 (0.06) | 0.947 (0.06) 3.94 (0.17)
DeltaRob |0.982 (0.01) 3.45 (0.06) | 0.988 (0.02) 4.00 (0.15) | 1.000 (0.00) 3.99 (0.22)
T:Rex 0.989 (0.01) 3.47 (0.04) | 0.967 (0.02) 4.03 (0.20) | 0.989 (0.01) 4.23 (0.24)
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Table &:

O.lﬁtmin( Soaseline) (continuous datasets), using L2 distance.

Performance comparison of Continuous counterfactual methods at Egarger

Evaluation Metrics

Dataset Method Retrain Dropout Rashomon AWP
Rt L2] Rt L2) Rt L2
Linear models
ElliCE — — 0.623 (0.26) 1.470 (0.07)[0.993 (0.00) 1.259 (0.04)
Banknote PROPLACE — — 0.069 (0.03) 1.329 (0.07) | 0.668 (0.14) 1.348 (0.07)
ROAR — — 0.002 (0.00) 0.890 (0.13) | 0.399 (0.11) 0.890 (0.13)
T:Rex — — 0.132 (0.08) 1.163 (0.05) | 0.814 (0.05) 1.163 (0.05)
EIliCE — — 0.996 (0.01) 2.669 (0.13) | 0.996 (0.01) 2.914 (0.17)
Diabetes PROPLACE — — 0.499 (0.14) 2.242(0.15) | 0.118 (0.10) 2.357 (0.11)
ROAR — — 0.970 (0.02) 2.962 (0.15) | 0.973 (0.02) 3.010 (0.12)
T:Rex — — 0.974 (0.02) 4.188 (0.46) | 0.808 (0.10) 4.188 (0.46)
EIliCE — — 1.000 (0.00) 3.265 (0.15) | 1.000 (0.00) 3.213 (0.10)
Tris PROPLACE — — 0.745 (0.27) 2.929 (0.08) | 0.633 (0.23) 2.929 (0.08)
ROAR — — 0.105 (0.11) 2.578 (0.13) | 0.005 (0.01) 2.492 (0.19)
T:Rex — — 0.173 (0.11) 2.701 (0.14) | 0.060 (0.06) 2.552 (0.20)
EIliCE — — 0.997 (0.00) 4.236 (1.03) | 0.997 (0.00) 3.621 (1.22)
Parkinsons | PROPLACE — — 0.269 (0.09) 3.062 (0.11) | 0.046 (0.01) 2.414 (0.04)
ROAR — — 0.923 (0.13) 2.419 (0.23) | 1.000 (0.00) 2.080 (0.15)
T:Rex — — 0.919 (0.10) 2.148 (0.18) | 0.986 (0.01) 2.148 (0.18)
EIliCE — — 0.998 (0.00) 3.300 (0.20) | 0.998 (0.00) 3.306 (0.07)
Wine Quality | PROPLACE — — 0.470 (0.11) 3.037 (0.29) | 0.154 (0.09) 3.030 (0.29)
ROAR — — 0.973 (0.02) 3.502 (0.13) | 0.994 (0.01) 3.431 (0.31)
T:Rex — — 0.961 (0.02) 3.470 (0.19) | 0.978 (0.01) 3.470 (0.19)
Multi-layer perceptron
ElliCE 1.000 (0.00) 1.125 (0.06) ] 0.995 (0.01) 1.644 (0.13)]0.990 (0.01) 1.475 (0.09)
EIICE+R | 0.995 (0.01) 1.116 (0.08) | 0.993 (0.01) 1.496 (0.09) | 0.993 (0.01) 1.365 (0.06)
Banknote PROPLACE | 1.000 (0.00) 1.339 (0.05) | 0.619 (0.26) 1.386 (0.02) | 0.692 (0.30) 1.386 (0.02)
ROAR 1.000 (0.00) 2.323 (0.03) | 1.000 (0.00) 2.323 (0.03) | 1.000 (0.00) 2.323 (0.03)
T:Rex 0.993 (0.01) 1.188 (0.11) | 0.988 (0.02) 1.563 (0.12) | 1.000 (0.00) 1.563 (0.12)
EIliCE 0.977 (0.01) 2.146 (0.39) | 0.985 (0.02) 3.050 (0.34) | 0.980 (0.02) 3.221 (0.40)
, EIICE+R | 0.978 (0.04) 2.133 (0.33) | 0.965 (0.02) 2.864 (0.46) | 0.985 (0.00) 3.414 (0.63)
Diabetes PROPLACE | 0.482 (0.48) 2.007 (0.05) | 0.187 (0.28) 2.007 (0.05) | 0.079 (0.19) 2.007 (0.05)
ROAR 0.864 (0.11) 1.858 (0.24) | 0.400 (0.28) 1.858 (0.24) | 0.308 (0.26) 1.858 (0.24)
T:Rex 0.944 (0.03) 2.471 (0.86) | 0.899 (0.08) 4.181 (0.36) | 0.940 (0.04) 4.181 (0.36)
EIliCE 0.995 (0.01) 2.492 (0.17) | 1.000 (0.00) 2.936 (0.12) | 0.998 (0.00) 2.333 (0.10)
. EIiCE+R  |0.975 (0.03) 2.401 (0.18) | 0.970 (0.03) 2.916 (0.21) | 0.995 (0.01) 2.193 (0.10)
Iris PROPLACE | 1.000 (0.00) 2.929 (0.08) | 1.000 (0.00) 2.933 (0.08) | 1.000 (0.00) 2.929 (0.08)
ROAR 0.930 (0.03) 2.851 (0.09) | 0.758 (0.08) 2.851 (0.09) | 0.930 (0.03) 2.851 (0.09)
T:Rex 1.000 (0.00) 2.838 (0.34) | 0.922 (0.08) 2.973 (0.15) | 0.992 (0.01) 2.201 (0.11)
EIiCE 0.885 (0.02) 2.560 (0.32) | 0.999 (0.00) 1.226 (0.18) | 0.999 (0.00) 1.403 (0.07)
EIlICE+R | 0.610 (0.07) 1.170 (0.07) | 0.996 (0.00) 1.112(0.07) | 0.993 (0.00) 1.100 (0.10)
Parkinsons PROPLACE o o . o . o
ROAR 0.593 (0.15) 1.902 (0.21) | 0.853 (0.08) 1.902 (0.21) | 0.854 (0.08) 1.902 (0.21)
T:Rex 0.577 (0.06) 1.062 (0.04) | 0.990 (0.00) 1.062 (0.04) | 0.987 (0.00) 1.062 (0.04)
EIliCE 0.964 (0.02) 3.695 (0.39) | 0.978 (0.01) 3.457 (0.38) ] 0.939 (0.04) 3.653 (0.42)
. | EICE+R | 0.969 (0.03) 4.185 (0.70) | 0.978 (0.02) 2.848 (0.30) | 0.997 (0.00) 4.266 (0.67)
Wine Quality | pRopLACE | 0.159 (0.16) 1.796 (0.05) | 0.068 (0.07) 1.796 (0.05) | 0.020 (0.03) 1.796 (0.05)
ROAR 0.918 (0.04) 2.674 (0.06) | 0.867 (0.06) 2.674 (0.06) | 0.755 (0.10) 2.674 (0.06)
T:Rex 0.877 (0.05) 3.252(0.32) | 0.931 (0.03) 3.252 (0.32) | 0.900 (0.04) 3.252 (0.32)
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