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Abstract

When and why representations learned by different deep neural networks are
similar is an active research topic. We choose to address these questions from
the perspective of identifiability theory, which suggests that a measure of repre-
sentational similarity should be invariant to transformations that leave the model
distribution unchanged. Focusing on a model family which includes several popular
pre-training approaches, e.g., autoregressive language models, we explore when
models which generate distributions that are close have similar representations. We
prove that a small Kullback-Leibler divergence between the model distributions
does not guarantee that the corresponding representations are similar. This has
the important corollary that models with near-maximum data likelihood can still
learn dissimilar representations—a phenomenon mirrored in our experiments with
models trained on CIFAR-10. We then define a distributional distance for which
closeness implies representational similarity, and in synthetic experiments, we find
that wider networks learn distributions which are closer with respect to our distance
and have more similar representations. Our results thus clarify the link between
closeness in distribution and representational similarity.

1 Introduction

How to compare and relate the internal representations learned by different deep neural networks is a
long-standing and active research topic [3, 30, 33, 38, 45, 49, 65]. Understanding when and why var-
ious kinds of representational similarity emerge has implications for model stitching [12, 16, 36, 41,
46], knowledge-distillation [53, 58, 73, 74] and interpretability for concept-based and neuro-symbolic
models [5, 15, 42], see [61] for a review. A theory of when similarity occurs will chiefly depend on
how similarity is measured. As argued by Bansal et al. [3], a similarity measure “should be invariant
to operations that do not modify the ‘quality’ of the representation, but it is not always clear what
these operations are”. Indeed, this depends on how one defines the ‘quality’ of a representation, and
previous works have debated the pros and cons of different choices [3, 14, 30, 31, 45, 49, 65, 67].

We choose to address these questions from the perspective of identifiability theory. In identifiability
of probabilistic models, representations are called equivalent if they result in equal likelihoods, and
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Figure 1:When closeness in distribution does and does not imply representational similarityOn the left,

we show two distributiongr,q; pro.go 2 P which are closer thanw.r.t. the distance,, ( ),

as illustrated by the shaded blue ball. We [(§eg)] 2 = | to denote thédenti ability class (

of a | -identi able model withembeddindg andunembedding ( ). implies that the
identi ability classed[(f ; g)] and[(f% g%], within the shaded area, will hamilar representations—i.e.,
their dissimilarity unded; .4 ( ) is bounded above bB3M . We also consider a third dlstrlbutlon
Pr.q 2 P which, while -close indk. (in magenta), falls outside the blue region and has representations that
are verydissimilarfrom those of(f: g)] and[(f% g%], as described by our . On the right, we plot
the three model embeddings: Takih@s reference, we nd the best linear t d andf, and then color each of
the points according to the residual error (brighter colors denote larger errors). The embéldiegsearly a
linear transformation of, while f shows substantial deviation—uvisibly farther from being linearly related.

all models with equivalent representations together forndanti ability class[27].° Therefore, to
preserve the “quality’ of representations, our notion of representational similarity needs to be invariant
to precisely those transformations which leave the model likelihood unchanged. We focus on a model
family including many popular pre-training approaches, e.g., autoregressive language Botils [
contrastive predictive codingf], as well as standard supervised classi ers. Identi ability results for
this model class show that, undediaersitycondition, equal-likelihood models yield representations
which are equal up to certain invertible linear transformations [28, 34, 51, 52].

As a rst step toward a theory of representational similarity, we &sk:what distributional and
representational distances is it true that models whose output distributions are close have simi-
lar internal representations? Addressing this requires going beyond classical identi ability, which
assumes exact likelihood equality. We do so by proving in that a small Kullback—Leibler
(KL) divergence does not guarantee that the corresponding representations are similar—i.e., close
to the identi ability class of our model family. As an important corollary, two models which are
arbitrarily close to maximizing the data likelihood can still have dissimilar representations (

). We then introduce a new distributional distance ( ) and prove ( )
that closeness in this distance bounds representational dissimilarity ( ).

We conduct classi cation experiments on CIFAR-10 and nd substantial representational dissimilarity
between some trained models with similarly good performance ( ). This dissimilarity
appears to stem from a mechanism analogous to that identi ed in our KL divergence theory. We
also run synthetic experiments showing that wider neural networks tend to learn distributions
closer under our distance and have more similar representations ( ). This suggests that
the inductive biases of larger models may promote representational similarity, something already
observed in previous worksAltogether, our ndings indicate that the robustness of identi ability
results P8, 51, 52] under the KL divergence may require additional assumptions, and that whether
distributional closeness implies representational similarity depends critically on the choice of
distributional and representational distance.

Thestructure and main contributions of our paper are as follows:

* We prove that small KL divergence between two models from our considered class ( )
does not guarantee similar representations ( ); as a corollary, models with
near-maximum data likelihood can have entirely d|SS|m|Iar representations ( ).

3 For a model family and an equivalence relation., = | denotes the quotient space whose elements

are theidenti ability classed[(f;g)] = f(f%g%) 2 :( f;9) . (f%g%g[19, 27].
“E.g., Roeder et aJ52]: “as the representational capacity of the model and dataset size increases, learned
representations indeed tend towards solutions that are equal up to only a linear transformation.”



« We de ne a distance between probability distributions ( ) and a dissimilarity measure
between representations ( ), and prove that small distributional distance implies represen-
tational similarity up to a speci c class of invertible linear transformations ( ).

* We empirically show that: (1) models trained on CIFAR-10 can exhibit dissimilar representations
despite similarly good performance through a mechanism similar to that in the proof of

); (2) on synthetic data, wider networks yield lower mean and variance of our
distributional distance, and also have more similar representations ( ).

2 Model Class and Identi ability

We consider input variables 2 X , which can be real-valued (e.g., images) or discrete (e.g., text
strings). We assume that the input data is sampield from a distributionpp (x). Given an inpuk,

we consider the task of de ning a conditional distribution over categorical oupt¥’ , which can

be class labels in classi cation tasks or next-tokens following a context in language modeling.

Model class. Following Roeder et a[52], we consider a model to be a pair of functidfisg) 2
where the codomain of bothandg is a vector spac&" , which we will also refer to as the
representation spacélere, entails the space of all such pairs that can be generated by arbitrarily
large neural networks We will refer tof (x) as the modedmbeddingind tog(y) as theunembedding

The conditional distributionde ned by the model is given by

exp(f(x)” g(y)) .
yo2y exp(f(x)” g(y9) -

We will also indicate the model distribution wifla.q 2 P, whereP s the space of conditional
distributions that can be constructed as in using modelsTinis model family captures
a variety of models for different learning context?] among which: (i) auto-regressive language
models like GPT-248] and GPT-3 §]; (ii) supervised classi ers like energy-based modéi§][and
models trained with DIETZ6]; (iii) pretrained language models like BERTY]; (iv) self-supervised
pretraining for image classi cation with Contrastive Predictive Coding (CPC) [47].

Prig(yix) = P 1)

Identi ability.  Itis useful to x a pivot input pointxg 2 X and a pivot labeyy 2 Y and consider
the displaced embeddings(x) = f(x) f(Xo) and unembedding®,(y) = d(y) 9(Yo). The
conditional probability distribution generated by the model can then be rewritten as

Prig(yix) /- exp(f(x)” g(y))exp( f(x)” g(yo)) 2)
= exp(f(x)” go(y)) : 3
Next, we reviewidenti ability of the model class in . Identi ability theory characterizes

the set of transformations of representations that leave a model's output distribution unchanged;
two models are therefore deemed equivalent when one can be obtained from the other by such a
transformation. To proceed, we introduce an assumption about our considered models. This condition,
also known agliversity[28, 34, 52], corresponds to only considering models thpan the whole
representation spagen the sense that there is no proper linear subspa&otontaining the
embeddings or the unembeddings [43]. Formally, this can be written as:

De nition 2.1 (Diversity condition) Amodekf;g) 2 satis es the diversity condition if there exists

and the displaced unembedding vectogs(y;)g'; are linearly independent.

The diversity condition can hold when the total number of unembeddinysiinstrictly higher

than the representation dimensign[52]. For example, in GPT-24[8], while the representation
dimensionality varies in the order of thousands (depending on the model size), the number of tokens
in Y is of the order of ten thousands G0k tokens), implying that diversity may be easily satis ed.
With this assumption, we can prove tidenti ability of the model in up to invertible
linear transformations (a detailed proof can be found in ):

®Bothf andg are therefore treated as nonparametric functions in the following, similar to [28, 34, 43, 52].
5We use the term “distribution” generically. In Prig (YjX) is a softmax over a nite label set,
i.e., a probabilitymassfunction.
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Figure 2:Two models with small KL divergence but highly dissimilar representations. We construct two
models(f;g); (f% g% 2  whose representations are related by a non-linear transformation: The embeddings
and unembeddings of tH€% g% model are constructed by permuting the embedding clusters and the corre-
sponding unembedding vectors of {ffeg) model. As a result, the nearest unembedding vectag$ in(dashed

lines) are mapped away from each othegf ). In , we show that as the norm of the unembedding
vectors grows for both models, their distributiops,y andpso.q0 become closer in KL divergence, whereas
their representations remain dissimilar—i.e., far from being equal up to a linear transformation, see also

Theorem 2.2(Linear Identi ability [28, 34, 57]). Let(f;:g);(f%g%) 2 , and(f;g) satisfy the

diversity condition ( ). Let (resp.L9 be the matrix with columngo(y) (resp.g3(y)),
andletA = L> L 2RM M Then:
Pro(y i X) = Progo(yix); 8(x:y)2X Y =) (f;9) o (%) (4)
where the equivalence relation_ is de ned by
f(x) = Af qx)

f; O \ 5

(9 D0 gy)= A g ©
The result of is central to the scope of our analysis because it shows that representa-

tions of two models generating the same conditional distribution are related by an invertible linear

transformation. This also means that, under the diversity condition, to each probability distribution

Pr.,g 2P corresponds a unique (up to equivalence) choice of embeddings and unembeddings. See
for an illustration.

Representational similarity. suggests that a natural notion of similarity between
representations for our model class should account for the linear equivalence relation in

Hereafter, we say two mode(6; g); (f® g9 2  haveequivalent representatioantheirembeddings

and unembeddings are related by an invertible linear transformation of the kind in ,
ie,(f;g) L (f%g9, and we call representatiomnilar if they are “close' to having such a
relation—which we will make precise in . We note that several measures of representa-
tional similarity [30, 45, 49] are based on Canonical Correlation Analysis (CC&J[and are thus
invariant to any invertible linear transformation. They thus attain their maximum when applied to rep-
resentations that are equivalent in the sense above, but also for other invertible linear transformations.
We discuss alternative choices of similarity measures in

3 Models Close in KL Divergence Can Have Dissimilar Representations

Given , we next ask whether a similar conclusion holds approximately when the models
havenearlythe same distributions. More precisely, we ask: For a given choice of divergence between
distributions, does a small difference in distributions imply representational similarity?

As a natural starting point, we consider the widely used Kullback-Leibler (KL) divergence. Speci -
cally, we quantify the difference between two models by the KL divergence between their conditional
distributions, averaged over the data distributpr{x). This is equivalent to the KL divergence
between the corresponding joint distributions, assuming both share the mgg{ral Formally:

dee (P P%) = Ex po [Dke (P(YiX) kpAyix))] = D (P(X;y) kpAx;y)) : (6)
WhenDy. (p(yjx) k pXyjx)) = 0 for all x, we obtain models that are, -equivalent, as speci ed in

. However, only making the KL divergence small is insuf cient to conclude much about
the similarity of representations. The following result formalizes this claim (proof in ):



Theorem 3.1(Informal). Letk = jYj and assum& M +1. Then8 > 0, there exist models
(f;9); (f% g% 2 for which dk (Pr.g; Pro.go) , and whose embeddings are far from being
linearly equivalent. More precisely, one can construct a sequence of model pairs, depending
smoothly on a real-valued parametersuch that,as ! 1 , the KL divergence between the models
tends to zero while their embeddings remain xed and not equal up to any linear transformation.

Proof sketch.We here sketch the construction used kor M + 2 (see for a
construction which holds witk = M +1 ). Let(f;g) 2 be a model which has unembeddings
with xed norm, i.e.,kg(y)k = ,forally 2 Y and 2 R*. Assume the unembeddings have
non-zero angles between them and let the unembeddings satisfy diversity ( ). For
X 2 X, let the embeddingd(x) have strictly largest cosine similarity with ong¥), for some
¥ 2'Y, and such thag = argmax,,y (pr;g(YiX)). As a consequence, note that the mdded)
also satis es the diversity condition for the embeddings. (f&tg% 2  be another model which
is constructed starting froiff ; g) and considering a permutation, of the label indices such that
°(yi)=9g vy @y fori =1;:::;k, with a corresponding shift of the embedding clustefsor
everyx 2 X , we letkf(x)k = Pt (x)k and let the angle betwedf(x) andg($) be equal to that
betweerf(x) andg(¥y). We illustrate this construction in fb(x); g(y) 2 R2. One can then
nd a permutation for whichf (x) is not a linear transformatiorof f (x) (thus the KL divergence
betweenp;,g andpso.qo is non-zero). However, as! 1, we have thatl (pr,g; Progo) ! O,
although the embeddings stay constant and not linearly equivalent. O

shows that, even whaya (pr.q; Pro.go) , there is no guarantee that the models
are close to being | -equivalent. The proof constructs gparameterized sequence in which the
embeddings remain xed and not equal up to a linear transformation; consequently, the error of the
best linear regression of one embedding set onto the other is strictly positive and stays constant as
11, while dKL I 0.

In , we consider the KL divergence between two distributions from our model family.
However, when practitioners study representational similarity in trained models, they t each model
to the data distribution—usually by maximum-likelihood estimation—and then compare their repre-
sentations. We therefore also formulate the following corollary which is closer to the usual setup:

Corollary 3.2 (Informal). Letk = jYj andassum& M + 1. Consider a dataset ¢k;y) pairs,
where only one label is assigned to each unique input. Then, we can nd two models that obtain
an arbitrarily small cross-entropy loss on the data while having representations which are far from
being linearly equivalent in the same sense as in

The proof is in , and an illustration through synthetic experiments can be found in
. This corollary shows that two models having close to optimal classi cation loss on
training data, possibly also equal, may not possess similar representations at all. Importantly, we nd
that this situation can arise in practice with discriminative models trained on CIFAR-10 ( ),
which can have dissimilar representations despite assigning high probability to the same labels.

4 When Closeness in Distribution Implies Representational Similarity

In this section, we introduce a distance between probability distributions ( ) and measure
of representational similarity ( ) and prove that, for our model family ( ), small
values of the former imply high similarity under the latter ( ).

"We show in how the construction from our proof can lead to high dissimilarity both according to

Mmcca [49, 52] and under the measure introduced in

8This is not a permutation of the representation dlmenS|ons—| e., itis°por = Pf (x) for some permuta-
tion matrixP . The permutation of label indices, and corresponding shlft of embedding clusters, is in general not
a linear transformation of the representations (see ); it also changes the model's output distribution, since it
alters the rank—by predicted probability—of every label except the highest-probability one for eack.input

°In , we show that one can construct models this way and such that the mean canonical correlation is
close to zero, whereas it would be equal to one if their representations were linear transformations of each other.



4.1 A Distance Between Probability Distributions

We start by studying what relation holds between models iwhich need not have the same
probability distributions. Hereafter, we will also consider the variance over input samples and outputs
and denote it with/ary [ ] = Var x p, []andVary[]:=Vary unit( v)[ ], respectively. With this in

mind, it is useful to introduce the following functions:

x(Yisp) = P Var, llogp(yijx) logp(yojx)] and y(xj;p) = P Vary [log p(yjx; ) |09|0(ijo)](7-)

We also denote wit/s 2 RM M the diagonal matrix with entrieS; = (yi;p) *. We now have
everything we need to state a Lemma relating any two model embeddlngs (the full statement and
proof, including the relation between the unembeddings can be found in

Lemma4.1. Let(f;9);(f% g% 2 be models satisfying the diversity condition ( ). Let
L;L%e de ned asin .Lat=L> S 1S1% andh¢(x) = L> S ! ,(x), where
thei-th entry of ,(x) is given by
, () = 109Prig(viix) 10gPrig (yoix) logprogo(yiix)  10gpro,go(yoix) .
' x (Vi Prig) x (Yi; Pro,go)
Then, we have

(8)

f(x) = AFYx) + hi(x): ©)

Remark 4.2. In the special case where the two modélsy); (f% g9 2 have the same distribution,
the error term in vanishes and we recovéf; g) | (f% g9 (see ).

We note that the error term in depends entirely on differences of log probabilities. We also
see that if y, (x) is a constant (or equivalentlyar[ y, (x)] = 0), the embeddings will be invertible

linear transformations of each other. This suggests that if we want a distance between distributions
which is related to the similarity of the embeddings, we can measure how far this error is from being a
constant. We therefore de ne a distance which includes these weighted differences of log-likelihoods.

To proceed, we restrict our analysis to a subset of distributions that satisfy the following assumption:

Assumption 4.3. We consider probability distributiorssuch that for setX v X andYy Y
containing all labels except one, the following conditions are satis ed: (1) Fox &l Xy we have
thatlogp(yjx) logp(yjXo) is not constant iry andpp (x) > 0; and (2) Forally 2 Y v we have
thatlogp(yjx) logp(yojx) is not constant irx.

Note that this assumption guarantees that, for any putihe terms  (yi; p), and (x;;p) are
non-zero forx; 2 Xy andy; 2 Yy . Under , we exclude those probability
distributions that assign the same distributions over the labels for all inputs, that is, we need at least
one input to result in a different distribution. We also exclude those distributions which assign equal
probability to two or more labels for all inputs.

De nition 4.4 (Log-likelihood variance distance between distribution®)r any two probability
distributionsp; p° for which there exists a common choiceXpfy X andYyy Y such that

they both satisfy , fora xe® R*, and by considering the following terms:
S S
: logp(yjx)  logpXyjx) logp(yojx)  logp%yoix)
ty = max Var ;
1T yav iy niyog ( N () % (¥: DY) i) x(¥: P9
S S
= max Var, 109POR) - logpyix) .y, - 10gpbiXo) - logPAYiXo)
X2X 1y nfxog y(X;p) y(X;p9 y(X;p) y(x; P9
o= max  Jaip) <Pl = max oy 0ap) (6P
the log-likelihood variance (LLV) distance betwgeandp®is given by
dy (P P9 =max fty;ty; ta tag: (10)
In , we show that ,, is a distance metric between sets of conditional probability

distributions.” The non-zero weighting constantis introduced because, as we will show in

0gpeci cally, d,y (p; p%) is non-negative; zero if = p° symmetric; and it satis es the triangle inequality.



t1 andt, can be used alone to bound the similarity between model representations, but
tz andt, need also to be considered to makg, a distance metric. In our experiments, we séb
a small non-zero value, so that theandt, terms dominate (see for details).

Note that the log-likelihood variance distanck,, , requires a choice of inpuX,v , and label,

Y.L , sets, and the exact value of the distance depends on this choice when the distributions are
not equal. Howeved, ,, is a metric for any choice satisfying . Therefore in the
experiments, we draw a sample of possible sets and choose the ones which give the smallest value.

4.2 A Dissimilarity Measure Between Representations

Having de ned a distance between distributions, we turn to a distance between representations which
is related to invertible linear transformations. We de ne a dissimilarity measure based on the patrtial
least squares (PLS) approach called PLS-S¥D ¢0]. For two random vectors; w, let ., denote

the covariance matrix whogéj )-th entry is

( zw)ij =Covaw [zi; W] = Ew) pw (Z0 Ez plzD)(W  Ew p,WD];  (11)
wherep;.,, is the joint distribution ofz; w, andp;; pw are the respective marginals. PLS-SVD

covariance between the odémensional projections? z andv? w, subject to mutual orthogonality

of successive directions. This is equivalent to nding the left and right singular vectorg,of(more
about PLS-SVD in ). Leveraging this procedure by PLS-SVD, we introduce a similarity
and a dissimilarity measure:

De nition 4.5 (PLS SVD distance between vectard)et z;w be twoM -dimensional random
vectors, and de ne® w? by standardizing their componentg® = (z  E[z])=std(z), w? =

(wi  E[w;])=std(w;). Letfu;gM, andfv;gM, be the left and right singular vectors of the cross-
covariance matrix ,o,0. We de ne

P
Msvo (Z;W) = i’\il Covyouo[u; Z%vi WY, dsyp(z;w) =1 mewp (z;w):  (12)

Sincemsyp (z; W)  mgyp (2;2) =1, it follows thatdsyp (z; w) O for all random vectorg; w.

We also have that the dissimilarity measure is invariant to rotation followed by dimension-wise
scaling (see ): thsyp (z;w) = 1 or, equivalently,dsyp (z;w) = 0, then there

exist an orthonormal matrik and diagonal matriceS; S° scalingz; w to unit variance such that
z=S 'RsS.

With this distance between vectors, we can de ne a dissimilarity between representations for models
from our model family by seeing the embeddings and unembeddings as random vectors.

De nition 4.6 (Representational dissimilarity measukg,). Let(f;g); (f%g9 2 . LetL;L%be
de ned as in . L&t (resp.N9 be the matrix with columnig(x) (resp.fJ(x)). The
representational dissimilarity measude,q is de ned as follows:

n o

dr.g((F;0); (F%09) = max  dsyp (L7 F(x);L"” FAx)):dsvo (N” g(y);NZ g%y)) : (13)

4.3 Bounding Representation Dissimilarity via Distributional Distance

We now prove that it is possible to relate a bound on the distance noifjic between model

distributions ( ) to a bound on the dissimilarity measdig between model repre-
sentations ( ). For the result below, We denote with= L~ f(x), z, = L°>f°(x),
w1 = N> g(y) andw, = N> g%y) (proof in ).

Theorem 4.7. Let(f;g); (f%g9 2  be two models such that: (1) There exfsty X and

Yuv Y , consisting of a pivot point and all labels but one, such thatalL°andN ; N ° matrices

constructed from these sets are invertibig(2) Bothps,g and pro.4o satisfy for

Xy andYiy ; (3) The covariance matrices;,z,; w,w, and the cross-covariance matrices
212,17  wiw, are non-singular. Then, for any weighting constar? R* , we have

duv (PrgiProge) =) drg((f:9);(f%g%) 2™ : (14)

1Thjs is slightly stronger than the diversity condition ( ) in the sense that we need diversity to
hold for all sets using labels froM v and the chosen pivot point.




Figure 3:(Left) Embedding representations of two models trained on CIFAR-10. Representations for some
of the labels are permuted, amtkca (f(x); f%(x)) = 0 :55. (Right)Meand,, andd.q vs network width.
Shaded area is standard deviation. Both mean and standard deviation decrease as the network width increases.

Remark 4.8. It can be shown ( ) thadyp (L~ f(X); LY f9x)) remains constant for
models that are linearly equivalent to the members in the expression. That is, ffr agy) 2 ,
suchtha(f :g ) . (f;g), we have thatlsyp (L™ f(x); L™ f9x)) = dsvp (L ~f (x);L™ fUx)).
A similar argument also holds fatsyp (N g(y); N > g%y)).

shows that for the measugg andd;.q, closeness in distribution (i.e., small values
of d, |, ) bounds representational dissimilarity (as measured Qy.

Notice that in , we can freely choose any set of iffuts X as long as they satisfy
(1) and (2). Hence, if there is a choice makingn as small as possible, it will also

makedsyp (N~ g(y); N ® g%y)) small. There is also some exibility for,,y Y , where a careful
choice of pivot point/y and the left-out label can make the tetirin small and, as a

consequencalsyp (L~ f(x); L™ fx)) also small.

5 Experiments

In this section, we present our key experimental ndings: (1) For models trained for classi cation
on CIFAR-10 B2], we observe cases of similarly well-performing models with highly dissimilar
representations, arising from a mechanism analogous to the constructive proof of

( ); (2) On synthetic data, training wider neural networks results in a reduction of both
the mean and variance df,, between models and leads to higher representational similarity
( ). Additional experiments illustrating the phenomena in and visualizing the
bound in are summarized in . For all experiments we=us@ °. See

for implementation details. The code can be found on GitHub.

5.1 Dissimilar Representations in CIFAR-10 Models with Similar Performance

Experimental setup. We trained classi cation models on CIFAR-187 with two-dimensional
embedding and unembedding representations. The embedding network is a RegNeti&i[the
unembedding network consists of three fully connected layers of width 128, followed by the nal
representation layer.

Results. Embeddings of images with the same labels form clusters, and certain label pairs—such as
“truck” and “automobile”—consistently appear as neighbors across retrainings (See

However, some clusters are permuted: Fi(Left) shows two retrainings where, in the rst model, the
“truck” cluster lies between “automobile” and “ship”, while in the second it lies between “automobile”
and “horse”. This mirrors the construction in , where models close in KL divergence
have dissimilar representations. The models in Fi(Left) havedy, of 1:13(0! 1) and1:12 (1! 0),

similar test lossesl{19and1:18), but a larged, |, ( 1:55) and smalimcca (0:55).

12 , DOI;



5.2 Wider Networks Learn Closer Distributions and More Similar Representations

Experimental setup. We train models on a 2D classi cation task with 4, 6, 10 or 18 labels. Data
are samples from a 2D Gaussian{ 0, = 3), and labels are based on the angle to the rst axis,
consisting of a slice of the circle and the opposite slice (see ). We train twenty random
seeds of models with two-dimensional representations. Each model consists of three fully connected
layers with widths 16, 32, 64, 128 or 256. We retain only models achievingd®éraccuracy. For 4
classes, this yields 19 models at width 16 and 20 models for all other widths. For 6 classes, we retain
16, 17, 19, 19, and 20 models across the ve widths, respectively.

Results. We nd thatd,,,, andd;.q between the models trained with wider networks have smaller
both mean and standard deviation. In FigRight)we show the trend for models withand6 classes.
Similar plots forl0 and18 classes can be seen in . While the bound in

is only non-vacuous whetk 4 ((f; 9); (f%9g%9) 2M < 1(i.e., when < 1=m) our plots suggest
that there is a broader relationship betweleg andd, ,, , since the values af,|,, andd,y seem to

be related even before the bound becomes non-vacuous.

5.3 Visualizing Representation Dissimilarity and the Bound from

Following the construction in , We simgable 1: Kullback-Leibler divergence
late two models with xed embeddings and unembethpidly vanishes while other measures stay
dings with increasing norm. We measure the KL diverenstant. Cells in thedx. column are
gence andi,,, between distributions; between repréhaded red in proportion to their magnitude
sentations, we measure the mean canonical Correla%% kﬁgrm'argfg Vsa'(‘jle)- d'?gpfzebunaelrrnnct::td-
(Mcea ) [45, 49, 52] and the maximunsyp of the em- &! WS, Gk y

. : : . four orders of magnitude, whereds,, and
beddlngs over the input and label setsdpy, (smqe this the maximallsyp between embeddings re-
is what bounds). The results are in e

. , . main virtually unchanged.

We nd that as the unembeddings' norm,increasesik.
decreases, whild, |,, anddsyp remain high anancca

i . . . d ke diy Mcea max dsvp
remains low and almost constant. This aligns with the
resultin , While it displays thdyt,, isrobust 8i§§§3 12%8 8:888? 8:3332
to these model constructions. 9 00369 13171 0.0004 0.9995
Also, for these model pairs and models trained on synthetiﬁ 8;8822 13152 8:8882 8;3332
data, we nd that the bound in is alwaysis 00001 1.3172  0.0010 0.9998
satis ed (refer to for details and to

for a visualization). However, for models trained on CIFAR-10, the distributions are not close enough
for the bound to be non-vacuous.

6 Discussion

Limitations.  To the best of our knowledge, this work provides the rst theoretical result that upper-
bounds representational dissimilarity by a distributional distance ( )—a relationship
that shows is far from obvious. The bound is nonetheless not tight: it grows linearly
even though the empirical trend wfax dsyp is clearly sub-linear ( ), and it presently requires
the label set to contain every class but one. We conjecture that a tighter, potentially non-linear
bound could be obtained and tthf,, would remain a valid distance when computed on a suitably
diversesubset of labels. The distributional distance itself ( ) inherits the dabet-
diversityassumption ( ), which prevents its applicability to the whole model family of

. diversity is more likely to hold in language models, but may fail in standard image
classi ers—especially when the number of classes is smaller than the representation dim&#sion [
It was recently proved by Marconato et @3] that, when relaxing the diversity assumption, the model
family in can be identi ed up to axtended-lineaequivalence relation. Extending our
theory to that setting would enable comparing models with different representation dimension [43].

Alternative similarity measures. The invariances of our dissimilarity measudeg, comprise

a subset of all invertible linear transforms and always consider embeddings and unembeddings in
combination with each other (see ). By contrast, much prior work employs CCA-based
measures that are invariantdaaylinear transformation45s, 49] and only measures (dis)similarity



between embeddings. Kornblith et 1] argue that similarity measures should be invariant only

to orthogonal transformations, based on the task-relevance of relative activation scales and the
invariance of gradient-descent dynamigs][ What measure best captures representational similarity

is still an open questior8], with different approaches re ecting distinct goals and trade-dit§. [

Our goal is not to claim our measuretise right one, but to present a pairing of dissimilarity
measure and distributional distance that enables theoretical analysis and captures key empirical
aspects of representational similarity. Extending such guarantees to other (dis)similarity measures
and distributional divergences is an important direction for future work.

Do similarly retrained models learn similar representations? This has been extensively explored

in empirical studies31, 38, 46, 51, 52, 56, 65]. Retraining with a different seed can result in different
likelihoods, and we show that even models with near-zero KL divergence can have dissimilar internal
representations. While the existence of constructions such as the one in does not imply
that a model will learn them during training, we nd it interesting that a mechanism resembling our
construction actually emerged in our CIFAR-10 experiments ( ), where we observe large
representational dissimilarity despite close distributions in terms of KL divergence. Such dissimilarity
can arise when most output labels have negligible probability—for example, an image might be
con dently classi ed as a “cat” or “dog”, with all other classes (e.g., “spaceship”, “chair”) having
near-zero probabilities; and in language modeling, often only few next-tokens are plausible. Overall,
these observations suggest that similar performance alone is insuf cient to ensure representational
similarity [6], though higher network capacity may help, see and [52, 56].

Identi ability and robustness. In nonlinear ICA [LO, 18, 20, 24, 28, 57, 72], disentangled and
causal representation learnirf) ¥, 11, 37, 39, 40, 44, 63, 64, 69-71] models are typically constructed

so that their likelihood-maximising solutions are unique up to a xed (and “small') set of ambiguities,
as guaranteed by identi ability244, 68]. Robustness when the likelihood is only approximately
maximized has been studied less, though Buchholz and Schid¥ogrfialyzed isometric-mixing

ICA,; Sliwa et al.[55] empirically probedndependent mechanism analyfsis]; and Trauble et a[62]

showed that independence-based disentanglement lacks robustness when true factors are correlated.
Our results further highlight the importance of understanding robustness in nonlinear representation
learning.~ In particular, our suggests that relying solely on identi ability results—such

as those by Reizinger et §h1]—may be insuf cient to guarantee that similar representations are
practically attainable when optimizing the cross-entropy loss: additional assumptions may be needed.

Conclusion and Outlook. We have studied the link between distributional closeness and repre-
sentational similarity for the embedding and unembedding layers of our model family, focusing on
different instances of theamemodel class. Extending our analysis to earlier layers would rst require
identi ability results for intermediate network representations, which remains an open problem in
representation learnin@, 28]. In practice, learned representations often appear surprisingly robust
across datasets, architectures, and training objectiyés17, 23, 31, 46], and explaining this broader
robustness is an exciting direction for future work. By clarifying when distributional closeness does—
and does not—imply representational similarity for embeddings and unembeddings within our model
family, we take an initial step toward a principled theory of representational similarity.
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, and
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» The authors should re ect on the scope of the claims made, e.g., if the approach was

only tested on a few datasets or with a few runs. In general, empirical results often
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The authors should re ect on the factors that in uence the performance of the approach.
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technical jargon.

» The authors should discuss the computational ef ciency of the proposed algorithms
and how they scale with dataset size.

« If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

» While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren't acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be speci cally instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justi cation: Some proof ideas and sketches are in the main article. Full proofs are in

the appendix due to size constraints. Proofs for are in , proofs for
are in and proofs for arein
Guidelines:

» The answer NA means that the paper does not include theoretical results.
« All the theorems, formulas, and proofs in the paper should be numbered and cross-

referenced.

« All assumptions should be clearly stated or referenced in the statement of any theorems.

The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justi cation: We give implementation details of our distance in and details on
how to recreate the experiments in . All the relevant code is available at'github
Guidelines:

The answer NA means that the paper does not include experiments.

If the paper includes experiments, a No answer to this question will not be perceived

well by the reviewers: Making the paper reproducible is important, regardless of

whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken

to make their results reproducible or veri able.

Depending on the contribution, reproducibility can be accomplished in various ways.

For example, if the contribution is a novel architecture, describing the architecture fully

might suf ce, or if the contribution is a speci ¢ model and empirical evaluation, it may

be necessary to either make it possible for others to replicate the model with the same

dataset, or provide access to the model. In general. releasing code and data is often

one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurlPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.
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5. Open access to data and code

Question: Does the paper provide open access to the data and code, with suf cient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]
Justi cation: Code will be released on publication of the article.
Guidelines:

« The answer NA means that paper does not include experiments requiring code.

» Please see the NeurlPS code and data submission guidelifes/(
) for more details.

« While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to

reproduce the results. See the NeurlPS code and data submission guidgiires (
) for more details.

» The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

» The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

» At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

» Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justi cation: In we provide the necessary details to understand the results and in
and we provide the details important for implementation. The code

is also available at githuly

Guidelines:

» The answer NA means that the paper does not include experiments.

» The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

 The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment statistical signi cance

Question: Does the paper report error bars suitably and correctly de ned or other appropriate
information about the statistical signi cance of the experiments?

Answer:
Justi cation: We do not have error bars in our plots.
Guidelines:

» The answer NA means that the paper does not include experiments.

» The authors should answer "Yes" if the results are accompanied by error bars, con -
dence intervals, or statistical signi cance tests, at least for the experiments that support
the main claims of the paper.

18



 The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

» The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

» The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% Cl, if the hypothesis
of Normality of errors is not veri ed.

» For asymmetric distributions, the authors should be careful not to show in tables or
gures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

« If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding gures or tables in the text.

8. Experiments compute resources

10.

Question: For each experiment, does the paper provide suf cient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justi cation: We report computing resources in
Guidelines:

» The answer NA means that the paper does not include experiments.

» The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

» The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

» The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn't make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurlPS Code of Ethics ?

Answer: [Yes]

Justi cation: This work conforms with the principles outlined in the NeurlPS Code of
Ethics.

Guidelines:

* The answer NA means that the authors have not reviewed the NeurlPS Code of Ethics.

« If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

» The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justi cation: Our work focuses on improving our understanding a popular class of discrim-
inative models including autoregressive language models. We hope our work can lead to
safer deployment of such models in the future, however for now this is fundamental research
that has no direct societal impact.
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11.

12.

Guidelines:

» The answer NA means that there is no societal impact of the work performed.

« If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake pro les, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact speci ¢
groups), privacy considerations, and security considerations.

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

» The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the ef ciency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.qg., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justi cation: We do not release anything with a high risk of misuse.
Guidelines:

« The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety lters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

» We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justi cation: We cite original creators when relevant. Available licence information is in

Guidelines:
« The answer NA means that the paper does not use existing assets.

» The authors should cite the original paper that produced the code package or dataset.

» The authors should state which version of the asset is used and, if possible, include a
URL.

» The name of the license (e.g., CC-BY 4.0) should be included for each asset.
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13.

14.

15.

 For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasetss
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

« For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

« If this information is not available online, the authors are encouraged to reach out to
the asset's creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]

Justi cation: We describe how to generate the synthetic data used in . Our
code also includes the necessary documentation.

Guidelines:

« The answer NA means that the paper does not release new assets.

» Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

« At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip le.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justi cation: The work does not involve crowdsourcing nor research with human subjects.
Guidelines:

» The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

« Including this information in the supplemental material is ne, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

 According to the NeurlPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)

approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justi cation: The work does not involve crowdsourcing nor research with human subjects.
Guidelines:

» The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

21



« Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

» We recognize that the procedures for this may vary signi cantly between institutions
and locations, and we expect authors to adhere to the NeurlPS Code of Ethics and the
guidelines for their institution.

« For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scienti ¢ rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justi cation: LLMs have not been used for any core components of this research.
Guidelines:

» The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

 Please refer to our LLM policy( )
for what should or should not be described.
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A Notation

We here present a table ( ) with the notation used in the paper.

Table 2: Notation. We use bold letters for vectors and non-bold letters for scalars.

Symbol  Description Reference
X vector and vector-valued variables
y scalar-valued variable
(f;9) a model with embedding and unembedding functibasdg, see
Pr g distributions of a modg(f ; g)
fo(x) the displaced embedding functiohix) f(Xo)
9o(y) the displaced unembedding functiams/) g(yo)
L the matrix with columng,(y), see
dkL the distance between distributions arising from the KL divergence
Vary[]  the variance over the inputs from some input distributjgn,
Unif(Y) the uniform distribution over the elementsYf
dv the log-likelihood variance distance with weighting parameter
dsvp the mean PLS-SVD distance between random vectors
dr.g the distance between representations for our model class
w the cross-covariance matrix of random vectora
N the matrix with columngo(x)
Mcca the mean canonical correlation coef cient
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B Identi ability Result and Proof

We present a uni ed and slightly adapted version of the identi ability results fra@& 34, 52], see
also [43, Corollary 6].

Theorem 2.2(Linear Identi ability [28, 34, 57]). Let(f;g);(f%g% 2 , and(f;g) satisfy the

diversity condition ( ). Let (resp.L?% be the matrix with columngo(y) (resp.g3(y)),
andletA = L> L2 RM M Then:
Prg(y i X) = Progo(yix); 80:y)2X Y =) (f;9) o (%0 (4)

where the equivalence relation_ is de ned by

f(x) = Af qx)

) 0.
(f;9) o (f%99 0 go(y) = A > gd(y)

®)
Proof. We rst prove thatps 4 (y j X) = progo(y j X); 8(x;y) 2X Y =) f(x)= Af 9x) for

A =L> L* invertible.

By assumption, the mode($; g); (f% g% have equal E,kelihoods. Moreover, by construction, the

two models have representationsRM . LetZ(x;Y) = = | ,y exp(f(x)” g(y;)), and similarly for
Z9x;Y). Then

Prig(y ] X) = Progo(y j X) (15)
f(x)”g(y) logZ(x;Y))= t9x)"gAy) log(ZAx;Y)) (16)

forallx 2 X and ally 2 Y. In particular, this equation holds for any xad From the diversity con-
dition ( ), we can choos®l +1 y's, yo;:::;Ym , such that the displaced unembeddings
fgo(yi)gM, are linearly independent. By subtracting the log-conditional distribution for the pivot
Yo 2 Y, we obtain for eacly; 2 Y the following:

f(x)7gyi)  f(x)7g(yo) +log(Z(x;Y)) log(Z(x;Y))

= 97 g%yi)  f4%)” gAyo) +10g(ZAx;Y))  log(Z%x;Y)) 17)
fO)7ayi)  f(x)7ayo) = F0)” g%yi)  F4%)” 9%vo) (18)
f(x)” go(yi) = £4%)” 9(i) ; (29)
where the last passage holds by de nitionga{y); g3(y), see . Ldt be the matrix which
hasg,(yi) as columns and ° be the matrix which hag(y;) as columns. Notice that the diversity
condition ( ) implies that is an invertible matrix. We can then stack the equations to
get
L> f(x) = L™ fqx) (20)

and sinceL is invertible,
f(x)= L> L™ f9x): (21)

If we setA = (L% 1)>, we only need to show that is invertible. Using the diversity condition,
we pick pointsxo; ;XM 2 X such that the displaced embedding vectdggx; g, are linearly
independent. LeN be the matrix withfo(x;) as columns andl ® be the matrix withfJ(x;) as
columns. Notice that, from the diversity conditibhis an invertible matrix. Then

N = AN ©: (22)

Since any two matrice® ;C 2 RM M | have the propertyankBC) min(rankB); rank'C)),
andN has rank equal t™M , we have that necessarily aldoandN ®have rankM . In particularA is
an invertible matrix.

Next we prove thapr;g(y j X) = Proge(y j X); 8(x;y) 2X Y =) go(y) = A~ gf(y) for
A =L> L” invertible.
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As before, we have that

f()7a(y) log(Z(x;Y)) = fAx)”gAy) 1og(Z%x;Y)) (23)
holds for allx 2 X and ally 2 Y. In particular, this equation holds for any speckc From the
diversity condition ( ), we can choodé + 1 x's, Xo;:::;Xm , such that the displaced

embeddings$fo(x;)g", are linearly independent. By subtracting the log-conditional distribution for
the pivotxg 2 X , we obtain for eacl; 2 X the following:

f(xi)”g(y) f(xo0)”g(y)+log(Z(xo:Y)) log(Z(xi;Y))
= fqxi)” g%y)  fU%0)” g%y) +109(Z%Ax0;Y)) l0g(Z%Axi;Y))  (24)

f(xi)”ay) f(xo)”a(y)= fAxi)”gqy) fUx0)”g%y) + ¢ (25)
fo(xi)” a(y) = f3(xi)” gy + & ; (26)
where
_ Z9x0;Y) Z(xi;Y)
G =log Zx0 V) +log Z0x°Y) (27)

LetN be the matrix withfo(x;) as columns, leN °be the matrix withfJ(x;) as columns and let be
the vector withg; as entries. Then, siné¢ is invertible

N”g(y)= N”g%y)+ ¢ (28)
g(y)= N> N®gqy)+ N~ c: (29)
Since we found in thatis invertible, we have that
N°= A IN: (30)
Therefore, we get
g(y)= N> N®gqy)+ N~ ¢ (31)
gy)= N> (A N gAy)+ N~ ¢ (32)
g(y)=N”> NA” giy)+ N~ ¢ (33)
gy)= A~ gAy)+ b; (34)
whereb = N > c. So, considering the displaced unembedding vectors, we get:
9o(y) = 9(y)  9(Yo) (39)
=A” gM+b A” g%y) b (36)
= A7 g3y (37)
This proves the claim. O
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C Models close in KL divergence can have dissimilar representations - details

C.1 KL goes to Zero but Representations are Dissimilar

Here, we restate in full detail:

Theorem (Formal statement of .Det(f;g ) 2 be amodel with representations in
RM . AssuméM 2. Letk = jYj be the total number of unembeddings and asskmeM + 1.
Assume the model satis es the following requirements:

i) The unembeddings have xed norm, thakgs (yi)k = kg (yj)k= ,forallyi;y; 2Y,
where 2 R*.

i) For everyx; 2 X, let there be one elemegf 2 Y for which the cosine similarity
cosf(xi);g (y;)) > Oandcosf(xi);g (y;)) > cosf(xi);g(y-)) forally- 6 y;.

Let(f% g°) be a model which also satis es i) and ii) and which is relatedftpy ) in the following
way:

i)y Foreveryx; 2 X, kf9xi)k = kf(x;)k = c(x;).

iv) For y; = argmax,,y (p(yjxj)) we have that the angle betweéf(x;) and g°(y;)
is equal to the angle betwedifx;) and g (y;), in particular, cosf(x;);g (y;)) =

cosf xi); g°(y;))-

Then, making pairs of models satisfying assumptions i) to iv) and with increasing valugs/et us
a sequence of pairs of models for which we have:

di (Prig ;Proge)! O for 11 (38)

Also, it is possible to construct a modéP;g°) 2  which satis es the requirements above, but
whereas !'1 ,the embeddings stay xed aff{x) is not an invertible linear transformation of

f(x).

Proof. Let the modelgf;g );(f%g°) 2  be as described above. Below, we use the shorthand
p= pr.g andp®i= progo.

We prove the results in two parts. (1) We show that, for any two models satisfying the requirements i)
to iv) above, we get thadx, (p;p) ! Oas !1 . (2) We then speci cally show how construct a
model(f; g ) and a mode{f% g°), which satis es the requirements i) to iv) but where asl

the embeddings stay xed arfd(x) is not an invertible linear transformation ofx).

(1) SinceDkL (p(yjxi)kpXyjx;)) ! Oforallx; 2 X implies thatdg. (p;p% ! 0, we will show
thatD k. (p(yjxi)kpXyjxi)) ! Oforall x; 2 X . Fix x; 2 X . For notational brevity, we denote
with ¢ 2 R* the value of the norm of the embeddingsxani.e., kf (x;)k = kf9(x;)k = c(x;)
(assumption iii)). We then consider the KL divergence

Dic (P(yixi kpyix:)) = § p(yjjxi)logm: (39)

SinceD . (p(yjxi)kpXyjx;)) involves a sum over, Dy (p(yjxi)kpX(yjx;i)) will go to zero if each
term in the sum goes to zero. To show that each term of this sum goes to zero, we rst consider the
term fory; = argmay,y (P(yjXi)). In this case, we have that

exp(f(xi)” g (¥))
¥, exp((xi)> g (y))

ply;ixi) = (40)

1.

0
X

@1 + exp(f(xi)”g (v) f(xi)”g (yNA (41)
S
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From iii) we havekf (xj)k = ¢ and from i) we have thatg (y; )k = . We can therefore write

f(xi)”g (yj) =cos(f(xi);g (v)) & ; (42)
and substituting this into , We see that
0 " 1,
p(yjixi) = @1+ exp ¢ (cos(f(xi);g (y)) cosf(xi)ig (v)) A : (43)
=176

Now since by assumption igosf (xi); g (y;)) > Oand for ally- 6 y;

cosf(xi);g (y;)) > cosf(xi);g (y)); (44)
we have that
cosf(xi);g (y:)) cosf(xi);g (y;)) < O; (45)
Taking the limitin , we get
exp(c  (cos(f(xi);g (y)) cosf(xi);g (y;)) ! O for 11 (46)
Since every term of the sum in goesto zerofat , the whole sum goes to zero,
which means that from we get that
. 1 )
p(y;jjxi) ! 1+O_1 for 11 47
Similarly, we also have that
pPAy;jxi)! 1 for 11 (48)
This means that foy; = argmax,,y p(yjxi), from combining , and
we get that
- p(y; i) 1_ .
ijxi)log—=—"=—=1! 1 log==0 for !1 49
p(y; i) 9 oy ix) 97 (49)

Next, we consider the case whefeé argmax,,y p(yjXi). In this case, we consider

. p(y;ixi) _ . . O i
i jXi) lo - = ijxi) lo i 1Xi lo i 1Xi 50
p(y; i) ng(ijxi) p(yjjxi) logp(yjjxi) logpy;jxi) (50)
= ply;jxi) f(xi)>g (v;) logZ(xi) fAxi)” g°(y;) +log Z%x;)
(51)
P > 0y > 0 : ZO(Xi).
= ply;ixi) f(xi)7g (y;)  fA(xi)7g°(y;) + ply;ixi)log Z(x1) - (52)
I
We will consider the two terms in separately. First, we consider
ply;ixi) f(x)7g (v;)  fAxi)”g°y;) : (53)
Similarly as for , we have
f(xi)”g (yj) =cos(f(xi);g (¥j) & (54)
We use this to rewrite and see that

fxi)> g (v;)  fU%)a%(y;)j = jeosf(xi);g (¥;)) © cosfxi);g°(y;)) o j (55)
=G (cosf(xi);g (¥;)) cosExi); a°(y)))i (56)
2c (57)

This gives us that

ply; ix)if (i)™ g (v)  fAxi)7°(y)i 26 plyjixi) (58)
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Sincejxj! Oimpliesthatx ! 0and we have shown that the absolute values of the term is upper
bounded byc,  p(y; jxi), we will show that the term goes to zero by showing @@t p(y; jXi)
goes to zero. We see that
. 2G; exp(f (x;)> i
=1 exp(f(xi)>g (v))

S 2 (60)
1+ e expf(xi)>g (y) f(xi)>g ()

S 20 (61)
1+ ot exp(ci  (cos(f(xi);g (y)) cos€(xi);g (¥)) 1

Cag @ 4 N OPO (cos((x)ig 01) cost(x)ig i) A . (g

=16

Consider nowy, = argmax,,y P(yjxi), recall we havg; 6 y;. Considering thiy,, we have by
assumption ii) thatos{ (x;); g (yr)) > Oand

cosf(xi);g (yr)) cosf(xi);g () > 0; (63)
Since for 2 R*,we haveexp(x )=x!1 forx!1 ,forthisy,, we have that
expc_ (cosf(x)ig ) cosCx)ig G 11 qor 11 . (ea)
We can now de ne the denominator of as
d( )= L4 P cosf(xi);g (vr)) cosf(xi):g (v;))
" (65)
. expc cosf(xi);g (y)) cos(xi);g ()
‘=1;6jir
and see that the rst term of goes to zero, the second term goes to in nity
and the third term is always positive sineep(x) is always positive. Therefore we have that
d)!'1 for 11 (66)
which means that
2c  plyjixi) = ﬂ! 0 for I1 (67)
d( )
Thus, we get for the rst term of that
p(y; ixi)(f(xi)>g (v;)  fAxi)>g°(y;) ! 0 for 11 (68)

which was the desired result.
We now consider the second term in

Pl ix)1og 50 (69
We see that b
Z%x) _ _ L expleosUx)ig°y) & ) 70
Z(xi) K exp(cosfAxi);g%(ym)) G )
k
o exp(l ¢ ) 7
Ckaexp(la ) 7
_ expE )
"o 6 ) (72)
=exp26 ): (73)
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Which means we have that

_ Z9Y(x; . .
Py ix)log 5 <) pjix)logexp(za ) =26 pyix): (74)
I
We also have that P
Z%0) _ "o ©XpeosfUxi)ig’y) o ) 75)
-
Z(xi) . o1 €Xp(CosEx); °(ym)) G )
k .
P‘k:l exp( 1 ¢ ) (76)
m=1 &Xp(L ¢ )
exp( ¢ )
= — = 77
expG ) 7
=exp( 26 ): (78)
Which means we have that
. ZO(Xi) .
P(y; jxi)log — x1) p(y;jxi)logexp( 2¢ ) (79)
|
= 25 plyjjxi): (80)
which gives us
. ZO(Xi) . .
p(y; jxi) log Z0x) 26 p(y;ixi): (81)
Now and together give us that
o 20D o0 oo i
p(y; jxi) log Z(x1) 26 p(y;jxi) (82)
Thus, we have upper bounded the absolute value of the tern2with p(y; jx;) like in
Using again thaBc;  p(y;jxi)! Ofor 1 ( ), we get that
p(y; jXi) log Zx) I 0 for !'1 (83)
PR Z0G) T
Since both terms in the sum ( )gotozerofbl ,the entire sum goes to zero and
fory; & argmax,,y p(yjxi), we have that
, p(y; jXi) .
ijxi)log—=—"-—=1! 0 for !1 84
p(y; jxi) log ) (84)
Since we now have this result for both = argmax, .y p(yjxi) andy; & argmax,,y p(yjxi), the
sum over alj in Dy (p(yjxi)kpXyjxi)) ( ) also goes to zero. Thus,
Diu (p(yjxi)kpXyixi)) ! 0 8xi 2 X; (85)

which means that

dee (P;P) = Ex poo[Dke (RYPOKPYYX)] ! 0 for 11 (86)
proving the rst claim of the theorem.

(2) We now present two constructions which satisfy the requirements i) to iv) above, butffhere
is not an invertible linear transformation ofx). In the following, we use; to denote thé-th unit
vector inRM , whosei-th component is equal th and all other components are equal to zero.

Constructionfork M +2. Fori =1;:::;M, letg (yi) = . Letg (Yym+1) = e1
andg (Ym+2) = e;. For any remaining labels with indgx> M+ 2, let them be such
thatg (yj) & g (y') forj 6 ~ and more tharF 2 radian angle away frore,; e; and €. Let
fxngio; X andfxmgl_; X betwq sets of inputs. We de ne

cos( (1 = !
sin( 7@ 1)) E
0

f(xn) = (87)
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Now ff(x,)gi-, is a sequence with a well-de ned nite limit, which we for ease of reference shall
calla

cos)

3
a= lim f(xn)= %S'n( )§ (88)

We now de nef for the other set.
cos(C-

g _
f(xm):% nCry (®9)

ff(Xm)0k -, is now a sequence with the samg limit, thalt is,

cos)

3
im f(xm) = %S'n( )§ (90)

For every remaining 2 X, construcf (x) such that there exists a labgl2 Y such that we have the
cosine similaritiexos(x);g (y;)) > 0andcosf (x); g (y;)) > cosf(x);g (y:)) fory 8 y;.
With this (f; g) satis es i) and ii).

We now construct the second modg?, g9. Letg®(y;) = g (yi) fori =1;:::;M andi>M +2.
Letg%(ym+1) = e; andg®(ym +2) = e;. Note that we swapped the unembeddingsgfor
of ym +1 andym +» compared t@. For allx 2 X and the corresponding = argmax,,y p(yjx)
such thaty; 6 ym+1;ym+2, letfqx) = f(x). However, for allx 2 X and the corresponding
yj = argmax,y p(yjx) suchthat; = M +1, let kfo(x)k = kf(x)k and letfqx) be rotated
counterclockW|se with respect to the rst two axes (i.e., the rsttwo components of the representa-
tions) such thatosf %(x); g°(y; )) = cos(f(x);g (¥;))- Also, for allx; 2 X and the corresponding
yj = argmaxy,y p(yjxi) suchthat; = M +2, let kf9x;)k = kf(x;)k and letfqx;) be rotated
clockwise with respect to the rst two axes such toasf %(x;); g°(y; )) = cos(f(xi); g (y;)). This
construction satis es the requirements i) to iv).

We will show thatf 4(x) is not an invertible linear transformationfffx) by showing that any function
RM 1 RM with (f(x)) = fYx);8x 2 X cannot be continuous.
Let :RM I RM pesuchthat (f(x)) = f9x);8x 2 X . We recall that a functioh : RM | RM
is by de nition continuous at 2 RM if
h(x)! h(c) for x! ¢ (91)
Therefore, we consider the limits of the sequerfce (x,))gt-; andf (f(xm))gL,-; . We rst
note that by our construction, we have for the rotation matrix
2cos(§) sin(3) O
sin(3) cos(z) O
R=§0 ‘

0 1 (92)
that
fAxn) = Rf (xn) (93)
Which means that since(f (x,)) = f%xn), we Bave that
cosG- (1 %y
sn(S 4@ D)
(f(xn)) = Rf(xn) = 0 " § (94)
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and we see thatwhen! 1, 1
cos(,)
sin(ﬁ)
2
f(Xn) ! b= 0 for f(xp)! a (95)

However, we also have thai(f (xm)) = fAXm) = f(Xm). This means thatfam ! 1, we have
f(xm))! a for f(xm)! a (96)

Now since forb from ,we have 6 a, cannot be continuous. In particular, it cannot

be an invertible linear transformation, and tHd&) is not an invertible linear transformation of

f(x).

Note that if eitheff or f is not injective, then both andf°can be smooth. However, if bothandf®

are injective, then eithdror f® has to be non-continuous.

Notice also that we can permute additional labels to bring the embeddings further from a linear
transformation. See for example which has been constructed by permuting multiple labels.

Constructionfork = M +1. Fori =1;:::M,letg (yi)= e andg (ym+1) = e;. Let
fxngto; X andfxngi., X be tw%sets of inputs. We de ne

1
cos( (1 %))
sin( 7 (1 n))E

f(xn) = (97)

Now ff(x,)gi-, is a sequence with a well-de ned nite limit, which we for ease of reference shall
calla

cos(r)
_ sin(3;)
a= lim f(xn)= 0 (98)
We now de nef for the other set. 1
cosCr )
sin(3-  —
f(xm):% 0 “”‘)E (99)

ff(Xxm)gh-; is now a sequence with the samg limit, thalt is,

cosC-

)
, %sinG‘4 §
mllgn f(Xm) = 0 =a (100)

For every remaining; 2 X, constructf (x;) such that there exists a labgl 2 Y such that we
have the cosine similaritie=s{ (x;);g (y;)) > Oandcosf (xi);g (yj)) > cosf(xi); g (y-)) for

y- 6 y;. With this(f; g) satis es i) and ii).

We now construct the second modéf; g9. Let g°(y;) = g (yi) fori = 1;:::;M and let
9%ym+1) = e2. For allx; 2 X and the corresponding = argmax,,y p(yjXi) such that
Y 6 ym+1, letfqx;) = f(x;). Forallx; 2 X and the corresponding = argmaxy,y p(yjxi)
such that; = ym +1, construct %x;) from f(x;) by rotating it counterclockwise with respect to
the rst two axes such thatosf %x;); g°(y;)) = cos(f (xi); g (y;)). This construction satis es the
requirements i) to iv) and by the same argument as used for the case wittl + 2, f9(x) is not an
invertible linear transformation df(x).

O
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C.2 Loss goes to Zero but Representations are Dissimilar

We denote the negative log-likelihood for a mogelith respect to a data distributignpy as:
NLL g, (P) = E(xiy) po [ 10gP(y j X)]: (101)

In the following, it is useful to establish the link between the negative log-likelihood and the
divergence with the empirical distribution. To this end, we introduce the empirical distribution over
inputs and outputpp (X; Y), whose marginal on the input is given py (x). This can be rewritten
as:

Po (X;y) = po (Y X)pp(X): (102)
Notice that the conditional distribution underlies how labels are associated with the input. We can
connect the negative log-likelihood to the KL divergence with the empirical distribution, a well-known
fact in the literature, as shown in the next Lemma:

Lemma C.1. Letpp (X;y) = po (Yjx)pp (X) be the ground-truth data distribution. Lp€yjx) be
a model such that, for akt in the support opp (x), we havep (y j X)  p(y j X).”> De ne the
negative log-likelihood abILL p, (p) = E(x:y) pp [ l0gp(y j X)]. Then:

NLLp, (P) = dke Po;P + Ex po [H(Po (Y X)) (103)

whereH () = Ex q[logq(x)] denotes the entropy of a distribution

Proof. From the de nition of KL divergence and entropy:
DkL (Po (Y J X)kp(Y j X)) = Ey po (yix) logpo (y j X)  logp(y j x)] (104)
= H(po(yix)+ Ey pyyixy[ logp(yjx)] : (105)
Moving the entropy to the other side and taking expectations wy(tx), we get:
Exy) po [ 10gp(Y j X)] = Ex py [Dke (Po (Y ] X)kp(y j X))+ Ex p, [H(po(yjx))] (106)
The statement follows by the de nition @k ( ) andNLL . O

Notice that, when the conditional distributipp (y j X) is degenerate, i.e., to eag2 X a single
y 2 'Y is associated, the expectation of the conditional Shannon entropy vanishes.

Next, we restate and prove in full details:

Corollary (Formal version of 2)Assume we have a data distribution where only one
label is associated with each unique input. (fetg) 2  be a model with representationsiRY .
AssumeM 2. Letk = jYj be the total number of unembeddings and asskmeM + 1. Assume
the model satis es the following requirements:

i) The unembeddings have xed norm, thakigyi)k = kg(y;)k = ,forally;;y; 2,
where 2 R*.

i) For everyx; 2 X, let there be one elemenf 2 Y for which the cosine similarity

cosf (xi);g(y;)) > 0andcosf(x;);g(y;)) > cosf(xi);g(y-)) forall y- & y;. Also,
assumey; is the only label associated witt) .

Let(f% g% be a model which also satis es i) and ii) and which is relatedftpy) in the following
way:
iii) Foreveryx; 2 X, kfqx;)k = kf(x;)k.
iv) For ¢ = argmax,,y (p(yjxi)) we have that the angle betwegtix;) andg%(9) is equal to
the angle betweef(x;) andg(¥), in particular, cos( (xi); 9(9)) = cos(f%x;); g%¥)).
Then, making a sequence of pairs of models indexed g have
NLL(ps;g)! O for !l (207)
and
NLL(pfo,go) ! O for 11 (208)

Here denotes absolute continuity.
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Proof. Below, we use the shorthampd= pr.q andp® = pro.g0. We make use of the same calculations
as for the proof of . We consigéy; jx;) for y; the label assigned ta according to
the data. We denote witth 2 R* the value of the norm of the embeddingsxani.e., kf (xj)k =
kf9x;)k = ¢. In this case we have that

exp(f(xi)” 9(y;))

p(y; ixi) = P (109)
T exp(f (i) 9()
1
= P K > N (110)
1+ e exp(f(xi)>aly)  f(xi)~a(y))
By constructionkf (x;)k = ¢;. We use that
f(xi)” 9(y;) = cos(f(xi); 9(y;)) G (111)
and see that
0 1
_ Xk
py;jxi) = @1+ exp(G (cos(f(xi);g(y)) cosf(xi);g(y;))A (112)
176
Now since by constructiomosf (xi); g(y;)) > 0, and forall’ 6 |
cosf (xi); 9(y;)) > cosf(xi);g(y-)) (113)
we have for all that
cosf(xi);g(y)) cosf(xi);9(y;)) <O (114)
and
exp(c  (cos(f(xi);g(y)) cosf(xi);a(y;)) ! 0 for !1 (115)
which means that combined with we get
p(y; jxi) ! Tro 1 for 11 (116)
Similarly, we have that
pAy;jxi)! 1 for 11 (117)
Therefore, we have for the NLL:
X
NLL(p) = logp(yjjxi)! O for !l (118)
i=1
and
X
NLL(p% = logpXy;jxi)! 0 for 11 (119)
i=1
O
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D Partial Least Squares (PLS) and Canonical Correlation Analysis (CCA)

Partial least squares (PLS) algorithms are techniques that, for two random vaziabléw , derive
the cross-covariance matrix,, using latent variables. We give here a short description of the two
variants that are relevant to our work. A more detailed description can be found in [66].

In our case, we will work with random variables of the same dimension. So in the following, we
considerz;w 2 RM . We will mostly work with the centered and normalized versions of the random
variables. So if; is thei'th dimension of the original random variable, we will consider
z E[z
2= {ig ; (120)
Var[z]

D.1 PLS-SVD

PLS-SVD B4, 60] is a variant of PLS where the latent vectors are simply the left and right singular
vectors in the singular value decomposition of the cross-covariance magyix,

In , We report the algorithm in the case where we hragamples of ouM -dimensional
random variables. In this case, we work with M) matricesZ; W , where each row is a sample.

The aim of the algorithm is to get projection vectar®); v(") such thatCovzy [Zu();Wv (N]is

as large as possible under the constraint klndt = kvk = 1. The original algorithm includes a
choice of signs for the covariances. In this version of the algorithm, we have chosen all signs to be
positive.R > 0 denotes the maximal rank of the algorithm.

Algorithm 1 Iterative SVD Projection Extraction from Cross-Covariance Matrix

:Setr 1
: Center and scalg andwW
: Compute cross-covariance matri: Z>W
:setc® C
: whileCc(” 60 andr R do
Perform SVD:.C") = UDV >
Extract leading singular vectors‘i” rst column of U, v(lr) rst column of V
saveu!” andv!" as ther-th projection vectors
Let , leading singular value o& (")

>
Update matrixc*?  c®  y{Iyv{D
r r+1

PO ©® NO O WNRE

B

Considering this algorithm, we see that the projection vectors weifety ("), are exactly the rst

m singular vectors o~ W corresponding to the largest singular values, whenm is the value of

r at the exit point. Note that this relates to principal component analysis (PCA) in the sense that when
doing PCA, one uses the singular value decomposition of the covariance matrix to obtain components
that capture the variance in a dataset (a random variable). When doing PLS-SVD, one uses singular
value decomposition of the cross-covariance matrix to obtain components that capture the covariance
between two random variables.

D.2 Canonical Correlation Analysis

Canonical Correlation Analysis (CCAYJ] seeks pairs of unilength vectorsi- 2 R% andv- 2

v< w, subject to mutual orthogonality of successive directions. In other words, CCA nds the singular
1

1 1 . . .
value decomposition of the matr@ = > - w# , Wwhere , iS a cross-covariance matrix
and ,;; ww are covariance matrices. Equivalenty,is the cross-covariance of the whitened

1 1
variables 2z and wg w, which have identity covariance. Whitening removes the in uence of
marginal variances, so the eigenvalues found by SVD are the canonical correlations. The results of
CCA and PLS-SVD will differ if there are high covariances betweeretheor thew;'s.

We can use CCA to de ne a similarity measure between random variatadedw, known as the
mean canonical correlatiamcca (z; W), which is the mean of the maxima correlations for the

35



centered and rescaled random variables. Because of these centering and rescaling opegafions,
will be invariant to any invertible linear transformation.

E When Closeness in Distribution Implies Representational Similarity -
Details

We here include all the technical details of

E.1 The Connection Between Representations and Log-Likelihoods

Let (f;g) 2 be a model satisfying the diversity condition ( ) and consider
X1;::0:Xm 2 X andys;iym 2 Y such that both the vectofid o(x)gM, andfgq(yi)g¥,

are linearly independent. We recall some notation for use in the Lemma. We denote avitiN

the following matrices:

L= goly1)::is;090ym) 5 N = fo(X1);::5folxm) - (121)
We recall the de nition of the following functions:

p - y p : -
x(Yiip) = Varg[logp(yijx) logp(yojx)] and y(x;;p) =" Vary[logp(yjx;) log p(ylx%)llzé)
We also denote witB; S%D;D%2 RM M the diagonal matrices with entri€ = ﬁ D; =

1 0 — 1 -0 — 1 H
R Si = o D; = EIOELE We now have everything we need to state a Lemma
relating any two model representations.
Here, we provide the full statement for and prove it:
Lemma (Complete version of JAYor any(f;9);(f%g% 2  satisfying the diversity
condition ( ). Lew ==L~ S 1SUL% andh¢(x) = L> S ! y(x), where the-th

entry of (x) is given by
logpr,g(Yiix) 1ogprg(yoix)  logprego(yijx) logprego(yoix) .
x(Yi; Prig) x (Yi; Pro,go)
LetB = N> D IDN% andhg(y) = N> D ! x(y), where thg -th entry of «(y) is given by

Yi (X) =

logpr;g(yixj) logpr;g(yixo) logprogo(yjx;) logprogo(yjXo) |

o ¥ = y(Xj; Prig) y(Xj; Progo)
Then we have:
f(x)= Afqx)+ he(x);  g(y) = BgAy) + hg(y): (123)
Proof. Using the de nition of (x), we can relate the embeddings of the two models as follows:
SLf(x) = SL¥Yx)+ SLF(x) SLFYx) (124)
= SLAYX)+ y(x): (125)
Therefore, multiplying by the inverse &and ofL, we get
f(x)=L> S 1SL®fUx)+ L~ S 1 ,(x) (126)
= Af 9x) + he(x): (127)
With similar steps, we obtain the relation between the unembeddings of the two modeIsD, proving

Notice that the error termy (x) is a function ofx and comprises thg 's from the diversity condition

( ). Also, B results from the product of the scaling matrices and those constructed from
the diversity condition applied th. hg(y) depends ony (y), which is a function of/ using thex;'s

from the diversity condition.

The following corollary connects to the identi ability results of

36



Corollary E.1. Under the same assumptions of , if we assume that the distributions of the

models(f;g); (f% g% 2 are equal, then we get (as in ):
f(x) = Af qx) (128)
go(y) = A~ gi(y); (129)

whereA = L> L%,

Proof. Below, we use the shorthapd= ps.q andp®:= pro.go.
When the two models entail the same distribution, we get that

p . -
«(Yiip) = Varc[logp(yijx) logp(yoix)]= x(¥i;p9: (130)
which means that

)7 go(yi) L FA%)” 98(yi)

Yi (X) =P S M|
VandLE OOl van (LY Fox)]
_ logprig(yijx) logprg(Yojx)  logprogo(yijx) —logpre.go(Yojx)
x (Yis Prig) x(Yis pfo;go)
1 . . . .
= —————(logpr;g(yijx) logpro,go(yijx) +10g pro,go(Yojx)  10gpr ;g (Yoix))
x (Yis Prig)
=0:
Also, since
9——F—— : .
Var [L7 f(x)] = Varx[logp(yijx) logp(yojx)] (131)
p _ -
"4 Vary[logpXyijx)  logpXyojx)] (132)
= Va[L? fqx)] (133)
andS is a diagonal matrix, we have that
S 8= 5 1s=1: (134)
Finally, we get
A=L>S1SA%® =L~ L%: (135)
and since the error term vanishes, we obtain:

f(x) = Af 9x); (136)
showing the identi ability of the embeddings. The result for the unembeddings proceeds in a similar
way, by noticing that alsoy is zero, therefore getting the same result of . O
The result of also gives us the following corollary, showing a connection between the
distributions and the representations:

Corollary E.2. Under the same assumptions as in , we have:
Var[ v, (X)] =2(1  CorfL;f(x); L%¥Yx)]): (137)
Proof. We can write
SL”f(x) = SL™fYx)+ SL>f(x) SL™fYx): (138)
So setting
,()= SL>f(x) SL™fYx) (139)
gives y, (x) asin . Since” andS are invertible, the inverses exist, and we can left
multiply with these inverses. We now consider the varianceg;¢k). Recall that
Var,y [z + w] = Var ,[z] + Var [w] + 2 Covy [2; W] (140)
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This results in

Lif(x) L 9(x)
Vary [ yi (X)] = Var «[p p 141
Ly GOl =Varslpmm s P (141)
—var b givar, ﬂ] (142)
Vary [L;f (x)] Vary [L % 9(x)]
2 Cov [pi1 ) LT (143)
Var[L;f(x)] ~ Var[L%¥qx)]
=2  2Cov[p LifC) . L) ] (144)
Var[Lif(x)] ~ Var[L%qx)]
=2(1  CorfLif (x); LU ; (145)
where we use for the second equality anddigz=stdz)] = 1 in the third equality.
We thus have the result. O
There are three things that are important from this result.
Firstly, as seen in , when the distributions are equal, the error term becomes zero and

we are back in the case of

Secondly, the shape of the error term suggests what a distance should measure if we want it to give a
guarantee for how far representations are from being invertible linear transformations of each other.
We notice that can be rewritten as

()= P log p(y: ) _ 5 log pf’(yin) _ (146)
Vary[logp(yijx) logp(yojx)] Vary[logpXyijx)  logpXyojx)]
i b log pyoix) _ log p(yojx) 47)

" Var, [logpTyijx) 1ogpTyoix)]  Var,[logp(yijx) 10gp(yox)]
that is, entirely in terms of the logarithm of distributions. We also see that(ik) is a constant

(or equivalentlyVar[ y, (x)] = 0), the embeddings will be invertible linear transformations of each
other.

Thirdly, ts with the observation made in . The KL divergence depends on the
difference of the logarithms of distributions, but it also multiplies that difference by the likelihood of
the label. Which means that we can have a relatively large difference in logarithms of distributions,
even though the KL divergence would result in a small value.

A similar result for the unembeddings can be found below.

Corollary E.3. Under the same assumptions as in , we have:

Vary[ xi(y)]=2(1  Corr[N;ig(y); Ngqy))): (148)

Proof. We can write
SN”g(y) = SN~ g%y)+ SN”g(y) SN~ g%y): (149)
So setting

«(¥)= SN>g(y) SN gqy) (150)

gives i(y) as the error term for the unembeddings.
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We now consider the variance gf (}{).

#
o ~ Nig(®y) - NPg%y)

vanbal=very PN oo P Var, NGty (51

_ Nig(y) N %g%y)
~Ve P N P e, N (152)

_ Nigy) . N%9%)
2Com PG Nl P Var, NSy (153)
—2 2Cow, [p9) ., NPg%y) (154)
P Vary [Nig(y)l' Var, [Ngq(y)]

=2(1  CoriN;g(y); Ny ; (155)
which gives us the result. O

E.2 Distance Between Distributions

Recall that we use the following notation:

p : _ g , ,
x(yi;p) = Vary[logp(yijx) logp(yojx)] and y(xj;p) = Vary[logp(yjx;) logp(yjxo)]:
We restate and then prove its a distance metric.

De nition 4.4 (Log-likelihood variance distance between distribution®)r any two probability
distributionsp; p° for which there exists a common choiceXpfy X andYyy Y such that

they both satisfy , fora xe® R*, and by considering the following terms:
(s s
. logp(yjx)  logpYyjx) logp(yojx)  logpXyojx)
tq = max Var ¢ Var
LT yavi ntyeg ( P < (y; P9 “(yip) % (y; P9
S S
L= max var, [09POIX) logptyjx) . logp(yixo)  logpAyixo)
27 xaXuy nfxog Y xip) yOGp) Y xGp) y (6 P9
to:=  max | <ip)  x(y;Pdis ta= o yoGp) P9

the log-likelihood variance (LLV) distance betwegeandp®is given by
dy (PP = max fty;ty; tg; tag: (10)

To show thatd, |, is a distance metric between sets of conditional probability distributions, we
have to prove that: i) it is non-negative, ii) it is zero if and only if the models are equal (that is, the
distributions are equal for all labels and all inputs) iii) it is symmetric and iv) it satis es the triangle
inequality.

Proof. i) Since variance is non-negative, the rst two terms are non-negative. The second two terms
are absolute values, so also non-negative. Thus, the maximum of these four terms is also non-negative.

ii) From the expression df |, , if the distributions are equal for all2 X and ally 2 Y, then the
distance becomes zero.

Now, assume the distance is zero. Then, in partictdar,0. So we have

q q
Vary[logp(yjx;) logp(yjxo)l= Vary[logpXyjx;) logpXyjxo)] (156)

forall x; 2 X v nfxeg. Sosinced; =0, we have
Vary [logp(yjx;) logp%yjx;)]1=0; (157)

for all x; 2 X v . This means that for eact) , we have that the log difference of the distributions is
a constant for al; 2 Y v , and so

logp(yijx;) logpXyijxj) = ¢ ; (158)

39



for all y;. This means that

log p(yijx;) = log pYyijx;) + ¢ (159)
p(yiixi) = pAviixj) exp(g): (160)
Now sincep andpPare probability distributions over thg's, we have
xXe X
1= pyixj)=exp(g)  pAyiix;) = exp(g) (161)
i=1 i=1

This means that(yjx;) = pXyjx;) forally 2 Y and for thex; 2 X v . Since we have; = t3 =0,
we get that

Vary [logp(yijx) logp%yijx)]=0; (162)
forally; 2 Y v andallinputx 2 X . Thus, we have
logp(yijx) logpyijx) = ¢ (163)
for every choice ofy; except one left out of the label set and»allThis results in
p(yijx) = pAyiix) exp(c) (164)
for all x 2 X . In particular, this is true fox; 2 X v . So we have
p(yiix;) = pAyiix;) exp(c) = pAyiix;) (165)

and thusexp(ci) = 1 forally; 2 Y v . Since the probability of the last labgj is xed by the
other labels, i.e.

X
p(ykix) =1 p(yijx) (166)
i8k
this gives us that
pyiix) = pAyiix) (167)

forally; 2Y andallx 2 X .
i) d |y is symmetric because it depends on variances and on absolute values, which are symmetric.

iv) We prove that,,,, satis es the triangle inequality by showing that all terms in it satisfy the
trian%e inequality. Assume we have three random variak|és Z , then

Var[X Z]= Var[X Y+Y Z] (168)
= z Var[X Y]+Var[Y Z]+2Cov[X Y;Y Z] (169)
Var[X Y]+Var[Y Z] +2p Var[X Y]'U Var[Y Z] (170)
r p p 2
= Var[X Y]+ \Var[Y Z] (171)
= P Var[X Y]+ P Var[Y Z]: (172)

So the square root of the variance of differences of random variables satis es the triangle inequality.
Taking the maximum also preserves the triangle inequality. Therdfoamdt, satisfy the triangle
inequality. Concerning the last two termsandt,, we see that for modefs; p% p we have

q

Vary[logp(yjx;) logp(yjxk)] Vary [logpXyjxj) logpXyjx«)]

q q
= Vary[logp(yjxj) logp(yjxk)] Vary[logp (yjxj) logp (yjx«)]

q q
+  Vary[logp (yjx;) logp (yjxk)] Vary[logpXyjx;j) logpXyjxk)]

q q
Vary[logp(yjxj) logp(yjxx)] ~ Vary[logp (yjx;) logp (yix«)]

q q
+  Vary[logp (yjxj) logp (yjx«)] Vary[logpXyjx;) logpXyjxk)] :

So the second two terms also satisfy the triangle inequality. Thus, the sum of these four terms satis es
the triangle inequality. O
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E.3 Implementation of the Log-Likelihood Variance Distance

Here, we collect the implementation detailsipf,, . We set the weighting constanto 10 °. To
choose the best pivgy 2 Y and the left-out labegy, 2 Y, we evaluate; for all possible choices of
(Yo; y» ), then select those giving the smallest valuelgf, . For the input seX, v , we useM +1
inputs. In our experiments, the representational dimensigngs we collec8 inputs. We randomly
draw200samples of sets fromd containing3 inputs, and choose the set giving the smaligst

In our experiments, we only make pairwise comparisons of models. Notice that, in the case where
one would like to compare three or more models, the same pivieft-out labely, , and input set
XLy must be chosen for all models.

E.4 Using PLS SVD to De ne a Dissimilarity Measure

We restate and then prove some important properties.

De nition 4.5 (PLS SVD distance between vectard)et z;w be twoM -dimensional random
vectors, and de ne® wP by standardizing their componentg® = (z  E[z])=std(z), w? =

(wi  E[w;])=std(w;). Letfu;gM, andfv;gM, be the left and right singular vectors of the cross-
covariance matrix oyo0. We de ne

P
Msvp (Z;W) = &+ :\11 Covyopo[u? Z%viwY; dswp(z;w) =1 msyp(z;w):  (12)

We show that this measure is zero from a vector to itself and is invariant to multiplications of the
scaled variables with orthonormal matrices. Before proceeding, we recall the following property of
the trace of two matrices:

tr (AB )= tr(BA): (173)

In the next Proposition, we prove thddp (z;z) = 0.

Proposition E.4. Letz be anM -dimensional random variable and assume that the covariance
matrix 0,0 Of the centered and scaled varial#®is non-singular. Then

1 X
msvo (2;2) = o Covgopofuy z2%u7 29 =1; (174)
i=1

whereu; is thei'th singular vector of ,o,0.
Proof. Let

400 = UDU > (175)

be the singular value decomposition of the covariance matri? wfith itself. Then, using
, we have that

b4
tr( ,00)=tr(UDU *)=tr(U>UD )= tr(D) = i (176)
i=1
where ; are the singular values of ;o,0. SinceVar[ziO] =1 foralli 2f1;:::;M g, we also have
that
b4
tr( 0=  Varp[z]= M: a77)
i=1
Combining the two results, we get
b4
i= M: (178)
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Therefore, the mean of the covariances becomes

1M
msvo (2;2) = i Covyzopofu; 2% u? 29 (179)

i=1
= Mitr(u> Covyoy0[z% Z9U) (180)

1 X M

—ml_ i—m—l (181)

i=1
which proves the claim. O

Next, we prove the invariance to translation and orthogonal transformations of the memipersin
Proposition E.5. Letz andw beM -dimensional random variables. Then, the measure

1M
Msvp (Z;W) = i Covyoyo[u; 2% vy wY (182)
i=1
is invariant to translations and multiplications with an orthonormal matrix after the scaling.

Proof. Invariance to translations. Sincemsyp (z; W) is based on covariances, and covariances are
invariant to translationsnsyp (z; w) is invariant to translations.

Invariance to multiplication with orthonormal matrix . Assumel andR are orthonormal matrices.
Leth = Tz%andk = Rw ° Let the singular value decomposition ofo, 0 be:

Jowo = UDV ” ; (183)

then
e = TUDV "R~ (184)
=(TU)D(RV)” : (185)

SinceT andR are orthonormalfU andRV are also orthonormal, S0ovy [h; k] has the same
singular values as ;o4 0. Thus, the measure is invariant to multiplications with orthonormal matrices
(rotations) after the scaling. O

E.5 Lower Bound on Mean PLS-SVD

To show how the probability distributions are connected to the representations, we need an intermedi-
ate result, where we boumdsyp . To prove this bound, we will make use of Weyl's Inequality and
we therefore restate it from [59].

Theorem E.6(Weyl's Inequality) LetA bean m matrix. LetB = A + E. Let | be thei'th
singular value oA and let~ be thei'th singular value oB (ordered from largest to smallest). Then

j i ~i] Kk Eks; (186)
wherek:ksg is the spectral norm de ned as

KEks = max KEvk, (187)
kv k=1

andk:k; is the Euclidean vector norm. Or equivalently:
KEks = max (E); (188)
where max (E) is the largest singular value & .

We now state and prove a bound o, .
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Lemma E.7. Letz; w be twoM -dimensional random vectors, and de n&w° by standardizing
their componentsz’ = (z  E[z])=std(z), w’ = (w;  E[w;])=std(w;). Assume thit! M
matrices o0 and 40 2 RM M are full-rank. Letfu;gM; andfvigM, be the left and right
singular vectors of o 0. Then, the following bound holds:

v
¥ g

Msvp (Z; W) = o Covyoue U7 Z%viwo 1 M Var,owo[z®  w (189)
i=1 I=1

whereVar,.,, [z° wf] denotes the variance over the joint distribution aandw®.

Proof. For ease of notation, assumendw areM -dimensional random variables which are already

centered and scaled. Sar[z] =1 for all components =1;:::; M. Below we will make use of
the covariance inequality, which says that for scalar variabjles
p p p p
Var,[z] Vary[w] Covyy[z;w] Var,[z] Vary[w] : (190)
LetA = ,, bethe cross-covariance matrixofndw, and letB = ,, be the covariance matrix
of z. Then
B=A+(B A); (191)
andwe denekE = B A. We can write thé; | 'th entry of E as
(E)ij =Covz[zi;z] Covay[zi;wj]=Covaw(ziizy w]; (192)

because of the bilinearity of the covariance, see section 13.2.7 of Adhikari and Ritm&rhe Main
Property: Bilinearity".

The singular value decompositionsAfandB always exist and can be written as follows:
A=UDV~>; B=WW ~; (193)

whereU;V andW are orthonormal matrices afidl and are diagonal matrices containing the
singular values. Note that sin@& is symmetric and positive de nite, the left and right singular
vectors coincide. Let; be thei'th singular value ofA (sorted from largest to smallest) and lgetbe
thei'th singular value oB. Now Weyl's inequality gives us that

I i =] k Eks: (194)
Since the spectral norm & is the largest singular value &f
KEks = max (E) (195)
and the frobenius norm is the square root of the sum of the squared singular values
v
g s
KEkg = 2(E)= tracdE>E); (196)
i=1
we have that
q__
kEks k Ekg = tracdE~E): (297)
Next, we bound the trace & E:
XM
tracdE” E) = Covuw [zc:Z Wi]? (198)
I=1 k=1
MM p qg —"——00 )
( Varg[z] Varzwlz wil) (199)
I=1 k=1
X
= MVar,.wlzi w]; (200)

=1
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where in the rst step we use the covariance inequality ( ) and in the second we use

thatVar[z¢] = 1 by construction. Combining the inequalities from , and
we obtain
U
g
il MVarzwlzn wl; (201)
I=1
Jds

'.l
which means that the difference betwegnand ~ is at most ,le MVar,.w[zz  w]. This
means that if5 < ;, we still have :

Vv
u
N t MVarzy [z w]: (202)

and if ~ i, we also have

v
u
~i i H MVar,.wl[zy  w]: (203)
1=1
APy N
since =1 MVar[zy  w] 0. Letv; be thei'th column ofV and recall that from the SVD of
we have

" #
X X
~ = Uy Av; = Cov oy Ui Zk; VW, (204)
k=1 I=1
=CoVyy U] ZIViW (205)
because of the bilinearity of the covariance. Thus, gives us the bound
Vv
g
Covyy U7 Z;Vi W i MVarz.wlzi  w (206)
I=1
and therefore
v
LW . g
Msyp (Z; W) = o [Covuw [U7 Z;viwW]] 1 MVar,.wlzy  w]; (207)
i=1 I=1
P M
where we used thgt 2, | =1 from : O

E.6 Bounding Representational Similarity with Distribution Distance

We can now use and and to show how a bound on the distance
between probability distributions can give us a bound on the distance between representations. For
the result below, let ;L% be de ned as in . L&t (resp. N9 be the matrix with

columnsfy(x) (resp.f9(x)). We denote witte; = L>f(x), z» := L™ f(x),w; = N> g(y) and
0.

wy = N~ g9y).

Theorem 4.7. Let(f;g); (f%g9 2  be two models such that: (1) There ex¥sty X and
Yuv Y , consisting of a pivot point and all labels but one, such thatalL°andN ; N ° matrices
constructed from these sets are invertibie(2) Bothps,q and pro.4o satisfy for
Xy andYy ; (3) The covariance matrices,,,,; w,w, and the cross-covariance matrices

2121 wiyw, are non-singular. Then, for any weighting constar? R* , we have

diyv (Prigs Proygo) =) df;g((fig);(foigo)) 2M (14)

18Thjs is slightly stronger than the diversity condition ( ) in the sense that we need diversity to
hold for all sets using labels froM v and the chosen pivot point.
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Proof. We start from
dsvo (L™ F(X);L=Fox) =1  msvp (L™ F(x);L "~ FYx)) (208)

and consider the componeittg L, which arel'th row of L ; L>, respectively. In the following,
notice that

p , . p
x(yi;p) = Vary[logp(yijx) logp(yojx)] =  Var[Lf(x)] (209)
Using , we have that
V 1n 4L
ﬁ X Lif(x) L% 9(x) "
L f(x);L* £O 1 MVar p— p— 210
Msyp ( (x) (X)) B ar p VarL f ()] P VarL )] (210)
Therefore, we have
> S L|f(X) L X
dsvp (L™ f(x);L > 9 MVar p p—1 211
svp ( (X) (X)) B ar p VarL 9l P VarL )] (211)
Considering the variance term, we can rewrite it as follows:
" 4 f
Lif(x) . LX) _var '09PIiX)  logp(yojx)  logpyiix) logpAyoix)
U VarlLf(x)] | VarfL )] " Var[L f (X)] " Var[L¥(x)]

Cvar p09PMIX) logpAyiix)
CVarLif(x)] | VarlL¥ox)] .

svar p29P0ix) - logplyoix)
, VarfL¥a)] Var[Lf(x)]

#
i Of\/ i . .
+2Coy B 09PMIX) _logpAyijx) . _logpXyojx) _logp(yojx)

U VarlL,f(x)] Var[LPfO(;()]’ U Var[L%qx)] Var[Lf(x)]

Jlogp(yiix)  logp%yijx)
:'Var[L|f(x)] " VarfL fq(x)] "

+Var p log P¥ojx) b log p(yojx)
Var[Lfqx)] Var[L,f(x)]

\

#V "
+ 2ﬁ Var p log plyiix) P log py1jx) ﬁ var p log pXyojx) . log p(yojx)
Var[L,f(x)] Var[L F9(x)] Var[L f9(x)] Var[L,f(x)]

4L
7

By assumptiond,,, (p; P9 , which means that for afl 2 Yy :
v

u - - .
tvar p09PMiIX) logpdyiix)

o
T+

T Var[L f(x)]  VarL¥qXx)] (212)
Hence, we obtain
E X Lif(x) L% (x) #
> 1 % ¢0 n ITX n (TAX
dsvo (L f(x); L™ £9x)) ~ MVar p Loy P Varh ] (213)
! i
t M(2+ 2+2 2) (214)
1=1
-PVmz-om (215)
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giving the rst part of the result. Next, we consider

dsvo (N”g(y)iN~g%y) =1 msvo (N7 g(¥);N ™ g%y)) (216)
LetN;;N? be thej th row of N*; N > Using , We obtain:
Y 2 3
0 VR N g9(y)
meo (N?gW)iNZg%y) 1 Mvardp i9W) g 5. (217)
=1 " Var[N;g(y)] Var[N °gq(y)]
This implies the following:
V 2 2
0 x N NPg%y) .
dovo (N gO)iN™ ) - Mvardp S __ g T19Y) 5. (54
=1 Var[N; g(y)] Var[N 0gqy)]
Considering the variance term, we can rework it as follows:
2 3 2 3
Var4p_Ni9W) . NPINY) 5\ 4109 Pyix;) logp(yixo)  logpYyix;) logptyixo) s
Va;[Nl a(y)l Var[N °gqy)] , " Var[N; g(y)] Var[N °gqy)]
=Var 4p log p(yjx;) |Og pAyix;) 5
Var[N; g(y)] Var[N Og%y)]
2
+Var 4 09PiX0) 10gp(yixo) 5
Var[N °gqy)] " Var[N| g(y)]
2 3
+2Cov4p/09PYIX) o pAyix;) ;QIngO(YjXO) 5 09P(YIX0) 5
Var[N;jg(y)] Var[L J-Ofo(x)] Var[L 9f9(x)] " Var[N; g(y)]
2
Var 4 p log p(yjx;) Iog pAyix)) s
" Var[Njg(y)] Var[N 999y)]
2
O
+Var 4g log p(yjXo) Iog p(yiXo) 5
Var[N g%y)] " Var[N; g(y)]
Vv 2 2V 2 2
+28 vardp log p(yjx; ) Iog PYIX) si var4 g log pXyixo) Iogp(ijO) 5.
T VarlNjgy)] var[N 99%y)] Var[N 9g%y)] " Var[N;jg(y)]
Since by assumptiod ,,, (p; P9 , this implies that, and that forx; 2 Xy :
V 2 2
A 3
U var 4p log p(yjX; ) |Og pAYIX; ) 5 (219)
" Var[N;g(y)] Var[N 999y)]
and
\A 2 2
H z . J
H \ar 4 p 109 P(YiX0) Iog PAyixo) 5 . (220)

U VarlNjgWl  var[N gqy)]
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Therefore, we get:

v 2 3
VRS N; NPgqy)
dovo (N gO)iN® gty) £ Mvardp 9 __ g ) 5 (221)
=1 Var[N;g(y)] Var[N °gq(y)]
U
g X
M(2+ 2+2 2) (222)
1=1
P
= M242=2M (223)
showing the second part of the result. Taking the maximum between and
, we get the result of the claim. O

To see how this result connects to how far the embedding functipgsf9x) are from being

invertible linear transformations of each other, notice thatifandL ™ are both invertible, then
if there exists an invertible linear transformatidh, such that. > f(x) = BL ~ f9x), then we also

have an invertible linear transformatidn= L > BL ™ such thaf (x) = Af qx).
Sincemsyp (X;Y) is always non-negative, for this bound in to be non-vacuous, we need

1
dsvo (L™ F(x);L~fYx)) 2M < 1 =) < o (224)

This means that for higher dimensional representations, we need the variance of the differences of

log-likelihoods to be smaller, if we want a guarantee from this result.

Next, we prove that the dissimilarity between representations induced by is invariant to
substituting the members with models that aje-equivalent.

Lemma E.8. For any two model¢f; g); (f% g% 2 , and for any other moddf ;g ) 2 such
that(f ;9 ) L (f;g), we have that:

dsvp (L™ f(x); LT 1x)) = dsvo (L 7F (x);LZ £Ux)) ; (225)
dsvo (N”g(¥)iNT g%y)) = dsvo (N "9 (y);NT g%y)) : (226)
Proof. The proof follows using the linear equivalence relation . For any two models

(f;g9) (f ;g ) we have that:
go(y)” f(x) = g9(y)” fAx); (227)
forallx 2 X andy 2 Y. By consideringVl elements irY, we get
L>f(x)= LY fYx); (228)

whereL;L° 2 RM M gare the matrices constructed with columns the veagg(y) andgd(y),
respectively. Therefore, we get :

dsvo (L™ F(x);LT £4x)) = dsvo (L 7 F (x);LT £9x): (229)
To obtain , notice that with similar steps we can write
N”g(y)= N"g%y)+ b: (230)
whereb 2 R is a displacement vector. We have
dsvo (N”g(¥)iN% g%y) = dsvo (N "9 (y)+ b;NT g%y)) (231)
and given thatlsy p is invariant to translations, we arrive at the nal result
dsvo (N g(y);NT g%y) = dswo (N "g ()iNT g%y)) : (232)
This shows the claim. O
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E.7 Invariances of our Representational Distance and CCA

As noted in Mcea (F; 19 is invariant to any invertible linear transformation fof
andf®. In contrast, when considering our dissimilarity measdrg,, and the transformations to
which it is invariant, it is important to note that it relies on bal§,p (L~ f(x); L* f9x)) and

dsvo (N~ g(y);N ® g%y)). In both these expressions, embeddings and unembeddings are coupled,

since the matricets; L°(resp.N ; N 9 depend on the unembeddingsg® (resp. the embeddindsf9).
By contrastmcca (f;f9 can be computed independently of the unembedding$

Consequently, the two similarity measures (dissimilarity in the casl.@f differ in their invariance
properties, as demonstrated below. Consider two mdélety; (f% g% 2  suchthaf(x) = Af {x)

andgy(y) = Bgd(y), with A andB invertible matrices but such thBt 6 A > ,i.e.,(f;g) and
(f% g9 are not in the same identi ability class. SindeandB are invertible matrices, we have
Mcea (F: % = meea (9;99 = 1. In contrast, we get:

n )
drg((F59); (F%99) = max  dsyp (L™ f(x);L ™~ f9x)); dsvo (N7 g(y);N " g%y))  O;
(233)
where the equality holds if and only if there exist orthogonal matr@e®° and diagonal ma-
tricesS;S%D;D% 2 RM M with entriesS; = ( x(yi;p) 5Di = ( y(xj;p) 1 S =
( x(yi;p%) 5HDY =( y(xj;p9%) 1, and displacement vectoasb such that:

L>f(x)= S 10SL™fqx)+ a; N”g(y)= D '0DN"g%y)+ b: (234)
Because the set of matrices described above is a subset of all linear invertible transformations, it is
then possible to nd cases where, in , the equality does not hold for a careful choice of

(f;9);(f% g9 2
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F Experimental Details

This section contains details of the implementation of all our experiments. A repository containing
the code to reproduce our experiments is available on GitHub.

F.1 Constructed Models

In the following, we will detail how to construct the models which we will use to illustrate
and generate ; and to illustrate the bound in (see ).

We choose classi cation models with a representation space eqRal fto construct the reference
model(f;g) 2 , we distribute its unembeddings uniformly on the unit circle, ensuring that the
angle between any two adjacent unembeddings is equal. We then sample its embeddings such that
each embedding corresponding to a given label lies closer—measured by angular distance—to its
associated unembedding than to any other.

We construct another modéi%9 2 by permuting the unembeddings and their associated
embeddings. For both models, we then vary the norm of the unembeddings and ndeasame
d,, between models and the maximumdgf,, between embeddings.

To illustrate howd, |,, and the bound derived in increase with increasing differences

in representations, we compare a reference model with a perturbed version constructed by adding a
small amount of Gaussian noise to the reference model's embeddings. By increasing the amount of
noise,d, ,,, grows, as well as the maximum déyp .

F.2 Models Trained on Synthetic Data

Synthetic data generation We consider data with two-dimensional input and vdttiasses, where

each class consists of a slice of the circle together with the opposite slice. See for an example
with ¢ = 6. We construct the data by drawii2g; 000 samples from a two-dimensional Gaussian

( = 0; =3)andassigning labels based on angle to the rst axis.

Model training. We trained classi cation models with

c 2 f 4;6;10; 18y classes, using a representation space
equal toR?. Each model consists of three fully-connected
layers, with layer sizes chosen frdrh6; 32; 64; 128 2569.

We use LeakyRelLU activation functions. We train four
types of models: one where the norms of both the embed-
dings and unembeddings are constrained to be equal to
20, one where the norm of the embeddings are equal to
20 and with unconstrained unembeddings, one where the
norm of the embeddings is unconstrained and the norm
of the unembeddings is 20, and one with no constraints
on the norms. To obtain the results in , we
only consider models with unconstrained norms. For each
combination of the number of classes, the layer size, and
whether the restriction is applied or not, we train with 2|(_). ure 4- lllustration of training data for 6
random seeds. All models are trained with a batch size qﬁg : 9

128for 15, 000steps using the ADAM optimizer [29]. ;a::?;befa(:h color represents a different

F.3 Models Trained on CIFAR-10

We trained classi cation models on CIFAR-1687], where the embedding network consisted of

a ResNet1871]° but choosing the representation space to be 2, 3 or 5-dimensional. For each
dimension we trained 10 seeds. The unembedding network consisted of three fully connected layers
of width 128, followed by an output layer of size 2, 3 or 5, thus giving us representations in the
desired number of dimensions. The models were trainedd@00 steps with a batch size of 32

17

BFor this, we used code based bit
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Figure 5: For models trained on CIFAR-10 with representational dimensions of 2, 3 and 5, difference in test loss
vsmcca Of the embeddings of the models. We see that there can both be a small difference in loss and a larger
difference in representations or a larger difference in loss and a smaller difference in representations.

Figure 6: lllustration of representations of model trained on CIFAR-10, seed 0.

using the ADAM optimizer 29]. The ResNet model used RelLU activation functions, while the
networks for the unembeddings used LeakyReLU activation functions.

F.4 Loss Difference vs Embeddingncca

To illustrate and that a small difference in test loss does not guarantee similar represen-
tations for our models trained on CIFAR-10, we present . Here we compare difference in test
loss withmecca Of embeddings of models, where the dimension of the representations are 2, 3 and 5.
We see that there can both be a small difference in loss and a larger difference in representations or a
larger difference in loss and a smaller difference in representations.

F.5 All Two-dimensional Representations of CIFAR-10 Models

We here present all the embedding and unembedding representations of our models trained on CIFAR-
10 with 2-dimensional representations: seed 0 in ,seed 1in ,seed 2in ,seed 3in
,seed4in ,seed5in ,seed6in ,seed 7in ,seed 8in , seed
9in
We see that some labels are neighbours for all ten models. For example, “automobile” and “truck”
are neighbours for all seeds and “cat” and “dog” are neighbours for all seeds. However, other labels
sometimes have varying neighbours. For example “airplane” and “bird” are neighbours for seeds 2, 3,
5, 6, 7, but not for the remaining seeds. In seeds 1, 4, 8 and 9, the “frog” label is put between them,
and in seed 0 the labels are permuted even further. This behaviour might arise because inputs for
some labels are so similar that it would aversely affect the performance of the model to place them
far apart, while the embeddings of inputs for other labels can be placed in several equally good ways.
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Figure 7: lllustration of representations of model trained on CIFAR-10, seed 1.

Figure 8: lllustration of representations of model trained on CIFAR-10, seed 2.

Figure 9: lllustration of representations of model trained on CIFAR-10, seed 3.

Figure 10: lllustration of representations of model trained on CIFAR-10, seed 4.
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