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A Related work

Preconditioning for sequence prediction. Preconditioning in the context of time series analysis
has roots in the classical work of Box and Jenkins [13]. In this foundational text they propose
differencing as a method for making the time series stationary, and thus amenable to statistical
learning techniques such as ARMA (auto-regressive moving average) [9]. The differencing operator
can be applied numerous times, and for different lags, giving rise to the ARIMA family of forecasting
models.

Identifying the order of an ARIMA model, and in particular the types of differencing needed to make
a series stationary, is a hard problem. This is a special case of the problem we consider: differencing
corresponds to certain coefficients of preconditioning the time series, whereas we consider arbitrary
coefficients.

Background on control of linear dynamical systems. Linear dynamical systems are the most
fundamental and basic model in control theory, and have been studied for more than a century. For a
thorough introduction, see the texts [12} 38} 26].

A rigorous proof that the Cayley-Hamilton theorem implies that dj, learned closed-loop components
are sufficient to learn any LDS is given in [7, 25].

The seminal work of Kalman on state-space representation and filtering [28] allows one to learn any
LDS with hidden-dimension parameters under stochastic and generative assumptions. Closed-loop
auto-regressive learning subsumes Kalman filtering in the presence of adversarial noise, see e.g. [29].
[21] provide a method to learn a marginally stable LDS in the presence of bounded adversarial noise
and asymmetric matrices, however their regret bound depends on the hidden dimension of the system.
More recently, [[10] use tensor and moment-based methods to learn a LDS with stochastic noise
without dependence on the system’s condition number. However, their algorithmic complexity still
scales polynomially with the hidden dimension.

In this work we consider regret in the context of learning linear dynamical systems. This is related to,
but different from, control of the systems. We survey regret minimization for control next.

Regret for classical control models. The first works addressing control in the machine learning
community assume either no perturbation in the dynamics at all, or i.i.d. Gaussian perturbations.
Much of this work has considered obtaining low regret in the online LQR setting [2} 118,130, 17] where
a fully-observed linear dynamic system is driven by i.i.d. Gaussian noise via ;11 = Ax;+Bu;+w;,,
and the learner incurs constant quadratic state and input cost {(z,u) = $z' Qz + fu' Ru. The
optimal policy for this setting is well-approximated by a state feedback controller uy = K, where
K is the solution to the Discrete Algebraic Riccati Equation (DARE), and thus regret amounts to
competing with this controller. Recent algorithms [30} [17] attain /7 regret for this setting, with
polynomial runtime and polynomial regret dependence on relevant problem parameters. A parallel
line of work by [[16] establishes /T regret in a variant of online LQR where the system is known
to the learner, noise is stochastic, but an adversary selects quadratic loss functions ¢; at each time ¢.
Again, the regret is measured with respect to a best-in-hindsight state feedback controller.

Provable control in the Gaussian noise setting via the policy gradient method was studied in [20].
Other relevant work from the machine learning literature includes tracking adversarial targets [1].

The non-stochastic control problem. The most accepted and influential control model stem-
ming from the machine learning community was established in [4]], who obtain v/7-regret in the
more general and challenging setting where both the Lipschitz loss function and the perturbations
are adversarially chosen. The key insight behind this result is combining an improper controller
parametrization known as disturbance-based control with online convex optimization with memory
due to [8]]. Follow-up work by [6] achieves logarithmic pseudo-regret for strongly convex, adversari-
ally selected losses and well-conditioned stochastic noise. Further extensions were made for linear
control with partial observation [33]], system identification with adversarial noise [[15)], and many
more settings surveyed in [26].

Online learning and online convex optimization. We make extensive use of techniques from the
field of online learning and regret minimization in games [[14} 24]]. Following previous work from
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machine learning, we consider regret minimization in sequence prediction, where the underlying
sequence follows a linear dynamical system.

Spectral filtering for learning linear dynamical systems. The spectral filtering technique was
put forth in [27] for learning symmetric linear dynamical systems. In [25], the technique was
extended for more general dynamical systems using closed-loop regression; however, this required
hidden-dimension parameters and polynomial dependence on the approximation guarantee. Spectral
filtering techniques were recently used in non-linear sequence prediction, notably in the context of
large language models, albeit with no theoretical guarantees [7]. As convolutional models, these
methods are attractive for sequence prediction due to faster generation and inference as compared to
attention-based models [\5]].

While several methods exist that can learn in the presence of asymmetric transition matrices [28, |10}
21]], their performance depends on hidden dimension. On the other hand, spectral filtering methods
[27] achieve regret which is independent of hidden dimension, even for marginally stable systems.
However, these spectral filtering methods were limited to systems with symmetric transition matrices.
In contrast, real-world dynamical systems often have asymmetric transition matrices with large
hidden dimension, necessitating a more general approach. In this paper, we provide such an approach
by extending the theory of spectral filtering to handle asymmetric systems, as long as the complex
component of their eigenvalues is bounded.

In this paper we dramatically improve the spectral filtering technique and broaden its applicability in
two major aspects: First, for general asymmetric linear dynamical systems we remove the dependence
on the hidden dimension. Second, we improve the dependence of the number of learned parameters
from polynomial to logarithmic.

B Memory Capacity of Linear Dynamical Systems

The hidden dimension dj,, which is the dimension of the transition matrix A, plays a significant role
in the expressive power of LDS. One of the most important features of the hidden dimension is that
an LDS can memorize and recall inputs from up to dhiqgen iterations in the past. This can be seen with
the system where B, C are identity, and A is given by the permutation matrix

00 --- 01
10 --- 0 O
o1 - 00
perm __
dhidden . . '.' . 0
00 -~ 00
o0 --- 10

which implements the memory operator y; = u¢_g, . Observe that any method which uses fewer
than dp;ggen parameters will fail to implement this memory operator and therefore, for general linear
dynamical systems, dpigden parameters are necessary. Seemingly, this contradicts our promised results,
which allows for learning a general LDS without hidden dimension dependence. The explanation is
in the spectrum of the system. Notice that the eigenvalues of the permutation matrix A above are the
dhidden TOOtS Of unity given by

omik
)\17 a3 )\dhidden € {6 e ’ k= 17 2’ o dhidden} '

Note that these eigenvalues have complex component as large as 1 — 1/dpiqgen- Although in general a
LDS can express signals with dpjggen memory, and thus intuitively might require dpiqgen parameters,
there are notable special cases that allow for efficient learning, i.e. learning the LDS with far fewer
parameters. A notable case is that of spectral filtering, which allows efficient learning of a symmetric
LDS with poly-logarithmic (in the desired accuracy €) number of parameters. The significance of
a symmetric transition matrix A is that it can be diagonalized over the real numbers. The natural
question that arises is which asymmetric matrices can be learned by spectral filtering efficiently,
and which characterization of their spectrum allows for efficient learning?

The answer we offer is surprisingly broad. For a LDS with transition matrix A, let Ay, ..., A4 be its
complex eigenvalues. We show that we can learn up to € accuracy any LDS for which the largest
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—oloaT 11 . We note that the spectral radius can be arbitrarily
poly log ¢

close to, or even equal to, one. The only restriction is on the complex part, which is mildly constrained
as a logarithmic function of €. As per the permutation matrix example, this dependence is necessary
and nearly tight - if the imaginary component of the eigenvalues of A becomes large, any learning

method requires parameterization that depends on the hidden dimension of the system.

eigenvalue has imaginary part bounded by

C Online Version of Preconditioning

Algorithm 4 Universal Sequence Preconditioning (Online Version)

1: Input: sequence prediction model fp with initial parameter §°; loss function £(-); preconditioning
coefficients cy.,,.

2: fort =1to T do

3:  Receive uy

4:  Predict n
yt = — Z ijt—j —+ fgt (ul:t7 YI:t—l)
Jj=1
5. Observe true output y; and suffer loss £;(y+,y+)-

a

Update via projected gradient descent

0! < proji (0" — neVoly (34, y1))

7: end for

D Proof of Convolutional Preconditioned Regression Performance

Theorem

We will prove Theorem first by proving the general result of Algorithm [2 for any choice of
preconditioning coefficients cg.,,. Then we will apply the Chebyshev coefficients to the result to get
Theorem[2.1] For convenience, we restate Theorem [2.1]here.

Theorem D.1 (General Form of Theorem2.1). Let {u;},_, € R% be any sequence of inputs

which satisfy ||ulles < 1 and let {yt}thl be the corresponding output coming from some linear
dynamical system (A, B, C) as defined per Eq.|l| Let P diagonalize A (note P exists w.lo.g.) and
let k = ||P||[|P~L||. Assume that |B||||C||k < Cuomain- Assume that |B||||C|l& < Coiomain- Then
the predictions 1, . ..,y from Algorithm|2| satisfy

T
Z . 3 o 7 c

||yt - Yt||1 S Cdomain (2n2 dochHl\/T—‘r max |pn<)‘)|T2> .
P} AEA(A)

Proof of Theorem For the remainder of the proof we will denote
3:(Q) ==Y cyii+ Y Quy,
i=1 =0

so that Algorithm outputs y; = y;(Q?). Recall we define the domain
K= {(QOa ey Qn—l) s.t. ||Q]|| < Cdomainn”(:”l} .

For convenience, we will use the shorthand Q to refer to (Qo, . .., Q,—1). First we prove that the
regret of Algorithm[2|as compared to the best Q* € K is hindsight is small. Then we prove that the
best Q* € K in hindsight achieves small prediction error. Let

G = max | Va/ Qt
teT] ” Q t( )”7
and let

D = max ||Q1—Q2H
Ql,Q2ek
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By Theorem 3.1 from [24]],

T T
. . 3
;&(Qt)—égler’lc;&@ ) < 5GDVT.

Therefore it remains to bound D and G. First we bound D. By definition of /C,
D= max [Q' -Q

Q!,Q2ek
max Qb QL) —(Q2,..., Q2
(Qo’ QL) (Q3 ,Qi_l)ech( 0 n-1) = (Qp ne1)ll

< Z 1Q; — Q3ll
j=0

2Cvdomainn2 ||C||1

A

IN

Next we bound the gradient. Recall that
6(Q) = [[y¢(Q) =yl

n n
= =D eyii+ Y Quj —yilh
i=1 j=0

Note that, in general, Va ||Ax — b||; = sign(Ax — b)x . Since ||xy " ||r < ||x]]2]ly||2 we have

IVaf(A)llr < Vx|,

where d is the dimension of b. Using this and the assumption that for any ¢ € [T, |[u|l2 < 1, we
have

”sz[t ”F = mllut 2H2 < dout-

Therefore,
¢ = max [Vali(Q)lr < n/dou

Thus we have a final regret bound
3
th - mln gt(Q ) S icvdomainn2 V dout||c||1\/T~

Next we show that if (u1.7, y1.7) is a linear dynamical system parameterized by (A, B, C), then for
any t € [T,
in £;(Q* C||||IB -T
Juin +(Q") < [[C|IB]l- A PR (N[ T,

where pS denotes the polynomial
n
pr(a) £ Y e,
i=0

and A\(A) denotes the set of eigenvalues of A. Indeed, if (u1.7, y1.7) is a linear dynamical system
parameterized by (A, B, C) then

t
= Z CA'*Bu,.

s=1

With some linear algebra we get that convolving y..—,, with coefficients c.,, results in

n n—1 s t—n—1
Y ociyei=) Y ¢iCA Bui+ Y Cpfi(A)ABup i,
=0 s=0 i=0 s=0

20



or equivalently (since ¢y = 1 due to the assertion in Algorithm [2),

n—1 s t—nm—1
Zczyt z+ZZCzCAS z]?’ut s+ Z Cpy (A AsButfnfs-
s=0 1=0
Set QS = Zf:o c,CA*~‘B and set Q = (Qo,...,Qn,l). Since we assumed

Qi < DI ICA™ B < [CIIBIY_ lejl < Caomainnillells
j=0

Jj=0

Therefore Q € K. Moreover,

(Q chyt z+ZQ]ut 7

n n—1 s t—nm—1
— (—Z cyioit+ » > ¢;CABu,_, + Z Cpt(A ASBut_n_S>
i=1 s=0 i=0
t—n—1
= Cpi (A)A°Buy_y—s.
s=0
Therefore, ||§:(Q) — y¢[1 = || Zt "1 CpS (A)A*Buy_,,_,||1. Let A be diagonalized by some

P so that
A =PDP !,

where D is the diagonalization of A and let x = ||P||||P~!||, note that we can assume this w.l.0.g.
since the set of dagonalizable matrices over the complex numbers is dense and therefore if A is not di-
agonalizable we may apply an aribtrarily small perturbation to it. Then since max;c[q,) |\;(A)| < 1,

|Cp5(A)ATB| = Py (D)D/P'B|

< masc [P}, (D) ICIIPP=t Bl
< max |pi(A)] - [[C[[[IB]|x

AEA(A)
Thus,

A A _ < .
[9¢Q) = velly < [ClIBll- max b5 T

and so (recalling that we showed Q € K),
T T X
i 4(Q") < l
érglerk; Q%) < Z Q)
= Z ||Yt =il

IICIIIIBHK [P (A )| T2

Since Cyomain > ||C||||B]|x we conclude,

T

3 =
Z&S(Qt) S C'domain 7n2\/doulHCH1 T+ max ‘pE(A”Tz .
— 2 AEA(A)

Next we choose c to be the coefficients of the n-th monic Chebyshev polynomial to get the original
theorem, Theorem [2.1] restated here for convenience.
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Theorem (Restatement of Theorem 2.1). Let {ut}thl € R% be any sequence of inputs which

satisfy |[[us]|2 < 1 and let {yt}thl be the corresponding output coming from some linear dynamical
system (A, B, C) as defined per Eq. [1. Let P diagonalize A (note P exists w.l.o.g.) and let
k= ||P||||P~!|]. Assume that |B||||C|/x < Cuomain- Let A1, ..., A4, denote the spectrum of A. If

-2

T3/2
max |Arg()\;)] < <6410g2 (8 >> ,

J€ldn] 3 Vv dout
then the predictions y1, ..., y7 from Algorithm [2 where the preconditioning coefficients co.,, are
chosen to be the coefficients of the n-th monic Chebyshev polynomial satisfy
T 2
1 . 9C domain V' dout logs(3T")
f Z HYt _ YtHl < omain Tz(/nit?) 2 )
t=1

Proof. From TheoremD.I|we have

T
3
> 6(Q") < Caomain  57°Vdowllelh VT + max |pS(N)|T? ).
P 2 AEA(A)
By Lemma if for any eigenvalue A of A, |arg()\)| < 1/64n? then

1
cN)| < :
A PR < 5

Moreover, by Lemma[3.2] ||c||; < 2°3". Thus the Chebyshev-conditioned predictor class satisfies

T
Zet(Qt) S C’domain (2”2 V dothO'Bnﬁ"‘ 2(n2)T2) .

t=1
Picking
10 8
n = flog ( TS/Z) 7
13777 \ 3v/dou
we get
S 3 (10 ] 2 10/13
QY < 2= (=1 T3/2 dou 43/1311/13
; Q)= (2 (13 082 (gm Vidow
< 9C gomain v/ dou Log (3T) 2T/ 13,
Dividing both sides by T" we get the stated result. .

E Proof of Theorem 2.2

E.1 Preliminaries and Notation

We analyze the output sequence {yt}?zl generated by a linear dynamical system (A, B, C) with

inputs {ut}th1 € R satisfying ||u;|l2 < 1. We assume that the dynamics matrix A is diagonaliz-
able. Let P be the matrix that diagonalizes A (which exists w.l.o.g. as diagonalizable matrices are
dense in C4*%), and let & = || P||||P~!|| denote the condition number of the eigenbasis.

Recall the spectral domain Cg = {z € C | |z| < 1,|arg(z)| < [} defined in Section For a
given polynomial pf, (x) with coefficients c, let B, = maxacc, [pf,(c)].

Recall the definitions of p¢ (), fi(), and the spectral covariance matrix Z from Section 2.2 (Egs.
15).

Let ¢4, ..., @7 be the eigenvectors of Z. Let uy.; be the concatenated inputs up to time ¢ which are
padded to create a length 7" vector,

e & w wy ... ow 0 .. 0], (6)
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E.2 General Form of Main Result

First, we prove a more general form that holds for any choice of cy.,, and resulting polynomial p¢ .
Theorem E.1. Let the system and notation be defined as in Section If the radius parameters of
Algorithm[3|are set to:
Rq = [[Cll[IBll<l
Rar = 2|[CJ|||B||x log(T)8*/*T7/B,,
then the predictions y1, . ..,y from Algorithm 3| satisfy
T
> 6(Q1,MY) < 186|CBI log(T) (0 + k) (T°8** Bk + nljeli T/?) .
t=1
Critically, we observe that the guaranteed regret bound does not depend on the hidden dimension of
the dynamics matrix A. While the general version of Algorithm [3|is interesting in its own right, we

show that by choosing the coefficients of the algorithm to be the Chebyshev coefficients we obtain
sublinear absolute error.

Theorem (Detailed Version of Theorem [2.2). Let the assumptions of Theorem [E.1|hold. Further-
more, suppose that for any eigenvalue, \;, of A

max |arg(\;)| < T—V4. 7-180/4
j€ldn]

then the predictions y1, ..., y7 from Algorithm [3 where the preconditioning coefficients co.,, are
chosen to be the coefficients of the n-th monic Chebyshev polynomial satisfy

T
1 ; 5 (=ICHIB
TZ Iy —yels < O (TZ"’ )
t=1
where O(-) hides polylogarithmic factors in 7.
Proof. We introduce parameter [ to denote the maximum argument of the eigenvalues of A so that

the spectrum of A lies in C. From Theorem D.1|we have
T
> QM) < 18k|ICJIB log(T) (0 + k) (T2 Bk + nljeli T/2) .
t=1

By Lemma if for any eigenvalue \ of A, |arg(\)| < 1/64n? then

1
CA)| < ——=4.27", 7
A PN < 5= @)

‘We will choose 10
n = o3 log, (T71/21%6%) ®)

and so if § < 1/T"/* then 3 < 1/64n?, meaning that Eq. E holds. Moreover, by Lemma ,
llc|[i < 293" Thus the Chebyshev-conditioned predictor class satisfies

T
S 4(Q!) < 60sl[CIB|log(T)(n + k) (T454/52 "k + n20 9" 71/2)
t=1

Then for n as chosen above in Eq.
T3ﬁ4/327n + 20.3nT1/2 -9 (T14B4>
Assuming that 3 < 1 we have that n < 3log,(T") and therefore

1/13

T
Y 4(Q") < 1204 C|||B| log(T)nk? (T3ﬂ4/32*" + 20'3”T1/2>
t=1
(Factoring out n and k and usingn + k < 2nk)
< 240x]|C| B log(T) (31og, (7)) K (145%) ™
(Plugging in chosen value for n.)
< 7204||C|[|B| log(T)*k2 (T 5*) /.
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Therefore if 3 = T—1/4. T3P/ then the final accumulated error is
T
> 0(Q) < 720 Cl[|B| log(T)*k*T* 7,
t=1

which is sublinear as long as p > 0. ]

Remark on the loss function. The reader may notice we use the ¢1, or absolute loss, rather than
Euclidean or other loss functions. All norms are equivalent up to the (output) dimension, and thus
learning to predict as well as the best linear dynamical system in hindsight is meaningful in any norm.
However, we make this technical choice since it greatly simplifies the regret bounds, and in particular
the bound on the gradient norms, which is technically involved. We conjecture that sublinear regret
bounds are attainable in other norms as well, and leave it for future work. We prove Theorem [Z on
an (equivalent) algorithm, where we rescale the parameter M ; by VT and the input (¢;, u(t_n_i)ﬂ)
by 1/ V/T. We account for this rescaling by increasing the size of the domain for M by /7. The
proof of Theorem [2.2]proceeds in two parts. The first is to show that any linear dynamical signal is
well approximated by a predictor of the form in Algorithm3]y(Q, M) where (Q, M) € K.

Lemma E.2 (Approximation Lemma). Suppose y;.7 evolves as a linear dynamical system charac-
terized by (A, B, C) as in Eq.|l|satisfying the assumptions in Section Consider domain

K={(Qu,...,Qu,My,...,My) st [|Qi]| < Rgq, and [[M;]| < Ry}
If

Rq = [IC[IBl<cl,
Ry > 2||C|||B||s log(T)8*3T7/5B,,,

v

then there exists (Ql, oy Qu, My, ... ,1\7Ik) € K such that for prediction (as in Algorithm

n n k
A~ A ~ ~ 1 R ~
FHQND = =3 yens+ D Qs+ = S M6 .
i=1 j=0 Tj:l
it holds that
5 — yilli < 65]C|||B| log(T)T?5*/3B,.

Proof of Lemma Suppose y1.7 evolves as a linear dynamical system characterized by (A, B, C).
Then given inputs u; .,

t
Y = Z CA'~*Bu,.

s=1

With some linear algebra we get that convolving y.;—,, with coefficients cg.,, results in

n n—1 s t—n—1
Ye=—Y cyii+ Y. Y ¢CA T Bu,_,+ > CpS(A)A*Bu_,_,. ©9)
=1 s=0 i=0 s=0

Set Q, = > 0 c;CA* "B and set Q= (Qm o Qn,l) Then

Qi < > le;[ICA™B| < [[ClIBIY_le;l < lIClIBlc:-
i=0 i=0

Next we turn our attention to the spectral filtering parameters. Using the notation p¢ («) and ji(c)

from Section E, we define the combined vector y;, () & pS (o) fi(c). Let D be the diagonalization
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CiS(A)A*Buy_,_, = » CPp(D)DP'Buy_,,_,
s=0

t—m—1 dp
CcP <Z D5 () s eme,, )PlBut_n_s

CPe,.e| P B¢ (a,,)as, us_p

m

= CPe,.e, P 'Bu;, (am)" qu] Utp—1:1

(Orthonormahty of the filters)

T—n dp
= <Z CPememP 1B,upn (Oém)T(bj> (bjTﬁt—n—l:L

j=1 \m=1
Therefore defining
) dn
Mj déf T1/2 Z CPem mP lB.u“i’n (am)T¢j’
m=1
we have

t—n—1

DR A ASButnS—Z %

s=0

Next we bound the norm of Mj.Let S be the diagonal matrix with entries S, = g, (am) | ¢;.
Note that M; = CPSP~'B. For short, let C,, = ||C||[|B||%. Recalling that y;, (o) = pC () p(cv),

M| = |T/*CPSP'B|| < C,T'/? max [P ()] m?;f]\u(am) ¢il. (10)

By Lemma [E.4]

max |fi(a) Tg;| < 2log(T)5Y T2,
acCpg

Therefore,

IM,|| < 2Clog(T)B*/317/6 max [pf, ()]

Therefore (Q, M) € K for the chosen radius of K (i.e. Rg and Rj). Finally, we bound the
truncation error:

}A’ (Q M) y %L M (b;rﬁt,n71:1
t\\2, — Yt = i =
J=k+1 VT
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T—n
19:(QM) = yella < D IMGI6] llug—n-nalleT '/

<
j=k+1
T—n
< 0 Ivg) (gl =1 = llojli < VT)
j=k+1
T—n
< C.T'?B, - meax lii(a)"¢;]  (Bound on || M;|| from Eq. i
j=k+1° "
< C.T'?B, - (6 log(T)B4/3T3/2> (Lemma[E4)
= 6|/C||||B||x log(T)T?5*°B,,. (Plugging in value for C..)

The next result provides the regret of Online Gradient Descent when compared to the best (Q*, M*) €
K.

Lemma E.3 (Online Gradient Descent). Recall the domain K in Algorithm [3|be
K={(Qu .-, QuMy,....My) s.t. [Qil| < Rqand [Myf| < Rar}-

The iterates output by Algorithm 3| satisfy

S QA i STAQUME) € S ki) T

P} (Q*.M~)eK ]
Proof of Lemmal[E.3| Let G = maxc7y || Vq,ml:(QF, M")]|| and let

1 2 2
T (@ M@ M)e H(Q h—(Q* M.

By Theorem 3.1 from [24]],
3
0(Q',M") — 0,(Q*,M*) < ~GDVT.

; H(Q (Q*Hl\l/}n)elc Z t 2

Therefore it remains to bound G and D. By deﬁmtlon of IC we have
D < nRg+ kR
For G we compute the subgradient at any Q; and M;. Note that, in general, Va||Ax — b|; =
sign(Ax — b)x . Since ||xy "||r < [|x]|2]|y]|2 we have
IVaf(A)|r < Vx|,

where d is the dimension of b. Using this and the assumption that for any ¢ € [T7], ||ut|2 < 1, we
have

[V, 6:(Q, M) < \/dout||¢;rﬁt—n—1:1T71/2”

A

< v dout||¢j||1Hflt—n—1:1|\ooT71/2
< Vdou (It—n—1:1llc < land |¢;lly < VT since||¢;fl2 < 1)
Next,
”ingt ||F V out”ut zH2 > 0ut~
Therefore,

G= tnel[?% ||V(Q,M)ft(Qt7 M) [r < (n+k)V dou-

Therefore we have

th (Q',M!) —  min th ) < g(nRQ + kRar)(n + k)/douVT.

=1 (Q*M~)eK ]
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Combining Lemma[E.2]and Lemma[E.3] proves Theorem [2.2]

Proof of Theorem[2.2] By Lemma the iterates from Algorithm E (QL, MY, ..., (QT,MT)
satisfy

T T
3

£,(Qf, M) —  min 0,(Q*, M*) < Z(nRo + kRy)(n+ k) dowVT.

D@ M - i STQ M) £ S0+ ki) o+ BV

By Lemma[E.Z, if y1.7 comes from a linear dynamical system then for large enough radius parameters
of K (Rg andRjy), there exists (Q, M) € K such that

T
> QM) < T (64]|CllIB|| 1og(T)T*3*/*B,,) .
t=1

Let Cr = 6k||C||||B||log(T) for short. Since (Q, M) € K we must also have that

min Zﬂt M) < C rT3BY3B,,.

(Q*,M* )eIC
Therefore,
T T 3
; 0(Qf, M) < (Q*gﬁg)ac get(q*, M) + = (nRq + kRar)(n + k)/douV'T
< CrT3BY3B, + 3(nRQ + ERur)(n 4 k) /dou VT

Recall that we set Rg = ||C||||B|||c||: and Ras = 2||C||||B||% log(T)8*/*T7/6B,,. Using Cr we
bound Ry, < CpB*3T7/6B,. We conclude,

T
> 6(QL M) < CrT?pY3B, + gcT (n||c||1 + I<:54/3T7/6Bn) (n+ k)/douwVT

t=1

IN

Cr <T3ﬁ4/3Bn + onn o+ Rl T + Jk(n+ k)64/3T5/3Bn)

IN

Cr <3T354/3Bnk(n + k) + gn(n + k)||c||1T1/2>

(Bounding the right-most term by the left-most term times k(n + k))

IN

6| OBl og(T) (3T°5Y3B,k(n + )+ o + D72
(Plugging in Cr = 5k||C||||B|| log(T))
18x||C||[| B[ log(T')(n + k) (T354/33nk + anHlTW) :

IN

E.3 Proving Approximation Lemma [E.2

Lemma E4. Let ji(«) and Z be as defined in Sectionand let ¢1, ..., ¢ be the eigenvectors of
Zr.

max |i(a ) ;| < 2log(T)BY*T/3.
€

Moreover,

) ¢; < 6log(T)BY3T°/2.

H'Mﬂ
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E.3.1 Proof of the Spectral Filtering Property Lemma[E.4

In order to prove Lemma we require two further helper lemmas. The first is Lemma|E.5] which
roughly argues that the Lipschitz constant of a function f : Cg — R can be bounded by a polynom1a1
of the expectation of the function on Cg. The second is Lemma|E.6} which argues that the matrix Z
from Eq. [5|that we use to derive the new spectral filters has small eigenvalues.

Lemma E.5. Let L > 0, gnax > 0and 0 < 8 < 1. Define
(ng{ze(c |z| <1, |arg(z |<ﬁ}

and let F be the set of non-negative, L-Lipschitz functions f : Cs — R such that max.cc, f(z) =
Jmax- Then

, Bgn
d > max
?élffl/cﬁ H@)dz = 50

Proof of Lemma 1. The extremal function. Fix f € F and choose z, with f(z,) = gmax.
Among admissible functions we consider only those that decrease as fast as the Lipschitz constraint
allows in every radial direction, replacing f by the extremal cone. Set

Ymax
h(z) := [gmax — Lz — 24| |+, ro= Td

Because 0 < h < f on Cg, it suffices to lower bound / h.
Cs

2. Geometry around z,. It can be seen by Euclidean geometry, the point z, = 0 minimize the
volume of the intersection with Cjg, up to a factor of 4, to make it the extremal function. It is depicted
in Figure 2. Notice that the area of the intersection is colored in blue, and it is particularly easy to
integrate over.

Cone at origin Cone on boundary ray

i

Figure 2: The origin minimizes the intersection area up to factor %.

3. Integrating h.

b Bgs
/ h > // (9max = Lp) pdpdp = ==5*.
Cps 0 Jo

Since h € F, and is the extremal function, we obtain the Lemma statement. |
Lemma E.6. Recall from Section[E.1]

2% [  Ae)) " do

There are at most 2 log(7") eigenvalues with absolute value greater than /3.
Proof of LemmalE-6] The (j, k)-th entry of Z is

Zjy, —/ / (1 —12e29)(re?)7 (1 — r2e=29) (re =% rdrdp.
rel0,1] eecﬁ
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Evaluating this integral for j = k we get

1 1 in(2 3
ij:ﬁ(, + )_Sl?(ﬁ)< 5
j+1 j5+3 j+2 j+1

Therefore,
tr(Z) < 681og(T).

Using the fact that Z has nonnegative eigenvalues, we have that the number of eigenvalues larger
than 3, ng, satisfies

Since the sum of Z’s eigenvalues is bounded by its trace we see

tr(Z) > Bng.
Using our bound on the trace of Z we have
268 log(T
ng < 505() = 6log(T).

With Lemma [E.5|and Lemma [E.6]in hand, we are ready to prove Lemma[E.4]
Proof of Lemma Let
def | T -
fila) = lo] i),
If f;()is L-Lipschitz, letting gmax = maxaec, fj(a) by Lemma

By
) da > max
/aE(CB filejder 2 2412

1/3
2412
max f;(0) < ( g / ecﬁma)da) .

| feda= [ 1o pa)Pda
a€eCyg a€eCy

or equivalently,

Observe that

Therefore conclude we have shown,

N 2412 \'/°
mae () o] = x5 ) < (2a) (an

The remainder of the proof consists of bounding the Lipschitz constant L and bounding the eigenvalue
o;. To bound the Lipschitz constant of f;,

L < max|fi(a)]
= max2[Re (¢ /' (0) - ¢ fi(0)) |
< max [[g13 - [l7(@)ll2 - 17 (@)l2

p— 7 . i’
= max[|(a)]2 - |A"(a)]2-
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Using LemmalA.1] we have L < 123T2. By LemmalE.6} for any j € [T,
o; < 2BlogT.
‘We conclude,

max |ji(a) " ¢;| < (2483T*log(T))"/® < 210g(T) B3T3,

aeCpg
We also bound
T T 1/6
- 2412
S i) T < D (BUJ)
j=1 j=1
24L2 1/6 T 16
-(%5) x4
j=1

2412\ 1 e
:T( 5 ) 27

1/6

< e (B5) 7 (wi
1/6

< 79 (24L2) (63105(T))"/°

(tr(Z) < 6Blog(T) by proof of Lemma [E-6)

ARVAN

684313/ 1og(T).
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A Proofs of Technical Lemmas

Lemma A.1. For § < 1 and 7" large enough, the ¢> norms are bounded by:
I7i(a)]|> < max (1, 452\@) . 17 (@)]|2 < max (1, 3ﬁ2T3/2> .
Proof of Lemma[A1] 1. Bound on |[|fi()||2. The squared magnitude of the entries depends on
|1 — o?|. Using the triangle inequality and the small angle approximation |sin(z)| < |z|:
1—a?=1- 7“262“9\
The magnitude is maximized when r = 1, pushing the value to the boundary of the unit circle.
11— e*) = 2|sin(0)| < 2|0] < 28
Thus, we have the critical inequality for the kernel term:
I1—-a? <28 (forr~1)
The squared ¢2 norm is:

T-1 T-1
Ia@)l5 = | (@) = 1= a?* Y |a|¥
j=0 j=0

We analyze the maximum over the domain D. The maximum of a modulus of a holomorphic function
(multiplied by polynomial terms) generally occurs at the boundaries or critical points (here, z = 0).

Case A: The Origin (r = 0). At a = 0, the zeroth term is (1 — 0)2 - 1 = 1. All other terms are 0,
so [|z(0)[|2 = 1.

?;01 1 =T. Using our

Case B: The Boundary (r = 1). Atr = 1, the geometric sum is simply >
preliminary bound |1 — o?| < 24:
Ia()]3 < (28)* - T = 165°T.
Taking the square root, ||fi(c)||2 < 48%v/T. Combining the cases we have,
I(e)ll2 < max(1,45%V'T)
2. Bound on ||’ («)||2. First, we compute the derivative using the product rule:
~ d 2\2 j
(0) = < [(1— 0)20]
— 2(1 - a2)(~2a)a? + (1 - a?)2(jas ")
=o 711 - a?) [—4042 +4(1— az)]
2.

We seek to maximize the squared norm ||ji’(«)||3 = ZJT;OI \ﬂ;(a)

Case A: The Origin (r = 0). For j = 1, the term is (1 — 0)[-0 + 1(1)] = 1. For j # 1, the
term vanishes due to the « factor. Thus ||z’ (0)|]2 = 1.

Case B: The Boundary (r = 1). For large T, the sum is dominated by large j. For large j, the
term j(1 — &) dominates the constant —4a?2.

|i5(e)] = ol 71 = a®| 1 — o] = j[1 - o
Summing the squares:

T-1 T—1
. . 2 ‘
17 (@5~ Y (L= o) =[1—a?* Y j°
=0 =0
Using the summation formula >~ j* ~ %3 and the bound |1 — o?| < 28:
- T3 T3
i@ < @8- 5 =168 T

Taking the square root:
4
~/ a < 2T3/2
I (@) <
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B Chebyshev Polynomials Evaluated in the Complex Plane

In this section we let T}, denote the n-th Chebyshev polynomial and let M,, denote the monic form.
Proof of Lemma[3.1, We use that M,,(z) = T,,(z)/2" ! and

T, (z) = cos (narccos(z)) . (12)
If Im(z)| < 1/64n? then by Lemma|B.2| arccos(z) < 1/n. Therefore narccos(z) < 1 and so

by Fact[B.T]

T, (z) = cos(narccos(z)) < 2 (13)

Now we turn to the derivative M/, (z). It’s a fact that

M(2) = U1 (2), (14)

2n=
where U,,_; is the Chebyshev polynomial of the second kind. We next use the fact that
257> 0Tj(z), neven,

— j even
Un-1(2) 237> 0Tj(z), nodd.
7 odd

By Eq (13), |Tj(z)| < 2 forany j and therefore

Un-1(2)] < n. (15)
Therefore,
! n2
M) <
|
Fact B.1. Let z € C. Then | cos(z)| < 2 whenever [Im| < 1.
Proof of Fact[B.1|
| cos(x + iy)| = (cos® z cosh® y + sin? a sinh” ) 1/2 (Uses standard complex cosine identity.)
= (cos®z + cos® z (cosh® y — 1) + sin® z sinh® y)l/2
= (cos? x + cos? wsinh® y + sin® x sinh® y) 1/2 (cosh?y — sinh® y = 1)
= (cos? x + sinh® y) 1/ (cos?z +sin?z =1)
< (1+sinh?y)"” (sinh®y < 2when|y| < 1.)
<

LemmaB.2. Let z € C with |[z] < 1. Then |Im(arccos(z))| < 1/n whenever
|arg(2)] < 1/64n2

Proof of Lemma[B.2] Let re? = 2 and assume || < 1/64n*. We use the Taylor series for
arccos(+),

. T .
arccos(re'?) = 5 Z%(T@’Q)%"'1 (For aj, = %)
- g — Z aprktleih+1)o (De Moivre’s Theorem)
k=0

- g = apr®cos((2k +1)0) — i Y apr® T sin((2k + 1)0).
k=0 k=0 4
(e = cos @ + isinf)
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Therefore,

Im (arccos(rem)) = Z apr® T sin((2k 4 1)0).
k=0

Then

[Im (arccos(rew)) \

IN

> ag|rP sin((2k + 1)0))|
k=0

> ag|r|* min(1, (2k + 1)|6]) (|sin(z)| < min(|z],1))
k=0

> " apmin(1, (2k + 1)] arg(2)|) (r| <1
k=0

IN

IN

K &S]
Z ar(2k + 1)] arg(z)| + Z Q. (For any arbitrary K > 0)
k=0 k=K+1

IN

Now we bound ay.

(2%)!
4+ (k)2

_ V2m(2k)(2k/e)?* (14 )
T (VarR(k/or)

= <1+21k> /Vrk
< 1/Vk.

Therefore we also have that a, < 1/ k3/2, Using this (and noting that ag = 1) we see,

ak(Qk + ].) =

(Stirling’s Formula)

1 =1
|Im (arccos(z)) | < |arg(z)] (1 + ) + —
<4 (| arg(z)|[VK + \/1?>
< \/% (For |arg(2)| < 1/K)
< % (For K > 64n?.)

Therefore, for |arg(z)| < 1/64n?, we have that
[Im(arccos(z))| < 1/n.

Proof of Lemma[3.2] 'We bound the coefficients of the Chebyshev polynomial. From Chapter 22 of
130,

Ty (z) = = an/?( 1)mw(2 yr—2m (16)
n = — m!(n — 2m)! * '
Therefore
[n/2]

M) = ——T0(x) = n 3 (_l)mwzzmxngm_
m=0 : :
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n—m—1)! 5_2m
Let ¢, = 4272, Then

n—m
max ¢, < max ( )4_7"

m=0,...,n m=0,...,n m
(n—m)e\™ n A
< <
< mg})ax,n< . (}) < (ne/k)®)
1 _ cn
< fél[gfi <(4;)e) (Letting m = cn)
< 9031 (maxce[o,l]((l—c)e/llc)c < 203y

C Plots from Experiments

The details of the experiments are in Section[d] please refer to that for specifics.

C.1 Experiments with Linear Dynamical System Data

As our theory shows, for Chebyshev polynomials (the same can be shown for Legendre polynomials),
the coefficients of the polynomial grow exponentially and therefore the performance gains vanish
after the degree is too high. However, learning the optimal coefficients is able to sidestep this issue.
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(a) Regression, Tinresh=0.01 (b) Regression, Tihresh=0.1 (c) Regression, Tipresh = 0.9

(d) Spectral Filtering, Tinesh = 0.01  (e) Spectral Filtering, Tinesh = 0.1 (f) Spectral Filtering, Tinresh = 0.9

,,,,,,

(g) DNN, Tipresh = 0.01 (h) DNN, Tipesh = 0.1 (i) DNN, Tipresh = 0.9

—8— Chebyshev
—#— Legendre
—A— Learned
== Baseline

Figure 3: Absolute prediction error averaged over 200 independent runs with data generated from a
linear dynamical system with varying complex threshold.
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C.2 Nonlinear Data

(a) Spectral Filtering, Tinesh = 0.01  (b) Spectral Filtering, Tiwesh = 0.1 (c) Spectral Filtering, Tinresh = 0.9

(d) DNN, Tipresh = 0.01 (e) DNN, Tinresh = 0.1 (f) DNN, Tinresh = 0.9

—8— Chebyshev
—#— Legendre
—&— Learned
== Baseline

Figure 4: Absolute prediction error averaged over 200 independent runs with data generated from a
nonlinear dynamical system with varying complex threshold.
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C.3 Data from a DNN

Finally we generate data from a 10-layer sparse neural network which stacks 100-dimensional LSTMs
with ReLU nonlinear activations.

nnnnnn

—8— Chebyshev
~#— Legendre
—&— Learned
—=— Baseline

Figure 5: Absolute prediction error of a 10-layer DNN model averaged over 200 independent runs.
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