Appendices of the NeurIPS 2025 Paper:

“How Data Mixing Shapes In-Context Learning:
Asymptotic Equivalence for Transformers with MLPs”

Deferred proofs

In the following appendices, we provide deferred proofs. We first consider the case of zero-mean
inputs, i.e., ;s = 0 for all s, and address the extension to non-zero mean inputs, i.e., tt5 s 7 0, in
the final section. This organization streamlines the initial presentation while preserving generality.

Appendix A introduces a reparameterization of the attention mechanism that simplifies the form of the
attention outputs. Appendix B analyzes the distribution of F'vec(H z), a key quantity in our analysis,
and proves Lemma 4.9. Appendix C presents a decomposition of the gradient matrix corresponding
to a single gradient step on the first layer (6), establishing Lemma 4.11. Appendix D builds on prior
results to establish a conditional Gaussian equivalence. Appendix E contains the proof of our main
theoretical result (Theorem 4.12). Finally, Appendix F considers an extension of the analysis to the
setting with non-zero mean inputs.

Notation

We adopt standard notation following [18]. For a random vector v, its covariance is denoted by
Cov(v). The spectral norm and Frobenius norm of a matrix A are denoted by ||A||2 and || A|F,
respectively, while Tr(A) denotes the trace. Matrix entries and slices are indicated by A s A, j»and
A,; ., where 7 and j denote the row and column indices, respectively. vec(.) denotes the vectorization
operation. We write f(-) =< ¢(-) to denote that f and g are of the same asymptotic order with
respect to the diverging dimensions. We use standard asymptotic notation: f(d) = O(g(d)) if
f(d)/g(d) — C < oo for some C > 0, and f(d) = o(g(d)) if f(d)/g(d) — 0asd — oc.
Furthermore, we define O(f(+)) as shorthand for O(f(-) polylogd) to suppress polylogarithmic
factors for brevity. Element-wise multiplication is denoted by ®, and the Kronecker product by ®.
Conditional random variables are written as X | C, representing the distribution of X given condition
C. Finally, we use x — N (0, 1) to denote that the random variable = converges in distribution to the
standard normal.

A Reparameterization of the linear attention

We begin by reparameterizing the linear attention mechanism in accordance with prior work [47, 2,
29, 23, 32, 27] to simplify subsequent analysis. Specifically, we consider the following form of linear
attention:

A=2Z+ %VZ(KZ)T(QZ), (S1)

where K, Q, and V denote the key, query, and value matrices, respectively. Due to the structure of
the embedding matrix introduced in (2), the output of linear attention, denoted jinear, cOrresponds to
the (d + 1,4+ 1)-thentry of A, i.e.,

. 1

Diinear = Adt1,041 = Z‘/dJrl,: (ZZ")(K"Q)Z. 441. (S2)
This formulation highlights that the parameters relevant to §iincar are Vi41,: and K TQ. To isolate
these, we express the matrices as follows:

V:[* *] and M::KTQ:{

My, = (S3)
Vo1 V22 ’

mi, «
where * denotes components not involved in predicting y,4 1, while the submatrices M;; € Raxd,

V91, Mg € RY, and vyy € R capture the relevant contributions. Using these components, the
prediction %iinear can be rewritten in terms of the input features and previous outputs as:

1
T 2 T T T
7 Tot1, V22 My E YiTi + V22121 E y; + My E T;xT; V21 + M2y E Y] va1 ),
i<t i<t i<0+1 i<t

(54)



where (-, -) is the standard inner product and we omit the source index s for brevity.

In most of the theoretical literature [47, 2, 29, 23, 32], the parameters vy and mo; are commonly
set to 0, since the leading term

1

7 <33z+1, vaa M Z yz$z>
<L

in (S4) alone is often sufficient to accurately predict y¢ 1. More recently, [27] relaxed this assumption

by allowing m9; to be trainable while keeping vo; = 0, as this modification retains analytical

tractability. Following this approach, we adopt a setting in which v2; = 0 and the remaining

parameters are trainable.

Under this formulation, the output of the linear attention mechanism can be compactly expressed as:
Jiinear = vee(T')Tvec(Hzz), (S5)

where the trainable parameters are consolidated into the matrix I', and the processed version of the
embedding matrix Z is denoted by H z. These are defined as:

T = vy [M1T1 mgl] , and Hgz :=xyy [% Zigz yixl %Zigz yﬂ . (S6)

The advantage of this reformulation lies in the fact that the linear attention output is now a linear
function of both the trainable parameters I' and the data-derived matrix H z. As a result, the matrix
T can be efficiently optimized via ridge regression.

Similarly, in the case of a Transformer architecture equipped with a nonlinear MLP block, the above
formulation enables us to express the prediction as:

N I 7
Jnonlinear := —=w" o(F vec(Hz)) (S7)
nonlinear \/E )
where F' € RF*4(d+1) serves a role analogous to that of vec(T"), with each row of F representing
the weights associated with one of the £ nonlinear neurons. The function ¢ denotes a nonlinear
activation function, allowing the model to capture complex input-output relationships, and w € R* is
a trainable vector that linearly combines the outputs of these nonlinear units. Overall, this formulation

captures the structure of a Transformer with linear attention followed by a nonlinear (two-layer) MLP
block.

B Asymptotic distribution of F'vec(H z)

In this section, we analyze the asymptotic distribution of the term F'vec(H z), which plays a central
role in the Transformer with a nonlinear MLP layer. After training the first-layer parameters as
described in (6), the prediction of the model (5) takes the form

1 5 ( - 1 7
—w' o ( Fvec(H ):—wonecH +nGvec(Hz)),
where G denotes the gradient matrix defined in (7). Since F'vec(H z) is the primary input to the
nonlinear activation function o, understanding its distribution is a natural and informative starting
point.

Let f; denote the i-th row of the matrix F', and define ¢ := Tr(Cov(vec(H z))). For the purpose of
this analysis, we initially assume that H 7 is fixed. Under Assumption 4.6, each row f; is drawn
independently from a Gaussian distribution N'(0, I(441)/t). Consequently, we have

fifvec(Hz) ~ N (0, |[vec(Hz)|13/t) -

Thus, the task of proving Lemma 4.9 reduces to showing that ||vec(H z)||3/t concentrates around 1,
which would imply that f¥'vec(Hz) — N(0,1).

To establish this concentration result, we begin with the following lemma, which characterizes H
as an outer product of a Gaussian vector and a sub-exponential vector, conditional on the data source
index s and the task vector £|s. The lemma also provides concentration bounds for the norms of these
constituent vectors. For brevity, we omit explicit conditioning in some expressions where the context
makes it clear.



1
Lemma B.1. Let b := {Z qu v Z} , which implies that Hz = x,,1b*. Suppose that the

0 Zz<€ Yi

data source index s and the task vector €|s are given. Then, conditioned on s, the vector ©yy1|s is
Gaussian by definition, and the conditional vector b| (€, s) exhibits sub-exponential tails. Furthermore,
conditioned on (s, €|s), the following concentration bounds hold with high probability:

[lze41]13 — Te(Cov(zesn)] / Tr(Cov(@ers)) = o(1), (S8)
[1b]13 — Te(E[bbT])| / Tr(E[bST]) = o(1). (89)

lIglsllz | 2z 11"
where ¢, is Lipschitz by Assumption 4.7 and ¢;|s is Gaussian by definition.

N(Hz,saz ) and y; := ¢s <M) + 6i|57

We can express b as: b = % > i<obi, where b; = {y; 1} Since ¢y is Lipschitz and x; is sub-
- 7
Gaussian, the composition y; is sub-Gaussian with a constant norm due to Gaussian concentration of

Lipschitz functions [40, Theorem 5.2.2].

By Assumption 4.2, we have |2, ;|3 = O(d) and Tr(2, s) < d, so x; is sub-Gaussian with norm
O(d"/*). Then, since the product of sub-Gaussian random variables is sub-exponential [40, Lemma
2.7.7], the term y,; x; is sub-exponential with norm O(dl/ 4), and yf is sub-exponential with constant
norm. Thus, b; is a sub-exponential vector with norm O(d'/4).

Applying the (vector version of) Bernstein’s inequality [40, Corollary 2.8.3] to the vector b (an
average over [ samples of a sub-exponential) implies that the deviation (b — E[b]) has sub-exponential

tails with norm O(d'/*/¢). Under Assumption 4.1, //d € R, and hence the norm becomes O(d~3/%).

Finally, applying the Hanson-Wright inequality [40, Theorem 6.2.1] yields the bound in (S8). For (S9),
we rely on an extension of the Hanson-Wright inequality to sub-exponential vectors [19]. O

Now that we have bounds on the norms of the vectors used to construct H z, we can analyze the
concentration of the norm of vec(H z) in the following corollary, which builds on Lemma B.1.

Corollary B.2. With high probability, the following concentration result holds:

[[Ivec(Hz) | (s, €]s)|5 — Tr(Cov(vec(Hz) | (s,&]9)))| _ | [vec(Hz)|(s.&l3)I5 | _ o1),
Te(Cov(vec(Hz) | (5,€]5))) :
where t := Tr(Cov(vec(Hz))).
Proof. We first note that:
vec(Hz) = vec(xp1b7) =b® xpp 1.
Using this, we compute the covariance:

Cov(vec(Hz)) = E[(b® zo11)(b @ xp41)7], (S10)
=E[(b@ @) (b" @ 2pyy)], (S11)
=E[(bb") ® (ze12711)]; (S12)
=E[bb"] ® Cov(zei1), (S13)

where we used properties of the Kronecker product (transpose and mixed-product), the independence
of b and x4, and the linearity of expectation.

Similarly, we have:
[vec(Hz)3 = b @ @esa 3 = [B]3 - lzerall3, (S14)
and

Tr(Cov(vec(Hz))) = Tr(E[bb”]) - Tr(Cov(xsi1)). (S15)



Define the relative errors:

_ |lzesa 3 — Te(Cov(aesn)))| [IB)3 — Te(EBDT)))|

: = 1
% Tr(Cov(zesr)) , and 5, Tr(E[bbT]) (516)
Then, conditioned on (s, &|s), we get:
|lIvec(H z)||3 — Tx(Cov(vec(Hz)))| _ |l@e41]3]1b]13 — Tr(Cov (1)) Tr(E[BOT])| S17)
Tr(Cov(vec(Hz))) Tr(Cov(xys1)) Tr(E[bbT])
< 0p + 0y + 020y (S18)
= o(1), (519)
where the final step follows from Lemma B.1, which showed that both ¢,, and J,, are o(1). O

So far, our analysis has focused on the case where H 7 is conditioned on the data source s and the
task vector £|s. However, by Assumption 4.4, we have

t =Tr(Cov(vec(Hz) | s =1i)) = Tr(Cov(vec(Hz) | s = 7))
for any data source indices 4, j. Furthermore, Corollary B.2 showed that ||vec(H z)||3/t concentrates
around 1 for all s and &|s. This leads us to the following unconditioned concentration result.
Corollary B.3. Without conditioning on the data source or task vector, the following holds with high
probability:

[vec(Hz)|I3
t

lvec(Hz) | (s,€]s)I3 _
t

— 1‘ < max
s5,€|s

1| = o(1), (S20)
as a consequence of Lemma B.1 and Corollary B.2.

Proof. We apply a union bound over the (finite) set of data sources and integrate over the distribution
of &|s. Since the conditional deviation is uniformly bounded by o(1), the same bound extends to the
unconditioned case. O

Remark B.4. (Implications of task vector randomness) Corollary B.3 implies that the variability
introduced by the task vector £|s does not significantly affect the norm of the attention output
vec(H z), with deviations bounded by o(1). This concentration result justifies a simplification in
our analysis: we may treat £|s as effectively fixed and analyze the system under a worst-case &|s,
rather than integrating over its full distribution. This reduces analytical complexity while preserving
rigorous control over variation across tasks. In effect, the randomness of task vectors can be absorbed
into a uniform bound, allowing our results to hold uniformly over task diversity.

This completes our analysis of the concentration of ||vec(H z)||3/t around 1, and thereby concludes
the proof of Lemma 4.9.

C Decomposition of the gradient matrix

Having characterized the distribution of F'vec(Hz), we now turn our attention to the effect of a
single gradient step during training, as defined in Equation (6). Specifically, we analyze the structure
of the gradient matrix G, following the approach of [4, 13].

Recall the definition of the gradient matrix (7):

G := % (\/1% (ng - \;Ewaa(FI:IT)> ® a’(FfIT)> H. (S21)

A complication arises from the presence of the derivative of the activation function o, which appears
as a multiplicative factor. To simplify this expression, we apply an orthogonal decomposition to the
derivative:

o'(2) = a+ 0’ (2),



where o := E..nr(0,1)[0”(2)] is the average slope, and 0’ (2) := 0”(2) — « captures the zero-mean
deviation. The decomposition is justified by the fact that the random variable entering c—namely,
JT' hj—converges in distribution to A(0, 1) for all i, j, by Lemma 4.9.

Using this decomposition, the gradient matrix G' can be rewritten as:

1 ~T / 7T N_i T 7T / 7T ]
G—u'zi — ('wy ©o (FH ))H = (ww o(FHT) & o' (FH ))H, (S22)
spike

A
where we define u := aw and v :== H”g/(nVk).

This decomposition separates the gradient into two components: A spike term uv™ , which is expected
to dominate, and a residual term A.

Our next goal is to establish that ||uv® || > ||A||2, thereby confirming that the spike term governs
the spectral structure of G.

A new technical challenge arises in this context: unlik~e prior work [4, 13], where His composed

of i.i.d. Gaussian vectors, in our setting each row of H is a realization of vec(H z). As shown in
Lemma B.1 (Appendix B), Hz is the outer product of a Gaussian vector and a sub-exponential
vector, making vec(H z) a heavy-tailed [41] random vector. This deviates from the sub-Gaussian

assumptions in prior analyses and introduces additional complexity in bounding the norms of H.

Nevertheless, in the following lemma, we characterize a spectral norm bound for H that accommo-
dates this heavy-tailed structure.

Lemma C.1. Under our assumptions, the spectral norm of the matrix H satisfies the following
bound with high probability:

IH |2/ |Cov(vec(Hz))3'* = O(d). (S23)

Proof. Corollaries B.2 and B.3 imply that
|[[vec(H z)||5 — Tr(Cov(vec(Hz)))| =
with high probability, given that Tr(Cov(vec(Hz))) < d? by Assumptlon 4.4. 1t follows that
[vec(Hz)l|2 = O(d)

holds with high probability. We now apply a result from [39, Theorem 5.44] concerning the spectral
norm of a random matrix with independent heavy-tailed rows. This yields the stated bound on
| H||2. Note that the assumption n/d?> € R (from Assumption 4.1) ensures the validity of this
application. O

We now establish high-probability norm bounds for other key random quantities involved in the
analysis. Specifically, the following lemma bounds the norms of w, F', and y.

Lemma C.2. Under our assumptions, the following bounds hold with high probability:
(i) |lwllz = O(1) and ||lw]| = O(k~/?),
(i) ||F 2 = O(1),
(iii) ]2 = O(n'/?) and ||g]| = O(1),

where k,n = O(d?) as specified by Assumption 4.1.

Proof. (i) Follows from standard sub-Gaussian norm bounds, specifically [40, Proposition 2.5.2 and
Theorem 3.1.1], in conjunction with Assumption 4.6.

(ii) The spectral norm bound on F' under Assumption 4.6 is a direct consequence of the concentration
of the spectral norm for sub-Gaussian random matrices; see [40, Theorem 4.4.5].

(iii) The bounds for gy follow from the Gaussian concentration of Lipschitz functions [40, Theorem
5.2.2], noting that each element of y is defined via a Lipschitz transformation of sub-Gaussian
variables. O



Next, we derive high-probability norm bounds for key quantities appearing in the residual term A
of the decomposed gradient expression in (S22). Specifically, we consider the terms ¢’ (Fﬁ ),
o' (FHT), and w"o(FHT).

Lemma C.3. Under our assumptions, the following bounds hold with high probability:

(i) lo' (FHT)|2 /| H|2 = O(1),
(i) |o'(FHT)|y = O(k),
(iii) [|wTo(FHT)| o /|| H|2 = O(k~1/?),

where k = O(d?), as specified by Assumption 4.1.

Proof. (i) Condition on H. By construction, the rows of FHT are independent centered Gaus-
sian vectors (with generally anisotropic covariance inherited from Cov(vec(Hz))). The func-
tion ¢’ (-) is bounded and Lipschitz by Assumption 4.8 so we apply Gaussian concentration for

Lipschitz functions [40, Theorem 5.2.2]. This gives us the rows of o/, (FH?") as independent

sub-Gaussian vectors with sub-Gaussian norm proportional to || H || Tr(Cov(vec(Hz))) /2 with
Tr(Cov(vec(Hz))) < k by Assumption 4.4. Finally, employing the spectral norm bound for matri-
ces with independent sub-Gaussian rows [39, Theorem 5.39 and Eq. (5.26)], and then removing the
conditioning, yields the stated bound.

(ii) We bound the full derivative term as
lo"(FH")||2 < [lo (FH")||2 + || Lixn]l2,

where o := E__n(0,1)[0”(2)] and 1, denotes a matrix of all ones. Since ||1xxn|l2 = Vkn = O(k)
under Assumption 4.1, the result follows from part (i).

(iii) Similar to (1), using Gaussian concentration of Lipschitz functions [40, Theorem 5.2.2] along
with ||w]|2 = O(1) from Lemma C.2 gives the claim. O

With all necessary high-probability bounds in place, we now derive a bound on the norm of the
residual term A appearing in the gradient decomposition. Recall:

1 - - 1 N _ .

Al =||— (wgT 0o, (FH")) H — — To(FHT \FH"))H 24
Al = || (w00 (PHD) H - 5 (wolo(PHT) 0.0 (PHD) H| . (520
1 N ~ - 1 N - -
<— HwyT © a;(FI-IT)H2 1H2 + — waTU(FHT) © cr’(FHT)H2 IH|s,

(S25)

1 ~ - 1 ~ _ N
< ——||w|lso||F|lsc o’ (FHT) 2| H||2 + —||w]|oc |lwl o (FHT)| s |0’ (FHT)|2|| H||2,
,n\/%ll lloo[Flsollo”( M2l H ]2 Wl o Noollo’( M2l H |2
(526)

= O(k™"), (S27)

which holds with high probability, where 3 € (0, 1) satisfies || Cov(vec(Hz))||2 = O(k~#+1) and
n = o(k?) under Assumption 4.5.

To derive this bound, we first apply the triangle inequality, and then use the identity for Hadamard
products:

ab” © C = diag(a) C diag(b),
which allows us to factor out the vectors and simplify norm computations. The final result follows by
applying high-probability bounds established in Lemmas C.1, C.2, and C.3.

Similarly, we can bound the norm of the spiked term uwv?’:
a o - Nry—
luv 2 = [lullzv]ls = —=wlal|H]|2[lgllz = O(k~"/2), (828)
Wk

which also holds with high probability.



Taken together, the bounds in (S27) and (S28) confirm that the leading contribution to the gradient
matrix arises from the rank-one term wwv’, whereas A constitutes a negligible residual. This
completes the proof of Lemma 4.11.

D Conditional Gaussian equivalence

With the results from the preceding appendices, we now establish a new result: a conditional Gaussian
equivalence, which will play a key role in the proof of Theorem 4.12. To formulate this result, we
first define a subspace relevant for the conditioning in the equivalence argument.

Lemma D.1 (Decomposition of ﬁ’vec(H z) conditioned on data source s). Let s be a fixed data
source. Define the subspace

S = [’Ua 78,1a 78,25 s a’YS,rJ,
where v is the spiked direction from Lemma 4.11, and s 1, . . ., 7s,r, are the spiked directions of

Cov(vec(H z)) as specified in Assumption 4.4. Let P and P, denote the orthogonal projection
matrices onto span(S) and its orthogonal complement, respectively. Then,

Fvec(Hz) = (F 4+ nA)Pyvec(Hz) + F Sk, (529)
where ks = (STS)"1STvec(Hyz).

Proof. This decomposition follows directly from the definition of orthogonal projections and the
linearity of matrix multiplication. O

Lemma D.1 yields a decomposition of the transformed hidden state Fvec(H z) into two components:
a “bulk” term that is conditionally Gaussian, and a structured term aligned with the low-rank subspace
S induced by spiked directions. Crucially, this implies that, conditional on the coefficient vector &,

the transformation 13‘vec(H z) is sub-Gaussian. This motivates the following conditional Gaussian
equivalence theorem, which approximates the nonlinear feature map o (F'vec(H z)) with a Gaussian
counterpart conditioned on (s, Ks).

Theorem D.2 (Conditional Gaussian equivalence). Under the assumptions in Section 4.1, define

the nonlinear feature map (vec(Hz)) := o(Fvec(Hz)), and let o := P vec(Hz) be the
projection onto the orthogonal complement of the subspace S defined in Lemma D.1. Then, the
Jollowing conditional Gaussian feature map is equivalent to 1 (vec(H z)) in terms of ICL error, when
conditioned on data source s and alignment vector K:

1[)(vec(HZ); s,ks) = v(s,ks) + U(s, k)0 + P(s, Is:s)l/Qg, (S30)
where g ~ N (0,I), and

v(s,ks) :=E {a(ﬁ’vec(HZ)) ‘ s,ns} ,

(s, ks) =E {O’(FVéC(Hz))OT

83 K/8:| I

®(s, k) := Cov (U(ﬁ’vec(Hz)) ] s, ns) W (s, k) W(s, k)T
Proof. The proof strategy follows the standard approach to Gaussian equivalence for random features
as developed in [31, 11, 10, 13]. In particular, it is sufficient to establish a central limit theorem (CLT)

for the bulk component (F' + nA)o, conditional on s, k5. Once this CLT is in place, the remainder
of the proof mirrors that of [13], and is omitted here for brevity.

Conditional CLT For any Lipschitz function ¢ : R? — R, forall s € {0,...,S — 1} and for all

Ky € R=t1,
d}fil_l}loc sup ‘]E {C (u?Tz/)(vec(Hz)),éTa:> ‘ s,ns} —E [C (’IIJlel(VeC(Hz)),éT.’B) ‘ s,ns} =0,
; £

(S31)



where the supremum is taken over w € {w € R* | |w|l2 = O(1), |w]|oc = O(k™¢)} for some

e > 0, and € € R satisfies ||€]|2 = 1/||Cov(z | s)Hé/Q. Here, k,d — oo such that k/d? € R, as
specified in Assumption 4.1.

This conditional CLT establishes the equivalence of the original and Gaussian feature maps,
Y(vec(Hz)) and ¢ (vec(Hz); s, k), in terms of their behavior under any test function ¢, condi-
tional on s and k4. Notably, the supremum ensures robustness to variation in task vectors, accounting
for worst-case alignment.

We begin proving the conditional CLT by recalling the decomposition from Lemma D.1:
Fvec(Hz) = (F +nA)Pyvec(Hz) + FSk,.

Define r := (F + nA)P vec(Hz) and ¢ := FSk, so that Fvec(Hz) = 7 + ¢. The random
vector r is approximately Gaussian because:

* 1]|All2 — 0 asymptotically (see Appendix C),
» P, is an orthogonal projection (|| P, ||2 = 1),
* Lemma 4.9 shows that F'vec(H z) converges to a Gaussian distribution,

* Assumption 4.4 ensures P, eliminates spiked directions, leading to » — N(0, I,).

. d r d . e =
Consequently, we may write » = F'q, where = denotes equivalence in distribution, F' is a random
feature matrix satisfying the conditions in [21] and g ~ N(0, I). Meanwhile, ¢ is deterministic
conditional on (F, s, k). Define the neuron-wise conditional activation:

C~7_j|(s,/is)(.fNJTQ) = Jj(f],rq"_cj)ﬂ ]: 17'~~7k'

This representation allows us to view the feature map as a collection of neuron-specific activations
with fixed shifts ¢;. Importantly, the CLT for random features in [21] applies even when activations
vary across neurons, a point further supported by related results in [11, 13].

Utilizing Corollary 4.10 and applying the central limit theorem for heterogeneous neuron activations
[21, Theorem 2], we obtain convergence in distribution of ¢(vec(H z)) to its Gaussian approximation

Y(vec(Hz); s, ks). Furthermore, the odd activation function assumption required in [21] can
be omitted here, since both feature maps share the same conditional covariance structure. See
[31, 11, 10, 13] for related proofs and further technical details.

So far, we have established an equivalence with respect to the training error. While not stated
explicitly earlier, this training error corresponds to that of ridge regression applied to the second-layer
weights in our two-stage training setup. To extend this asymptotic equivalence to the ICL error
defined in (8)—which is our main object of interest—we require an additional technical condition,
formalized below.

Assumption D.3. Consider a perturbed optimization objective:

n

2
Tn(c) := min 1 > (yzﬂ - \}E’wTU(FVCC(Hza‘))> + Mw||? 4 c&(w), (S32)
j=1

where ¢ € R is a scalar perturbation parameter, and £(w) denotes the ICL error from (8) associated
with second-layer weight vector w. The constraint set Cy, is the constraint set in the conditional CLT
and it is defined as Cy, := {w € R¥ | |w|| = O(1), |w||c = O(k~€)} for some € > 0. Then, there
exists a constant ¢* > 0 such that, for all ¢ € [—c*, ¢*], the function T, (c¢) converges pointwise to a
limiting function 7 (c), which is differentiable at ¢ = 0.

Although this assumption may appear somewhat artificial at first glance, it enables the use of
convexity-based arguments in establishing generalization error equivalence (ICL errors in our case),
as seen in prior work on Gaussian universality [11, Assumption 5]. Similar assumptions are also
employed in related studies on asymptotic equivalence [21, 31, 13]. Importantly, this condition arises
primarily as a technical requirement of the proof method, rather than as a limitation on the broader
applicability of the Gaussian equivalence results established in this work.



With Assumption D.3 in place, we are now able to extend the asymptotic equivalence result to the
ICL error, thereby completing the proof of the conditional Gaussian equivalence, as established in
[13]. O

Theorem D.2 establishes an asymptotic equivalence between two feature maps with respect to the
ICL error, under the condition that their first two conditional moments match. This result implies the
existence of an equivalent (conditional) Gaussian model—namely, w” ) (vec(Hz); s, k5 )—that can
replace the original feature map without affecting ICL performance. Leveraging this equivalence,
we now prove that the Transformer model with a nonlinear MLP is asymptotically equivalent to a
polynomial model, as formalized in Theorem 4.12. The full proof is presented below.

E Equivalent polynomial model

We aim to establish the asymptotic equivalence between a Transformer model with a nonlinear MLP
and the polynomial model described in Theorem 4.12. Our strategy relies on the conditional Gaussian
equivalence result stated and proved in Appendix D (Theorem D.2). This result asserts that two
models with matching conditional means and covariances yield the same ICL error (8). Thus, to
prove equivalence, it suffices to demonstrate that the first two conditional moments of the two models
coincide.

Fix a data source index s, and recall the orthogonal decomposition with respect to the subspace
defined by the matrix S:

Fvec(Hz) = (F +1nA)Pyvec(Hz) + FSk,, (S33)
where k, = (STS)"18Tvec(Hz), as established in Lemma D.1. The first term, (F +

nA)P, vec(Hz), behaves asymptotically like a Gaussian random variable (see the proof of Theo-
rem D.2), while the second term, F'Sk,, is deterministic conditional on F', s, and k.

According to [13, Theorem 4], if conditional Gaussian equivalence holds and the deterministic
component F'Sk, vanishes at a rate of O(k~?) for some § > 0, then there exists a finite polynomial
degree p such that the polynomial activation &, (-) (as defined in Theorem 4.12) yields equivalent
generalization performance to that of the original nonlinear activation o(-). In their proof, the
vanishing nature of the deterministic term is used to show that 6,,(-) and o(+) induce the same first
two conditional moments, thereby ensuring asymptotic equivalence in generalization (ICL) error.

Similarly, in our setting, the vanishing nature of the term Fs Kk s—together with Assumption 4.8—im-
plies the following bounds:

H]E [g(ﬁvec(Hz))

s, HS} —E [Efp(ﬁ'vec(Hz))

s,;«vs} ’2 = o(1), (S34)

HIE {a(ﬁ’vec(HZ))oT ‘ s,:s:s} —E [&p(ﬁ’vec(Hz))oT ‘ s,ns}

’F —o(1), (S35

HCOV (a(ﬁ‘vec(Hz)) ‘ S,IQS) — Cov (6P(FVGC(HZ)) ‘ s,ns> ‘2 = o(1), (S36)

where 0 := P, vec(Hz). These bounds suffice to prove the equivalence between the original
activation o(-) and the polynomial approximation &, (-), as explained by [13]. Therefore, it remains
to verify that

|fFSky| = O(k™%) forallie {1,...,k}, (S37)
for some § > 0, where fi denotes the i-th row of F'.
To analyze | fZT Sk, we begin by expanding the expression:
1fTSky| = fiTS(sTS)*lsTvec(HZ)] (S38)
< |fFS(S"S) 'S vec(Hz)| +n|g] S(STS) 'S vec(Hz)

) (539)

where we used the decomposition f; = f; 4 1g;, and g; is the i-th row of the gradient matrix G
defined in (7). The first term corresponds to the contribution from the randomly initialized feature
matrix F', while the second accounts for the effect of the gradient update.



Finally, invoking the gradient decomposition and the corresponding bounds from Appendix C,
together with the fact that P = S(ST.8)~1S T hasrank O(1) and Assumptions 4.4—4.5, we conclude
that both terms in (S39) vanish at the desired rate. In particular, the scaling in Assumption 4.5, the
low-rank structure of P, and the spiked-covariance in Assumption 4.4 ensure that the contributions of
the 7-weighted gradient term and the spiked directions in Cov(vec(H z)) remain controlled, which
completes the proof.

In summary, our results indicate that although the output of the attention layer, vec(H z), exhibits
a heavy-tailed distribution [41], the application of the random matrix F' attenuates the heavy tails.
Moreover, training the first-layer weights F' with a single gradient step has a negligible effect on the
analysis. Together, these insights allow us to transfer known results from supervised learning with
two-layer neural networks to the in-context learning setting of Transformers with nonlinear MLPs.
This connection opens promising avenues for analyzing complex, realistic models using Gaussian
equivalence techniques.

F Extension to inputs with non-zero mean

In the main body of our proofs, we have assumed zero-mean inputs, i.e., 1, s = O for all data sources
s, to streamline the exposition and focus on the core aspects of the Gaussian equivalence framework.
However, in practical scenarios, input data often has non-zero mean, necessitating a generalization of
our theoretical results to handle such cases.

The key observation enabling this extension is that the mean vector p,, ; of each Gaussian data source
introduces a structured, low-rank perturbation in the representation of the attention output. Formally,
we have:

HZ | s = (wZJrl ‘ s — Nz,s)bT + H:I:,stv (S4O)

which separates the stochastic (zero-mean) and deterministic (mean) components. Consequently, the
vectorized attention output vec(H z) becomes non-zero-mean, but its non-central second moment
still captures the combined statistical behavior of both components.

To rigorously extend our results to this more general setting, the following changes are required.

1. Substitution of covariances with second moments:

* In all analytical steps where the covariances of «;|s and vec(H z) appear, we need to
replace it with the corresponding non-central second moment:

Cov(vec(Hz)) ~ E[vec(Hz)vec(Hz)"],
2, s = Cov(zils) ~ Elzz]|s].

* This replacement maintains the validity of our results since the spike due to the mean
is treated analogously to spikes in the spiked covariance model in Assumption 4.4.

2. Bounding mean-induced terms in gradient decomposition:

* The primary technical adjustment is required in the proof of the gradient decomposition
(Appendix C).

* The decomposition must now include additional cross-terms involving p, s, which
must be carefully bounded using concentration inequalities and structural assumptions
on the data distribution (e.g., bounded mean norm, low-rank behavior).

* These bounds ensure that the mean-induced components do not asymptotically domi-
nate or distort the gradient behavior established under the zero-mean assumption.

By implementing the above modifications—namely, using non-central second moments and bounding
mean-induced gradient terms—we can extend our theoretical guarantees to the case of non-zero-mean
Gaussian inputs. This generalization not only reinforces the robustness of our analysis but also
broadens its relevance to real-world applications, where input means are rarely zero in practice.
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G ICL errors per-source in the setting of Figure 2

For the sake of completeness, we illustrate the ICL errors per-source (corresponding to each source)
in the setting of Figure 2. Mathematically, the per-source error is defined as E[(y,11 — §)?|s = 8]

where source indicator § € {0, 1} since we consider settings with two different data sources. For all
of the figures below, on the left, the ICL error corresponding to source 0, i.e., E[(y,11 — )]s = 0],
is plotted while the ICL error for source 1, i.e., E[(y¢+1 — §)?|s = 1], is shown on the right. Figures

4, 5, and 6 illustrate the per-source ICL errors in the settings of Figure 2 (a), (b), and (c), respectively.
Namely, Figure 4 shows the changes in the per-source ICL errors when varying the input covariance
and Figure 5 displays the effects of changing the task covariance on the per-source ICL errors, while
Figure 6 depicts the per-source ICL errors for different noise levels. In all of these cases, the first
data source (source 0) is kept fixed while the aforementioned properties of the second data source are
modified, as detailly explained in the caption of Figure 2. The results indicate two primary points.
First, per-source ICL errors for the Transformer (approximately) match those of the equivalent model,
indicating that the equivalence specified by Theorem 4.12 is useful for studying per-source ICL errors
as well. Second, the trends for the ICL errors (which is the average of the per-source errors) in Figure
2 are also observed for each of the per-source errors, providing further evidence for our conclusions.

Source 0 Source 1
0.5 0.5 4 ¢ Transformer with MLP
£ * % % ¥ 1 —— Equivalent Model
0.4 '\0\.\‘\‘_‘ 0.4 Mixing Ratio p
¢ 00
5 5 0.2
5 03 03 o
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0.2 02 o
¢ 10

e

0.1

00 02 04 06 08 1.0 00 02 04 06 08 1.0
loga(|1=21113) loga(|1=21113)

Figure 4: Per-source ICL errors in the case of Figure 2(a): impact of varying input covariance of
source 1 on the per-source ICL errors.
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Figure 5: Per-source ICL errors in the case of Figure 2(b): effect of altering the task covariance of
source 1 on the per-source ICL errors.
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Figure 6: Per-source ICL errors in the case of Figure 2(c): result of changing noise level of source 1
on the per-source ICL errors.
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