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Abstract

Recently, physics-informed neural networks (PINNs) have gained attention in
the scientific community for their potential to solve partial differential equations
(PDEs). However, they face challenges related to resource efficiency and slow
convergence. Adaptive sampling methods, which prioritize collocation points with
high residuals, improve both efficiency and accuracy. However, these methods
often neglect points with medium or low residuals, which can affect stability as the
complexity of the model increases. In this paper, we investigate this limitation and
show that high residual-based approaches require stricter learning rate bounds to
ensure stability. To address this, we propose a Langevin dynamics-based Adaptive
Sampling (LAS) framework that is robust to various learning rates and model
complexities. Our experiments demonstrate that the proposed method outperforms
existing approaches in terms of relative L2 error, and stability across a range of envi-
ronments, including high-dimensional PDEs where Monte Carlo integration-based
methods typically suffer from instability. The implementation code is publicly
available at https://github.com/neurips2025-las/LAS-implementation.

1 Introduction

Partial differential equations (PDEs) describe a wide range of physical phenomena, including heat
transfer [17, 8], fluid flow [37, 18, 33], wave propagation [34, 5], optics, and epidemiology [26, 36].
Accurate and efficient PDE solutions are vital across many industries. With recent advances in deep
learning, physics-informed neural networks (PINNs) have emerged as a promising approach for
solving PDEs. PINNs train by minimizing errors from initial conditions (IC), boundary conditions
(BC), and PDE residuals at collocation points [31, 49, 12, 41, 23]. These error terms are treated as
soft constraints, guiding the model to satisfy essential physical requirements.

This collocation-based learning method enhances the capability of PINNs by reducing the need
for extensive experimental data collection across spatio-temporal ranges, demonstrating success
in various industries as a promising alternative to traditional numerical methods such as the finite
difference method and the finite element method [50, 2, 25]. However, collocation-based PINN
(hereafter referred to as PINNs) encounter challenges in efficiently setting collocation points within
the constraints of a limited sampling budget and in achieving fast convergence to accurate solutions.
A key challenge arises from the presence of small regions with abrupt changes, in contrast to larger,
smoother regions. This issue is particularly evident in stiff PDEs, which are often characterized by
discontinuities, such as sudden transitions or jumps across the spatio-temporal domain.
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Adaptive sampling in PINNs mainly follows two strategies: residual distribution-based methods,
which resample points proportionally to residual magnitudes, and high residual-based methods, which
prioritize large-residual points while neglecting low-residual regions. The latter often yields strong
empirical results but risks distorting the residual distribution. This raises a key question: should
adaptive sampling focus exclusively on high residuals? Addressing this question requires a careful
analysis of the trade-offs and risks inherent in different sampling schemes.

In this work, we respond by proposing a principled alternative: Langevin dynamics-based adap-
tive sampling (LAS). Through a series of theoretical and empirical analyses, we demonstrate that
LAS consistently achieves reliable relative L2 errors and stable convergence across diverse PDEs,
architectures, and hyperparameters, outperforming existing methods in robustness and scalability.

2 Background and Related Work

Physics-informed neural networks. The basic PINN framework [35] utilizes deep neural networks
as function approximators f� to estimate the solution u of a non-linear PDE:

ut +Nx[u] = 0, x 2 X � Rd, t 2 [0, T ]; (2.1)

u(x, 0) = h(x), x 2 X � Rd; (2.2)

u(x, t) = g(x, t), x 2 ∂X � Rd, t 2 [0, T ], (2.3)

where u(x, t) denotes the hidden solution at spatial and temporal coordinates x, t, Nx[�] is the non-
linear differential operator, X is the spatial domain, ∂X is the boundary, and T is the time range.
The spatio-temporal domain is 
 = X � [0, T ], with collocation point x = (x, t) 2 
. The PDE
residualsR�(x) and loss function on collocation points P = fxngNpde

n=1 � 
 are calculated as:

R�(x) =
∂

∂t
f�(x) +Nx[f�](x),x 2 
; (2.4)

Lpde(fxng; θ) = Ex∼U(Ω)jR�(x)jk � 1

Npde

NpdeX
n=1

jR�(xn)jk, (2.5)

where U(
) is the uniform distribution over 
 and Npde represents the number of sample points of
PDE loss. Then, in a similar manner, the total loss function L is defined as:

L(fxtotal
n g; θ) = λpdeLpde(fxng; θ) + λicLic(fxic

ng; θ) + λbcLbc(fxbc
n g; θ).

Hyperparameters λpde, λic, and λbc control the balance between the PDE, IC, and BC loss terms.
Then, f� is trained to estimate appropriate solution u for PDEs by minimizing the total loss L.

Adaptive sampling based on residual distribution. Classical PINNs generally adopt uniform
collocation sampling. To improve efficiency, a residual-based adaptive sampling strategy was
proposed [31], where each point xn is drawn with probability p(xn) := |R�(xn)|k∑

m |R�(xm)|k . Building on
this idea, the residual-based adaptive distribution (RAD) [47] introduces a hyperparameter c: p(x) /
|R�(x)|k

E[|R�(x)|k] + c. Here, k highlights high-residual regions, while c enforces a degree of uniformity.
By tuning these parameters, RAD flexibly balances exploration and exploitation depending on the
problem structure. More recently, Gaussian mixture distribution-based adaptive sampling (GAS) has
been proposed [20], where high-residual validation points serve as the means of a Gaussian mixture
model (GMM), and the reciprocals of residual gradients determine the diagonal covariances.

Adaptive sampling focused on high residuals. Alongside residual distribution-based approaches,
another major line of work explores sampling methods that do not explicitly approximate the
underlying distribution. These methods can often be viewed as special cases of RAD under extreme
k, c settings, but we categorize them here based on whether they estimate a sampling distribution.

A representative approach is residual-based adaptive refinement (RAR) [27], which iteratively selects
the top-M high-residual points until the mean residual falls below a tolerance. Although effective,
RAR continually accumulates points and increases computational cost. To improve efficiency, the
R3 method [10] retains high-residual points, uniformly resamples for diversity, and discards low-
residual points. Similarly, failure-informed PINNs (FI-PINNs) adaptively sample from regions where
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residuals exceed a threshold, using strategies such as self-adaptive importance sampling or subset
simulation [14, 13]. Beyond these sampling strategies, recent work has questioned the appropriateness
of the L2 loss for solving Hamilton-Jacobi-Bellman (HJB) equations [43]. In response, adversarial
training methods targeting the L∞ norm have been introduced. As we discuss later, this framework
leverages partial gradient information and inherently emphasizes high-residual regions in sampling.

Theoretical analysis of the concentration effect. While many adaptive sampling methods have
shown promising results, several theoretical aspects remain unclear. In particular, there is a lack of
theoretical analysis regarding the concentration effect. Although numerous studies report success
with adaptive sampling, there is limited analysis on the impact of focusing primarily on high residuals.

To bridge this analytical gap, we investigate how learning stability is influenced by the extent to which
high residuals are emphasized relative to model complexity. Our analysis reveals that an excessive
focus on high residuals may lead to performance degradation in PINN training.

3 Analysis of the Learning Stability

3.1 The Effect of Sampling Concentration

In this work, we define sampling concentration as the spatial aggregation of collocation points within
regions characterized by large residual magnitudes. Such strategies have been shown to improve
accuracy, efficiency [28, 24], stability [7, 45], and physical consistency [21, 46, 39] in PINN training.
In this section, we analyze the effects of sampling concentration theoretically.

Setup. Consider the partial differential equation defined over the domain 
 = X � [0, T ]. Assume
that we have N collocation points forming the sample population P = fxngNn=1 � 
, sampled from
a uniform distribution U(
).
Assumption 3.1. For analytical simplicity, we assume that the residual error of the PDE at each
collocation point xn can be expressed as a linear combination of feature-mapped vectors, given an
appropriate feature map ϕ : 
! RD. Specifically, we represent the residual error as follows:

R�(xn) =
∂

∂t
f�(xn) +Nx[f�](xn) (3.1)

= a(θ)⊤ϕ(xn; θ) (3.2)

=

DX
d=1

ad(θ)ϕd(xn; θ). (3.3)

We regard the sampling methodology as a weighting of each sample point depending on the residual
R�(xn) and set k = 2. Thus, we can represent the loss function L(P; θ) =

PN
n=1 wnjR�(xn)j2.

Assume that we are solving for the solution based on the gradient descent (GD) algorithm. Then,

θl+1 = θl � ηr�
 

NX
n=1

wlnjR�l(xn)j2
!
, (3.4)

where the weights assigned to each sample point for iteration l are determined as follows:

wln / exp

� jR�̃l(xn)j2
β2

�
, n 2 f1, ..., Ng. (3.5)

Additionally, wln is normalized to satisfy
P

x∈P wln(x) = 1 and the parameter β > 0 preceding the
residual controls the concentration of sampling with respect to the residuals. Note that the parameters
~θl = (~θl1, . . . ,

~θlD) used to calculate the importance weights do not participate in the model parameter
update process. Furthermore, in contexts where the meaning is clear, we will no longer explicitly
indicate that ϕ is parameterized by θ, i.e., denote ϕ(x; θ) as ϕ(x).

For iteration l, we focus on two extreme cases of interest: when β is too large (uniform sampling),
most samples receive uniform weights, resulting in uniform sampling. Conversely, when β is close
to 0 (high residual sampling), the effect is dominated by the sample with the highest residual. To
explore this in more depth, consider the following propositions.
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Proposition 3.1 (Steepness of the uniform sampling). When the sampling concentration parameter β
is sufficiently large, the maximum eigenvalue of the Hessian of the loss function can be approximated
as 2λmax(�), where � = Ex∼U(Ω)[ϕ(x)ϕ(x)⊤] and λmax(�) is the maximum eigenvalue of �.

Proposition 3.2 (Steepness of the high residual sampling). When the sampling concentration pa-
rameter β is sufficiently small, the maximum eigenvalue of the Hessian of the loss function can be
approximated as 2kϕ(x∗)k2, where x∗ = arg maxx∈P jR�(x)j2 is the maximum residual point.

Detailed proof can be found in Appendix B.1, B.2. It is well known that to ensure the convergence of
GD algorithms, the learning rate η must satisfy the following relationship with the largest eigenvalue
λmax of the Hessian of the loss function: η < 2

�max
[6]. Therefore, we consequently aim to examine

the relationship of the largest eigenvalue in two extreme cases of β. Before presenting the main result,
we introduce two additional assumptions that formalize phenomena typically observed in neural
network-based models as their complexity increases.

Assumption 3.2. In high-dimensional feature space, jjϕ(x)jj follows a heavy-tailed distribution.
More specifically, P(kϕ(x)k > ζ) � g(�)

�� for large ζ, where � represents asymptotic equivalence,

g(ζ) satisfies 8t > 0, lim�→∞
g(t�)
g(�) = 1 and α > 0 indicates the thickness of the tail.

This assumption is substantiated by both empirical evidence and theoretical insights. The heavy-tailed
nature of feature vectors has been documented in several studies [29, 30, 3], and theoretically, in
high-dimensional settings with complex dependencies, classical assumptions of Gaussianity often
break down, and heavy-tailed models provide a more accurate fit to the observed distributional
behavior [4, 16, 40]. Next, we impose an assumption concerning the representative characteristics
encoded in the norms of feature vectors.

Assumption 3.3. As the model complexity D increases, the feature vector with the maximal norm
becomes increasingly representative, which results in the following: maxx∈P kϕ(x)k � kϕ(x∗)k
where x∗ = arg maxx∈P jR�(x)j2 is the maximum residual point.

This assumption can be seen as a concentration of measure phenomenon in high-dimensional spaces
[11, 42, 32, 15]. We note that Assumptions 3.2 and 3.3 do not generally hold in isotropic settings.
However, they become statistically valid under (i) the low-temperature limit β ! 0, and (ii) the
high-dimensional regime D � 1 with heavy-tailed feature norms. Specifically, writing R�(x) =
a(θ)⊤ϕ(x), we have jR�(x)j2 = ϕ(x)⊤Qϕ(x) where Q = a(θ)a(θ)⊤ is rank-one. In this context,
we reason as follows to determine under what conditions ϕ(x)⊤Qϕ(x) � ϕ(x)⊤ϕ(x) holds.

In the limit β ! 0, the samples concentrate on regions with largeR�(x), thereby biasing ϕ(x) toward
alignment with a(θ) and large norm. Moreover, for D � 1, feature vectors are nearly orthogonal,
so large jR�(x)j2 occurs only when ϕ(x) is both high-norm and well-aligned. Consequently,
arg maxx jR�(x)j2 � arg maxx kϕ(x)k2 holds with high probability in this structured regime.

To support the validity of Assumptions 3.1 through 3.3, we provide a consolidated empirical veri-
fication in Appendix A, demonstrating their general applicability across a broad range of settings.
Finally, under the scaling assumption that the number of samples N grows linearly with model size
D as N = cD, we derive our main theoretical result as follows.

Theorem 3.1. Given the heavy-tailed nature of jjϕ(x)jj and sufficiently large model complexity D,
we have 2kϕ(x∗)k2 � 2λmax(�). This inequality establishes a tighter upper bound on the learning
rate for ensuring the convergence of the GD algorithm under the high residual sampling method.

The detailed proof can be found in the Appendix B.3. This indicates that the stability of the algorithm
can vary significantly depending on the sampling strategy and model complexity. Specifically, in
these two extreme cases (β � 1 and β � 1), uniform sampling may struggle to find an appropriate
solution due to the difficulty of the stiff PDE problems, while high residual sampling may fail due to
instability in the learning process.

3.2 Characteristics of Adaptive Sampling Algorithms

Building upon the previous discussion, we now briefly review how existing adaptive sampling
methods operate. In particular, we focus on how the trajectory of the sample population P evolves
under these algorithms.
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Figure 1: Schematic sampling diagram of the benchmark adaptive sampling methods: (a) R3 (�rst
three �gures), (b)L 1 (last three �gures) wherejR � (x)jk = 0 :3 � N

�
x; 0;

�
[1; 0:5]; [0:5; 1]

��
+

0:7 � N
�
x; 5;

�
[2; � 0:3]; [� 0:3; 2]

��
.

• RAD [47]: The modeling of residual distribution is relatively straightforward and relies on

Monte Carlo integration (MCI) over the expectationp(x) / jR � (x ) j k

EjR � (x ) j k + c. In general, a
larger value ofk corresponds to a high residual regime with smaller� , whereas a larger
value ofc indicates a tendency toward uniform sampling regime with higher� .

• R3 [10]: R3 employs a strategy that consistently maintains high residuals, resulting in an
excessive skew in the distribution of collocation points as iterations progress. Moreover, this
approach may fail to effectively handle multi-modal landscapes in the long-term, which, as
demonstrated in our previous theoretical analysis, results in a scenario where the sampling
concentration parameter� becomes extremely small.

• L1 [43]: During the adversarial training, to estimate the inner maximal value
supx 2 
 jR � (x)jk , L 1 iteratively utilizesgradient informationsignr x jR � (x)jk , allow-
ing for some degree of access to local modes. However, there is no guarantee that the
relative proportions between modes of different heights are preserved.

To facilitate an intuitive understanding of time evolving sampling methods (R3,L 1 ), we have
illustrated the working mechanisms in a schematic diagram shown in Figure 1. For a detailed
visualization of the sampling trajectories, we refer the reader to Appendix D.

4 Proposed Approach: Langevin Adaptive Sampling (LAS)

Similar to other residual distribution-based methodologies, our primary objective is to estimate the
residual-based sampling distribution. However, unlike previous methods that directly model the
distribution using residuals, we employ Langevin dynamics to model the target distribution. An
intuitive visualization of our LAS framework is depicted in Figure 2.

Figure 2: Bidirectional update: (Left) In the PDE domain, our LAS framework uses Langevin
dynamics to adaptively update collocation points based on PDE residuals while keeping the PINN
modelf � �xed. (Right) In parameter space, the PINN modelf � minimizes PDE residuals with the
updated collocation points.
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Algorithm 1 Single LAS Sampling Iteration for Physics-Informed Neural Networks

1: Input: initial population P = P0 with Npde collocation points.
2: Output: updated population P = P l L .
3: for l = 0 to lL � 1 do
4: for x l

n 2 P l do
5: Calculate the residual gradient: r x jR � (x l

n )j2 = r x
�
� @

@tf � (x l
n ) + Nx [f � (x l

n )]
�
�2

.
6: Sample white Gaussian noise:zl

n � N (zl
n ; 0; I ).

7: Follow the Langevin dynamics:x l +1
n  x l

n + �
2 r x jR � (x l

n )j2 + �
p

� zl
n .

8: end for
9: Update collocation population:P l +1  f x l +1

n gN pde
n =1 .

10: end for

4.1 Langevin Dynamics and Stationary Distriburion

The dynamics of the collocation pointsP l � 
 at thel-th iteration in LAS are given as follows:

x l +1
n = x l

n +
�
2

r x jR � (x l
n )j2 + �

p
� zl

n ; (4.1)

where� > 0 is the Langevin step size,zl
n � N (zl

n ; 0; I ) represents the white Gaussian noise, and�
is the sampling concentration coef�cient. Additionally, the residual exponentk is set to2. Unlike
other methods that estimate the sampling distribution based on residuals at every iteration, LAS
dynamically updates the data points without requiring the estimation of the sampling distribution. If
the Langevin dynamics are allowed to run for asuf�cient number of iterationslL with asuf�ciently
small step size� , we can theoretically derive the following result regarding the collocation points.

Theorem 4.1(Stationary distribution). For �xed f � and concentration parameter� > 0, sample

populationP l asymptotically followslim l !1 pl (x) = p1 (x) / exp
�

jR � (x ) j2

� 2

�
.

Although the proof is well known [9], to complete the formulation of the distribution under con-
sideration, we include the full derivation in Appendix C.1. The detailed operational procedure is
summarized in Algorithm 1.

Unlike R3 and RAD, which use MCI to resample collocation points independently at each step, LAS
re�nes the sampling iteratively by reusing the current population. Similar toL 1 , it exploits gradient
information. However, instead of relying solely on raw gradients, LAS injects noise into the signal—a
design choice whose implications are outlined below.

Theorem 4.2(LAS favors �at residual surfaces). Given a �xed residual landscapeR � and an initial
set of randomly sampled collocation pointsP0, the LAS framework progressively re�nes the sampling
towards �atter local maxima while avoiding less stable and sharp regions.

An intuition-based explanation is provided in Appendix C.2 as a substitute for a formal proof. This
phenomenon re�ects a desirable property of Langevin dynamics, which inherently favors �atter
regions of the residual landscape. As a result, when two local maxima exhibit similar residual values,
the collocation points are more likely to concentrate near the �atter one. Consequently, models
trained around such �at residual regions tend to exhibit more stable learning behavior.

4.2 Key Strengths (and Advantages) of the Proposed LAS Framework

Robustness in high-dimensional PDEs.In high-dimensional PDE settings, the MCI-based ex-
pectationEjR � (x)jk � 1

N

P N
n =1 jR � (xn )jk becomes unstable due to the curse of dimensionality,

which demands exponentially more samples for accurate estimation. In contrast, LAS leverages local
gradient information, maintaining stability even under high-dimensional conditions.

Enhanced stability through noise injection.Stochastic gradient descent (SGD) is known to prefer
�atter minima, which are associated with better generalization [22, 19, 48]. Similarly, LAS injects
noise into the gradient signal, resulting in signi�cantly improved training stability compared to
methods that rely solely on raw gradients [43]. It is reasonable to expect that sampling schemes
biased toward �atter regions inherently promote more stable training dynamics.
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Figure 3: With �xed learning rate� = 0 :002and4 hidden layers, (a) The maximal eigenvalue of the
Hessian (steepness) for the loss function, (b) the relativeL 2 error curve.

5 Experiments

This section presents an experimental evaluation of high-residual sampling under varying model
complexities and learning rates, with the number of collocation points �xed. We compare the
performance of our proposed LAS method against other adaptive sampling approaches, including
RAD, R3, andL 1 , each evaluated under the default settings provided in their original papers, random
sampling with resampling (Random-R), which essentially corresponds to uniform sampling.

Experimental setup. As the default settings, unless otherwise speci�ed, the models utilized a
multilayer perceptron (MLP) with128nodes per layer and4 hidden layers, employing a hyperbolic
tangent activation function in each hidden layer. The Adam optimizer was utilized with the learning
rate of� = 0 :001and a decay factor of0:9 applied every5; 000iterations. Training was conducted
with 200; 000iterations, and the number of collocation points was set toNpde = 1; 000. For the LAS
con�guration, the residual exponentk = 2 , the Langevin step size� = 0 :002for 1-2D PDEs and
� = 0 :01 for 4-8D PDEs, and the concentration parameter� = 0 :2. This hyperparameter setting
represents the empirically obtained optimum, with further discussion presented in the following
subsection 5.5.

5.1 Ablation Studies

First and foremost, we sought to verify how the analytical results regarding stability and model
complexity, presented in Section 3, operate and apply to the functioning of each algorithm. In this
context, we performed the following key ablation studies based on the Allen-Cahn equation using 5
different random seeds.

Steepness of the loss landscape.In our stability analysis, we hypothesized that sampling algorithms
targeting extremely high residuals—such as R3 andL 1 —would induce sharper loss landscapes. To
test this, we tracked the maximum eigenvalue of the Hessian of the loss throughout training, as shown
in Figure 3-(a). The results support our hypothesis, indicating that high-residual-focused sampling
leads to increased steepness in the loss surface. The proposed LAS method, likeL 1 , leverages
gradient information but achieves more stable training by reducing residual surface steepness, similar
to Random-R. This stability likely stems from the injected noise term. Overall, LAS outperforms
Random-R and other baselines in relativeL 2 error while maintaining the lowest steepness.

Different number of hidden layers. We employed MLP architectures with hidden layers ranging
from 4 to 10 across all sampling methods, maintaining a learning rate of 0.001 and utilizing a step
scheduler. As illustrated in Figure 4-(a), it can be observed that as the number of layers increases, the
overall performance improves; however, for most sampling strategies at 10 layers, except for LAS,
the performance diverges. In particular, for R3, it is evident that it fails to converge more prominently
compared to other algorithms. These results indicate that the sensitivity to model complexity varies
depending on the sampling method. In particular, high residual methods are more susceptible to
increasing model complexity. For more clarity, regarding the loss curves during the training of PINNs
based on model complexity, analyses are presented in Appendix E, not only from the perspective of
depth but also from the perspective of width expansion.
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Figure 4: RelativeL 2 error (Log scale) for the Allen-Cahn equation: (a) varying layers with� = 0 :001
(with scheduler), (b)-(d) �xed 4 layers with different learning rates (no scheduler). Each boxplot is
based on 5 random seeds.

Varying learning rate � without decaying. We evaluated MLPs with four hidden layers across
learning rates ranging from0:001to 0:004without applying decay. As shown in Figure 4 -(b), the
benchmark algorithms demonstrated performance degradation at� = 0.002 compared to� = 0 :001,
whereas LAS showed improvement. At� = 0 :003, all methods exhibited reduced performance;
however, LAS was able to partially mitigate this degradation. At� = 0 :004, none of the methods
produced correct solutions. In particular, we visualized the performance for very low learning rates
in Figure 4-(c) and highlighted the range between� = 0 :002and0:003, where all algorithms begin
to exhibit instability in Figure 4-(d). From this, we observe that learning does not proceed properly at
very low learning rates, and for layer4, most algorithms become unstable at a learning rate as low as
approximately0:0022.

5.2 Experiments on Representative 1-Dimensional PDEs

The proposed LAS framework is further evaluated on representative 1-dimensional PDEs derived
from various benchmark problems tackled by several established algorithms, including RAD, R3,
L 1 , Random-R. In these evaluations, we also employ the default experimental settings as outlined
earlier. The speci�c con�gurations for the PDE parameters and the hyperparameters of the baseline
algorithms are detailed in Appendix F.

Experimental results. We evaluated each sampling method on �ve benchmark PDEs—Burgers',
Convection, Allen-Cahn, Korteweg-De Vries, Schr•odinger—using �ve random seeds. As summarized
in the 1D case of Table 1, Random-R tended to outperform other adaptive sampling strategies in
high-complexity model settings. Meanwhile, LAS consistently achieved either the best or second-best
relativeL 2 errors across all cases. In particular, LAS outperformed all methods on the Allen-Cahn
and Schr•odinger equations, while remaining competitive on the others.
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Table 1: RelativeL 2 error (mean� std) across PDEs for increasing model complexity.Bold indicates
best, underlinesecond-best.

Sampling method LAS (Ours) Random-R RAD R3 L 1

Number of layers 8 10 8 10 8 10 8 10 8 10

1D

Burgers' 0.01� 0.00 0.01� 0.00 0.01� 0.00 0.02� 0.00 0.17� 0.02 0.27� 0.14 0.01� 0.00 0.02� 0.00 0.03� 0.01 0.06� 0.06

Allen-Cahn 0.77� 0.20 0.62� 0.27 2.54� 2.30 11.49� 19.93 0.99� 0.29 1.36� 0.19 0.97� 0.23 34.47� 17.64 0.76� 0.07 10.95� 19.16

KdV 2.68� 1.74 1.99� 0.50 1.64� 0.63 2.89� 1.80 7.44� 1.83 7.97� 1.45 3.92� 2.93 7.02� 8.77 5.70� 1.45 4.44� 1.45

Schrödinger 0.08� 0.01 0.09� 0.01 0.09� 0.00 0.11� 0.01 1.68� 0.15 2.89� 0.69 0.11� 0.01 0.15� 0.02 0.22� 0.06 0.19� 0.03

Convection 0.34� 0.12 0.27� 0.03 0.30� 0.05 0.41� 0.10 0.25� 0.02 0.28� 0.09 0.39� 0.24 0.27� 0.05 73.87� 5.07 54.17� 27.33

2D
Burgers' 0.05� 0.00 0.05� 0.00 0.06� 0.01 0.06� 0.00 0.05� 0.00 0.06� 0.00 0.07� 0.01 0.06� 0.02 0.06� 0.00 0.05� 0.01

Heat 0.26� 0.00 0.22� 0.03 0.18� 0.01 0.20� 0.04 1.44� 0.17 1.54� 0.15 8.97� 1.95 6.66� 4.20 14.29� 1.01 13.07� 6.21

4D DF-Heat 1.72� 0.23 2.14� 0.18 7.73� 1.85 75.91� 41.68 5.72� 0.42 78.20� 37.10 2.15� 0.25 80.23� 34.24 2.46� 0.67 53.78� 46.31

6D DF-Heat 3.49� 0.20 31.16� 39.74 5.53� 0.81 100.00� 0.00 6.39� 1.14 100.00� 0.00 4.98� 0.18 100.00� 0.00 4.39� 0.61 100.00� 0.00

8D DF-Heat 6.92� 0.31 34.68� 38.21 17.63� 1.78 100.00� 0.00 67.50� 39.83 100.00� 0.00 65.03� 43.11 100.00� 0.00 13.21� 4.46 100.00� 0.00

5.3 Experiments on High Dimensional PDEs

Beyond the one-dimensional setting, we applied the existing approaches and the proposed algorithm
to higher-dimensional PDE problems. Benchmark problems include 2D Burgers', 2D heat [1], and
dimension �exible heat (DF-heat) 4 to 8D equations [49]. These PDEs have analytics solutions, so the
performance of all the sampling methods could be fairly observed and evaluated in high dimensional
PDE cases. Especially, we modi�ed the DF-heat PDE to pose a more challenging problem setting
by increasing frequency. The details for PDEs are also described in Appendix F. We �rst report the
performance of all sampling methods under the default settings from the original papers (Table 1).

Experimental results. In the 2D Burgers' and heat equations, Table 1 shows that Random-R and
LAS exhibited competitive performance. RAD, R3, andL 1 , on the other hand, experienced notable
performance degradation, primarily because the 2D PDEs represent smooth cases rather than high-
frequency or stiff regimes. For the 4D, 6D and 8D cases, LAS signi�cantly outperformed all other
adaptive sampling strategies. In the 4D, Random-R andL 1 produced plausible solutions, but their
performance remained inferior to that of LAS. Meanwhile, MCI-based methods such as RAD and R3
suffered from instability. Notably, for the 6D and 8D cases, all the other sampling approaches failed
to �nd appropriate solutions. Although convergence was observed under different balance terms, the
resulting performance was inferior and highly sensitive, as discussed in the following subsection.

5.4 Further Discussion on Loss Balancing, Model Hyperparameters, and Applicability

To ensure fair comparison, we conducted an extensive search for the optimal loss balance terms
(� ic ; � bc ; � pde ) and hyperparameter con�gurations of the baseline methods, as detailed in Appendix G.
Additional experiments demonstrate that RAD and R3 outperform Random-R when equipped with
the optimal loss balance terms and hyperparameter settings identi�ed in Appendix G. However, both
RAD and R3 exhibit sensitivity to the problem dimensionality and the choice of loss weighting. In
contrast, LAS consistently attains either the best or second-best relativeL 2 error across all evaluated
scenarios, including smooth, stiff, low-dimensional, and high-dimensional cases. In terms of practical
application, we further evaluate robustness across different model architectures (Appendix H), a
factor that may be of particular relevance to practitioners.

5.5 LAS Hyperparameter Tuning and Computational Complexity

The practical applicability of LAS depends on the number of Langevin iterationslL , which directly
affects computational complexity. We therefore compare its cost with existing sampling methods in
Appendix I, and the results are summarized in Figure 5. The computational time and memory usage
are in the order: Random-R, R3, RAD, LAS, andL 1 . Gradient-based methods such as LAS andL 1

generally incur higher costs; in particular,L 1 is much slower because it requires many iterations (20
by default) with re-initialization each epoch, whereas LAS needs onlylL = 1 without re-initialization.
Thus, increasing the number of iterations should be considered with caution.

Detailed tuning results in Appendix J show that LAS withlL = 1 and without re-initialization
achieves competitive performance, indicating that LAS can be applied in practice with computational
cost comparable to Random-R, R3, and RAD.

9



Figure 5: Comparison of computational time (seconds per 1,000 epochs) for each method across
varying problem dimensions on an RTX 4090. Empty bars denote out-of-memory failures. Subplots:
(a) 1D, (b) 4D, (c) 6D, and (d) 8D.

6 Conclusion and Future Research Directions

This paper investigates the stability of training physics-informed neural networks (PINNs) under
adaptive sampling strategies, particularly as model complexity increases. Theoretical analysis shows
that methods focusing excessively on high residuals may undermine stability, especially in deeper
networks or with larger learning rates. To address this, we introduce Langevin dynamics-based Adap-
tive Sampling (LAS), which updates collocation points using residual-weighted Langevin dynamics.
Empirical results demonstrate that LAS ensures stable convergence even in high-dimensional PDEs,
where conventional methods often fail.

Our Langevin-based sampling scheme builds on a theoretically grounded MCMC formulation that is
both simple and effective. While the current approach shows strong performance, future work could
explore more ef�cient variants for high-dimensional problems and develop principled strategies for
hyperparameter selection.
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NeurIPS Paper Checklist

The checklist is designed to encourage best practices for responsible machine learning research,
addressing issues of reproducibility, transparency, research ethics, and societal impact. Do not remove
the checklist:The papers not including the checklist will be desk rejected.The checklist should
follow the references and follow the (optional) supplemental material. The checklist does NOT count
towards the page limit.

Please read the checklist guidelines carefully for information on how to answer these questions. For
each question in the checklist:

• You should answer [Yes] , [No] , or [NA] .

• [NA] means either that the question is Not Applicable for that particular paper or the
relevant information is Not Available.

• Please provide a short (1–2 sentence) justi�cation right after your answer (even for NA).

The checklist answers are an integral part of your paper submission.They are visible to the
reviewers, area chairs, senior area chairs, and ethics reviewers. You will be asked to also include it
(after eventual revisions) with the �nal version of your paper, and its �nal version will be published
with the paper.

The reviewers of your paper will be asked to use the checklist as one of the factors in their evaluation.
While "[Yes] " is generally preferable to "[No] ", it is perfectly acceptable to answer "[No] " provided a
proper justi�cation is given (e.g., "error bars are not reported because it would be too computationally
expensive" or "we were unable to �nd the license for the dataset we used"). In general, answering
"[No] " or "[NA] " is not grounds for rejection. While the questions are phrased in a binary way, we
acknowledge that the true answer is often more nuanced, so please just use your best judgment and
write a justi�cation to elaborate. All supporting evidence can appear either in the main paper or the
supplemental material, provided in appendix. If you answer [Yes] to a question, in the justi�cation
please point to the section(s) where related material for the question can be found.

IMPORTANT, please:

• Delete this instruction block, but keep the section heading “NeurIPS Paper Checklist",

• Keep the checklist subsection headings, questions/answers and guidelines below.

• Do not modify the questions and only use the provided macros for your answers.

1. Claims

Question: Do the main claims made in the abstract and introduction accurately re�ect the
paper's contributions and scope?

Answer: [Yes]

Justi�cation: The abstract clearly states the main motivation, the proposed Langevin
dynamics-based sampling method, and its theoretical and empirical bene�ts. These claims
are fully supported and expanded upon in the main body of the paper.

Guidelines:

• The answer NA means that the abstract and introduction do not include the claims
made in the paper.

• The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

• The claims made should match theoretical and experimental results, and re�ect how
much the results can be expected to generalize to other settings.

• It is �ne to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?

Answer: [Yes]
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Justi�cation: The paper acknowledges that Langevin sampling can introduce computational
complexity, especially in high-dimensional settings. To address this, we applied practical
acceleration techniques and veri�ed their effectiveness (Appendix D, I), while also noting in
the conclusion that future work may develop more advanced variants to improve ef�ciency
and relativeL 2 performance beyond the foundational Langevin dynamics used here.

Guidelines:

• The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

• The authors are encouraged to create a separate "Limitations" section in their paper.
• The paper should point out any strong assumptions and how robust the results are to

violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-speci�cation, asymptotic approximations only holding locally). The authors
should re�ect on how these assumptions might be violated in practice and what the
implications would be.

• The authors should re�ect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

• The authors should re�ect on the factors that in�uence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

• The authors should discuss the computational ef�ciency of the proposed algorithms
and how they scale with dataset size.

• If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

• While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren't acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be speci�cally instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justi�cation: All theoretical results are stated with explicit assumptions and are accompanied
by complete proofs in the appendix B and C. We also provide empirical validation for key
assumptions through dedicated experiments in appendix A.

Guidelines:

• The answer NA means that the paper does not include theoretical results.
• All the theorems, formulas, and proofs in the paper should be numbered and cross-

referenced.
• All assumptions should be clearly stated or referenced in the statement of any theorems.
• The proofs can either appear in the main paper or the supplemental material, but if

they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

• Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

• Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?
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Answer: [Yes]

Justi�cation: We provide all the information to reproduce the main and appendix results in
Algorithm 1, Experiments, and Appendix G sections.

Guidelines:

• The answer NA means that the paper does not include experiments.
• If the paper includes experiments, a No answer to this question will not be perceived

well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

• If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or veri�able.

• Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suf�ce, or if the contribution is a speci�c model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

• While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how

to reproduce that algorithm.
(b) If the contribution is primarily a new model architecture, the paper should describe

the architecture clearly and fully.
(c) If the contribution is a new model (e.g., a large language model), then there should

either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with suf�cient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justi�cation: We provide all the PDE settings and instructions for implementing the main
results in appendix G section. We also uploaded anonymized zip �les including training and
evaluation codes.

Guidelines:

• The answer NA means that paper does not include experiments requiring code.
• Please see the NeurIPS code and data submission guidelines (https://nips.cc/

public/guides/CodeSubmissionPolicy ) for more details.
• While we encourage the release of code and data, we understand that this might not be

possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

• The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy ) for more details.
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• The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

• The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

• At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

• Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justi�cation: All experimental settings—including learning rates, optimizers, hyperparame-
ters, and architectural details—are provided prior to the experiments section, with additional
PDE-speci�c con�gurations summarized in Appendix G.

Guidelines:

• The answer NA means that the paper does not include experiments.
• The experimental setting should be presented in the core of the paper to a level of detail

that is necessary to appreciate the results and make sense of them.
• The full details can be provided either with the code, in appendix, or as supplemental

material.

7. Experiment statistical signi�cance

Question: Does the paper report error bars suitably and correctly de�ned or other appropriate
information about the statistical signi�cance of the experiments?

Answer: [Yes]

Justi�cation: We report standard deviations for key results in the main tables and provide
box plots based on �ve random seeds to capture performance variability. For certain ablation
studies (e.g., Figure 3), only mean values are presented to improve visual clarity, as the
variance was not deemed critical for interpreting the observed trends.

Guidelines:

• The answer NA means that the paper does not include experiments.
• The authors should answer "Yes" if the results are accompanied by error bars, con�-

dence intervals, or statistical signi�cance tests, at least for the experiments that support
the main claims of the paper.

• The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

• The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

• The assumptions made should be given (e.g., Normally distributed errors).
• It should be clear whether the error bar is the standard deviation or the standard error

of the mean.
• It is OK to report 1-sigma error bars, but one should state it. The authors should

preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not veri�ed.

• For asymmetric distributions, the authors should be careful not to show in tables or
�gures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

• If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding �gures or tables in the text.
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8. Experiments compute resources
Question: For each experiment, does the paper provide suf�cient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?
Answer: [Yes]
Justi�cation: Appendix I speci�es the hardware setup, including GPU model and memory,
and reports additional experiments measuring computational ef�ciency across different
settings.
Guidelines:

• The answer NA means that the paper does not include experiments.
• The paper should indicate the type of compute workers CPU or GPU, internal cluster,

or cloud provider, including relevant memory and storage.
• The paper should provide the amount of compute required for each of the individual

experimental runs as well as estimate the total compute.
• The paper should disclose whether the full research project required more compute

than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn't make it into the paper).

9. Code of ethics
Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethicshttps://neurips.cc/public/EthicsGuidelines ?
Answer: [Yes]
Justi�cation: We do not have any violations to the Code of Ethics
Guidelines:

• The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.
• If the authors answer No, they should explain the special circumstances that require a

deviation from the Code of Ethics.
• The authors should make sure to preserve anonymity (e.g., if there is a special consid-

eration due to laws or regulations in their jurisdiction).
10. Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?
Answer: [Yes]
Justi�cation: The work is foundational and does not involve deployment, but its improved
PDE-solving robustness may bene�t scienti�c modeling in physics or engineering domains.
Guidelines:

• The answer NA means that there is no societal impact of the work performed.
• If the authors answer NA or No, they should explain why their work has no societal

impact or why the paper does not address societal impact.
• Examples of negative societal impacts include potential malicious or unintended uses

(e.g., disinformation, generating fake pro�les, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact speci�c
groups), privacy considerations, and security considerations.

• The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

• The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.
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• If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the ef�ciency and accessibility of ML).

11. Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justi�cation: The paper does not involve the release of pretrained models, sensitive datasets,
or tools with a high risk of misuse, and thus no safeguards are necessary.

Guidelines:

• The answer NA means that the paper poses no such risks.
• Released models that have a high risk for misuse or dual-use should be released with

necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety �lters.

• Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

• We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justi�cation: All external assets, including baseline implementations and benchmark
datasets, are properly cited with source papers. Their usage complies with the respec-
tive open-source licenses such as MIT or CC-BY.

Guidelines:

• The answer NA means that the paper does not use existing assets.
• The authors should cite the original paper that produced the code package or dataset.
• The authors should state which version of the asset is used and, if possible, include a

URL.
• The name of the license (e.g., CC-BY 4.0) should be included for each asset.
• For scraped data from a particular source (e.g., website), the copyright and terms of

service of that source should be provided.
• If assets are released, the license, copyright information, and terms of use in the

package should be provided. For popular datasets,paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

• For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

• If this information is not available online, the authors are encouraged to reach out to
the asset's creators.

13. New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]

Justi�cation: We provide structured templates for the details of implementing our algorithms.
All authors consent to provide documentations.
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Guidelines:

• The answer NA means that the paper does not release new assets.
• Researchers should communicate the details of the dataset/code/model as part of their

submissions via structured templates. This includes details about training, license,
limitations, etc.

• The paper should discuss whether and how consent was obtained from people whose
asset is used.

• At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip �le.

14. Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]

Justi�cation: The paper does not involve any human subjects or crowdsourcing in data
collection or evaluation.

Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

• Including this information in the supplemental material is �ne, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justi�cation: The paper does not involve human subjects, crowdsourcing, or any study that
requires IRB approval.

Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

• Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

• We recognize that the procedures for this may vary signi�cantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

• For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scienti�c rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

20



Justi�cation: An LLM was only used for writing and editing support; it was not involved in
any part of the method development or scienti�c contributions.

Guidelines:

• The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

• Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM )
for what should or should not be described.
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Appendix

A Empirical Validation of Assumptions

By de�nition, the residualR � involves transforming the neural network outputf � through an operator
within a certain function space. This implies that the features of the function, resulting from the
neural network output combined with an additional operator, are not explicitly de�ned. Consequently,
we extract the feature vector of the resulting function through local feature vector estimation based
on the linearization of the residual function. Before delving into the main discussion, we �rst explain
the logic behind how the feature vector� is inferred.

A.1 Local Approximation of the Feature Vector �

Let R � (x) = @
@tf � (x) + Nx [f � ](x) represent[g(f � )](x). To validate the assumption that a suitable

linearization exists, our goal is to derive a proper linear approximation of[g(f � )](x) at a speci�c point
x 2 
 = X � [0; T], given a speci�c functionf � . In this process, we will utilize a Taylor expansion
for [g(f � )](x). It is important to note that sinceg(f � ) represents the behavior in the function space,
understanding howg responds to small perturbations inf � is crucial. This analysis employs the
Fréchet derivative.

To summarize brie�y,g(f � +� � ) � g(f � ) + Dg(f � )( f � +� � � f � ), which implies that the result can
be linearized around a baseline functionf � whereDg(f � ) = lim � � ! 0

jj g( f � +� � ) � g( f ) jj
jj � � jj . Since our

focus is on the linearization of[g(f � )](x), it is essential to ensure thatf � +� � is a function close to
f � within the function space. To achieve this, small noise perturbations� � are added to the neural
networkf � . In conclusion, to approximate the value at a speci�c pointx, we proceed as follows:

[g(f � +� � )](x) � [g(f � ) + Dg(f � )( f � +� � � f � )](x) (A.1)
= [ g(f � )](x) + [ Dg(f � )( f � +� � � f � )](x) (A.2)

= [ g(f � )](x) + [ Dg(f � )](x)
�
f � +� � (x) � f � (x)

�
: (A.3)

Here, if f � is assumed to be a well-trained PINN model and perturbation� � is suf�ciently small, we
can readily infer the following for the �rst term:

[g(f � )](x) � 0; 8x 2 
 :

Consequently, the linear approximation of the function[g(f � +� � )](x) can be expressed using the
Fréchet derivative. The aspect that con�icts with our assumption is that, in this context, the Fréchet
derivative can act as a function dependent onx. Therefore, we refer to this as a local approximation.

Approximation of Fréchet derivative. According to the problem formulation of PINN,g is
an operator that takes the functionf as input and generates new values through partial deriva-
tives such as@t f; @x f; @tt f; @tx f , and their combinations. Thus, we can assumeg(f ) =
G(f; @t f; @x f; @tt f; @tx f; � � � ). Here,G is a multivariate function that combines the derivative
terms. Next, considering a scenario where a slight perturbation� � is applied tof � , the Fréchet
derivative can be approximated as follows:

Dg(f � +� � ) ( f � +� � � f � ) (A.4)
� g(f � +� � ) � g(f � ) (A.5)
= G (f � + � f � ; @t f � + � @t f � ; @x f � + � @x f � ; � � � ) � G(f � ; @t f � ; @x f � ; � � � ) (A.6)

�
@G

@f f � g
� f � +

@G
@f @t f � g

� @t f � +
@G

@f @x f � g
� @x f � + � � � (A.7)

=
X

k

@G
@f @k f � g

� @k f � ; k 2 f; ; t; x; tt; tx; � � � g (A.8)

=: a(� )> �; (A.9)

wherea(� ) =
�

@G
@f f � g ; @G

@f @t f � g ; @G
@f @x f � g ; � � �

�
and� = (� f � ; � @t f � ; � @x f � ; � � � ).

Mathematical details. Here, we provide a systematic summary of the considerations underlying the
validity of the employed estimation method.
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1. Reliability of the Fréchet derivative Dg[f ]: The existence of the Fréchet derivative requires
the following suf�cient conditions:

• G must be differentiable.
• f must be suf�ciently differentiable with respect tox andt.

Both conditions are naturally satis�ed in the context of our problem. This ensures that we
can extract a vector that locally approximates the actual feature vector� for each point
x 2 
 , thereby facilitating a robust estimation process.

2. Condition for the constancy ofDg[f ]: It is important to note thatG is generally a function
of (f; @t f; @x f; � � � ), and thus implicitly depends onx. However, when the variables are not
entangled with each other, the partial derivatives can exhibit constant behavior. For instance:

• In our case, @G
@f @t f g is always1.

• Partial derivatives in thex-direction such as @G
@f @x f g ; @G

@f @xx f g depend onNx .

If the output of the differential operatorNx entangles the partial derivatives in thex-direction
(i.e,Nx [f ] is non-linear), the assumption thata acts as a constant may weaken.

We assume thata(� ) is constant or locally linear, enabling a uni�ed linearized form of the residual.
This simpli�cation ensures consistency across Assumption 3.1 and Propositions 3.1–3.2, and un-
derpins our curvature analysis. We will revise the manuscript to explicitly include this structural
assumption in Assumption 3.1 and ensure that its implications are consistently re�ected in all related
propositions.

To provide further intuition, we illustrate this within the context of two representative PDEs.

For theconvection equation,

g(f ) = @t f + � @x f ) a(� ) = (0 ; 1; �; 0; 0; : : : ) is constant:

For theBurgers' equation,

g(f ) = @t f + f @x f �
0:01

�
@xx f ) a(� ) =

�
@x f � ; 1; f � ; 0; 0; 0; �

0:01
�

; : : :
�

is � -dependent.

Under the assumption that the neural networkf � is suf�ciently expressive and smooth with respect to
� , we can locally linearizea(� ) around a �xed� .

Whena(� ) is af�ne, its Jacobian

J � (a(� )) =
�

@ai
@�j

�
=: Ja

is constant and its Hessian
H � (a(� )) = 0 ;

where the derivatives are de�ned elementwise.

A.2 Heavy-Tailed Behavior of the Norm of Feature Vectors

Initially, we visualized the histogram of the norms of the extracted feature vectors across all feasible
grid points in Figure 6, i.e., the histogram offk � (x)k : x 2 
 = X � [0; T]g for models with 4, 6, 8,
and 10 layers, respectively.

From the provided histograms, it is evident that for each PDE, the distribution increasingly exhibits
heavy-tail behavior as the layer depth grows. This tendency is particularly emphasized in the following
two aspects:

1. Heavy-tail characteristics resembling Pareto distribution:As the layer depth increases,
the distribution's tail becomes thicker, consistent with the heavy-tail properties of the Pareto
distribution. In a Pareto distribution, the tail probability follows the formP(X > x ) / x � � ,
decaying slowly and exhibiting a high frequency of extreme values. This is re�ected in the
histograms, where deeper layers show data concentrated in certain regions while displaying
more frequent extreme values.
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2. Increased concentration and frequency of extreme values:As the number of layers
increases, the data become densely concentrated within speci�c ranges (represented on the
y-axis as frequency), while signi�cantly more frequent occurrences of large values (depicted
on thex-axis as extreme values) are observed. This behavior suggests a progressive shift
towards heavy-tail distributions.

In addition to the previously obtained histograms, we also calculated two statistical estimates—Pareto
tail index and Hill estimator—based on the samples to provide a more quantitative representation.

Pareto tail index. The Pareto tail index, denoted by� , quanti�es the heaviness of the tail of a
distribution. For a random variableX with a heavy-tailed distribution, the tail probability follows a
power-law:

P(X > x ) � x � � ; asx ! 1 ;

where� > 0 represents the tail index. Therefore, a smaller value of� corresponds to a thicker tail,
indicating a slower decay of the tail probability and a higher likelihood of extreme events. Conversely,
a larger value of� corresponds to a thinner tail, where the tail probability decays more rapidly and
extreme events are less likely.

Figure 6: Each plot represents a (PDE, layer) pair, where the row corresponds to the type of PDE
being solved (e.g., Burgers', Convection, Allen-Cahn, etc.), and the column indicates the model
size by the number of hidden layers in the PINN (e.g., layer 4, 6, 8, 10). The histograms show the
distributions of the feature vector normsk� (x)k for each pair.
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Hill estimator. The Hill estimator is speci�cally designed to estimate the inverse of the tail index,
� = 1

� . Given a sample ofn independent and identically distributed observationsf X 1; X 2; : : : ; X n g,
sorted in descending order asX (1) � X (2) � � � � � X (n ) , the Hill estimator is de�ned as:

�̂ k =
1
k

kX

i =1

log
X ( i )

X (k+1)
;

wherek is the number of upper order statistics used for the estimation.

Figure 7 shows box plots of estimates across random seeds for various PDEs. The Pareto tail index
decreases with depth, indicating heavier tails and a higher likelihood of extreme events. Across
all PDEs, the index drops consistently from layer 4 to 10 and remains well below the heavy-tail
threshold of2. Even with fewer layers and 1,000 collocation points, feature norms display clear
heavy-tailed behavior. The Hill estimator, as the inverse measure, increases with depth and exceeds
the0:5 threshold, further con�rming the trend.

Figure 7: Two statistical estimates of the norms of the feature vectors.

A.3 Emerging Disparities with Increasing Model Complexity

In the previous subsection, we conducted an empirical analysis of the distributional characteristics of
feature vector norms. In this subsection, we aim to validate the hypothesis of the norm's emerging
disparities with increasing model complexity (Assumption 3.1.3). For clarity, this relation can be
expressed mathematically as(maxx 2P k� (x)k)2 � � max(�) � (maxx 2P k� (x)k)2 � k � (x � )k2;
wherex � = arg max x 2 
 jR � (x)j2. Here, due to the dominant scale ofmaxk� (x)k, we transformed
the values into a logarithmic scale to investigate the relationship between� max andk� (x � )k.

Figure 8: Disparity comparison of� max(�) and� (x � ) with respect tomaxk� (x)k.

The Figure 8 illustrates the behavior of a logarithmic metric for various PDEs as the layer count
increases. The x-axis represents the number of layers, shown as 4, 6, 8, and 10, while the y-axis
represents a log-based value, denoted aslog(max k� (x )k) � log k� (x � )k

log(max k� (x )k) � 1
2 log � max(�)

; which captures a ratio involving
maximum values and scaled terms. Across all PDEs, the y-axis value decreases monotonically as
the number of layers increases. This consistent decline in the log-metric across all PDEs suggests
that as the layer count grows, the denominator in the ratio scales disproportionately compared to the
numerator. This behavior indicates that the underlying system dynamics or representation becomes
increasingly dominated by the factors represented in the denominator.
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B Learning Rate Upper Bound Varying �

For the sake of simplicity, we will consider the situation at iterationl. Hence, in the forthcoming
proof, we will omit the upper index related to iteration. i.e., denotewl

n aswn . Under the assumption
that the neural networkf � is suf�ciently expressive and smooth with respect to� , we can locally
linearizea(� ) around a �xed� .

By the Assumption 3.1, whena(� ) is af�ne, its JacobianJ � (a(� )) =
�

@ai
@�j

�
=: Ja is constant and

its HessianH � (a(� )) = 0 , where the derivatives are de�ned elementwise.

We consider the weighted loss

L (� ) =
NX

n =1

wn
�
�a> � n

�
�2

; a := a(� ); � n := � (xn ): (B.1)

Then the Hessian is

H � L = 2
NX

n =1

wn

"
�
J>

a � n
� �

J>
a � n

� >
+

�
a> � n

� DX

i =1

� n;i H � (ai )

#

: (B.2)

If a = a(� ) is linear, the second term vanishes, and we obtain

H � L = 2J>
a

 
NX

n =1

wn � n � >
n

!

Ja : (B.3)

B.1 Proof of Proposition 3.1

Proof. When the sampling concentration coef�cient� is suf�ciently large, the weightswn are
approximately uniform (wn � 1

N ). Thus, the Hessian matrixH � of the loss function with respect to
� can be approximated by:

H � (L ) = H �

 
NX

n =1

wn jR � (xn )j2
!

� H �

 
1
N

NX

n =1

jR � (xn )j2
!

: (B.4)

SinceR � (xn ) = a> � n andH �
�
ja> � n )j2

�
= 2J>

a

� P N
n =1 wn � n � >

n

�
Ja , the Hessian ofL satis-

�es:

H � (L ) �
1
N

NX

n =1

H �
�
ja> � n j2

�
=

2
N

NX

n =1

J>
a � n � >

n Ja : (B.5)

This matrix approximates the product of the Jacobian and the sample covariance matrix of the feature
vector� (x). Therefore, for suf�ciently largeN , the maximum eigenvalue of the Hessian can be
approximated as2� max (�) .

B.2 Proof of Proposition 3.2

Proof. When the sampling concentration coef�cient� is suf�ciently small, for the samplex � with
the largest residual (i.e.,x � = arg max x 2P jR � (x)j2), we can consider all other weights to be zero
except forx � . Therefore, the Hessian matrix of the loss function can be expressed as follows:

H � (L ) = H �

 
NX

n =1

wn jR � (xn )j2
!

� H �
�
jR � (x � )j2

�
: (B.6)

The Hessian of the loss function can be expressed as2J>
a � (x � )� (x � )> Ja . Therefore, in a similar

manner, if we aim to compute� max here, we may consider the eigenvalue equationAv = �v .
AssumingJa is independent of the dimensionD, let A = 2 � (x)� (x)> andv = � (x). It follows
that� (x ) is an eigenvector ofA, with the corresponding eigenvalue given by2j� (x � )j2. SinceA is a
rank-1 matrix, this eigenvalue is uniquely determined.
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B.3 Proof of Theorem 3.1

Proof. Assume that the feature normk� (x)k follows a heavy-tailed distribution with tail index� > 2,
and that the number of samplesN satis�esN � D .

Step 1 (Low-temperature regime).When the loss is dominated by one or a few extreme samples,
the empirical Hessian satis�es

H � L � 2wmax J>
a � max � >

max Ja ; � max = max
1� n � N

k� (xn )k: (B.7)

By extreme value theory, the maximum feature norm scales as

� max � N 1=� � D 1=� ; (B.8)

hence
� 2

max � D 2=� : (B.9)

Step 2 (Uniform sampling regime).In contrast, under uniform sampling without dominance by
extremes, we have

H � L � 2J>
a � Ja ; � = E[� (x)� (x)> ]; (B.10)

where� is the population covariance matrix of features.

Step 3 (Scaling of covariance eigenvalues).For � > 2, � is �nite, and in a normalized isotropic
setting� max (�) = O(1). Considering instead the sample covariance

� N =
1
N

NX

n =1

� (xn )� (xn )> ; (B.11)

results from random matrix theory for2 < � < 4 imply

� max (� N ) �
� 2

max

N
� N 2=� � 1 � D 2=� � 1: (B.12)

Step 4 (Comparison).With N � D , we obtain

� 2
max � D 2=� and � max (� N ) � D 2=� � 1: (B.13)

Therefore,
� 2

max

� max (� N )
� D ! 1 as D ! 1 ; (B.14)

which shows that� 2
max � � max (� N ) for largeD.

Finally, combining this fact with Assumption 3.3.1, which statesk� (x � )k � � max, wherex � =
arg maxx 2P jR � (x)j2, we can conclude the proof.
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C Stationary distribution and Stability of Langevin Dynamics

C.1 Proof of Theorem 4.1

Proof. Starting from the discretized Langevin dynamics:

x l +1 = x l +
�
2

r x jR � (x l )j2 + �
p

� zl ; zl � N (zl ; 0; I ): (C.1)

We consider the continuous-time Langevin dynamics as the step size� ! 0.

dx s =
1
2

r x jR � (x s)j2 ds + � dB s; (C.2)

whereBs denotes standard Brownian motion inRd and� > 0 is the diffusion coef�cient. We
assume the driftr x jR � (x)j2 is locally Lipschitz and satis�es a linear growth condition, ensuring the
well-posedness of (C.2).

Step 1: Fokker–Planck equation.Let ps(x) denote the probability density ofx s. The Fokker–
Planck equation corresponding to (C.2) is

@ps(x)
@s

= �r x �
�

1
2

r x jR � (x)j2 ps(x)
�

+
� 2

2
� x ps(x); (C.3)

where� x denotes the Laplacian.

Step 2: Stationary equation.At stationarity,@sps � 0, so (C.3) becomes

0 = �r x �
�

1
2

r x jR � (x)j2 p1 (x)
�

+
� 2

2
� x p1 (x); (C.4)

wherep1 is the stationary density.

Step 3: Candidate Gibbs-type solution.We claim that

p1 (x) =
1
Z

exp
�

jR � (x)j2

� 2

�
; (C.5)

whereZ is the normalizing constant, solves (C.4).

Step 4: Veri�cation. Differentiating (C.5):

r x p1 (x) =
1

� 2 r x jR � (x)j2 p1 (x); (C.6)

� x p1 (x) =
�

1
� 2 � x jR � (x)j2 +

1
� 4




 r x jR � (x)j2




 2

�
p1 (x): (C.7)

Substituting (C.6) and (C.7) into (C.4) gives

�
1
2

�
� x jR � j2 p1 + r x jR � j2 � r x p1

�
+

� 2

2

�
1

� 2 � x jR � j2 +
1

� 4




 r x jR � j2




 2

�
p1

= �
1
2

�
� x jR � j2 +

1
� 2




 r x jR � j2




 2

�
p1 +

1
2

�
� x jR � j2 +

1
� 2




 r x jR � j2




 2

�
p1

= 0 :

Thusp1 satis�es (C.4) exactly.

Step 5: Conclusion.By uniqueness of the stationary solution under the given assumptions, the
stationary density of (C.2) is given by (C.5).
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C.2 Proof of Theorem 4.2

Proof. Rather than presenting a formal proof, we illustrate the underlying intuition using a simple
toy example.

Preference for �at high-residual regions under Langevin dynamics.For a �xed neural network
parameter� , we denote the residual asR � (x) := R(x) andx 2 R for notational simplicity.

We analyze the residual function:

R(x) = � a(x2 � � 2)2 � � exp
�

�
(x � � )2

2� 2

�
; (C.8)

which has two local maxima: a broader maximum atx 
at = � � and a narrower, sharper maximum
atx sharp = � due to the additional Gaussian term.

We consider Langevin sampling governed by the stationary distribution:

� (x) / exp (� R(x)) ; (C.9)

where� > 0 is the inverse temperature. This distribution favors regions with higher residual values.

To compare the probability of sampling near each local maximum, we approximate the local proba-
bility mass by Laplace's method. Around each maximumx � , we expand the residual as:

R(x) � R (x � ) +
1
2

R 00(x � )(x � x � )2; (C.10)

whereR 00(x � ) < 0 and the local curvature is de�ned asH = �R 00(x � ) > 0.

The probability mass near a local maximumx � is approximated by:
Z

nearx �
exp(� R(x)) dx � exp(� R(x � )) �

r
2�
� H

: (C.11)

Let:

H 
at = �R 00(x 
at ) = 8 a� 2; (C.12)

H sharp = �R 00(x sharp ) = 8 a� 2 +
�

� 2 ; (C.13)

so thatH 
at � H sharp for small� .

Assuming the residual values at both peaks are equal, i.e.,R(x 
at ) = R(x sharp ), the ratio of local
probability masses becomes:

P(nearx 
at )
P(nearx sharp )

�

r
H sharp

H 
at
: (C.14)

After normalization, the respective probabilities are:

P(nearx 
at ) =
1=

p
H 
at

1=
p

H 
at + 1=
p

H sharp
=

p
H sharp

p
H 
at +

p
H sharp

; (C.15)

P(nearx sharp ) =

p
H 
atp

H 
at +
p

H sharp
: (C.16)

This analysis shows that, despite equal peak heights, Langevin dynamics assign higher probability to
the broader maximum atx 
at due to its lower curvature and larger effective volume in the residual
landscape.

For example, with parametersa = 1 , � = 2 , � = 10, and� = 0 :1, the curvature values areH 
at = 32
andH sharp = 1032, yielding a probability ratio of approximately5:68. After normalization, we
obtain:

P(nearx 
at ) � 0:85; P(nearx sharp ) � 0:15:

This quantitatively con�rms that Langevin dynamics signi�cantly prefer broader residual peaks under
equal height conditions.
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Gradient sensitivity induced by sharp residual regions.Residual peaks with high curvature, such
as those nearx sharp , induce steep gradients with respect to the model parameters due to the ampli�ed
sensitivity ofR to perturbations inx. Formally, the chain rule

d
d�

R � (x) =
@R
@x

�
dx
d�

indicates that when@R=@x is large—as in highly localized peaks—even small variations inx can
result in unstable updates in� .

Moreover, a concentration of samples around sharp residual peaks effectively sharpens the empirical
loss landscape, making the optimization process highly sensitive to initialization and learning rate. In
contrast, broader regions such as those aroundx 
at yield smoother gradients and reduced curvature
in the loss surface, enhancing the robustness of training against both gradient noise and model
perturbations.

This observation highlights that the inherent sampling bias of Langevin dynamics toward �atter
high-residual regions contributes not only to generalization but also to numerical stability during
optimization.
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D Sample Trajectories of LAS and Benchmark Algorithms

We visualized the collocation point trajectories during the training under various adaptive sampling
algorithms. The experimental settings follow the default con�gurations speci�ed in the main text,
with 4 layers and the number of Langevin iterations set tolL = 1 . The background, shown as a
heatmap using the plasma colormap, represents the solution errors, where dark purple indicates low
values and bright yellow indicates high values. White points represent the collocation points aligned
with solution errors to intuitively show how each algorithm works.

D.1 Random-R Sample Trajectory

The �gure below represents the sample trajectory of Random-R, where different collocation points
are uniformly sampled at each iteration.

Figure 9: Random-R sample trajectory.
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D.2 RAD Sample Trajectory

This �gure presents the RAD sample trajectory over multiple iterations, demonstrating a relatively
stable pattern of sample distribution. To ensure a fair comparison, we �xed the number of collocation
points for the denser set to beNpde . As iterations progress, the sample points concentrate around
regions of high errors, with some diversity maintained throughout. However, despite the overall
stability, the RAD sampling method exhibits a distribution that is not signi�cantly different from
the Random-R approach. The clustering becomes more pronounced in certain areas, but the overall
spread and distribution of samples remain similar, suggesting that RAD does not offer a distinct
advantage over random-R in terms of improving sampling diversity.

Figure 10: RAD sample trajectory.
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D.3 R3 Sample Trajectory

This �gure illustrates the evolution of sample trajectories in the R3 algorithm, showing a clear
concentration of samples in regions with high errors as the process progresses. While early iterations
exhibit some scattering, the sample points increasingly cluster around speci�c areas of the solution
errors, leading to a lack of diversity in later stages. Furthermore, this imbalance indicates instability
in the sampling strategy, as it fails to maintain a continuous, balanced shift in the sample population
across the entire domain. The discontinuous change in the sample population may result in instability
from the perspective of the learning process.

Figure 11: R3 sample trajectory.
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D.4 L 1 Sample Trajectory

This �gure illustrates the evolution of sample trajectories in theL 1 algorithm. As the number of
iterations increases, the samples become overly concentrated in regions with high errors, leading to
a lack of diversity across the domain, particularly in areas with lower errors. This imbalance goes
against the goal of maintaining a well-distributed sample set proportional to the solution errors. While
some adaptation occurs, the excessive focus on extreme errors (small� case) results in a skewed
distribution, highlighting the need for more balanced and diverse sampling to improve the algorithm's
performance.

Figure 12:L 1 sample trajectory.
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D.5 LAS Sample Trajectory

This �gure depicts the sample trajectory of the proposed LAS algorithm. As iterations progress, the
sample points are proportionally distributed according to the solution errors, maintaining diversity
across the domain. Unlike other methods, proposed LAS algorithm avoids over-concentration in
regions of high errors, instead ensuring that sample points are scattered in a balanced manner.
Additionally, the distribution adapts in line with the error peaks, with an appropriate portion of
samples allocated based on the peak heights. This indicates that the LAS algorithm successfully
addresses the key objectives of both proportionality and diversity in sample distribution, improving
stability and overall performance.

Figure 13: LAS sample trajectory.
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