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Abstract

Causal representation learning in the anti-causal setting—labels cause features
rather than the reverse—presents unique challenges requiring specialized ap-
proaches. We propose Anti-Causal Invariant Abstractions (ACIA), a novel measure-
theoretic framework for anti-causal representation learning. ACIA employs a two-
level design: low-level representations capture how labels generate observations,
while high-level representations learn stable causal patterns across environment-
specific variations. ACIA addresses key limitations of existing approaches by:
(1) accommodating prefect and imperfect interventions through interventional
kernels, (2) eliminating dependency on explicit causal structures, (3) handling
high-dimensional data effectively, and (4) providing theoretical guarantees for out-
of-distribution generalization. Experiments on synthetic and real-world medical
datasets demonstrate that ACIA consistently outperforms state-of-the-art methods
in both accuracy and invariance metrics. Furthermore, our theoretical results estab-
lish tight bounds on performance gaps between training and unseen environments,
confirming the efficacy of our approach for robust anti-causal learning. Code is
available athttps://github. com/ArmanBehnam/ACIA.

1 Introduction

Causal representation learning discovers causal relationships underlying data rather than statistical
associations [47]]. At its core, causal representation learning seeks to identify high-level causal
variables from low-level observations, bridging the gap between statistical pattern recognition
and causal reasoning. Learning these causal variables offers transformative potential for artificial
intelligence systems that can reason about cause and effect.

A particularly challenging yet promising domain is learning repre- -~ >+
sentations in the anti-causal setting, where the causal direction is 1§ zZ @ @
reversed from traditional prediction tasks. Figure[I]diagrams the  ~- 'k‘ ol
anti-causal setting, where Y (target) is the causal variable, X (obser- ‘. R4

vation) the observable variables, F/ (Environment) the environment ROV ,"

variable introducing spurious correlations, U is a confounder which VU ,‘(—
affects both X and Y, and Z (latent variable) is an unmeasured in- Y-t

termediary. The orange arrows represent direct paths to the observed ~ Figure 1: Anti-Causal Dia-
variables X, and blue arrows represent confounding effects. gram: causal (orange), spuri-

ous (blue), and confounding

Consider a disease diagnosis from chest X-rays across different .
(dashed blue) dependencies.

hospitals [11]. A disease (Y') causes observable symptoms and
measurements (X ), with the relationship represented as Y — X. The confounding factors U (e.g.,
age and sex) affect both disease and symptoms. Environmental factors E (e.g., hospital-specific
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Figure 2: ACIA: Anti-Causal Invariant Abstraction Framework.

protocols) introduce spurious correlations by creating hospital-specific variations, forming the anti-
causal structure Y — X < E. The orange arrows therefore depict the true disease-to-symptom
mechanism (Y — X)), while the paths involving ¥ and U introduce noise. This anti-causal structure
requires specialized methods to disentangle causal mechanisms from environmental artifacts.

Early works [46l [22] formalized anti-causal learning and showed that traditional methods fail in
this setting. Follow-up works can be categorized into three main approaches: 1) Intervention-based
causal learning [59} (10l 35] that models causal effects through interventions; 2) Structure-based
causal methods (61}, 121}, 133, 149, |50]] explicitly models causal structures through Directed Acyclic
Graphs (DAGS), requiring complete knowledge of the underlying Structural Causal Model (SCM);
3) Invariant learning methods (23,163,118} 162,157,171, 56] that seeks representations invariant across
distributions. See more related work in Appendix [A]

However, existing methods face several critical limitations. First, intervention-based approaches
[S9.[10] assume perfect interventions—where intervened variables are completely disconnected from
their causes—a restrictive assumption rarely satisfied in real-world scenarios. Second, structure-based
methods rely on explicit structural dependencies through SCM [49, |50] poses significant hurdles
when the underlying SCM is unknown. Third, distribution-invariant approaches’ assumptions on
independent and identically distributed data or known test distributions limit their generalization
capabilities [[71}56]. Fundamentally, these limitations arise because the single-level representations
learned by these methods cannot simultaneously capture the causal mechanism from Y to X while
filtering spurious correlations from F to X in anti-causal structure [5} 27].

We develop Anti-Causal Invariant Abstraction (ACIA), a two-level representation learning method
(Figure[2)), to address above limitations. ACIA is inspired by recent causal representation learning
studies [18, 159, 2| 166] and measure-theoretic causality [39]]. Specifically, ACIA addresses these
limitations through three key innovations: Firs, we introduce a generalized intervention model that
accommodates both perfect and imperfect interventions via the designed interventional kernels.
Second, ACIA learns directly from raw input without requiring explicit SCM specification. Third,
we introduce environment-invariant regularizers that enable stable identification of invariant causal
variables across environments. All together, ACIA involves:

- causal dynamics to learn low-level representations directly from data—without requiring explicit
DAGs/SCMs—that capture the anti-causal structure by encoding how labels generate observable
features while preserving environment-specific variations. E.g., in medical diagnosis, this reflects
how diseases (Y') manifest as symptoms and measurements (X) in X-ray images, encompassing both
disease-related patterns and hospital-specific factors. The learnt low-level representations support
reasoning under both perfect and imperfect interventions, enabled by the interventional kernels.

- causal abstraction to learn high-level representations that distill environment-invariant causal
features from the low-level representations. These abstractions generalize across environments by
discarding spurious environmental correlations while preserving label-relevant mechanisms. For
example, this involves identifying patterns that are consistently associated with specific diseases
regardless of the hospital environment.

- theoretical guarantees that establish convergence rates, out-of-distribution/domain generalization
bounds, and environmental robustness for the learned representations.

We extensively evaluate ACIA on multiple synthetic and real-world datasets with perfect and imperfect
interventions. For instance, our results demonstrate ACIA achieves almost perfect accuracy (e.g., 99%)
on widely-studied CMNIST and RMNIST synthetic datasets with perfect environment independence
and intervention robustness, significantly outperforming SOTA baselines. Most notably, on the real-



world Camelyonl17 medical dataset, ACIA achieves 84.40% accuracy—an 19% improvement over
the best baseline (65.5% by LE{])—while maintaining competitive environment independence
and low-level invariance metrics. These results validate our theoretical framework's ability to learn
robust anti-causal representations across both synthetic and real-world settings, with particularly
strong performance gains in scenarios with complex environmental variations.

2 Background on Measure Theory and Causality

A measurable spade ;F ; ) consists of a sample space a -algebraF of measurable sets,
and a probability measure Within the causal context, represents possible states of the world,
F represents events we can measure, aagdsigns probabilities to these events. The important
notations in this paper are summarized in Table 4 in Appendix.

2.1 Measure Theory

De nition 1 (Environment Measurable Space&jiven a nite set of environments eache 2 E is
associated with a measurable input spée; F x. ), @a measurable output spa¢¥.; F v,.), and a
probability measurd®. on the product spacéXe Y e;Fx. Fyv.).

De nition 2 (Data Space) For each environmere 2 E, the data space is a tup@®e; F p.; Pe)
whereDg = f(xl-e;yje)g}'if‘ is a nite collection of input-output pairs from environmegtx;® are
elements of the input spaig, yje are elements of the output spaxg, T, is the index set that de nes
the component-wise sample space structure for environen&peci cally, it indexes the components
of the product space such that = 271 E, where eaclE; represents a measurable component
space at index, andpe is a probability measure obB ¢ de ning the distribution onje; yje .

De nition 3 (Representation)A representation is a measurable function X ! R mapping
inputs to a latent spacR, where(R ; F g ) is a measurable space.

A representation is causal if it captures the underlying causal mechanisms generating the data.

De nition 4 (Kernel 25]). AkernelK is a functionK : F I [0;1]suchthat: 1. For each xed
I 2 ,the mappinpA 7! K (!; A ) is a probability measure o6 ;F ); 2. For each xedA 2 F
the mappind 7! K (!;A ) isF -measurable.

Intuitively, K (!; A ) represents the probability &f conditioned on the information encoded!in
Properties of kernels being used in this work are discussed in Applendix B.1.
2.2 Causality

In the measure-theoretic framework, interventions modify kernels rather than structural eqiddjons [
enabling uni ed treatment of both perfect and imperfect interventions.

De nition 5 (InterventionRg]). An intervention is a measurable mappi@gj ) : H I [0; 1]
that modi es causal kernels by modifying the underlying probability structure. There are two types of
intervention in causal representation learning:

1. Ahard (or perfect) interventiosetsQ(Aj! ) = Q(A), independent of ;
2. Asoft (or imperfect) interventioallows Q(Aj! ) to depend onh .

The do-operatodo(X = X) represents setting to valuex, breaking causal arrows ink. Note
thatP (Yjdo(X = x)) differs from conditional probability? (YjX = x), which observeX = x
while preserving all causal relationships.

De nition 6 (Causal Independendd(]). VariablesX andY are causally independent giveh
denotedX ? . YjZ, if P(Yjdo(X = x);Z) = P(YjZ) for all x in the support ofX, and
P(Xjdo(Y = y);Z) = P(XjZ) for all y in the support of .

De nition 7 (Causal SpacédR]). For an environmeng, a causal space is a tuple ¢; H ¢; Pe; Ke),

where o= (271 E; isthe sample spac® is the probability measure o ¢;H ), andKe is a
kernel function for environmemt For eacht 2 T, A; is the -algebra on component spaég, and
the overall -algebraH = (27, A¢ is the tensor product of these componersdlgebras.

This de nition is the backbone of measure-theoretic causality in this paper, inspired from [39].



3 ACIA: Measure-Theoretic Anti-Causal Representation Learning

This section presents our theoretical framework ACIA for anti-causal representation learning. Our
theoretical analysis relies on the following assumptions: The number of training environments
JEwvainj = K < 1 . For any spurious feature correlated withY in g, there exist®; 2 Eyain
wheres ? Y. We have access to samples from interventional distributtqxsjdo(Y = y)) via
interventionQ, and representations areLipschitz continuous with respect to appropriate metrics.

3.1 Problem Formulation

We formalize the anti-causal representation learning problem as follows: given a causal structure
where labely causes the observatioh and environmenE also in uencesX (Y ! X E), our

goal is to learn representations that capture the causal generative invariant ik . Given
observations from environmerts= f e g.; with corresponding dataseis= f D¢, g, , we aim to

learn two-level representations:

- alow-level representation,. : D X !Z | that extracts features from raw data to uncover the
anti-causal structure including both! X ande ! X.

- ahigh-level representationy : Z, ' Z 4 that distills environment-invariant causal features from
L,i.e.,enforcing n( L(X)? EJjY.

The predictorC : Z, ' Y then maps high-level representations to labels. With a loss function
1Y Y! R, denedacross all environmenks the full modelf = C 4 L can be trained
in an end-to-end fashion.

More speci cally, we introduceausal dynamic(Thm.3) to facilitate learning low-level represen-
tationsZ by jointly optimizing the loss with a causal structure consistency regulareiin

Eqgn.6), where minimizing it encourages the low-level representations to align with the true causal
mechanisms underlying the data. On toZef, we further introduceausal abstraction(Thm.4)

to learn high-level representations, guided by another environment independence regiarizer (
Eqgn.7). This regularizer measures the discrepancy between the expected high-level representations
across environments conditioned on the labelMinimizing it can remove environment-speci ¢
information while retaining label-relevant causal features.

Two-level design rationale. This hierarchical structure enables us to do two procedures : (1)
Interventional effect calculation | captures how the anti-causal setting responds to interventions,
handling both perfect and imperfect intervention scenariodnf@ymation bottleneck y retains

only label-relevant invariants while discarding environment-speci ¢ noise.

3.2 The Theoretical Framework

Our framework establishes product causal space (Def. 8) on measure-theoretic causality to handle
anti-causal learning across multiple environments; causal kernel (Def.10) and interventional kernel
(Thm.2) to characterize anti-causal structures (Thm.1). Building on this foundation, we develop
causal dynamics (Thm.3) to learn low-level representations that extract anti-causal relationships from
the raw data. On top of it, we further develop causal abstractions (Thm.4) to learn environment-
invariant high-level representations. Figure 2 shows the detailed procedure of our framework. We
rst introduce necessary de nitions below.

De nition 8 (Product Causal Space)Given causal spaces ¢;He;Pe;Ke) and

(¢ :He ;Pe;Kg ) for environments; andg , a product causal space is a tuple;H ;P;K)

where = ¢, e, IS the sample space for combined environmentnde ,H = He  Hyg

is the product -algebra, andP = Pe, P, is the product measur&s = fKs : S2 P (T)gisa

family of causal kernels witR  the power set function anl = Te, [ T, is the union of index sets.

This construction enables joint reasoning across environments while preserving individual causal
structures. For analysis of environment subsets, we utilize salgebras:

De nition 9 (Sub- -algebra) Given a product causal spa¢e ;H ;P;K), forany subses T, the
sub- -algebraH s is generated by measurable rectanghes A; whereA; 2 He andAj 2 H ¢
corresponding to the events in the time indi€es

Product causal spaces merge causal space of different environments by tensor prodadgebfas.
Properties of causal sub-structures are discussed in Appendix B.2. Next, we de ne the causal kernel
to represent the causal structure.

1A causal generative invarians a stable functiofi : Y ! X by whichY producesX , formally represented
asX = f(Y; ) where represents noise, affidis invariant across environments.



De nition 10 (Causal Kernel) A causal kerneKs 2 Ks for index setS 2 P (T) is a function
Ks: H ! [0;1]. For xed! 2 ,Kg(!; )isa probability measure of ;H ), and for xed
A2 H ,Ks(;A)isH s-measurable, wherel s is sub- -algebra inS.

Intuitively, K s(!; A ) is the conditional probability of evert given causal information encoded in
I, restricted to environments indexed 8y This enables characterization of anti-causal structures:

Theorem 1 (Anti-Causal Kernel Characterizationfor an anti-causal structure with arbitrary
feature spacé& , label spacey, and environmentg, the causal kernel satis es:
Z

Ks(bA)= P(X2AjY=yE2S)d v(y) )
Y

where v is the marginal measure on.

This characterization captures how lab¥élgenerate observationé across environment subsets

S, integrating over all possible label values weighted by their marginal probabilities. Realization
of anti-causal kernels is discussed in Appendix B.3. Moreover, the independence property of the
anti-causal kernel is as follows:

Corollary 1 (Independence Property of Anti-Causal Kernét) an anti-causal structure, for any
I;1 92 with identicalY -component and forah 2 Hy ,B 2 Hy,S 2 P (T):

Ks(!; fAjBg) = Ks(! 4fAjBg) )

This independence property reveals that conditional kernels depend only on th¥ Jat#l on
environment-speci ¢ information ih . In Appendix B.4, we prove that causal events show kernel
values varying witH , while anti-causal events maintain invariance under speci ¢ subset removals
from the conditioning set.

We now characterize how interventions modify causal kernels, enabling uni ed treatment of both
perfect and imperfect interventions.

Theorem 2 (Interventional Kernel) Let( ;H ;P;K) be a product causal space. For any subset
S 2 P (T) and interventiorQ : H ! [0;2], there exists a unique interventional kernel;

KEXDmAa)= Ks(hd )QAj! 9 (3)

provided that the integral is a Lebesgue integral w.r.t. the measure induckgby )on( ;H ).
In addition,Ks(!; )is -niteforeach! 2 ,andQ(Aj)isH -measurable foreacA 2 H .

We emphasize that this construction encapsulates both intervention types: hard interventions where
Q(Aj!' 9 = Q(A) is constant acros$ ® and soft interventions whe®(Aj! 9 varies with! ©.
Soundness and causal explanation of interventional kernels are discussed in Appendix C.5. The
distinctive property of anti-causal structures is that interventionX odo not affectY, while
interventions orY change the distribution of (asymmetric response to interventions).

Corollary 2 (Interventional Kernel Invariance)n anti-causal structure, interventional kernels
satisfy the following invariance criteria:

1. Kgo(x)(!; fY 2Bg)= Ks(!; fY 2 Bg) for all measurable set8 Y , meaning intervening
on X does not change the distribution 6f

2. KgO(Y)(!; fX 2 Ag) 6 Ks(!; fX 2 Ag) for some measurable sefs X , meaning
intervening onY changes the distribution o€, which is characteristic of an anti-causal relationship.

Building on the kernel framework, we now develop our approach to learning low-level representa-
tions. We adopt theausal dynamicperspectiveZ, 68|, which identi es latent causal relationships

from observed data under distribution shifts—precisely the setting in anti-causal learning across
environments. Our low-level representation mappingmplements causal dynamics by learning
how labelsY generate observatios while preserving environment-speci ¢ information. Unlike
traditional approaches that immediately pursue invariancententionally captures both the causal
pathway ¥ ! X) and environmental in uence&(! X)), providing rich features for subsequent
abstraction by y . We formally describe causal dynamic below:

Theorem 3 (Causal Dynamic and its Kernelssiven environmentg, a causal dynami@ =
hX; Q; K_i can be constructed under the following conditions:
1. The product causal spa¢e ;H ; P;K) is complete and separable.



2. The empirical measu@, converges to the true measu@ei.e.,supa, JQn(A) Q(A)j 15 .
3. The causal kernél 5- (LA )= (Ks(! A)dQ(! 9 exists and is well-de ned foras  T.

Further, the causal dynamic kernels are then givenky: = fKéL ("A):S2P (T);A2H g.

This theorem establishes the mathematical foundation for low-level representation learning. The
conditions ensure: (1) the underlying probability spaces are well-behaved, (2) nite sample approxi-
mations converge to the true distributions, and (3) the integration over empirical data produces valid
kernels. The resulting causal dynamic kerné|scapture how causal relationships manifest across all
possible environment combinations. In addition, the integration over empirical distrilipteorables

uni ed modeling of both perfect and imperfect interventions. Perfect interventions correspond to
point masses iR, while imperfect interventions use continuous distributions, providing exibility

for real-world scenarios where interventions are rarely perfect, inspired from [2].

We now de ne the low-level representation mapping: X ! Z | with Z established in Thm. 3.
We denotd | (X (! ;))g as the collection of low-level representations for a set of samples.

While causal dynamics operate on the raw input space to capture anti-causal relatiarzslspk,
abstraction further distills these representations into more abstract invariants. Previously, abstraction
referred to the process of mapping complex, detailed representations to simpler ones that preserve
only the relevant informatiorl]7, 7]. In our framework, causal abstraction speci cally integrates over

the domain of low-level representations to form high-level kernels that capture environment-invariant
relationships. This integration serves as an information bottleneck, Itering out environment-speci c
features while retaining label-relevant causal feature (also demonstrated by our empirical results).

Theorem 4 (Causal Abstraction and its Kernellet X be the input space anH x be its -
algebra. Assume a measuren the domain of low-level representatiddg, . Then, the high-level
representatiorZy = hV y; Ky i can be conftructed with kernel:

K" (A )= K“(5A)d (2) @)

Dz,

The set of high-level causal kernels is then givenky: = fKéH (5A):S2P (T);A2Hxag.

The high-level representation mappingisdenedas: Z, 'Z 4 with Zy established in Thm. 4.
We denoteV 4 = f (L (X(!)))gas the resulting high-level representations for a set of samples.

3.3 Objective Function of ACIA

ACIA's objective function bases on the theoretical results in Sec.3.2. Speci cally, the kernel indepen-
dence property (Cor.1) motivates the environment independence reguRyizehile the intervention
invariance criteria (Cor.2) guides the design of the causal structure consistency regRarizbe op-
timization achieves the causal dynamics construction (Thm.3) faind causal abstraction (Thm.4)

for y, ensuring learned representations satisfy the anti-causal structure characterized in Thm.1.

Let Cbe a classi er and be a loss function. Our objective function of ACIA is de ned as:

hZ i
GJmn max ((Cow )(XENYEN AP () + 1Rt 2R (5)
x| zz zz
Ri= B LX) dPe (Yy)d v (y) H LX) dPe (Liy)d v (y)
eiiej2E ;i 6] Y Y
X 4 Y4 ©
R = ydPe (vi w( LX) ydKig(tdy) ©
e2e Y Y

Remark 1:The minmax formulation in Eqn.5 enforces worst-case robustness across environments.
This formulation is supported by our out-of-distribution (OOD) generalization bound (Thm.7).
Without it, the learned representations often fail to disentangle environmental factors effectively, as
has been validated in prior work on invariant representation learning ®RREX[27], VRex[27] ).

Remark 2:0ur two regularizerf; andR, enforce key invariance properties essential for robust
anti-causal representation learring

2R, andR; are also inspired by the invariant representation learning methods such asS)RWhgir
connections are discussed in Appendix F.3.



- Ry enforces environment independence of representations. It measures the discrepancy between
the expected high-level repgesentations across different gnvironments, conditioned on tife label
Minimizing Ry encourages: (L (X(!))) dPg (! jy) H( L(X(1)) dPe (! jy) for all
environment pairge; ; g ) and labelsy, promoting the invariancey ( L (X)) ? Ej Y.

- R, enforces cau&al structure consistency. It compares the expecte(kvar[ugi\tﬂn the high-

level representation, y dPe, (yj w (X (!))) and that ofy under intervention:, ydde;(J)(!; dy ).
Minimizing R, encourages the representation to be aligned with the true causal structure.

Theoretical Performance of ACIA: We also analyze the theoretical performance of ACIA, e.g.,
convergence property (Thm.6), generalization bound in terms of sample complexity (Thm.7) and
interventional kernels (Thm.8) in the anti-causal setting, and environmental robustness (Thm.9)
(which shows bounded distributional shifts between training and testing environments, providing
robust anti-causal representationsl).proofs are deferred to Appendix D.

3.4 ACIA Algorithm Details

The complete ACIA algorithm include three components (see details of Alg.1-Alg.3).

i) Alg.1 constructs the low-level representation by building causal spaces for each environment
e 2 E and their product spaces, computing causal ketielsand ultimately outputting the low-level
causal dynamicZ_ = hX;Q;K_i as established in Thm.3.

ii) Alg.2 takes the set of low-level representations= fZ |, gk_, outputted by Alg.1 and constructs
the high-level abstractiody = hV y ; Ky i by integrating kernels across the low-level representation
domainDz, as derived in Thm.4.

iii) Alg.3 integrates both algorithms by taking the outputsand  as inputs, implementing the
core optimization procedure de ned in Egn.5. Particularly, it jointly optimizes both representations
while enforcing environment independence throighand causal structure consistency thro&gh

Practical Implementation: R; is estimated via conditional distribution comparisons across en-
vironments, whileR; is approximated through alignment between predicted and interventional
distributions. The veri cation of OOD guarantees (Thms. 7 and 8) involves checking: (i) invariance
of | across environments conditioned 6n(ii) environment independence; ( (X)) ? EjY,

and (iii) bounded distributional shifts between training and test environments.

Computational Complexity: The objective function in Eqn.5 can be iteratively solved using
stochastic gradient with time complexity ©f " log 1 and space complexity @(Ejd + d?),
where is desired precision, is failure probability, andl is dimension of the representation space.

4 Experiments

4.1 Experimental Setup

Datasets and Models:We test four datasets in anti-causal settings: Colored MNIST (CMNIST),
Rotated MNIST (RMNIST), Ball Agentd], and Camelyon17§g]. In CMNIST and RMNIST, digit

labels cause speci ¢ image features: colors and rotations (environment), respectively. Ball Agentis a
physical simulation environment where ball positions (continuous labels) cause pixel observations,
with controlled interventions affecting object dynamics; Camelyonl7 is a real medical dataset where
tumor presence (label) causes tissue patterns in pathology images, with hospital-speci ¢ staining
protocols creating environmental variations. These datasets test various aspects of ACIA: discrete vs.
continuous labels and perfect vs. imperfect interventi@etails of (building) these datasets are in
Appendix E.1. The model architecture and hyperparameter settings of ACIA are in Appendix E.2

Evaluation Metrics: We use four metrics to measure predictive performance and causal properties.

1. Test AccuracyFraction of test samples correctly predicted by our predictoiEironment
Independence (EI)t measures the degree to which high-level representations remain independent
of environment-speci ¢ information while preserving label-relevant information. Speci cally, we
compute mutual information between high-level representations and environment labels, conditioned
on class labels. At the end, we weight them by class frequency and calculate their summation. Lower
values indicate better environment independence.

3. Low-level Invariance (LLI oR1): It quanti es stability of low-level representations across

environments. We measure the variance of representations across different environments. At the end,
we calculate their average across feature dimensions. Lower values indicate greater invariance.



Table 1: Comparisons with baselines across four datasets and metrics.

Method CMNIST RMNIST Ball Agent Camelyonl7
Acc" EI# LLI# IR# |Acc" EI# LLI# IR# |Acc' El# LLI# IR#|Acc" EI# LLI# IR#
GDRO[44] [92.001.85 0.80 0.9/63.00 16.03 4.10 1.5[®6.00 1.04 0.69 0.458.00 1.32 0.87 0.8
MMD[29] 94.001.22 1.73 1.1®2.00 6.88 15.62 0.6%8.50 1.13 0.87 1.880.004.43 2.16 1.1
CORAL[53] [89.001.48 2.06 1.3(®1.00 4.02 9.56 0.3{170.501.23 1.92 1.841.001.62 2.45 1.0
DANNJ[16] |45.000.03 0.86 0.2(B8.5012.82 3.85 1.4/51.001.35 0.96 0.899.000.68 1.40 1.9
IRM[5] 85.001.43 0.83 1.085.5019.03 6.64 3.166.000.89 0.67 1.7%2.001.95 1.76 2.4
Rex[27] 73.000.69 1.41 1.8(B0.50 0.69 10.69 0.9(:4.50 1.05 0.11 7.689.000.68 1.40 1.9
VREX[27] 95.501.71 1.09 0.7jP3.50 2.41 2.77 1.084.000.93 0.78 0.184.501.98 1.78 1.0
ACTIR[23] |78.500.64 0.97 1.8(¥2.00 0.23 18.79 0.1%9.00 0.88 0.02 0.580.50 0.60 0.63 0.8
CausalDA[62]83.50 0.41 0.85 12.287.50 0.62 0.91 16.445.50 1.20 0.85 1.235.50 0.55 1.60 10.5
LECI[18] 70.000.83 0.40 0.6[B2.00 0.29 2.91 0.041.200.46 0.39 0.0%65.500.230.50 0.45
ACIA 99.200.00 0.01 0.0®9.10 0.00 0.03 0.0[09.980.520.03 0.0384.400.280.42 0.43

U-'OI\)U‘IU‘IU‘IHI\JW

4. Intervention Robustness (IR B): It evaluates model robustness under interventions by compar-
ing the difference between observational and interventional distributions. Speci cally, we rst obtain
probability con dence scores for original and intervened samples, and then calculate KL divergence
between these distributions. Lower values indicate higher robustness.

Baselines: We compare AICA against 10 baseline methods spanning three main categories: (1)
Robust optimization methad&DRO [44] optimizes the worst-group performance under distribution
shifts. (2)Distribution/Domain-invariant learningMMD [ 29] minimizes distributional distances,
CORAL [53] aligns feature correlations, DANNLf] uses adversarial training, IRM] enforces
invariant predictors, VREXJ7] uses risk extrapolation with different variance penalties. q&ysal
representation learning method€ausalDA B2] incorporates causal structure discovery for invariant
representation learning. ACTIRJ] speci cally targets anti-causal settings, and LEC8|[learns
environment-wise causal independence through graph decomposition.

4.2 Experimental Results

4.2.1 Results under Perfect Intervention

Table 1 comprehensively presents the comparison results of ACIA with existing baselines. These
results validate our measure-theoretic framework’s ability to capture and exploit anti-causal structures
in synthetic and real-world settings. In particular, the results highlight several key ndings:

1. Our ACIA performs the best and signi cantly outperforms baselines. For instance, on
CMNIST and RMNIST, ACIA achieves an accuracy of 99.00%+, perfect environment independence
(0.00), almost perfect interventional robustness (0.02 and 0.01) and low-level invariance (0.01 and
0.03), signi cantly surpassing others baseline. On Ball Agent, our ACIA achieves 99.72% accuracy,
and almost perfect low-level invariance and interventional robustness. On the real-world Camelyon17,
ACIA achieves the best test accuracy 87.00% and retains the underlying causal properties.

2. Causal dynamic construction (Theorem 3) is con rmedby the low-level invariance in our
results. This matches the theoretical expectation of environment-independent feature learning.
3. Interventional kernel invariance (Corollary 2) is empirically validated via the intervention
robustness score, implying the distinction between observational and interventional distributions.

4. Anti-Causal OOD generalization bound (Theorem 7 in Appendix) is substantiatedby the test
accuracy improvements over the compared baselines across all datasets.

4.2.2 Results under Imperfect Intervention

Perfect/Hard intervention completely disconnects intervened variables from their causes, while
imperfect/soft intervention modi es causal mechanisms and maintain partial original dependencies.
This experiment aims to validate the effectiveness of our ACIA against imperfect intervention on the
studied datasets, with details of constructing imperfect intervention discussed in Appendix E.3.

Table 2 shows the results. We can see that imperfect intervention achieves similar results on the
four datasets and metrics as perfect intervention. This supports our theoretical claim that ACIA can
effectively handle both perfect and imperfect interventions via its interventional kernel formulation.

4.2.3 Visualizing Learnt Representations

Results on CMNIST: Figure 3 demonstrates ACIA's ability to learn representations that perfectly
capture the anti-causal structure and predict the test (igt&irst panel: Low-level representations
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