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Abstract

We propose Equivariance by Contrast (EbC) to learn equivariant embeddings from
observation pairs (y, g - y), where g is drawn from a finite group acting on the data.
Our method jointly learns a latent space and a group representation in which group
actions correspond to invertible linear maps—without relying on group-specific
inductive biases. We validate our approach on the infinite dSprites dataset with
structured transformations defined by the finite group G := (R, X Zy, X Zy,),
combining discrete rotations and periodic translations. The resulting embeddings
exhibit high-fidelity equivariance, with group operations faithfully reproduced
in latent space. On synthetic data, we further validate the approach on the non-
abelian orthogonal group O(n) and the general linear group GL(n). We also
provide a theoretical proof for identifiability. While broad evaluation across diverse
group types on real-world data remains future work, our results constitute the first
successful demonstration of general-purpose encoder-only equivariant learning
from group action observations alone, including non-trivial non-abelian groups and
a product group motivated by modeling affine equivariances in computer vision.

1 Introduction

In many real-world inference problems, the relationship between obser-
vations is governed by structured transformations. The same sample may
be observed before and after an “action” has been applied. In computer
vision, an object may be observed in the form of an image before and after
rotations, translations, or other types of transformations have been applied
[6,111}132]. In biology, large-scale single-cell transcriptomic datasets in-
creasingly contain observations of cells before and after perturbations in
the form of gene knockouts [[17] or pharmacological intervention [41]]. In
neuroscience, neural activity reflects changing brain states under sensory
input or behavioral output [45]. In all these cases, the key to understand-
ing the data lies not only in modeling individual observations but also in
capturing the structured relationships between them.

This motivates the goal of learning equivariant embeddings. In this em-
bedding space, actions are represented by linear transformations. To
address this challenge in a theoretically grounded way, we adopt a per-

Figure 1: Commutative
diagram showing data
and model for EbC.

spective rooted in nonlinear Independent Component Analysis (ICA) and group theory. Suppose that
each observation y € Y arises from a latent representation € X through an unknown, injective
nonlinear mixing function f, i.e., y = f(x). Nonlinear ICA aims to invert this process: to learn an

encoder ¢ ~ f~! that recovers the latent structure from the observed data.
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Figure 2:Overview of the approach Left to right: One batch of observed sample consists 6f1

paired samples(y;; yf’)gi”:‘gl wherey? are related tg; via an unkown group actiog such that

y?= g yi. Anencoder maps these observations into latent spfa((m;k?)g{‘:gl , wheren samples

are used to estimate a representafbof the group.

The nonlinear ICA problem becomes tractable by additional assumptions about the structure of the
data-generating procesk 19, 21, 22, 56]. Here, we leverage the property that many datasets do
not consist of isolated samples but of pdiysy?), wherey®is a transformed version gf. Group

theory provides a formalism to describe these transformations as the elements of &group

Each group elemeigt2 G can acton alatent 2 X, yielding a transformed lategk . This operation

is known as aroup action In observation space, we introduce the shorthghg g y to denote

the respective relation betwegfA= f(gx) andy = f(x). In the latent space, these group actions
have a particularly simple form: they correspond to linear maps. Formajlgug representatiois

a homomorphisnik : G 7! GL (X ) which maps each group element to an invertible matrix acting

on the vector spack . Thus, while the transformatiogn y may have complicated non-linear effects

in observation space, in a suitable latent space it can be reduced to a linear relationship of the form:

x%= gx = R(g)x: 1)

Our goal is to infer this relation directly from paifg; g y) of observable data and learn an encoder
Y 7! X %and a representatidR® of the group such that

(9 ¥)=RA9 () 2
andR?: G 7! GL (X9 is a representation @& (potentially different fromR ) on the vector spacé °.
Learning such representations directly from data is dif cult. A growing body of work has approached
this problem by leveraging paiy;g Yy) even when the speci c group elemegts unknown
[15, 28, 52], with varying constraints: CARELD] restricts itself to orthogonal representations on the
hypersphere, STL5Z] allows nonlinear equivariant relations in latent space, and the neural fourier
transform [NFT; 28] requires to learn a generative model of the data.

Here, we proposEquivariance by Contrast (EbClo the best of our knowledge the retcoder-only
method that learngeneral lineargroup representations from group action observations with a formal
identi ability guarantee. In § 2, we present the algorithm which jointly learns the encodad an

implicit group representation via contrastive learning, without generative modeling or group-speci ¢
architectural biases. In § 3, we show that EbC recovers the true latent space and the underlying group
representation up to a linear transformation. In 88 4-6, we evaluate EbC on synthetic and structured
vision datasets, including nite product grouf®s:= (Rn Zn, Z,) and non-abelian groups such
asO(n) andGL (n). EbC achieves high- delity equivariant embeddings across diverse settings.

2 Learning group-equivariant representations with contrastive learning

Figure 2 outlines our approach: Similar to previous wdr 28, 36, 52], we assume that data come

in the form of batches, which are grouped inte- 1 pairs undergoing the same actignThis form

of data is common in various scienti ¢ elds, for example, in neuroscience and biology. Pairs can
also be derived from time-series data under the assumption that nearby points are governed by a
shared action [“slowness prior”; 26].

The intuition behind our objective function is depicted in Figure 3: The model has access to a set of
mixed samples related via the group acti¥yngndY 9), along with a query sample. The objective



is to infer the group action from the examphésandY © apply it to the query, and select the correct
answery among a set of options that include the correct answer alongside negative spfipl&s

In our case, the s& contains negative samples randomly selected from the dataset, which cover all
potential mismatches (different content, different group action, etc.) alongside the positive sample.
We use contrastive learning to encode this objective in the likelihood

exp ku (y;Y;Y)  (yOke
yoos €Xp kU (y;Y;Y9 o (yO9k2 -

The shorthand denotes the operation of inferring the linear representation of the group element,
R( (Y); (Y9),and then applying it to the feature vector of the reference sanfple

p(yiy;Y;Y%s)= P ©)

u(y;Y;Y9=RO(Y) (YY) (v) 4
R(X;X9= ernég(d)kxo XR > k2: (5)

To nd the optimal feature encoder, we optimize the likelihood across all pairs of samples and
uniformly sampled negative examples,

minL[ ]= Eyyoy,yos [logp voiy;Y;Y%9); (6)

which is related to the InfoNCE loss [37] with the additional structure required for group learning.

Separating content and style In many cases, we want to produce embedding spaces in which
we can separat@hatis transformed fromhow it is transformed. Intuitively, we consider these
aspects of the latent representation to encoai@entand style The content is the part of the
representation that is expected to be invariant w.r.t. the group agtishereas the style is expected

to be equivariant w.r.t. the group action. In practice, it is therefore useful to split the vector space
induced by into an equivariant and invariant part. Algorithmically, this is done by imposing
additional structure on the matrix in Eq. (5), constraining the minimization across matrices of the
formdiag(GLn;lm) GL(m + n). The representation we learn then has the form

lQn(x ;XO) Onh m

Om n Im

Rosm(X ;X 90= (7)

This results in an encoder with a n-dimensional equivariant subspace, anthalimensional
invariant subspace. We discuss the theoretical properties of this parametrization below. Note the
conceptual similarity to subspace contrastive learning discusséd]inThe difference here is that

we do not use multiple instances of the contrastive loss but a single contrastive loss that directly
learns a structured feature space.

3 Equivariance by Contrast is identi able

By formalizing assumptions about the data-generating process, we can derive identi ability guarantees
for the algorithm described in the previous section.

Dataset. We de ne the dataset in terms of the underlying data-generating process: 2.8 R

be a vector describing the ground truth latent componentg,detan element of a group, and let
f : V1 RP be an injective map. Assume that for each group elemgne have at lead¥l pairs of
samplegy; ; y?) with

yi=f(xi);  yP=fR@@x;) i=1;::5;M (8)

whereR : G! GL(d;R) is arepresentation @ onV. If R is structured accordingly (Eq. &,
can be decomposed into an equivaristyteand an invariantontent which is denoted as further
below in the experimental sections.

Implicit group representations. We model the group representation using the non-parametric
approach outlined in Eq. 5. Assume that for each group elem2n®, we are given two matrices
X;X0%2 RM d°M > d, where the row vectoréx;; x?) are related via the group element as
x9= gxi,i 2f1;:::;Mg. As a shorthand, we writ§ °= gX . Then, the expression

F%(x;xo):ernGiT(d)kxO XR>K:, R(X:X9=(X>X) }(X>X9 (9)



Figure 3:Intuitive explanation of the training objective.. Given pairs of samplg® ;Y 9 connected
by an actiorg, infer the most likely action, and apply it to a novel sampleith different content.
The training objective is contrastive, and aims to select the correct matching safrfpben a
selection of positive/negative samples

is a representation @ with R (g) = R(X ;gX ) for eachg 2 G. In practice, we do not have access

to (X ; X 9 directly, but to a nonlinear projection of these points via the mixing fundtjatenoted
as(f(X );f(X9) = (Y;Y9. We map these mixed samples to a feature space using a learnable
encoder : RP I RYand insert the resulting matrices into Eq. 9. Our goal is to optimigach
thatR( (Y); (Y 9) becomes a representation®f An advantage of this approach is that both the
feature space and the group representation are fully de ned via the feature encoder

Equivariance by Contrast learns group representations. Our theory builds on the canonical
discriminative form discussed by Roeder et[40], which requires conditions on the diversity of

the dataset to be ful lled. Speci cally, the latents and feature spacesngfed to “suf ciently vary”
across the points i8. In addition, the vectors of differencegya)  (ys) withya;yg columns of

S need to span d-dimensional feature space. The conditions are discussed in detail in Appendix A.
This gives the following main results for our model:

Theorem 1 (ldentitiability of the Group Representation; informallssume thap = p; 1, and let

the dataset satisfy the diversity conditions mentioned above. Dere  f. Then, for all pointx
in the support of the dataset:

(a) We recover the original vector spabé¢x) = Lx , up to an ambiguity. 2 GL(d).
(b) We recover a representation of the gro&h(X );h(gX )) = LR (g)L .

Proof sketch. With a minor modi cation, Eq. 3 follows the canonical discriminative form for
which Roeder et a[40] proved linear identi ability. Due to the use of the more exible Euclidean
loss, we instead obtain af ne identi ability foh(x) = Lx + b. The second condition requires
R (x) = LRx and impliesb = 0. From these two conditions and the speci ¢ de nition of our
model, we can derive the results (a) and (b). The full proof is given in Appendix A.

Corollary 1 (Equivariance) We havex 2 V, R(Q) is a representation of the group W; we have
h:V! W wherewe de né ;= f,andRYg) = R(h(X );h(gX)) is the representation on

W. Then, we have
h(gx) = gh(x) (10)

Proof. The result follows from Theoreml. For all we haveh(gx) = gh(x). We insert the
representation aj onV on the LHS, and okV on the RHS, to obtaih (R (g)x) = RYg)h(x). We
insert Thm. 1a to obtaihR (g)x = Ro(g)Lx From here we obtaihR (g)L 'x = RYg)x WhICh
we showed in Thm. 1b.

4 Experiment Setup
We validate our proposed model on a set of diverse datasets with different underlying groups.

Synthetic Group Datasets We rst consider three types of synthetic datasets following the data-
generating process in Eq. 8 matching the assumptions required for Theorem 1. Group elements
are taken from a subgroup of special orthogonal gr6@gn), the orthogonal grou@(n) and

the general linear grou@L (n). We start by sampling random group elememts pg(g) from

G 2 f SO(n); O(n); GL(n)g. We sample at least (with m > d) random vectorgx 2 S" from

the unit sphere and sample a content compoaéntC from a nite set of vector<C ~ S9. From



(R(9);fxigM;c) we generater = fy;;y%g™, wherey; = f(x;;c) andy®= f(R(g)x;;c). We

repeat this sampling procedure until we reach the desired dataset size. The nonlinear injective mixing
functionf is parameterized by a random 3-layer MLE|[followed by a random linear map to a
50-dimensional space. For the full dataset we sample a maximum of 1000 mBt(igeand a total

of 1M pairs(y;y9. Unless stated otherwise, we choose 3, d = 3, jCj = 100. In Appendix C.1

we show additional results for 2 3;5; 7; 9 and in Appendix C.2 we report results on data ef ciency.
According to the assumptions of Theorem 1, the relationBHig)x; in the data-generating process
does not include noise. But we show a variation of this experiment In Appendix C.3 that includes
noise in the application of the group action.

In nite dSprites We leverage in nite dSpritesg] idSprites], an extension of dSprite33] for
validation on more diverse visual data. We subsample all images to a resolutidn 084 The

dataset allows for rich variations in the content and ensures that the resulting objects do not have any
symmetries. By default, we use the same number of varying factors as in dSprites, namely 3 random
shapes of 6 different sizes. For our purposes, we consider the combination of shape and size to be the
content. Each of these objects may then be oriented in 40 different ways or have3the 82 x or

y position translations. We consider the orientations and translations to be our groups of interest and
sample the data such that we obtain closed groups. By default, we sample the dataset such that any
paired sampléy; y% undergoes a combination of these three types of transformations.

Training Protocol We use a three layer MLP with 512 hidden units for We t the implicit

representatioiR (Y ;Y 9 using thegels least squares solver in PyTorch. By default, we use 84
sample pairs for idSprites and 12 for the synthetic daté ircach batch has 1024 positive and 16k
negative samples. We train the model for 20k with Adam [25] with learningl@té. We perform
80/10/10 train/valid/test splits. Metrics are computed out-of-sample, by tting on one part of the
valid split, and reporting on the other. Unless stated otherwise, standard deviations and con dence
intervals are reported across three dataset and three model seeds. More details in Appendix B.

Baselines We leverage standard InfoNCRBT{] training as a baseline (amounting to settRg= 1),

similar to SIMCLR P]. We also consider dynamics contrastive learni®@ psing a linear dynamical
system (LDS) or a switching linear dynamical system (SLDS). We use the same training protocol
for the baselines as we do for our own EbC model (same encoder, batch size, training iterations,
optimizer, and data loader).

Metrics Our metrics aim to quantify the representation of the content, the quality of the group
representation, and the linear identi ability of the latent space. To measure the quality of the
representation of the content we t a Logistic Regresgidh; b) and predict the class label K

of contentc; :

Acc(C: K) := TopK-Aco{ (W h(x)+ b)jY?9 () = softmax ) (1))
Likewise, to quantify the linear identi ability of the embedding space (Theorem 1a), we measure:
2 — 2 . .
R2(x) =  max R2(LA(x);x): (12)

To measure the quality of the group representation we introduce two different metrics. First we
introduce arR? based metric which we derive from Theorem 1b:

R%(G) = RZ2[L Rh(x);Rx]; L = arg max kX h(X )L~ k2 (13)

To measure the group representation without access to the ground truth latent representetion
introduce an Accuracy over the KNN lookup of the transformed input vector

Acc(G; K ) := TopK-AcokNN(Y)jY 9  kNN(y):=arg rP?Jx i ) R iz @4

To compute this metric, we sample 20k random pgirg°to solve a 20k-class classi cation problem.
We compute the accuracy cross-validation across every of the 20k samples.

The metrics de ned above can be split into two categoriR¥x) andR?(G) require access to the
ground truth latents and hence can only be computed on synthetic toy datasets for which we have full
knowledge about the data-generating process. In practice, this is not the case. Therefore, we de ned
a second group of metrics, includidgc(G; K ') andAcc(C), that are applicable in the case where
there is no access to the ground truth latents. We refer to appendix C.4 for a study on the relationship
of R?(G) andAcc(G; K ), which suggests we can usec(G; K ) as a proxy oR?(G).



Table 1: Overview. We vary the group used for the data-generating process, and consider a
non-linear mixing through a neural network (“non-linear”) as well as the in nite dSprites dataset. We
report theR? on the equivariant part of the embedding, and the Accuracy (in %) on the invariant part
of the embedding for identifying the content information.
Group G) SO3 O3 GLs Rm Zn Zn
Obs. f) non-linear non-linear non-linear indSprites
Metric R?(x) R2(G) Acc(C) R?(x) R?(G) Acc(C) R2(x) R2(G) Acc(C) Acc(G,5) Acc(C)

InfONCE OQJ 02 0.0LU 00 989Ld 83 0.0LU 01 0.0,\l 01 99:L‘U 55 0.1,0 15 0.0LU 00 98.5JJ 56 O.36LU 08 9997LU 03
+LDS OOLJ 03 0.0LU 00 990Ld 51 0.0MJ 11 0.0,\l 00 99.0MJ 65 0.1,0 06 0.0LU 00 98.4JJ 59 O.SLU 03 999610 04
+SLDS O.QU 01 0.0LU 00 98.9LU 79 0.0LU 03 0.0;\’J 01 98.7LU 96 0.2,0 24 0.0LU 00 97.7,0 93 0.28LU 02 998];‘&1 27

EbC (lin.) 70.9260 54.1:463 20.2:194 70.8:262 54.0:266 19.8:214 59.7:510 39.8:1366 22.3:4563 - -
EbC 99.7022 99.7:025 99.1:072 99.8.005 99.7:004 99.2:069 99.8:00: 99.7:006 98.5.060 99.91:005 74.041.0:

5 Empirical Results

We apply EbC on a variety of group learning settings, summarized in Table 1. EbC is effective at
recovering group structure both in a setting where we have precise access of the latent space (for
veri cation), and scales to benchmarking datasets used in objective-centric learning. Across all
baselines, only EbC is able to recover the structure with high delity: We read?asf > 99%

in recovering the ground truth latent space on synthetic data, validating Thm la and substantially
outperforming a linear baseline (60-70%). This result veri es that indggd = Lx uptoa

linear indeterminacy in practice. We verify the group structure througR%between the projected
sample and the ground-truth for synthetic data with perfect recovery of >98% (Thm 1b). As a
veri cation, we compare to existing contrastive learning baselines which are well established at
learninginvariant representations, i.e., the content. Indeed, all considered baselines are effective at
recovering the content information with accuracies typica@g% On synthetic data, EbC matches

this performance (88%); on idSprites we encounter a trade-off and accuracy drops to 75%.

EbC learns a representation of R, Z, Z,) from image data. We next evaluate EbC on
idSprites. An optimal embedding space forRg Z, Z, is a 3-torus, with the three individual
groups represented along the three circular coordinates. Fig 4a depicts this (assumed) underlying
structure of the latent space (which is not enforced in the real dataset or during training), along with
the reconstructed embedding space of EbC. Note that the dimensions are related to each other; in
Fig. 4b we show the dependency based on the y-, x- coordinate for a xed angle. Qualitatively, this
embedding space was stable also under variations of the content (shape and size of the object).

EbC learns faithful representations of content and style under diverse conditionsNext, we
perform a ne-grained quantitative evaluation of the embedding space. In particular, we vary the
properties of the indSprites dataset by varying the number of options for the content (shape and
size) and the number of variations to learn from (translation and rotation) while keeping the overall
dataset xed. In Figure 4c we outline these options, reporting both the classi cation accuracy of the
content, and the quality of the representation using our kNN metric. EbC recovers the group structure
with high Top-5 accuracy close to 100% when performing an 1-over-20k kNN lookup for a range of
number of contents. However, we notice that the content classi cation declines from around 80% to
20%. We report qualitative results of the KNN prediction in Appendix C.4.

EbC is robust to over-parameterization In Figure 4d, we vary the output dimension of the encoder
(divided into 2 dimensions for the content, and 4—7 for the group). We observe that the group
structure preserves a high predictive KNN above 99% and a stable content classi cation performance
above 80%. However, this requires a suf cient number of samples for estimating the implicit
representation: Fat the group dimensionality is required when single transitions are observed, and

8 isrequired in the case of compound actions. Note that in practice, it is possible to even inform
model hyperparameters on this metric, as it is available without any knowledge of the underlying
ground truth structure of the data.

EbC identi es group representations of O(n); GL(n); and SO(n). Next, we investigate the
applicability to more general group structures. For this, we generate additional synthetic data from
more complex groupsSO(n) is close to our example on idSprites, which is extende®by) and

GL (n; R) as a fairly general and challenging example (Figure 5). Here we report resuitsfar,



Figure 4:EbC learns faithful representations of group actions A, a possible ground-truth latent

space for idSprites. Depicted4s, Z,. B, the actual embedding obtained by EbC, plotted for a

xed value of the orientation angle and colored in two views for variations in x- and y- direction. C,
evaluation of representation quality and content accuracy across an increasing amount of classes. D,
impact of observing the single groups (ind.) vs. a combination at each step in training (com.) across
different output dimensions. Number in brackets is the number of samp¥esier output dim.

Figure 5:Veri cation on simulated data. A, traversals through the ground-truth latent space of our
synthetic datasets. We manually constructed two orthogonal transform&tjgiig, perpendicular

to each other to obtain a sphere. B, recovered latent space after non-linear demixing and optimal
linear alignment. C, comparisons of EbC (green) against a linear baseline (gray) and an InfoNCE
baseline (black) across an increasing number of mixing layers.

in Appendix C.1 we show additional results for higher dimensions. The complexity of the problem
is additionally varied by generating increasingly non-linear datasets. This is expected to eventually
degrade performance when a xed-size dataset is used. We vary the number of mixing layers from
n=2 to higher dimensions.

EbC is able to recover both a suitable vector space and an implicit group representation on these
datasets with high delity. Figure 5a shows the ground truth latents, and Figure 5b shows a qualitative
impression how the spherical latent space is recovered after unmixing. Quantatively, the R2(x)
metric in Fig. 5¢ con rms the quality of this mapping up to n=4 mixing layers before we obtain
degradation. Likewise, forward prediction through the group representation obtains high R2(G) up
to 4 mixing layers, substantially outperforming the linear baseline. A relevant metric in practice is
Acc(G) measuring forward prediction through a kNN based metric. In comparision to the InfoNCE
baseline, we perform comparatively in identifying the class content across all group types (Acc(C)).

6 Further Analysis, Ablations, and Modeling Choices

Following experimental validation of our model and applicability to image data, we are interested
in analyzing the empirical behavior of the loss function in more detail. In practice, an important



Figure 6: Robustness to model misspeci cation. In the ground-truth process, we allocate 3 dimensions
to coordinates affected by the group action, and 3 dimensions to to content. Robetfcs reported

here are not observable on real data, while Acc(G) is observable and Acc(C) is observable if a labeled
test set is given.

hyperparameter is the parameterization of the embedding space, as well as the setup of the loss
function. Further validation and ablation experiments can also be found in Appendix C.

Identi cation of the correct latent dimensionality In practice, the true dimensionality of the latent
vector space is not known, or even ambiguous. Algorithms for learning group structure should
be ideally (1) robust to model misspeci cation and (2) provide a clear hyperparameter validation
protocol for choosing the correct dimensionality. In Fig. 6, we report the properties of EbC under
model misspeci cation. Both for the content and groups, we consider a 3d ground truth latent space,
resulting in a total of six latent factors. In Figure 6, second row, we show performance variations as
we specify the wrong content dimension. Except for a degenerative case for d=1, we obtain close to
perfect recovery of both group structure and content.

In the rst row of Figure 6 we misspecify the group dimensionality, which is more critical. We see a
clear peak in 1-NN lookup performance (Acc(G)) as well as saturation for R2(x)/R2(G) prediction
performance for d>3. Very crucially, the practicatiipservablemetric for hyperparameter selection,
Acc(G), shows a clear peak at the correct dimensionality (d=3), making it a prime target for model
selection (which we indeed did in the experiments showed so far, cf. the discussion in Appendix B).
As before, with the correctly selected dimension, we obtain a close-to-perfect performance in both
recovery of the latent space and the representation of the group.

Analysis of optimal model parameters and hyperparameter selectionwith our xed selection
protocol, we nally consider model choices for the implementation of the algorithm outlined in Sec. 2.
In particular, the choice of negatives for the Ses relevant for satisfying the diversity conditions
required for Theorem 1. Furthermore, we can extend the loss function to consider the property of an
inverse element, i.e., that both the actR(X ; X 9 andR (X % X ) are valid representations. Note,

we do not explicitly force the constraint that the respective matrices should be inverses of each other,
making our approach still potentially applicable to structures not ful lling all group axioms.

Table 2 depicts the different choices for both a symmetric loss and different negative distributions.
On simpler groups, SO(n) and O(n), when our input vectors are normalized, the co-domain of the
action will still be the sphere, making it less crucial to consider lyotindy © as negative samples. In
contrast, as we move BL (n), it is crucial to use both samples for training to avoid a performance
drop. On O(n), GL(n), a symmetric loss additionally improves the performance.

7 Limitations

Accuracy trade-off for many classes While EbC is able to convincingly estimate both the latent
space and the group actions, we could construct a failure case in idSprites when class dimensions



Table 2: Model variations across different loss functions, negative samples, and groups.
Sym. S SOn On GLn
Acc(G,1) Acc(G,5) Acc(G,1) Acc(G,5) Acc(G,1) Acc(G,5)

both 56.23:s2 77.382:35 86.5313:3  89.75165 93.141080  99.9800
y 28. 7721855 83.65607 85.4913 53.233s7%6  99.9Lois 99.980m
y© 7344000 79521517 87.08120  959L149  96.83015  99.9800:

94.70:2: 86.95105 85.59604  99.83011  99.98001  99.93016
y 58.552011 8554025 85.70485  87.77673 99.97002  99.950.10
y 0 94.44:106  84.3lsos  83.6L7ss  99.84000  99.89%02s  99.85035
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increases to multiple hundreds or more. While we continue to estimate the group representation, the
classi cation performance of the content decreases in these cases, even if the dimensionality of the
latent space is matched to our baseline. A possible explanation is that EbC needs to implicitly learn
a prototype of each class to estimate the coordinates affected by the group action, which might be
harder to embed in the network than a classi cation objective alone.

Style vs. content subspaces identi ability Our proposed prior to separate content and style also
has limitations. A clear separation can only be expected if the group dimensionality is chosen to be
minimal. While we demonstrated that such a minimal dimensionality can be computed on real-world
datasets, it comes with the additional computational burden of hyperparameter estimation, which
might be prohibitive in practice. Future work might consider improved versions of our content/style
subspace prior and provide theoretical guarantees on the optimal separation. Within the scope of this
work, we showed a practical way to estimate the hyperparameters using the Acc(G) metric in the
analysis section.

Real-world data and baselines Although we are the rst to show that identi able group repre-
sentation learning from unlabeled observational data is feasible at all, our empirical analysis can
be substantially extended. Firstly, on selected previous setups, more baseline comparisons could
be conducted which is here limited due to the lack of extensive benchmarks. It will be particulary
interesting to see how the algorithm scales to to full-scale image datasets like 3@@ehigwever,

we do report additional experiments on real-world data in Appendix C.5.

Scaling properties, empirical vs. theoretical Our theoretical result mandates the usedaf

1 examples for estimation of the embedding space, and currently does not make a claim how
convergence is in uenced by limited data. In practice we observed that substantially mockeitHan
samples are required (about 6-8ave good empirical results). In this light, our theoretical results

can be extended to include bounds on the behavior with limited samples, although challenging and
not every common in existing identi ability work. On the other hand, replacing our out-of-the-box
least squares estimator by more stable and more adapted algorithms might further close the gap to the
theoretical optimum. We report additional results on data ef ciency in Appendix C.2.

8 Related Work

Learning equivariant representations Early work in equivariant representation learning focused

on designing neural network architectures that are explicitly equivariant to a prede ned class of
transformations [3, 10, 27, 31, 42, 53]. These methods were powerful but require expert knowledge
to design an inductive bias speci ¢ to particular groups. Inspired by the success of invariant self-
supervised learning (I-SSL) method 13, 37, 54], a new paradigm emerged that soughlgarn
equivariant representations directly from data. The rst wave of SSL-based methods assumed
full knowledge of the group actions. Latent representations were learned either via encoder-only
frameworks §, 7, 12, 38] or via autoencoder-based framewor8,[24, 39]. Equivariance was
encouraged either by predicting the parameters of the group adlian &nforced by explicitly
modeling the effects of group actions in latent spatd g, 23, 24, 38, 39]. The most recent advances
tackle the more challenging problem of learning equivariance without explicit knowledge of the group
actions. Both encoder-only approach#s, b1, 52] and autoencoder-based approactads 35, 36]

have been proposed. The central innovation of these methods is that the representation of group
actionsR (g) is learned directly from data paifg; g y). For example, CARE]5] is an encoder-only,
contrastive learning based approach with implitg) 2 O(n). STL [52] also uses an encoder-only



approach but enforces non-linear equivariant relationshigsy) = ( (y);R(g)). NFT [2§]
adopts an auto-encoder framework with explicit linear group represent®ifm)s2 GL (n). While
these methods mark important progress, they each leave open critical challenges: some are restricted
to special classes of group representations, some require generative modeling of the input space, and
none provide formal identi ability guarantees of the applied algorithm. While Koyama g2& are
the rstto show that the problem itself is identi able (i.e., there exists a non-trivial G-equivariant map

Y 7! X unigque up to G-isomorphisms of the embedding space), they do not provide identi ability
guarantees for the learning method itself.

Identi able nonlinear ICA  In nonlinear ICA, observed variablgsare assumed to be generated

from latent variablex via an unknown nonlinear "mixing" functioh. The goal is to recover

f 1, or equivalently, estimate the latent variablesrom the observed variablgs Hyvarinen

and Pajunefi20] showed that in contrast to linear ICA, the nonlinear ICA problem is, in general,
unidenti able. Subsequent work has established that identi ability can be recovered by making
additional assumptions about the data-generating prot8s$9, 21]. More recently, this theory has

been connected to contrastive learnidg,[66], demonstrating that: (a) the choice of the conditional
distribution of positive samples encodes the assumptions about the data-generating process, and
(b) optimizing the InfoNCE lossl[6, 37] recovers a solution to the nonlinear ICA problem. The
identi ed representation is unique up to an indeterminacy that is directly determined by the assumed
conditional distribution. Building on these advances, Laiz €3] proposed DCL, which identi es

latent representations under the assumption of linear or switching linear dynamical systems. Since
G-equivariant representations also rely on a linear relationship betixe&d) or (X¢;X¢+1)) in
sequential data, there exists a natural connection between DCL and the equivariant representation
learning methods discussed above. Our work leverages this connection, combining the identi ability
guarantees of nonlinear ICA with the goals of equivariant representation learning.

9 Conclusion

We proposed the rst identi able learning algorithm for group representations from unlabeled
data without relying on generative models. We demonstrated, theoretically and empirically, that
latent spaces of datasets with underlying group structure can be estimated from observational data.
Crucially, the assumptions of our algorithms match datasets encountered in engineering and science.
The supervisory signal merely requires knowledge that “the same” action is applied to a collection
of samples. We con rmed that under these settings and mild overall assumptions on suf cient
variety in the dataset, few of such pairs are suf cient to estimate the underlying ground truth latent
space in which the group actions are faithfully represented as a linear transformation. We see wide
applicability of this approach especially in computer vision (e.g., for gure-ground segmentation),
robotics (for learning affordances and planning), and biology and biomedicine (for modeling the
effects of longitudinal data and perturbation effects), among other elds.
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A Proof of Theorem 1

In this chapter, we provide a proof for Theorem 1 in the main paper. We assume the following data
generating process:

De nition 1 (Data generating process)etx 2 V. RY be a vector describing the ground truth
latent components, lgt be an element of a group, and letf : V ! RP be an injective map.
Assume that for each group elemenive have at leadil pairs of samplegy; ;yjo) with

yi = f(x); y2= f(R(g)xi) i=1;:::;M (15)
whereR : G! GL(d;R) is a representation @ onV.
If we think of x containing an invariant part (the content), the theory by Von Kiigelgen pt7al.
already covers the case for identifying the content componertwhen considering the group

actions as augmentations. We will therefore not explicitly discuss the discovery of the invariant part
of the embedding, but focus our following statements on learning equivariant representations.

We extend the canonical discriminative form introduced by Roeder et al. [40] to arrive at the form

exp u(x)7v(y)+ (X)+ (y)
y2s €Xp U(X)7V(Y)+ ()+ (Y9

Puw;; (Yjx:S)= P (16)

The functionsu;v : RY ! RY, : :RY1 R can have shared underlying structure (e.g., are
parameterized by the same neural network) and are not necessarily independent. We extend the
diversity conditions [40]:

De nition 2 (Diversity Conditions, adapted from Roeder et[dD]). Assume a dataset of tuples
(x;y:;S) and letpgata (X; y; S) be a distribution over this (possibly discrete) dataset. We then require
the following properties:

1. For anyx; S we can nd at leasN pairs of pointgya;ye ) With pgata (X;y¥a;S) > Oand
Paata (X; Y8 ;S) > Osuchthatthe nite differences(y,) v(yg) are linearly independent.

2. For anyy, we can nd at leasN pairs of point  ; Xg and their sets of negative samples
Sa;Sg suchthaly 2 Sy \ Sg is in the negative sets for both examples, and the nite
differencesu(x},) u(xp) are linearly independent.

Both assumptions need to be assured through design of the sampling procedure and initialization
of the networks. In particular, the rst condition requires that suf cient variation is present among
negative examples. Similar to Roeder ef40], sincev is a randomly initialized neural network, it

is expected that the variability is met as long as variability in the ground truth factors is given. The
second condition requires that negative samples suf ciently often co-occur with enough variation in
the reference examples. In addition, this condition requfres be full-rank, which we ensure by
adding at leasl samples for estimatingé& d matrix.

We can now re-state the theorem and discuss the proof strategy. Please note that we relate the
embedding space according to the commutative diagram in Figure 1: We consider the relations
between samples in the original vector sp¥ces. the recovered factor space, which is the co-domain

of rst applying the mixing and then the de-mixing functiors;= f,h:V ! V.Wecan state:

Theorem 1 (ldenti ability of the Group RepresentationAssume the following:

(1) f is an injective mixing functiorg 2 G is a group element according to Def. 3.

(2) The model : RP ! V satis es the diversity conditions in Def. 4.

(3) R is a representation 0B, andR is the implicit representation of the group (Eq. 2) such
that R(X ;gX ) = R(g) for pairs of transformed sampléX ; gX ) and group actions
g2 G.

Deneh := f. Then, for matching conditional distributiomps = p; 1, for all pointsx and
group actiongy in the dataset:

(a) We recover the original vector spabé¢x) = Lx , up to an ambiguity. 2 GL(d).
(b) We recover a representation of the gro®h(X );h(gX )) = LR (g)L 1.
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As outlined in the main paper, the proof proceeds as follows: First, we extend the canonical dis-
criminative form of Roeder et al. [40] towards a more general setting, giving af ne instead of linear
identi ability (8A.1). Then, we show that our implicit group representation admits (§8A.2). Finally,
we leverage these results to arrive at the indeterminacies reported in the theorem (8A.3).

A.1 Extended canonical discriminative form

The following proposition is only a slight modi cation from Eq. 1 in Roeder et[dD]. The
key difference is the introduction of the scalar potential functiorsmd , making the canonical
discriminative form more exible. In particular, it now admits a mean squared error loss function.
Under these assumptions, we can state:

Theorem 2(Generalized Canonical Discriminative Form)etu;v : R9! RY, ; :RY! Rbe
functions satisfying Def. 2. In particulan,;v; ; can have shared underlying structure and are not
necessarily independent. Then, the probabilistic model of the form

exp u(x)”v(y)+ (x)+ (y)
yo2s €Xp U(X)7 V(Y9 + (x)+ (¥9
withy 2 S is identi able up to an af ne indeterminacy, i.e., for two modélg>v®% % 9 and

Puw;; (Yjx:S)= P (17)

(u ;v ; ; ) andtheir respective distributior(®® p ), we have for alk ; y with pgata (X;Yy; S) >
01
o . _ udx) = Au (x)+c
= = 18
PEP D vay) =By () 49

for two invertibled d matricesA andB and vectors;d 2 RY.

Proof. The proof technique adopts the strategy from Roeder t@lfor the indeterminacy ofi,
and re-applies this to the indeterminacywofThe approach considers nite differences on the log
probabilities forp; p with

logp(yjx;S) = u(x)>v(y)+ (x)+ (y) Z(x;S) (19)
= u(x)v(y)+~(x;S)+ (y): (20)

Part 1: Af ne identi ability of u. For anyx in the data distribution, and correspondiBgselect
two pointsya;ys 2 S. For the points, it holds that

logp(yajx;S) logp(ysjx;S)=1log p (yajx;S) logp (ygjx;S) (21)
Let vag = Vv(ya) V(ys), as := (ya) (ys)toobtain
Vag U(X)+ s =( Vag) u (x)+ AB (22)

By assumption (1), we can ndll such pairs with linearly independentvag , V,g , Which lets us
re-write the equation using the full-rank matridesL

L>u(x)+c=(L )>u (x)+c (23)
u(x)=(L L Hu (x)+(c ¢ (24)
which requires the map fromn tou to be af ne, concluding the rst part of the proof.

Part 2: Af ne identi ability of v. Foragiverny, nd xa;Xg;Sa;Sg suchthay 2 Sa\ Sg, and
note thatSp = Sg is possible but not required. Then we consider the nite differences:

logp(yjxa;Sa) logp(yjxe;Sg)=1og p (yjxa;Sa) logp (yjxs:Ss) (25)

Let uag (= u(Xa) uXg), ~ ag = ~(Xa;S) ~(xg;S) toobtain
Uag V(Y)+ ~ aB =( Upg )’V (V) + ~ 4 (26)
Stacking multiple conditions gives
L7v(y)+c=(L )v (y)+¢ (27)
viy)=(L L v (y)+(c ¢ (28)
which requires the map fromtov to be af ne, concluding the proof. O
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A.2 Properties of the implicit group representations
We next consider properties of the implicit group representation de ned in Sec. 2, given by

F‘z‘(x;x"):ernGirL](d)kxo XRZKZ, R(X;X9=(X>X) }(X>Xx9: (29)

Lemma 1 (Equivariance of implicit group representationgetX ; X °2 R™ " 'm  n have rank
n.DeneR:R™ " RM™ "I R" "gas

R(X ;XO):arngn kX © XL > k2 (30)

and letf (X ) = XA > + 1,b” be an invertible af ne transform applied to each rowf, then we
have

RE(X ) f(XY = AR(X ;X 9A L (31)
Proof. The solution to the least squares problem can be re-written using the normal equations,
K’\(X;XO)=argmli_nkX° XL >k X>X R(X:X9>=x>X°% (32
LetX = XA > andX %= X %A~ . Then, inserting the de nition of gives
R(f(X);f(X 0)):argmiLn kX%+ 1,b> XL > 1,b k2 (33)
= arg min kX0 XL 7k (34)

which is equivalent to solving the normal equations

XX REX):f(X9)> = x>x° (35)
Substituting back in terms of andA:
AX XA TREX ) F(X9)” = AX >X A> (36)
A is invertible by assumption and it follows
X>XhA>F?(f(X);f(X°))>A> I:x>x0 (37)

Note thatX > X 2 R"™ " has full rank by the assumption &h. Then, we get

ATREMX)FX Y A~ =(X7X) IX>X 0= R(X ;X9 (38)

Taking the transpose and re-arranging yields
RE(X):f(X% = AR(X ;X 9A ¢ (39)
concluding the proof. O

A.3 Proof of Theorem 1

Proof. We havep = p; 1. After rewriting Eq. 3 in terms ok; X ; X Cinstead ofy = f(x);Y =
f(X);Y 9= (X9, our model follows the generalized canonical discriminative form (Proposition 2)
with the following parametrization for the data likelihopd ::

u (x;X;X 9= R(X ;X9 = R(g)x (40)
v (gx) = gx: (41)
To specify the model likelihoog , we introduce the shorthard := f which maps samples

from the ground truth latent space to the recovered latent space (e.g., the composition of the data
generating process and feature encoder) and obtain

uqx; X ;X 9= R(h(X);h(X Y h(x) (42)
vix% = h(x9 (43)
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By assumptiop = p; :. From Proposition 2 it then follows that

udx;X:X9= Au (x;X:X9+c¢ (44)
vix9 = Bv (x%+ d: (45)

whereA ;B 2 GL(d) andc;d 2 RY. Inserting model and data generating process yields
h(x9= Bx°%+d (46)
R(M(X);h(X)h(x)= AR(X ;X 9)x + ¢ (47)
Sinceh is af ne, we insert the rst into the second equation and invoke Lemma 1 to arrive at
BR(X;X9B (Bx +d)= AR(X ;X 9x +c (48)

and re-arranging yields

BR(X;XOx +BR(X ;X% =AR(X ;X% +c (49)
(B ARKX:X9x=c BR(X;X9%d (50)

This is an equation of the fortdx = v. Assuming that we obserwe such that matrix collecting all
x has full rank, i.e. all latent dimensions vary, it follows that= 0, v = 0, hence

(B A)RKX:X9=0 (51)
BR(X:;X9%d=c (52)
and inserting(’\(x :X 9 = R(g) gives

(B A)R(9)=0 (53)
c= BR (g)d (54)
SinceR (g) has full rank, from the rst equation it follows th# = B . For the second equation,

since the left hand side is independengaind all matrices have full rank, we can only admit the
trivial solution wherec = d = 0. It follows that

h(x)= Bx 8x28S (55)
R(h(X);h(X%=BR(X;X9B * (56)
for an invertible matrix8 , which concludes the proof. O
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B Additional Experimental Details

In this section, we provide further details on the algorithm and other experimental details.
As an extension of this section, we would like to point to our gure and results repository
(https://github.com/dynamical-inference/NeurlPS2025 _Schmidt) as well as to our code repository
(https://github.com/dynamical-inference/ebc) as the reference for all experimental details. The gure
repository contains the code to plot the gures, but more importantly, it also contains all the raw
results and all training and data generation parameters of all model runs that went into the respective
gures. Each of those parameters can easily be traced back to their de nition in the main code base
repository.

B.1 Experimental protocol

Here we describe the default dataset generation and training protocol of our experiments rst, and
then provide additional details for any deviation from these default parameters that may exist in any
of the gures.

B.1.1 Dataset Generation

Synthetic Group Data We consider three types of synthetic datasets following the data generating
process of Theorem 1. Group elements are taken from a subgroup of the special orthogonal group
SO(n), the orthogonal grou@®(n) and the general linear gro@l (n):

1. We sample a random group elemeRtg) pgs(g) fromG 2 f SO(n); O(n); GL(Nn)g.

2. We samplen (with m > n) random vectorg 2 S" from the n-dimensional unit sphere.
3. We sample the content componer C from a nite set of vectorC ~ S¢.
4

. From(R(g);fxig™;c) we generatey = fy;;y%™,
wherey; = f(x;;c) andy?= f(R(g)xi;c).

5. We repeat this sampling procedure until we reach the desired dataset size.

To sample from th®©(n) andSO(n) group, we sample from the Haar distributi®4], making use

of the SciPy fi6] package. To sample fro@L (n) we implement a rejection sampling procedure.
We rst generate a randor 2 R" " matrix with valuesa;; from a standard normal distribution.
Then we compute the determinatdt(A ) & the "identity error'le,, = jI  AA 1jF and we reject

Aif jdet(A)j < 0:2 ordet(A) > 10o0rle, > 10 3, otherwise we accept. The nonlinear injective
mixing functionf is parameterized by a random 3-layer MLP and sampled via rejection sampling to
ful Il the injectivity assumption as is done inlB, 30]. The MLP is followed by a random linear map

to a 50-dimensional space. For the full dataset, we sample a maximum of 1000 mRffg)esnd a

total of 1M pairs(y;y9. Unless stated otherwise, we choose 3, d = 3, jCj = 100.

In nite dSprites We leverage in nite dSpritesg] idSprites], an extension of dSprite33] for

validation on more diverse visual data. in nite dSprites is an extension of the original dSprites dataset,
which allows to generate variations of dSprites dataset. We subsample all images to a resolution of
64 64. The dataset allows rich variations of the content and ensures that the resulting objects do not
have any symmetries. By default we use the same number of varying factors as in dSprites, namely 3
random shapes of 6 different sizes. For our purposes we consider the combination of shape and size
the content. Each of these objects may then be oriented in 40 different ways or have3@ne 32 x

or y position translations. We consider the orientations and translations to be our groups of interest
and sample the data such that we get closed groups. By default, we sample the dataset such that any
paired sampléy;yQ is undergoing a combination of these three types of transformations.

B.1.2 Dataset Split

Before training on the synthetic group dataset, we perform a hold-out split in terms of the group

actionsg; into a training, validation, and test dataset such that we get a 80/10/10 split of the group

actions. For idSprites, we randomly sample approx. 20k group actions during training and sample
another approx. 90k group actions for validation and test respectively. When computing metrics that
require to t another model, such as a KNN, Linear Regression or Logistic Regression model, we

split the validation or test dataset again 50/50 and report the metric on the hold-out set.
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B.1.3 Model Training

Estimating R(g) To estimateR (X ;X 9 we usek n additional samples whereis the assumed
group dimensionality of the embedding space Riisithe samples per action factor. WeR(X ; X 9

via linear least squares (PyTorch's "gels" solver). By default, we do not compute gradients through
the linear least squares estimation to save on compute time. By default for idSpriteskve i8e

and for the synthetic group dataset we kse4.

Encoder Model For the feature encoderwe use an MLP with three layers and hidden unit size

of 512 for idSprites and 128 for the synthetic group dataset. The output dimension of the MLP is
n + d wheren is the assumed group dimensionality of the embedding spacd #relassumed
content dimensionality. Before passing the idSprites images to the MLP we scale thef)1p

and atten the image. By default for idSprites we assume group dimensionatity and content
dimensionalityd = 2. For the synthetic group dataset we use the same dimensionaldiesd as

are used for the data generation.

Loss Function & Optimizer As loss we minimize the negative mean likelihood (Eg. 3) and for
each sample compute the loss in both directios; y% andL (y%y). As negativesS, we sample
uniformly from all available samples in the dataset. We use 1024 positive pairs an#'1pkégative
samples in each batch and train each model for 20k iterations. We train the encoder via gradient
descent using the Adam optimizer [25] with a learning rat& of 10 3.

Error bounds For our main results, to compute error bounds or standard deviation across our
metrics, we generate each dataset with three different seeds and t each model three times with
different seeds during training. For variations and ablation experiments extending our main results,
we only t a single model across the three different dataset seeds. We refer to the Figure & Results
repository for details on the exact number of seeds for every experiment.

B.2 Hyperparameter Selection

We use théAcc(G; 1) metric for any and all hyperparameter selection, since this is an observable
metric and a good proxy for the identi ability metrid®?(G) (see Figure 8) and, by extension,

for R%(x). Additionally, when we perform explicit hyperparameter selection and do not present
results from experimental variations or ablation studies, we display the metrics computed on the
test set instead of the metrics from the validation set, which were used for hyperparameter selection.
Otherwise, we show the metrics on the validation set. Again, we refer to the Figure and Results
repository for more details.

B.3 Third-Party License Information

We used the in nite dSprites (idSprite8) dataset available dittps://github.com/sbdzdz/
idsprites  in the pip-installable version v1.0.1 (MIT License).

B.4 Compute Resources

Experiments were carried out on a compute cluster with A100 cards with 40Gb VRAM. On each card,
we ran 2—6 experiments simultaneously, depending on the dataset size. The run time for individual
experiments trained for 20k steps varied between approximately 10 minutes and one hour depending
on the experiment con guration, the most important factors that impact the train time being batch
sizes, speci cally the number of negative samples, andkthe number of samples used to tthe

linear least squares estimator.
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C Additional Experimental Results

C.1 Recovery of group structure forn > 3.

We extend our results from the paper towards higher dimensions, and caa€ifie); O(n); GL (n)

forn = 3;5;7;9. Results are depicted in Fig. 7. We mirror the main paper results with close to
perfect reconstruction scores both for the latent space and the group representa&iogrrO(n),

but notice a drop in performance fGL (n) as dimensionality increases beyond 5. In this case, we
can recover the performance for= 7 if we allow to backpropagate through the least-squares solver.
As the dimension grows to = 9, the model is no longer able to discover the full group structure,
likely due to a mismatch between the complexityGif (9) and the size of the dataset/variation
present.

Figure 7:Higher Latent Dimensions for Synthetic Group Data Comparison of EbC across an
increasing number of true latent dimensions of the synthetic group dataset. We show results for all
group typesGL (n), O(n), SO(n) with n being on the x axis and xed content dimensior 5.
Additionally, we indicate whether we compute gradients through the linear least squares estimator or
not.

C.2 Data ef ciency

We analyze the data ef ciency of our method by varying three key hyperparameters while keeping all
other settings identical to those for= 3 in Table 1 of the main paper. We test acr83(3), O(3),
andGL (3) by:

1. Varying the total dataset size.
2. Varying the number of negative samples used in the contrastive loss.

3. Varying the number of samples per actiti) ¢sed for the linear least-squares t&f(g).

Discussion (Dataset Size)The results in Table 3 show that our method is highly robust to smaller
dataset sizes. Even with 20x less data (50k vs 1000k), the identi ability of the equivariant representa-
tion (R?(x) andR?(G)) remains nearly perfect, staying above 99.6% for all groups. The primary
effect of smaller datasets is a moderate drop in accuracy for the invariant part of the embedding
(Acc(C)).
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Table 3: Data ef ciency: Reduced dataset size. We evaluate EbC trained on datasets ranging from
50k to 1M samples (1000k). The 1000k setting replicates the main paper's results. We report mean
and standard deviation over 5 runs for 3.

Dataset Size 1000k 100k 500k 50k
Group Type  Metric
SO(n) R2(x) 99.8Los  99.79%00s 99.75022  99.8000s
R2(G) 99.75004  99.7Loor  99.66028  99.72005
Acc(C) 99.19%060 97.30211  98.97:072  95.2519
o(n) R2(x) 99.8000s 99.8Looz  99.79012  99.730.16
R2(G) 99.7300s  99.74003  99.72014  99.650.10
Acc(C) 99.060s7  97.90146 98.9207 94.57.16s
GL(n) R2(x) 99.83002  99.8200:  99.82002  99.82002
R2(G) 99.72005  99.7Lo00s  99.7Loos  99.680.05
Acc(C) 98.42072  96.42.:27 98.37:06s  92.022s:

Table 4: Data ef ciency: Reduced number of negative samples. We vary the number of negative
samples per batch from 1024 to 16384. The 16384 setting replicates the results of table 1. We report
mean and standard deviation over 5 runsfer 3.

Neg. sample batch size 1024 2048 4096 8192 16384
Group Type  Metric
SO(n) R2(x) 99.502 99.66000 99.48071  99.77:00s  99.8100s
R%(G) 99.280z  99.52011  99.30001  99.67004  99.75004
Acc(C) 98.23:13s  98.7807 98.60132 99.13060  99.19069
O(n) R2(x) 99.55007  99.63011  99.6202s 99.75010 99.800.06
R%(G) 99.3%010  99.49015  99.490s  99.64014  99.7300s
Acc(C) 98.49%0s1  98.900s0 98.97.057  99.09062  99.06.057
GL(n) R2(x) 99.7Q004  99.7200s 99.7600s 99.7%00s 99.83002
R2(G) 99.53007  99.56.008 99.6Lo10  99.6500s 99.7200s
Acc(C) 98.9205:  99.090s:  99.110s:  98.760s:  98.42072

Discussion (Negatives):As shown in Table 4, reducing the number of negative samples has a
minimal effect on performance. While there is a slight, consistent downward trend in the equivariant
metrics R?(x), R?(G)) as negatives decrease, the changes are very small and performance remains
high & 99:2%) even with 16x fewer negatives.

Table 5: Data ef ciency: Reduced number of samples per ackdfiof tting R(g). We varyk
from the theoretical minimum = 3 up to3n = 9. Table 1 usek =12 (4n). We report mean and
standard deviation over 5 runs for= 3.

Samples per Action 3 4 5 6 7 8 9

Group Type  Metric

SO(n) R2(x) 99.710.06 6.86:7.87 89.12:3203  99.85:001  99.83006  99.83004  99.77:0.11
R2(G) -8.7%856 -9.59:28.67 88.16:33.06  99.63:005  99.66:0.13 99.70-0.07 99.66:0.16
Acc(C) 99.20052 51.17-19.08 97.47-4.53 99.40-0.47 99.30-0.74 99.07-0.94 99.10-0.68

O(n) R2(x) 99.650.10 4.68:5.56 99.77-0.09 99.84:003  99.83-0.05 99.23:1.60 99.39%-1.21
RY(G) -118.2530867  -0.03:0.09 99.09:0.35 99.5%009  99.67:010  98.75256  98.95:2.15
Acc(C)  99.000.82 54.32:1203  98.88:081 99.18:050  99.13c090  97.58459  97.94:3098

GL(n) R2(x) 98.461.13 5.56:9.94 89.63:2886  99.63:003  99.76:000  99.80:0.04  99.80:-0.07
R%(G) -0.280.47 -0.07:0.26 77.00:2883  93.25:149  98.93092  99.48020  99.56:0.18
Acc(C) 99.1%0.32 35.38:26.81 98.36:0.38 98.70-057  98.42:081 98.56:0.82 98.37:0.51

Discussion (Samples per Action)Table 5 con rms that the theoretical minimumlof= n = 3
samples is insuf cient in practice. This is expectedkas n samples must form a full-rank system

in latent space to uniquely identif§(g), which is unlikely to occur consistently. Usitkg= 4 also

leads to instability. However, performance rapidly recovers. With6 (2n), R%(G) is> 99%for
SO(3)/0(3) and> 93%for GL (3). Usingk = 9 (3n) yields near-perfect identi ability¥ 99:5%)

for R?(G) across all groups, demonstrating practical applicability with a modest number of samples.
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C.3 Robustness to noise

To study the effect of noise, we adjust our data-generating process. We introduce a Gaussian noise
term N (0; ?2) to the group action relationship in the latent spacts R(g)x + . We test this

for GL (3), varying the noise standard deviatiorfrom 0:0 to 0:1 and the number of samples per
action ) from 3to 12. All other parameters follow the setup of Table 1.

Table 6: Robustness to noise fGiL(3). We add Gaussian noise N (0; ?) to the latent
transformatiorx®= R(g)x + . We vary the noise standard deviatiomnd the number of samples
per actionk (3= n, 6 = 2n,9 = 3n, 12 = 4n) used to tR(g). We report mean and standard
deviation over 5 runs.

Group Type GL(n)
Metric R3(x) R2(G) Acc(C)
Noise Std. Samples/Action
0.0e+00 3 98.46.13 -0.28.0.47 99.1%022
6 99.6300: 93.25.14 98.70.057
9 99.80007  99.56018 98.37.051
12 99.83002  99.72005 98.42012
1.0e-05 3 97.89:: -0.30:064 98.890:
6 99.62006  93.24.120 98.6801s
9 99.8200:  99.6500 98.60.5
12 99.820.03 99.70.00s 98.480c1
1.0e-04 3 98.14.; -28.47.cs56  99.00.035
6 99.6400r  93.78:0 98.7308
9 99.830.02 99.650.0s 98.450.47
12 99.8300s 99.7Loor 98.60..60
1.0e-03 3 98.582¢ -50.29.1270s  98.9805:
6 99.58011  93.33. 98.5L.067
9 99.8Loos  99.61009 98.58.48
12 99-81(] 04 99.68() 08 98.5&0 70
1.0e-02 3 88.5806:  -1.02.108 98.98.0:50
6 99.5800s  93.05.2 98.61:010
9 99.81(] 04 99.59() 08 98.46() 81
12 99.8300s 99.69.007 98.54.055
1.0e-01 3 94.56:5 -27.93 5546 98.97.037
6 99.58(] 06 91.76() 23 99.04() 56
9 99.7700:  96.98024 99.050.40
12 99.820.03 97.980.13 98.94..14

Discussion (Noise)The results in Table 6 show that tR&(x) andAcc(C) metrics are highly robust

to noise, remaining stable even at 0:1. As expected, noise primarily affects the identi ability

of the group representatioR{(G)). This effect is strongly dependent on the number of samples
(k) used for the least-squares t. With= 6 (2n), R?(G) drops from93:25% (no noise) t®1:76%

(= 0:1). However, increasing the samples completely mitigates this. W&t (3n), R%(G) only

drops from99:56%t0 96:98% With k = 12 (4n), the performance remains excellent, dropping from
99:72%t0 97:98% This demonstrates that the noise in the least-squares problem can be effectively
averaged out by using more sample pairs, con rming the method's robustness.
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C.4 In nite dSprites

Figure 8: Acc(G; 1) as observable proxy forR?(G). Comparison of our Top-1 NN-Lookup
Acc(G; 1) and group action identi ability metri®R?(G) across EbC models trained on synthetic
group datasets with varying samples per action faktoteft: Results for the selected dataset
con gurations i =5,d =5, jCj = 1000). Right: Filtered results foAcc(G; 1) > 0:6.

The Acc(G) metric is suitable for practical hyperparameter selection. In the main paper, we
described the R2(G) metric to measure the quality of the group representation with respect to the
ground truth group representation and latent factors. On practical experiments, this metric is not
observable. Instead, on in nite dSprites but also for hyperparameter selection on the toy dataset, we
consider the Acc(G, n) metric which performs a kNN lookup only in the reconstructed embedding
space. Intuitively, this metric uses the computed embedding, and is a measure of self-consistency of
the representation. As a validation for this choice, we varied the number of samples per action (one
hyperparameter in the tting procedure) and visualize the correleation between the observable Acc(G,
1) metric and the unobservable, but desired, R2(G) metric in Figure 8. On the full hyperparameter
sweep, the metrics are signi cantly correlated with R2=93.6 (p<le-10; Figure 8 left). When treating
unsuccessful hyperparameter con gurations as outliers, i.e., discarding models with Acc(G, 1) < 0.6,
this correlation gets even more clear at R2=97.8 (p<le-10; Figure 8 right).

Hyperparameter selection indicates suitable group dimension on idSpritedNe now leverage

the Acc(G; ) metric to perform hyperparameter selection on the idSprites dataset. To provide a full
picture, Figure 9 shows 10 variants of the metrics with differently strict criteria, considering top-1 to
top-10 accuracies during the NN-lookup.

For 18 and 144 classes, we observe a clear increase in performance in all metrics at d=4 for the
least conservativAcc(G; 10) metric, however, the most conservativec(G; 1) metric still indicates
subpar performance at this dimensionality (below 50%). All metrics start saturating around a
dimensionality of d=6, which would allow an embeddindyf Z, Z, into 3 circular dimensions.

Figure 10 shows example transitions at this hyperparameter point, which show close-to-perfect
recovery of the group structure. However, as we overparameterize the model in terms of the group
dimensions, thécc(G; ) metrics improve slightly while the qualitative evaluation shows a noticeable
decline in embedding and representation quality (Figure 11). In contrast to the results from Figure 8,
this suggests a mismatch of tAec(G; ) metric and theR?(G) metric which is unknown for this
dataset.

We hypothesize that this is because #lte(G; ) metrics a) are not able to measure the group action
prediction exclusively, but instead also measure misclassi cation of the content, and b) don't measure
the degree of the prediction error. Instead any type of classi cation error is counted with the same
weight, no matter if the prediction was off by a small or large amount.
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Figure 9:Embedding Dimension Hyperparameter Sweep for idSprites datasetComparison of
EbC for the idSprites dataset across embedding dimensions for thery (@ ::; 10]and for the
contentd 2 [2; 9] showing the observable Top-K NN-lookup met#icc(G; k) for k 2 [1; ::; 10]as
well as unobservable content classi cation accurAcg(C). We show the comparison across two
con gurations of the idSprites dataset. Left: original dSprites con guration, Rijét: #shapes,
0:5 #scales #rotations #translationsX #translationsY
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Figure 10:Top-1 Nearest Neighbor Lookup based on EbC with 6D group dimensiong:or the
idSprites dataset con guration wifiCj = 18, we sample a random reference imggand generate

a sequence of transformed imageytargets) according to the different types of possible group
actions. We estimat@ from the embeddings, compu®x and perform a top-1 NN lookup across

all embeddings to get a prediction in image space. In the three blocks of images we show action
traces across posX translation (top), posY translations (middle), and rotations (bottom). Within each
block we show the reference image ( rst row), the target images (second row), the top-1 NN image
prediction (third row). We color the images in the third row according to the Manhattan distance
between the associated true latent factors of the target and predicted image.

Figure 11:Top-1 Nearest Neighbor Lookup based on EbC with 8D group dimensionslust like
Figure 10 but for EbC witm = 8.
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C.5 Application to real-world data

Here, we demonstrate how EbC can be used on a real-world time series dataset to nd group
equivariant embedding spaces. We apply EbC to the rat hippocampus dataset recorded by Grosmark
and Buzsak[14]. We use the data as preprocessed by Zhou and3&ki In this dataset, neural

activity from CA1 neurons in hippocampus of multiple rats was recorded via implanted silicon probes.
During the recordings of each session, the rats moved on a 1.6m long linear track. Neural activity, the
position on the track, and the movement direction of the rat was recorded (see Figure 12A). We apply
EbC to the data of the following three rats: “Achilles”, “Buddy” and “Gatsby”.

Using EbC for data analysis requires to specify how positive pairs are sampled and how positive pairs
are grouped together into the same group action. This is conceptually close to CEBRAHere
auxiliary variables are used to resample the dataset to encode particular neuroscienti ¢ hypotheses.
Asin CEBRA, we leverage the behavioral variables of position and movement direction, but discretize
the position variable with a bin size of 1cm.

We propose three different sampling strategies, depicted in Figure 12B:

1. Group=Position: We consider all possible pairs of data points to be positive pairs and group
positive pairs based on the difference in position regardless of the movement direction.

2. Group=Position & Direction: We consider all possible pairs data points to be positive pairs
and group positive pairs based on the difference in position and difference in movement
direction.

3. Group=Position, Content=Direction: We consider only those pairs of data points where the
movement direction does not change and we group positive pairs based on the difference in
position.

We compare our method to CEBRA-behavidB[which is a state-of-the-art method on this dataset

and closely related to EbC in the sense that is also an encoder-only representation learning method
with identi ability guarantees. We compare both against CEBRA-Behavior using only the position
variable and the variant using both position and movement direction as label information. We follow
the same dataset split into train, validation and test used3p &nd leverage consistency across

runs for selecting the best hyperparameters for each model. To match the “offset10-model” used by
CEBRA as best as possible, we leverage a time-delay embedding for EbC with receptive eld 10.

For the CEBRA models, we run a hyperparameter sweep over latent dimensiahs2of
f6;8;12 16;32g and train for 10k steps. For the remaining parameters, we use the default pa-
rameters speci ed via CEBRA's sklearn API. In particular, this means using the cosine distance in
the loss (restricting embeddings to the hypersphere), using the "offset10-model" (CNN based model
with embeddings normalized to the hypersphere), and "time offset"=10 specifying how positive pairs
are related in terms of the time offset between them.

For EbC, we run a hyperparameter sweep across group (2 or 3) and content dimensions (0, 1, or 4),
as well as over the number of samples per ackidar which we run experiments wittk (= 4d,

k = 8d). We use a three layer MLP with 128 hidden units per layer for the encoder. We compute the
gradients through the linear regression modeling tting as done in Appendix C.1. As for CEBRA, we
train for 10k steps.

We compute the following three types of metrics:

1. Decoding metrics We follow CEBRA's decoding setup using a KNN (with K=3) both for
decoding the position and direction from the embeddings.

2. Consistency metrics We use the consistency metrics across runs de ned by CEBRA to
measure how well different embedding spaces can be aligned to each other. This metric ts
an af ne transform to map from one embedding space to another and measuRZsshere
of the prediction. We use this on 5 runs of the same model with different seeds and compute
the consistency between every resulting embedding space with every other embedding space
of those runs.

3. Linear Group Action (Position): To measure how well a given embedding space is linearly
structured with regard to the position variable, we collect all embedding points related by
a speci c difference in the position variable (here: 5cm) and t a linear model for which
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we measure thR? score of the prediction. To make this metric fairer, we t two separate
models for pairs based on the direction label. The metric value we report is the average of
these two individuaR? scores.

Figure 12: Application to neural time series data. (A) We used recordings from the hippocampus
of rats running on a 1.6m long linear track. This yields two time series: neural actjvand
behavior (positiorp; and directiord;). We use EbC to encode the neural activity with the behavior
labels acting as labels determining the positive pairs and thereby the group structure. (B) lllustration
of the different sampling strategies employed with EbC. (C) KNN-Decoding performance on the
test set for decoding the position and direction label. We compare EbC to CEBRA and include
a label shuf e control (D) Measure of linearity (for train and test set) of the embedding spaces
conditioned on the difference in the position variable. ReportindRthecore of linear regression
models trained on predicting the next point in latent space for pairs of data where the difference in
position is 5cm. We also report tfi? of using the same 5cm model on predicting 50cm ahead, i.e.
10 forward predictions in latent space. (E) EbC embeddings of the neural activity of the rat "Buddy"
with different variations on how the behavior labels are used to determine positive pairs (F) EbC
& CEBRA-Behavior Embeddings on rats Achilles, Gatsby and Buddy. Showing EbC model with
group=position and content=direction, and CEBRA model with behavior labels position & direction.

EbC reliably encodes position and direction. Similar to CEBRA-behavior, EbC produces latent
spaces from which both the position and movement direction of the rats can be decoded (Figure 12C).
For position decoding, EbC and CEBRA-Behavior achieve comparable test performance: median
errors of approximately 6 cm for “Achilles”, 12—14 cm (EbC) and 11 cm (CEBRA-behavior)

for “Gatsby”, and 13-15cm (EbC) and 12 cm (CEBRA-behavior) for “Buddy”. In contrast,
models trained with shuf ed labels yield errors o#0-50 cm, con rming that both methods leverage
meaningful neural-behavioral relationships for decoding.

For direction decoding, the EbC variant trained with direction as part of the content performs on par
with CEBRA-behavior. As expected, the EbC model trained with both position and direction as group
variables performs worse—particularly for “Buddy”—because this formulation enforces invariance

to direction. Consistently, EbC models using only position as the group variable (no content) perform
close to the shuf e baseline for direction, re ecting the intended invariance.
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