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Abstract

The Distributional Principal Autoencoder (DPA) combines distributionally correct
reconstruction with principal-component-like interpretability of the encodings. In
this work, we provide exact theoretical guarantees on both fronts. First, we derive a
closed-form relation linking each optimal level-set geometry to the data-distribution
score. This result explains DPA’s empirical ability to disentangle factors of variation
of the data, as well as allows the score to be recovered directly from samples. When
the data follows the Boltzmann distribution, we demonstrate that this relation yields
an approximation of the minimum free-energy path for the Miiller—Brown potential
in a single fit. Second, we prove that if the data lies on a manifold that can be
approximated by the encoder, latent components beyond the manifold dimension
are conditionally independent of the data distribution — carrying no additional
information — and thus reveal the intrinsic dimension. Together, these results show
that a single model can learn the data distribution and its intrinsic dimension with
exact guarantees simultaneously, unifying two longstanding goals of unsupervised
learning.

1 Introduction

The Distributional Principal Autoencoder (DPA) is an autoencoder variant recently introduced in Shen
and Meinshausen [ | 8] and related to other approaches [19; 20] built on the energy score [10]. Because
the decoder is trained to match the conditional law given a code, DPA guarantees distributionally
correct reconstruction for all points mapped to the same code. The encoder, in turn, minimizes
the residual variability given this code. Optimizing several latent widths simultaneously induces
a principal-components-like ordering while retaining an expressive nonlinear mapping. Although
the original paper demonstrated strong performance on high-dimensional data, a precise theoretical
explanation of the behavior remained open.

We close this gap by proving strong properties for both data distribution learning and dimensionality
reduction aspects which hold simultaneously in DPA — two objectives that are almost always at odds
in unsupervised learning. First, we derive a closed-form score—geometry identity that links the normal
components of each optimal level set to the data score V log P, (). Second, we prove that if the
data lie on a manifold that is parameterizable (or best approximable) by the encoder, then coordinates
beyond the manifold dimension become conditionally independent of the data, thereby revealing the
intrinsic dimension. Thus, we extend the analogy to PCA made in the original DPA work by proving
that, instead of finding principal linear subspaces, DPA learns nonlinear manifolds shaped by the
data density, with a clear, testable dimensionality criterion — conditional independence. The results
hold for any combination of ambient dimension p and latent dimension k; in examples, we focus on
lower-dimensional ones in order to build geometric intuition.
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The overall organization is as follows: Section 2 introduces the score—geometry identity and its
consequences, Section 3 establishes conditional independence of extraneous latents and related results
on intrinsic dimensionality. Section 4 illustrates both ndings on examples, and demonstrates that
the same score alignment enables a single- t recovery of the minimum free-energy path (MFEP) for
the Muller—-Brown potential—a longstanding benchmark in molecular simulations. This connection
underscores the work'’s relevance to science: encodings that approximate the MFEP can signi cantly
speed up expensive molecular dynamics simulations by identifying reaction pathways directly from
samples. Section 5 summarizes prior work relevant to both main results, and Section 6 concludes
with broader implications.

2 Optimal encoder level sets align with the data score

2.1 Background and preliminaries

We denote the data by P 4aa Supported orX . DPA couples a deterministic encoder RPIR ¥
with a stochastic decoder: R | R P. Optimal encoder/decoder(s) will typically be denoted by

. The decoder is not trained to predict a single point; using the energy score, it learns to produce
the entire conditional distribution of the data when the encoding value (or “code”) is xed; this
distribution is de ned as the Oracle Reconstructed Distribution (ORD). Thus, points that share the
same code form a level set in the data space, and samples from the decoder are draws from the data
distribution restricted to that set. This is the sense in which DPA performs distributionally correct
reconstruction.

The "principal part comes from optimizing all dimensions of the encoding (up to $ojr@multa-
neously. Thek-th term of the objective asks how much variability remains if we restrict ourselves to
the rst k coordinates 0&(X) ; minimizing these terms together orders the coordinates by how much
residual variability they remove, analogous to principal components but with a exible, nonlinear
mapping and distributional reconstructions. We formalize these notions below; a compact notation
summary appears in App. A.1.

De nition 2.1 (Oracle reconstructed distribution — ORD, De nition 1 in [18])
For a given encodee() : RP | R * and a given sample 2 RP P 4.4 , the oracle reconstructed
distribution, denoted b, , is de ned as the conditional distribution of , given that its embedding

e(X) matches the embedding e(x) of x:
XjeX)=e®X) P ex 1)

In other words, the ORD is the distribution of the data on the level set of the encoder.

De nition 2.2 (DPA encoder optimization objective, Eq. 4 in [18])
The optimal DPA encoder seeks to minimize the expected variability in the induced oracle recon-
structed distribution:
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with a hyperparameter, and the norm taken to be the Euclidean normPin R
We will denote the level set of an optimal encoder as:

Ley =fy:e (y)=e (X)g; 3
2.2 Results

Assumption 2.3 (Global Assumptions)
We assume the following throughout this section:

1) The data density R is C* and integrable.
2) The encoder e is'Gand Lipschitz.

The following assumption is a local one: it is only required where noted, and in case it does not hold,
the statements that require it are silent for the violating set.



Assumption 2.4 (Local Rank)
The (optimal) encoder's Jacobian matrix evaluateq at-D (y) — has full row rankk for almost

everyyonle (x) -
The rstlemma introduces a general relationship governing the expeetbgower of the distance
on a level set of an optimal encoder:

Lemma 2.5 (General integral balance for an optimal encoder)
Forany >0, assume Assumptions 2.3 and de ne:
Z h i
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where is a perturbation (function), and is the Dirac delta distribution. Next, de ne the level-set
mass: Z
Z(X)=  Pgaa (z) (e(z) e(X))dz: (5)

Then, for almost every sample P 42 Whose level sdt (xy satis es Assumption 2.4, and any
in the same function class as e, we have:
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provided the quantities in Egs. 4 are nite and Z(X) > 0.

We can interpret this relation as a balancing act: the térmandS represent a “push” from the data
density to deform the level set, while the “variance” term on the RHS “pulls” it closer as it needs to
be minimized on the level set. While the above relationship holds for any and is ultimately
about the expectations on a level set, a more striking result occurs when we 2etwhich yields a
pointwise balance equation exactly relating the encoder geometry to the data score:

Theorem 2.6 (When = 2, the optimal encoder's level sets align with the data score)
Fix =2 and assume Assumptions 2.3. Then, for almost every safnpRe gaa Whose level set
Le (x) satis es Assumption 2.4, the following balance equation holds for almost g\2ty e () :

V(Xi y c(X) D% (Y) = Sdawa(Y)D% (¥); )
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wheresgata (Y) = y 109 Pyata (Y) is the Stein score, whenever the following quantities: the level-set
center-of-mass: 7

c(X) =

and the level-set variance:

V(X)=  ky c(X)k *Pgaa (¥) (ely) e(X))dy: 9)
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are nite and Z(X) > 0.

The proofs of the lemma and the theorem are based on deriving balance equations from the rst
variation of the encoder's optimization objective (Eqg. 2) and are presented in Appendix A.2.

Eq. 7 expresses a tradf: the variance minimization objective (Eq. 2) pulls the level set toward its
center of mass(X) , whereas the local data geometry, through the score, pushes back. The balancing
factor compares a global terd,(X)=Z(X) , to a local termky c(X)k 2. For the unprojected
radial vectoly c(X) there are three regimes: for small radii it points outward; beyond the critical

radiusr =V (X)=2Z(X) the sign ips and it points inward; the critical shell itself has measure

zero on a level set and is excluded from the theorem. After projection to the normal sp&xe via
the level sets align these “outward/inward” directions with the data score in a manner that satis es
both the variance minimization and the local distribution constraints.



The projection to the normal spaBg is natural: the encoding value changes only in directions
normal to the level set, so optimal level sets must align those normal directions with the change in
density (the score). Furthermore, the normal space has dimdngieaking explicit the tradeff
between dimensionality reduction (fropto k) and how strictly alignment with the score can be
enforced (i.e., irk of the p dimensions). As shown in Sec. 3, if the data lie ok-dimensional
manifold, DPA can, in principle, align with the score in all relevant directions while rendering the
remaining (p k) coordinates extraneous.

As in Shen and Meinshausg§iB], an optimal encoder is well de ned for= 2 , which suf ces for
Theorem 2.6. The only subtlety concerns the optimal decoder uniqueness: the-st@gys proper

but not strictly proper at = 2 , so distinct conditional laws can attain the same risk even if only

one equals the ORD. In our experiments we did not observe such degeneracy; the learned encodings
approximate the data score (Sec. 4).

The requirement that the Jacobian has full row rank almost everywhere on the level set can be violated
in practice if, e.g., the encoder is suffering from “mode collapse” and mapping large regions of the
input to exactly the same constant. Another cause might be that the neural network is not suf ciently
expressive to approximate the manifold, which is assumed not to be the case throughout this work. As
mentioned, Theorem 2.6 is simply silent on those level sets; in our examples we obsefbelvaeitd

level sets.

A direct consequence for extrema follows by setting the right-hand side of Eq. 7 to zero:

Corollary 2.7 (Consequence of Theorem 2.6 for extrema of the data distribution)
Adopt all the assumptions of Theorem 2.6. Then, excluding minima Wjere(X)k approaches
in nity, an optimal encoder’s level sets at extrema will either:

1) have the center-of-mass c(X) at the extremum:=yc(X), or

2) have the vector from the extremum to the center-of-masse(X)) tangentto L ¢ (x) -

The proof is located in Appendix A.2.3. Due to the variance minimization objective, it is typically
suboptimal for the same level set to cross multiple maxima of the data distribution. If it does occur,
it will often mean that the level set between them is approximately a line segmexx Jawill lie

close to the connecting line (due to the density weighting) and (y c¢(X)) must be tangent in both.

3 On (approximately) parameterizable manifolds, extraneous latents are
uninformative

3.1 Background and preliminaries

In this section we relate the intrinsic dimensi¢nof the data manifold to encoder coordinates beyond
K. The decoder is taken to be a stochastic network that takes ndis0;1 iy ) (by default) as
input, with ? X, and, by Theorem 1 in Shen and Meinshausen [18]:(@ (x); ) P

e ;x:

Given this, one can consider multiple possible encoder output dimensjavith the remaining input
dimensions ofl being padded by expandingd [e1k(X); ws+1)p I P dew (X) . Then, the joint
optimization objective across all components is (Eq. 12 in [18]):

xP 1 h
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where! ¢ 2 [0; 1] are (optional) weights. In this section, we will assume uniform weigﬁiﬂg,
and 2 (0;2) , which makes the objective a strictly proper scoring rul€][ and thus the global
optimum unique. This is a technical necessity for the proofs; however, usiry yields comparable
empirical results, as demonstrated in Sec. 4.2.

We denote the k-th term of the optimization objective 10 as:
h [
1

Lkle;d] =ExEy p 4, oo KX Yk EEX S . ky Y % : (11)



3.2 Results

We will assume the datd P a4 to lie on aK -dimensional manifold, witiK < p . We rst

focus on a case where the manifold cannot be exactly parameterized via an encoder, but can be
approximated in the energy score sense - for instance, a union of manifolds. Throughout, we assume
suf cient network expressivity.

De nition 3.1 (K %parameterizable manifold)

A K -dimensional manifold i& %parameterizable if it can be approximated in the minimum energy
score sense iK -dimensions, that is, for an optimal encoder/decoder pairkifg¢erm in the loss
Eqg. 10 is globally the smallest among all terms and among all encoder/decoder pairs:

Lko[(e ;d )] = rQLrgk Lk[e;d] (12)

Naturally, we hav&K © K . AsK dimensions cannot be fully “captured” by a lower-dimensional
mapping, the rst — reconstruction term in the loss could always be reduced by consi#ering
dimensions; at optimum, the second term in Eq. 11 equals the reconstruction term (With§ut the
factor,ocf. Prop. 1in1g]). Thus we have a contradiction as that cannot be minimal, either, implying
that K® K.

Next, we show that this de nition is compatible with the usual notion of exact parameterizability:

Proposition 3.2 (An exactly parameterizable manifold is K-parameterizable)

Consider the case where the data is located di-dimensional manifoldR P, which is exactly
parameterizable by some functi®® ! R K, and our encoder function class is expressive enough to
realize such a parameterization in its rst K components.

If an encoder realizing the manifold parameterizatmnis optimal (together with a suitable optimal
decoder), then the manifold isKparameterizable with R= K, and

Lkol(e ;d )] =0:

The proof can be found in Appendix A.3.2.

De nition 3.3 (K “best-approximating encoder)
Suppose the data is supported of adimensional manifold, which i -parameterizable. If a
solution (e ; d ) satisfying Eq. 12 is also optimal among all dimensiof-¢hcoders:

0

(e ;d ) 2argmin Lk[e;d];
ed k=0
we denote it as the Rbest-approximating encoder (with an accompanying optimal decoder).

Before stating the main result of this Section, we summarize how the pieces t. De nition 3.1 is
a notion about the data manifoldK“*-parameterizable” means that the energy score terfe; d]
attains its global minimum & = K °for some encoder. Def. 3.3 is, conversely, a statement about
the model: & %“bestapproximating encoder (i) achieves that globally minitk&iterm and (ii) is
globally optimal among aK %latent models. Theorem 3.4 below then describes the properties of
such encoders, assuming they exist.

Theorem 3.4 (Extraneous latents of a K-best-approximating encoder are uninformative)
Suppose the data is supported oK adimensional manifold, which i %-parameterizable. Then the
K %-best-approximating encoder is also the optimal solution when optimizing acrqsdiaiensions,
with the dimensions (R+1; ;p) obeying:

Py e ) = Pg i€, oX) ; 8k2[K 04 100 pl (13)
Furthermore, the dimensior(& %+ 1;:::;p) of the encoder will be conditionally independentof
given the relevant components (e ;e o):

X?e oy X)jeoX); 8i2[1;:::p K O (14)

In other words, they will carry no additional information about the data distribution:
I X;ewo (X)jecoX) =0; 8i2[1;::5;p K 9
where I( ; ) is the mutual information.



The proof is located in Appendix A.3.3 and is based on the global optimality oKthbest-
approximating encoder and the fact that the random variahleé<) form a Itration with increasing
k.

TheK “bestapproximating encoder simply repeats #&dimensional distributional approximation
in the extraneous dimensions. The “extra” coordinates may be deterministic functions of the preceding
ones (or the data) or stochastic, yet conditionally independeXt. afhis result naturally extends the
property of PCA, which nds the principal linear subspace of the data, to a nonlinear encoding.

The following Corollary 3.5 is a special case for when an encoder exactly parametefizesaifold
and is globally optimal: it is a suf cient condition for Thm. 3.4, and reduces the existence question to
the encoder being globally optimal.

Corollary 3.5 (Optimal encoders that exactly parameterize the manifold output the data distri-
bution)

Consider the case of an exactly parameterizable manifold with parameteriztionlf this encoder

is optimal amond -dimensional encoders, then it iska-best-approximating encoder and Theo-
rem 3.4 holds wittk °= K . Furthermore, together with an accompanying optimal decoder, it will
output exactly the data distribution using the rst K dimensions:

d ek X); keip ) X P daa: (15)

The proof is combined with that of Prop. 3.2 and can be found in Appendix A.3.2. The capacity of an
autoencoder architecture to parameterize suf ciently “nice” manifolds was recently demonstrated in
[5]; while the same remains as a future work for the DPA, it is certainly plausible.

Finally, the following remark addresses the attainability of the global optimality condition for the
parameterizing encoder in Cor. 3.5:

Remark 3.6

Consider the case of an exactly parameterizablalimensional manifold with parameterization
ek . Then, typically whep K , such an encoder is an optimal encoder (forandp dimensions),
with the results 3.4 and 3.5 holding.

A more precise statement is given in Appendix A.3.4; a short sketch is that since the parameterizing
encoder achieves zero loss on the extraneous dimensions and cannot do “too bad” on the relevant
ones, asp K this naturally leads to it being the globally optimal encoder.

4 Experiments

So far, the results presented are at the population level. In all the experiments below, the decoder is an
Engression network, for which nesisymptotic nitesample error bounds are available—see Thm. 3

in [19], so deviations from the population predictions shrink with the sample size. The encoder is a
standard MLP throughout, so usual generalization arguments apply.

4.1 Level Set Score Alignment

We present score—alignment results for examples where the data d@&psitis known. In order
of increasing complexity, we consider a standard multivariate Normal, a Gaussian mixture, and the
Miller—Brown potential, which is a standard benchmark in molecular simulations.

The rst two examples, shown in Fig. 1, train a DPA @0;000samples from either a standard
Normal (a) or a threeomponent Gaussian mixture (b). Since the intrinsic dimensier2 = p ,

we visualize both encoder coordinates. Each panel shows a heatmap of the latent together with
selected encoder level sets as contours. To accompany Fig. 1, Tab. 1 reports the absolute cosine
similarity between the two normapace vectors in Eq. 7 — the levebt vector and the data score

after projection — evaluated on1®0 100 grid and restricted to points with density0:5% of the
maximum (further details can be found in App. B.2). The alignment is essentially perfect in both
datasets. For the standard normal (Fig. 1 a)), the level-set cexi¥¢ysshould roughly coincide with

the mean of the data distribution due to their geometry. Because the standard Gaussian is rotationally
symmetric, DPA can choose any orthogonal pair of encoder directions without changing the loss. As
the two components are orthogonal, we can examine each component's alignment with the score
independently, as each should approximately satisfy Theorem 2.6. The rst component thus roughly



(@)

(b)

Figure 1: Gaussian examples. a) standard Normal; b) Gaussian mixture. Red contours: data density;
black arrows: score. Left: rst latent; right: second.

Table 1: Absolute cosine similarity between the norsédice vectors in Eq. 7 (points with density
> 0:5% of its maximum kept).

Latent Mean abs. . Points
Dataset comp. cosine Std 95%-ile kept
Standard Normal 0 1.00 0.00 1.00 5088
Standard Normal 1 1.00 0.00 1.00 5088
Gaussian Mixture 0 1.00 3:1 16 1.00 4729
Gaussian Mixture 1 1.00 3.0 16 1.00 4729

encodes the polar angle and the second the radius, both parameterized with an increasing value of the
latent z.

The rst component attempts to minimize both sides of Eq. 7, that is, haveybatfX) and

r y log Pyata (y) lie in the tangent space of the level set. The second component, on the other hand,
attempts to maximize both sides of Eq. 7 by hawing(X) andr y log Pyaia (y) almost entirely

normal to the level set. Thus, we obtain (approximately) level sets that are orthogonal to the score
gradient. The encoding also exhibits other desirable properties, such as all the level sets being
connected and a smooth, directed variation of the latent.

For the Gaussian mixture with non-symmetric centers (Fig. 1 b), the polar picture persists but without
rotational symmetry. The region of high density of the level sets coincides with the near-zero gradient
region of the data distribution where the contributions of the three components cancel out. As the
distribution is no longer symmetric, the score alignment must be understood jointly across latents
rather than per-coordinate; nevertheless, the numeric alignment remains near-perfect.

The Miller—Brown potential 6] is a standard twalimensional benchmark in computational chem-
istry. It features three minima and several saddle points; the minima are marked by red dots in
Fig. 2, with potential contours overlaid in red. Physically, the minima represent metastable states,
and the potential is designed to simulate chemical processes where a molecule undergoes (potentially
rare) transitions between different con gurations (states). The data distribution is the Boltzmann
distribution for the Muller-Brown Potential U (x) at a (known) temperature T:

1
PdaX; T) = zeXp UX)=k T ;
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