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Abstract

Simulation-based inference (SBI) is an established approach for performing
Bayesian inference on scientific simulators. SBI so far works best on low-
dimensional parametric models. However, it is difficult to infer function-valued
parameters, which frequently occur in disciplines that model spatiotemporal pro-
cesses such as the climate and earth sciences. Here, we introduce an approach for
efficient posterior estimation, using a Fourier Neural Operator (FNO) architecture
with a flow matching objective. We show that our approach, FNOPE, can perform
inference of function-valued parameters at a fraction of the simulation budget
of state of the art methods. In addition, FNOPE supports posterior evaluation
at arbitrary discretizations of the domain, as well as simultaneous estimation of
vector-valued parameters. We demonstrate the effectiveness of our approach on
several benchmark tasks and a challenging spatial inference task from glaciology.
FNOPE extends the applicability of SBI methods to new scientific domains by
enabling the inference of function-valued parameters.

1 Introduction

Probabilistic inference of mechanistic parameters in numerical models is a ubiquitous task across
many scientific and engineering disciplines. Among methods for Bayesian inference, simulation-
based inference (SBI, [1H6]) has emerged as a powerful approach for performing inference without
requiring explicit formulation or evaluation of the likelihood. Instead, SBI only requires a simulator
model which can sample from the likelihood. By training a generative model on pairs of parameters
and simulation outputs, SBI can directly estimate probability distributions such as the posterior
distribution.

However, existing SBI methods are designed to infer a limited number of vector-valued parameters,
which strongly limits their use for inferring spatially and/or temporarily varying, function-valued
parameters. In these cases, parameters are commonly inferred on fixed discretizations of the domain.
Despite some recent advances leveraging generative models to infer higher-dimensional posterior
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Figure 1: Overview. FNOPE approximates the posterior over function-valued parameters of a
mechanistic model conditioned on function-valued observations. We use a FNO architecture with
a flow matching objective to efficiently represent the function-valued parameters, enabling us to
estimate extremely high dimensional posterior distributions at arbitrary discretizations of the domain.

distributions [ZHTT], the high-dimensional inference problems that arise from such approaches remain
a challenge.

Furthermore, current models need to be retrained for new discretizations of the parameters or the
observations. This is particularly challenging in fields like the geosciences, where observations cannot
always be made at the same locations. An alternative to using fixed discretizations is to represent
the functions using a fixed set of basis functions, where the inference problem becomes inferring the
basis function coefficients, as used, e.g., in [12]]. However, these approaches require a good selection
of basis functions and suffer from a trade-off between choosing sufficiently expressive basis sets,
while maintaining a tractable number of parameters to infer.

To overcome these limitations, we require methods that are capable of modeling and inferring function-
valued data. Here, we propose to make use of the Fourier Neural Operator (FNO, [[13]) architecture,
which operates on function-valued data, for performing SBI on function-valued parameters. Neural
operators [14416] combine operations on global features of function-valued data with local (typically
pointwise) operations, thus capturing both global and local structures. In particular, FNOs use Fourier
features to model the global structure. For smoothly varying data, the spectral power is concentrated
in the lower frequency components of the spectral decomposition. This allows for a compact
representation of the global structure of the data, and hence for the inference of function-valued data
on high resolution discretizations.

We present FNOPE (Fig. [T)), an inference method for function-valued parameters: It trains FNOs
for Posterior Estimation using a flow-matching objective [9} [I7]. FNOPE is capable of solving
inference problems for spatially and temporally varying parameters, and can generalize to posterior
evaluations on non-uniform, previously unseen discretizations of the parameter and observation
domains. Furthermore, FNOPE can estimate additional, vector-valued parameters of the simulator.
We demonstrate these features on a collection of benchmark tasks, as well as a challenging real-world
task from glaciology. We compare the performance of FNOPE to SBI approaches that use fixed-
discretization or basis-function representation of the parameters, and show that FNOPE outperforms
these methods, especially for low simulation budgets. Thus, FNOPE enables efficient inference for
high dimensional inference problems that were previously challenging or even intractable.

2 Preliminaries

2.1 Simulation-based inference

SBI is designed to solve stochastic inverse problems: Given a simulator parametrized by , a known
prior distribution p( ) and an observation X 2 RNx, the goal is to infer the posterior p( j X) for



(typically) vector-valued parameters 2 RN : The simulator implicitly defines the model likelihood
p(x j ) by allowing us to sample X  p(X j ). We can construct a training dataset by sampling
from the joint p( )p(X j ) to construct a dataset of simulations S = F( ;; X;)gt<; for a number of
simulations K. Standard approaches in neural posterior estimation (NPE) approximate the posterior
g ( j X) with a normalizing flow, which is trained by minimizing the negative log-likelihood

E¢ xo~slogq ( jX) [1,3]. In contrast to this, flow-matching posterior estimation (FMPE) [9]

learns a conditional velocity field Vi, ( t) to iteratively denoise samples from a base distribution

(typically a Gaussian distribution) to the posterior distribution p( j X) . The velocity Vy., is trained
via the flow matching objective

Lempe = Eeata[0:1]:( )~Sizempe(zel YilVex  Ut(Ze ] )i (1)

where pe(z¢ J ) are the sample-conditional flow paths for z¢, and u¢(z¢ j ) are the true velocity
fields. The sample-conditional paths are chosen so that py and Uy are analytically tractable.

2.2 Fourier Neural Operators

We use FNOs [13]] to efficiently learn the posterior distribution of function-valued parameters. FNOs
are a class of neural operators using the Fourier basis as an intermediate representation of functional
data to learn mappings between function spaces. We assume to have a bounded domain D RY,
on which we define function spaces A(D; R%) and B(D; R%). The goal of neural operators is to
approximate some given operator G : A ¥ B by a learnable operator G : A ¥ B. In practice, the
function-valued data is represented as discretizations of sample functions aj 2 A;b; 2 B on the
domain D. A single-layer FNO, G : A ¥ B, is defined by

b(x) = (W a(x)+ (K a)(x)) 8x2D; 2)
where W is a learnable linear operator, is a (pointwise) non-linearity, and
(K a)(x) = F}(R (Fa))(x)8x 2 D:

Here, F and F 1 refer to the Fourier and inverse Fourier transformation, and R refers to some
operator acting on the Fourier modes of a. Typically, R is a linear transformation, and therefore
corresponds to a convolution in real space with K . But typically R only acts on the lower Fourier
modes, discarding higher ones, and therefore gives rise to a compact representation of high-resolution
data. However, as Eq. 2|includes the linear operator W a(X), FNOs are still able to capture local
structures.

3 Method

To extend the standard SBI setting to inferring function-valued parameters, we develop FNOPE by
extending FMPE with FNOs as backbone (Figs.[I[2). FNOPE takes the function-valued parameters
and observations X as input, and estimates the FMPE flow-field v for function-valued parameters
using a combination of several FNO blocks.

We assume that as well as X are evaluated on discretizations specified by positions | and I*, which
means we choose it from some set of (I ;1*) 2 D Dx«. Here, the parameter positions | are
independent of the observation positions 1* and can additionally vary between samples i. To adapt
the parameter prior to function-valued parameters, we define a prior draw as an evaluation of an

underlying measure (e.g., a Gaussian Process) at specific locations | : p; . The simulator then
returns observations X at locations I* following the likelihood pix(Xj ;I ). Many such simulations
create a dataset S = F(l;; ;15 Xi)gﬁil for a number of simulations K. The explicit usage of the
positions I* and | allows for flexible conditioning of the posterior.

3.1 Function-valued FMPE objective

To learn the velocity field v , we adapt the FMPE objective function [9] for the function-valued
setting. Given a discretized observation (Xo; IY), and a desired parameter discretization | , we want
to sample P ( J Xo; I3). This is done by first sampling from a base distribution ; p; ( ) and



then learning the velocity field v, (t; ¢ Xo; IX) for . In the following, we omit the arguments of v,
for clarity. The learned velocity field allows us to iteratively denoise 1 into a sample ¢ from the
target posterior distribution. Note that the noise distribution is discretized on the same positions | as

the parameter . Similarly to Eq. |1} the velocity field v, is optimized via the loss function
3)

Here, pe;; ( t] ) describes a known noising process such that 1 j is (approximately) drawn from
the base distribution p; ( ). Furthermore, U¢( ¢ j ) is the true vector field of the path defined by
Pet (t] t). We use the rectified flows formulation [18], such thatue( ¢] ) = (¢ ).

L1 = Etetaoali( ; p0~s: evpy (oI, Ue(ed i

The noise distribution, 1 p (), is com-
monly defined to be independent Gaussian white
noise, N (0; I). Such distributions give
rise to samples with a uniform power spectrum
of . As FNOs typically operate on the lower
frequency modes of their inputs, independent (
Gaussian white noise would not be a suitable
base distribution choice for our application. In-
stead, we sample noise from a Gaussian Pro-
cess GP(0; k(; )) [19,200, where k( ; ) is
the square exponential kernel with lengthscale
I. Using Bochner’s theorem (Appendix [S3.1))
[21} 22], the spectral density of samples is

P(F)=(@2 1> 2exp 2 2I17F2 ;

o (z,17)

]

frequency-limited
spectral decomposition

pointwise linear transformation

where d is the domain dimension of (and
therefore of ). We choose | to be dependent
on the highest Fourier mode M used by the
FNO. This ensures that the majority of the
signal power in the noise samples 1 is con-
served bg the FNO block. We use the heuristic
= which in expectation assures that

freq.-lim.
spec. decomp.,

linear transformation

~(M=2+1)’
> 99% of the spectral density of samples is
in the lower M frequency modes (derivation in
Appendix [S3.2). The covariance kernel k of the
Gaussian Process is scaled to have unit marginal
variance and defines the FMPE noise sampling
during training via

PCed )=N@@ B KA ;1))

Figure 2: FNOPE architecture. FNOPE is based
on several FNO blocks (gray): A FNO block re-
ceives the discretization-dependent spectral fea-
tures of the function-valued parameters and obser-
vations as an input and processes them in a linear
layer before transforming it back to the original do-
main via the approximate inverse transformation.
A pointwise linear operation on the input is added,

along with embeddings of the flow time, point po-
sitions, and vector-valued parameters. We expand
this setup to several parallel channels and stack
layers. The vector-valued velocities are separately
estimated via a MLP.

3.2 Adapting to non-uniform,
unseen discretizations of the domain

To operate on non-uniform discretizations, we
adopt the work of Lingsch et al. [23] and use a
FNO with a type II non-uniform fast Fourier transform (NUDFT, [24]). The NUDFT allows us to
approximate the first M spectral modes of data or parameters discretized on any N points in the
domain. We additionally add the positions | and I* to the input of the FNO blocks through multilayer
perceptrons (MLPs, omitted in Fig. | for clarity) [25 26].

In addition to non-uniform discretizations, FNOPE is also able to deal with distinct data and pa-
rameter discretizations at training and evaluation time. If we can query the simulator for arbitrary
discretizations | ; 1%, we can generate the training data with mixed discretizations. However, this
is not the case for all simulators. To mitigate errors when evaluating the posterior at non-uniform
discretizations unseen during training, we perform data augmentation during training. First, we
independently mask parts of the parameters and observations by randomly removing entries of ; and
Xi and the corresponding positions I; and I¥. Second, we add small, independent Gaussian noise to
the remaining positions (Appendix [S3.3).



In addition to this exible implementation, we provide and evalueMOPE ( X) , a variant of
FNOPE which uses the fast Fourier transform (FFT) in the FNO blocks and can be used for applica-
tions which exclusively consider parameters and observations discretized on uniform grids. The FFT
computes spectral component€d(N logN ) in the number of points in the discretizatibh, com-

pared toO(N M P) for the NUDFT, whereD is the domain dimension. Therefore, FNOPE scales
favorably with theparameterdimensionalityN (the number of points in the discretization), but
FNOPE ( x) scales favorably with thdomaindimensionalityD (details in Appendix S3.4).

3.3 Inferring additional parameters

As most real world simulators have additional vector-valued parametears extend the FNOPE ar-
chitecture to also infer their posterior distribution. Vector-valued parameters are drawn from a
known prior distributionp( ) and the model likelihood becomeg (xi j i;l;; ). The resulting
inference problem is to estimate the posterior distribugioi; j Xo;1¥). Hence, we now condition

the velocity eldv, additionally on the vector-valued parametersy embedding them into the
channel-dimension and subsequently adding them to the input of the FNO blocks (Fig. 2).

To estimate the velocity eld of the vector-valued parametergFig. 2), we use a multilayer
perceptron (MLP) to process the spectral features of the output of the nal FNO block together with
the vector-valued parameters and the spectral features of the observation. This approach results in a
network which targets the combined velocity = [v, ;v ]. The combined network can be trained

by an extension of the loss in Eq. 3,

where the nois@(z; j ) of the vector-valued parameters is given by a normal distribution
N (z;(1 t);t21),anduy = [u( ¢ j );u(z j )]. The vector eldu:(z j ) for the vector-
valued parameters is analogously de nedug&; j ) = ( z ). In practice, we separately normal-

ize the loss fow, andv by the number of parameters (Appendix S3.5).

4 Experiments

We apply FNOPE to four simulators: a Gaussian linear toy example, the SIRD model from epi-
demiology, the Darcy ow inverse problem and a real world application from glaciology (details in
Appendix S5).

For the linear Gaussian simulator, we can analytically compute the posterior distribution, allowing us
to compare the estimated posterior distributions to this ground truth using the Sliced-Wasserstein
Distance (SWD)27]. However, as is common in SBI applications, we do not have access to the
ground truth posterior for the other simulators. Instead, we use a combination of two metrics to
measure the quality of our posteriors: First, we report the predictive mean square error (Pred. MSE)
between ground truth observations and predictive simulations from posteriors conditioned on those
observations. We complement this metric with simulation-based calibration (SIB{Cdh the
posterior marginal distributions. We quantify posterior calibration using the Error of Diagonal (EoD),
measuring the average distance of the calibration curve of the estimated posterior from a perfectly
calibrated posterior. Good performance on both of these metrics is not a suf cient condition to
indicate a correctly estimated posterior, but healthy posteriors typically achieve good performance on
these metrics. All evaluation metrics are averaged over three runs and we report rstearard

error. We provide more details on all evaluation metrics in Appendix S2. We provide an overview of
training and sampling times, as well as network sizes and computational resources used for all tasks,
in Appendix S1.

4.1 Baseline methods

We compare FNOPE to three baseline methods: NPE (with normalizing ®ysinld FMPE P] on

the coef cients of the spectral basis functions of the parameters (NPE/FMPE (spectral) respectively,
details in Appendix S4). We also compare to FMPE with a xed parameter discretization (FMPE
(raw)).

For all baseline methods, we use tla toolbox[29]. For the SIRD simulator we compare to
Simformer BQ], a transformer-based amortized inference approach that is also capable of exible



discretization of function-valued parameters. The other baselines cannot be applied in their basic
version to this task because they do not support non-uniform discretizations of both parameters and
observations.

4.2 Linear Gaussian

We rst show the ability of FNOPE to approximate the
true posterior of a linear Gaussian, as commonly done
in SBI benchmarks31]. To illustrate FNOPE's ability

to infer a large number of parameters, we increase the
dimensionality to 1000. We also replace the independent
Gaussian prior in this task with a Gaussian process to
model smoothly-varying function-valued parameters.

FNOPE clearly outperforms all benchmark methods on

this problem (Fig. 3). With a training dataseti® sim-

ulations the SWD is close to zero for both FNOPE and

FNOPE (x). In contrast, both NPE and FMPE based

on spectral features need as manyL@&ssimulations to

achieve similar performance. Furthermore, this exam-

ple shows that the data augmentation applied in training

FNOPE, results in a small difference between FNOPE ahtgure 3:Linear Gaussian simulator.
FNOPE ( x), which is an effect of the introduced posiSliced-Wasserstein distance (SWD) to
tional noise. FNOPE learns a posterior under a sligh@yound truth posterior.

broader likelihood than what is de ned by the model and

for very constrained posteriors the posterior quality is slightly poorer. However, we will see that for
more challenging tasks, this is an acceptable trade off, as we gain exibility on evaluation points.

We perform ablation experiments (Appendix S7.1), and observe that the performance of FNOPE is
dependent on using suf ciently many Fourier modes in the FNO blocks (Fig. S1a,b). However, other
hyperparameters show less in uence on the performance (Fig. S1c-e).

4.3 SIRD: Inference on unseen, non-uniform discretizations

Next, we consider the Susceptible-Infected-Recovered-Deceased (SIRD) B&deldemonstrate

the ability of FNOPE to solve inference problems on non-uniform discretizations of the parameters
and observations that were not seen in the training data. In addition, we also show its ability to
simultaneously infer vector-valued parameters. The model has three parameters: recovery rate, death
rate, and contact rat83, 34]. We use the same setup as in Gloeckler €3], where we assume

that the contact rate varies over time, but recovery and death rates are constant in time. We sample
training simulations on a dense uniform grid for both parameters and observations. For evaluation we
sample 100 observations, each discretized on a different set of 40 randomly sampled time points in
[0; 50], using contact rates de ned on a distinct set of 40 randomly sampled times.

FNOPE, as well as Simformer, can reliably infer the posterior distribution (Fig. 4a) and the observa-
tions lie close to the mean of the posterior predictive (Fig. 4b). Both methods are comparable in terms
of MSE of posterior predictive samples to the observations, as well as producing well-calibrated pos-
teriors (Fig. 4c). When we use only 20 timepoints to condition on, the performance of FNOPE slightly
decreases (Fig. S2). This highlights the necessity of the FNO block to have enough observation
points to perform a reliable (approx.) Fourier transformation. We also observe that FNOPE performs
robustly across the base distribution lengthscale (Fig. S3). This experiment shows that FNOPE is on
par with the state of the art on this low dimensional problem: It successfully infers function-valued
parameters together with vector-valued parameters and can be conditioned on arbitrary discretizations
of the observations. However, FNOPE can also be applied to very high dimensional problems, as
shown in the following experiment.

4.4 Darcy ow: Scalable inference in high dimensions

The Darcy ow is de ned by a second order elliptic PDE and has been used to model many processes
including the deformation of linearly elastic materials, or the electric potential in conductive materials.



Figure 4: SIRD model. (a)
Posterior conditioned on 40 time
points. left: Posterior (mean
std.) of the time-varying param-
eter and ground truth parameters
(dashed)right: Two dimensional
posterior of vector-valued param-
eters and ground truth parame-
ters (dot). (b) Posterior predic-
tive (mean std.) of infected, re-
covered and deceased populations
with observations markedc) up-
per: MSE of posterior predictive
samples to observationslower:
Simulation-based calibration error
of diagonal (SBC EoD). "Lower
bound' refers to the SBC EoD for
uniformly sampled posterior ranks
(details in Appendix S2).

In the geosciences, the Darcy equation is used to describe the distribution of groundwater as a function
of the spatially variable hydraulic permeability, which can be inferred from point observations in
wells [35]. The Darcy ow is a common benchmark model for FNO applications, especially in the
context of training PDE emulator models [13, 36, 37].

We consider the steady-state of the two dimensional Darcy ow equation on a unit square:
r (a(x)r u(x)) =1 x 2 (0;1)?
u(x)=0 X 2 @0;1)%

wherea(x) 0Ois the permeability we want to infer ani{x) is the hydraulic potential. We adapt
the implementation from38], which provides a GPU-optimized solver. We use a log-normal prior
distribution for the permeability, similar to Lim et 487]: b=log(a) N(O;( + 1) ?),where
is the Laplacian operator and= 9. We sample the prior onB29 129grid which results in
16k parameters. For FNOPE, we use the 8&Fourier modes in both spatial dimensions and for
spectral NPE/FMPE we used the r$6 modes, resulting i2 16% = 512 parameter dimensions.
For all methods, we infer the log-permeability and evaluate in the original space (as in [37]).

Samples from the posterior inferred with FNOPE closely resemble the ground truth (Fig. 5a and
Fig. S6). Both FNOPE and FNOPE ( x) correctly capture the ne-structure of the posterior samples
and reproduce parameters at much higher delity than all baseline methods. While the spectral
methods learn oversmoothed posteriors that do not capture local structures, the posterior samples
from FMPE (raw) are much noisier and only capture the rough global structure. The posterior
means show a similar trend (Fig. S7), and the standard deviations of the baseline methods are higher
compared to FNOPE (Fig. S8).

The MSEs between posterior predictive samples and ground truth observations of FNOPE and
FNOPE ( x) are consistently better compared to the spectral baseline methods, especially at lower
simulation budgets, and are in the same range as FMPE (raw) (Fig. 5b). While all methods are
reasonably well-calibrated (Fig. 5c¢), the visual appearance is vastly different. We additionally
measure the posterior quality in terms of posterior log-probability (normalized by the number of
pixels) of the associated ground truth parametgd1]. FNOPE has a much higher log probability

(Fig. 5d) compared to FMPE (raw). FNOPE ( x) also achieves strong performance for a suf cient
number of simulations. As the spectral methods do not model the parameters directly, we cannot
calculate the log-probabilities they assign to the ground truth parameters. Overall, FNOPE is the only



Figure 5:Darcy ow. (a) Ground truth parameter and posterior samples for a simulation budget of
10* training samples (more posterior samples in Fig. $) MSE of posterior predictives to the
ground truth observation (FNOPE, FNOPE ( x) and FMPE (raw) visually overl@p)Simulation-
based calibration Error of Diagonal (EoD) for 50 dimensidia3.Posterior log-probability of ground
truth samples normalized by the number of dimensions (higher is better).

method that consistently performs well on all presented metrics. In additional ablation experiments
(Fig. S4), we show that FNOPE attains strong performance across different hyperparameter choices,
and that our lengthscale heuristic (Sec. 3.1) is an appropriate choice for this task.

4.5 Mass balance rates of Antarctic ice shelves: Real world application

Finally, we turn to a real-world task from glaciology: Inference of snow accumulation and basal
melt rates of Antarctic ice shelves from radar internal re ection horizons (IRB&¥[1]. Snow
continuously accumulates on top of the ice shelf. Over time, it is transported to larger depths where
the former surfaces are further deformed by ice ow and form internal layers of constant age, which
are measured by radar (Fig. 6a,b). The inference of accumulation and melt rates is a challenging
SBI task, where the model is misspeci ed, as it cannot accout for all real-world effects. We use an
isochronal advection scheme forward model as describezB]nlh this work, the authors consider
simulations on a grid of 500 points along a one-dimensional spatial domain and directly infer 50
parameters on a xed downsampling of this domain using NPE. We refer to this approach as NPE
(raw) and compare it to FNOPE and the baseline methods.

First, we evaluate all methods on a test set of simulations (Fig. 6¢). As with the previous tasks, the
performance of FNOPE d10° simulations is comparable to the performance of the other methods at
10° simulations in terms of predictive MSE, and is only marginally worsgGatsimulations. All
methods show a reasonable calibration in terms of SBC EoD at all simulation budgets (Fig. 6d).
We then test the performance of all methods on real data (88]in Posterior predictive samples

from FNOPE match the observation very well (Fig.6b), and while FNOPE still performs better at
low simulation budgets than the other methods, the relative improvement compared to the baselines
is smaller than the one observed on synthetic data (Fig. 6e). We note that this modeling problem
was explicitly set up by Moss et 4B9] so that NPE (raw) can infer the posterior using a feasible
number of simulations. FNOPE achieves the same performance with two orders of magnitude fewer



Figure 6:Mass balance rates of ice shelves. (&)easurement transect of the radar data in Ekstrom
Ice Shelf, Antarctica (adapted fror89], published under Creative Commons CC BY licengb).
Posterior predictive results obtained with FNOPE (trained @nsimulations), compared to radar-
based observation on one layer in the ice sHelf(e) Performance measures on test simulations and
the real observation, where NPE (raw) refers to the method used in [39].

simulations. Additionally, FNOPE is able to infer the full parameter dimensionality (500) instead of
downsampling to 50 dimensions (Fig. S5).

5 Discussion

We present FNOPE, a simulation-based inference method using Fourier Neural Operators to ef ciently
infer function-valued parameters. On a variety of task, we showed that FNOPE can infer posteriors for
function-valued data at very small simulation budgets compared to baseline methods, especially for
high-dimensional problems. In addition, by building upon existing work for FNOs on non-uniform
discretizations of the domain, FNOPE can generate samples from posteriors and observations de ned
on any discretizations of the domain, even if these discretizations were never seen during training.

Related work Scaling SBI methods to high-dimensional parameter spaces has been the focus of
many works which make use of state of the art generative modeling techniques such as generative
adversarial networks7], diffusion models 8, 10, 11] and ow matching P]. In particular, recent

works [30, 42] use a transformer architecture to tokenize function-valued parameters, allowing for
complete exibility in estimating conditional distributions. However, as these methods explicitly
model each point for discretized function-valued parameters, they are limited in terms of scalability.
Our FNO-based approach allows us to compactly represent the parameters, signi cantly lowering
the computational costs as the number of parameters grows. Finally, for applications where only the
one-dimensional marginal distributions of the Bayesian posterior are needed, it is possible to scale
SBI methods to higher dimensions, as the correlation between the parameters does not need to be
captured 43]. However, in most scienti ¢ applications the correlation structure is an essential object

of interest and marginal distributions are only of limited use.

Estimating function-valued parameters using FN@s-16] and other neural operatord49] has
been explored in previous work. A majority of these approaches consider deterministic inversion, or
estimating a single value for the parameters as opposed to targeting the Bayesian posterior. While



probabilistic generative models such as invertible Fourier Neural Operators (iFNOs, Lonfhé}al.
estimate a conditional distribution, they do not explicitly target the Bayesian posterior. We compare
the performance of iFNO on the Darcy task, and while it has comparable performance in terms of
predictive MSE, the uncertainty estimates are not well-calibrated and the conditional distribution
collapses to a tiny parameter region (Appendix S8).

The closest neighbours to our work are Lingsch ef&l], who use a FNO architecture with an
FMPE objective to learn vector-valued parameters and, additionally, learn an emulator producing
function-valued observations. The crucial difference to our approach is that their simulators are
deterministic and the inferred parameters are not function-valued. Recently, Linj3t]aleveloped

an approach for score-based modeling in function spaces using FNOs. This enables high-dimensional
posterior inference, but their approach is limited to uniform grids and does not allow for exible
conditioning.

Another related approach is diffusion posterior samplisg-p4], which seeks to learn a high-
dimensional prior distribution from samples using score-based models. The learned priors can then
be used to generate samples from the posterior using analytically tractable model likelibg .

Other works extended such approaches for intractable likelihddts§]. Similarly to diffusion
posterior sampling, we only require prior samples. However, instead of learning the prior distribution,
we learn the posterior distribution directly.

Limitations The FNO-backbone used by FNOPE inherently makes assumptions about the structure
of the parameters. These assumptions enable computationally ef cient inference, but result in
some limitations. First, the FNO assumes limited high-frequency information in the parameter and
observation domains. Therefore, they are ill-suited to infer parameters with high power in higher
frequencies—for example, parameters with discontinuities. This could potentially be addressed by
neural operators using other transforms, such as wavelet transfa®ng&{irthermore, to (accurately)
compute the FFT or NUDFT of the observations, we require suf ciently many points in their
discretization. Therefore, unlike other exible metho®9,[42], our approach cannot perform
inference using extremely sparse observations. Still, the SIRD experiment shows that even for
20 points we get reasonable estimations (Fig. S2). Finally, the computational complexity of our
approaches still scales exponentially with the domain dimension, which could be challenging in
high-dimensional domains.

Conclusion We presented FNOPE, a simulation-based inference approach for inferring function-
valued data. FNOPE can be applied to non-uniform, unseen discretizations of the domain, can scale
to large parameter dimensions, and can be trained using comparatively small simulations budgets. As
we show in various experiments, FNOPE can therefore tackle spatiotemporal inference problems that
were previously challenging or even intractable for simulation-based inference.
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Supplementary Material

S1 Software and Computational Resources

For all baseline SBI methods, we use #ie toolbox [29], for the Simformer baseline we use the
publicly available code from Gloeckler et §0] . We use an optimized solver to solve the Darcy
Flow PDE [38].

We use various compute resources for the different experiments. For each experiment, we run the
training and evaluation for each method, for each simulation budget, and for each of the three random
seeds separately. The summary of network sizes and compute times for all tasks are provided in
Tab. S1,52,S3.

For the Linear Gaussian and SIRD experiments, we perform our experiments on Nvidia RTX 2080ti
GPU nodes. Both simulators have negligible wall-clock costs on these GPU nodes. The Darcy
ow experiment required GPUs with higher VRAM to accommodate the largd @k dimensional)
parameters and observations. We performed these experiments on Nvidia A100 GPUs. For the
Antarctic Ice experiment, we perform training and evaluation on CPU, namely Intel Xeon Gold 16
cores, 2.9GHz. We perform this experiment on CPU as the main computation cost is in running the
simulations for the predictive MSE check, and the implementation of the model is not accelerated by
use of GPUs. The simulation costs are described in Moss et al. [39].

Table S1:Network sizes and training times for Gaussian Linear (GL) and Darcy Flow (Darcy)
tasks. We report the mean over 3 runs with a training budget of 10k simulations. Baselines estimating
the "raw" (untransformed) parameters are denoted (R) and those estimating Fourier coef cients are
denoted (S). Linear Gaussian task was run on a 2080ti GPU, Darcy ow on an A100 GPU.

Task  Metric FNOPE FNOPE (x) NPE(S) FMPE (S) FMPE (R)
GL # params. 110K 109K 567K 86.3K 299K
GL train (Tot.) [m] 3.12 1.98 6.77 2.46 5.14
GL train (/fepoch) [s] 0.99 0.87 2.17 0.24 0.31
GL sample (/sample) [ms] 2.16 1.06 0.05 0.24 0.20
Darcy # params. 11.6M 11.6M 3.54M 898K 9.18M
Darcy train (Tot.) [m] 72.2 41.8 20.5 10.9 12.2
Darcy train (/fepoch) [s] 20.3 26.2 2.82 0.66 0.73
Darcy sample (/sample) [ms] 280 35.2 0.21 1.95 2.70

Table S2:Network sizes and training times for SIRD. We report the mean over 3 runs with a
training budget of 10k simulations. Both methods were trained and evaluated on a 2080ti GPU.

Task  Metric FNOPE Simformer
SIRD # params. 117K 286K
SIRD train (Tot.) [m] 6.95 47.17
SIRD train (/epoch) [s] 1.19 9.43
SIRD sample (/sample) [ms] 0.22 0.22

Table S3:Network sizes and training times for Antarctic Ice (Ice) task. We report the mean over

3 runs with a training budget of 10k simulations. Baselines estimating the "raw" (untransformed)
parameters are denoted (R) and those estimating Fourier coef cients are denoted (S). All methods
were trained and evaluated on CPU.

Task Metric FNOPE NPE(S) FMPE(S) NPE(R) FMPE (R)
Ice  # params. 25.3K 236K 92.3K 361K 96.2K
Ice train (Tot.) [m] 47.4 19.7 31.6 6.80 33.5
Ice train (/epoch) [s] 9.82 4.21 1.92 5.64 2.02
Ice sample (/sample) [ms] 22.8 1.50 16.6 1.53 23.9
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S2 Evaluation details

We here describe more details about our evaluation procedures. We evaluate on a heldout test
setf ( ]° Ij ; J° xj°; Ijx)gf;ej‘, whereJiq is the number of test simulations. Given an approximate
posterior distributiorg (; ] x;1*) and a test observatic(lxjo; I7), we drawK post posterior samples
(ki) a5 xj°; Ijx). In the case where no vector-valued parametexge present, they can

be omitted. Similarly, for methods which do not explicitly use the positlopg (e.g. FNOPE ( x)),

the positions can be omitted, as we do not apply these methods to tasks where we consider arbitrary

discretizations.
We report the average and standard error ovehalltest simulations.

S2.1 Sliced Wasserstein Distance

Following Bonneel et al[27], we de ne the (empirical) sliced Wasserstein(-2) distance (SWD)
betweerN samples from two probability disétributiorp&andq as 3
! 1=2
1 X )
SWD(p; Q) = By ue 4 o Ix(9 w9z O @)
i=1
wherexy  p(X);yxk  q(y) are samples from the two distributionsare uniformly randomly

sampled vectors on the unit sph&e 1, andx{; yﬁk) are the 1-dimensionaith order statistics of
the projectionsl” Xy ; U” yx respectively. We calculate the SWD with 50 random projectioasd

K =1000 posterior samples.

S2.2 Simulation-based Calibration Error of Diagonal

Simulation-based calibration (SBQ){] is a standard measure of the calibration of approximate
posterior distributions (in terms of over- or undercon dence). We obtain rejpker each sample

( ?7x7) in the test set using SBC with the 1-dimensional marginal distributions used as the reducing
functions. That is, for each of the dimensiangf , the rankr;; is an integer in(1; K post+ 1) . This
results indst ranks. The cumulative distribution function of ranks is therefore

1 X
CDF( )= I I[rij =Kpost< [

test .
J

The SBC Error of Diagonal (SBC EoD) is then the mean absolute distance between this cumulative
distribution and the cumulative distribution%unction of a uniform distribution,
1

SBCEodi)= JCDFR() jd:
0

In contrast to the SBC area under the curve (SBC AUC), the EoD will detect poor calibrations
for posteriors that are overcon dent at low con dence leve]sand undercon dent at high (or
vice-versa).Finally, we report the average SBC EoD across the dimensions of

SBC EoD= NiSBC Eoli):

For SIRD, since the posterior dimensionalities are low, we compute an average SBC EoD over all
one-dimensional marginals of the posterior. For the Darcy Flow and Antarctic Ice tasks, we select a
subset of 50 marginal distribution for computing the SBC EoD, regularly spread across the domain.

S2.3 Predictive MSE

To calculate the MSE for posterior predictive samples, we run for each posterior Samgple; ),
and each true observatiedi, the simulatoxy; P (Xj k! ). Wethen compute the average
mean square error of the simulatigg to the corresponding observatioqs

JteXK post
T
Jtest post, _, =1 1)

MSE =
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wherejl{j is the number of points in the discretizatifnand therefore the dimensionality »f.
We use this metric since the simulators considered in this work correspond to (unknown) unimodal
likelihood functions—a correctly estimated posterior will produce simulations clustered around the
true observation. We opt for this metric to quantify predictive performance due its clear interpretability.
However, for multimodal likelihood functions, this metric can be replaced with a scoring rule.

S2.4 Posterior Log Probability

For the Darcy Flow task, we additionally report the posterior log-probability of the true parameters
[31], normalized by the number of pixels:

log-probability per pixekE ﬁ logqg (] x7;17):
J' ]

For the spectral methods NPE/FMPE (spectral), we cannot directly compute the posterior-log-
probabilities, as we can only compute the posterior-log-probabilities of theMrshodes of the
spectral decomposition of the ground truth parameg%rk-lowever, by discarding the information

of the higher modes, we remove the information which these baseline methods cannot capture, thus
biasing the resulting log-probabilities in favor of these baselines.

S3 FNOPE details

S3.1 Bochner's Theorem

We state Bochner's theorem following Williams and Rasmug$22h A complex-valued functiol
onRY is the covariance function of a weakly stationary mean continuous complex-valued random

process ofiRP if and only if it can be represented as
z

k()= exp?™ d (9 (®)
RD

for some positive nite measure. Crucially, in the less general but relevant case thatimits a
densityP (f ), the integral is a Fourier transform between the kekife) and the spectral density

P (f). We apply this result to relate the lengthscale of the square exponential kernel to the spectral
density of its Fourier decomposition in Sec. 3.1.

S3.2 Kernel lengthscale heuristic

The spectral density of samples from a Gaussian Process with a square exponential kernel of
lengthscalé is stated in Sec. 3.1 as

P(f)=(2 %) Zexp( 2 21%f?):

This is also a Gaussian density, and trivially we see that the full spectral power is
Z

P = P(f)d =1
Rd
We consider discretizations normalized®1] in each dimension, and so the power contained in the
rst M spectral modesy , corresponds to the above integral within the donjidifj, ~ M=2, i.e.
where all the components bfare within[ M=2; M=2]. ThereforePy, simpli es to the product of
the Gaussian integrals

1
Z =2 d

(212)¥2exp( 2 21%f;)d;
M=2

Pwm

M ¢

= erfﬁ?

" _#ly
Mpz

ERVE ;
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where erf is the Gauss error function, and in the last line we substituted our heluﬁstif:,vlle).

This value saturates the error function and produces values very close to 1. For example, for the
Darcy Flow exampleq = 2), we setM = 32. The resulting spectral power in the rst 32 modes is

P3,  0:9997 While individual samples from the Gaussian process can result in discrete Fourier
transforms where this spectral property is not ful lled, it is clear that the majority of the spectral

power will be contained in the rsil modes for all samples.

S3.3 Flexible discretization

We provide further detail of the data augmentation scheme introduced in Sec. 3.2. First, we describe
why this is necessary despite the use of the non-uniform fast fourier transform (NUDFT). The NUDFT
is applied as a matrix multiplication.= V(I ) , where is avector containing the rd¥1 spectral
components of, andV is the discretization-dependent transformation matrix. The inverse NUDFT is
similarly implemented as a matrix multiplication= V> (I ) , whereV~ is the conjugate transpose

of V. This approach enables the computational ef ciency of the NUDFT, as the exact inverse matrix
does not need to be computed at runtime. Howewerjs only an approximate inverse 9f, with

the approximation error increasing for increasing non-uniformity of the discretization.

Consider the common case where the simulation daté¢8ec. 3) provides parametersand
observationx; always discretized on the same, uniform simulation domain. Without data aug-
mentation, we always apply the NUDFT and its inverse without approximation error. However, if
we wish to condition a posterior off measured at some non-uniform discretizationthen the
NUDFT and its inverse will produce some error, which was unseen during training. This could lead
to unpredictable, out of distribution errors at evaluation time. By explicitly passing the positions
| andl* to the network, as well as augmenting them to ensure the network is not always applied
on uniform discretizations during training, we give FNOPE capacity to learn to counteract these
approximation errors.

Masking We de ne a uniform distribution over the binary mask vectors with a xed num-
ber of nonzero entried\lgs. Suppose we are given a simulationl ;x;1*), where ;1 con-

sist of N points, andx;|* consist of Ny points. We construct two random binary masks,
M 2f0;1gN ;MX 2f0;1gNx, each with exactlN 4 nonzero entries. We then remove the cor-
responding elements agfl whereM is zero, and similarly remove the corresponding elements
of x;1* whereM y is zero. For a minibatch of simulations, we independently sample the masks
M; ;M for each simulation. INgs > N or Ngs > N, we leave the corresponding value and
position vector unchanged. The valueMNs used in our work is reported for each experiment in
Appendix S6.

Positional noise We additionally add small, independent gaussian ngiseN (0; 2) to each
pointinl andl* in the unmasked positions. This reduces generalization error for simulation datasets
where the discretization ofandx is xed. The value of 2 can be set according to the spacing of
the discretization. In our experiments, we always normalize the simulation domi@iriian all
dimensions, and set=10 3.

S3.4 Fixed discretization

For applications with uniform grids, we provide FNOPE ( x). Here, we use the FFT instead of
the NUDFT in the FNO blocks to transform the data from physical to spectral space and back. In
addition, we do not mask any parameters during training and do not add any positional noise. We
expect this method to have improved performance on uniform grids as we do not introduce additional
noise through the data augmentation process described above.

Another potential advantage of FNOPE ( x) is its computational ef ciency. Consider the case
of a parameter discretized uniformly inxdimensional domain, with points per dimension,
leading to a total of.P points. The computational cost of computing the spectral decomposition
of the parameters using the FFTGELP logLP) = O(DLP logL). Assuming the maximum
number of modes in each dimension modeled by the FN® ,ishis leads tdV P total modes to
compute. Therefore, the computational cost of the frequency-limited NUDBTNsP LP). For
one-dimensional domains, the NUDFT may well be faster to compute than the FFT. However, for
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higher dimensions, the NUDFT scales exponentially with BdttandL . This discrepancy increases
with both the dimensionality of the domain, and the number of mddiesiodeled by the FNO
blocks.

S3.5 Additional Parameters

The naive extension of the FMPE objective as stated in Sec. 3.3 is to minimiké thssjjv  uyjj?,
wherev =[v, ;v Jandu; = [u¢( ¢j );Ut(z:] )]. However, the scale of the loss for the continuous

parametersjyv, ut( ¢j )jj? varies with the number of points in the discretizationwhich we
denoteN . To ensure that the loss is balanced for the function- and vector-valued parameters, we
in practice add theit ? losses, normalized by their respective vector dimensionalities. That is, we
minimize

E 1..V w4 )ji% + 1..V (i ii?

N et ) N tlze) )™

whereN is the xed dimensionality of . The expectation is over the same random variables as for
the statement of the lo$s, in Sec. 3.3.

S4 Baseline Methods

S4.1 Spectral preprocessing

For spectral NPE/FMPE we rst apply a Fourier transformation to the parameters, take the rst
M Fourier modes and expand thede complex values to a real vector of dimensiad 1
representing the real and imaginary parts (the imaginary part of the rst componentis always 0, hence
it is discarded). For two dimensional data, the same preprocessing re2Mgin 1 parameters.

After inferring the posterior of the parameters in Fourier space and sampling from it, we apply the
inverse Fourier transform to get samples in the spatial domain.

For the one dimensional problems (Linear Gaussian and Ice Shelf) we rst pad the data by replicating
the rst/last value and perform a real FFT wittrch.fft.rfft . We then use the rsM fourier
components and expand these complex numbers to a real tensor of din@visiarhich we use as

input to NPE/FMPE. For the Linear Gaussian and Ice Shelf wduse50; 10, respectively. We then
revert this process for samples from the posterior watbh.fft.irfft with the corresponding
settings.

For the two dimensional Darcy ow, we use the two dimensional FFT implementpgtorchon

the padded data (in mode replicate). We then center the frequencies before cropping tolthe rst
Fourier components in both dimensions, and expanding it to a real tensor of dim2ksforiFor
posterior samples we again revert this process with the corresponding settings.

S4.2 NPE (spectral)

For NPE (spectral) we infer the posterior over the coef cients of the MstFourier modes following

the spectral preprocessing described above. We use B]REtlf normalizing ows. We do not apply

spectral preprocessing to the observations but pass raw observations through an embedding net as it
is common practice in NPE.

S4.3 NPE (raw)

For the mass balance experiment (Sec. 4.5), we also compare to the approach of Md89Jt al.
which we refer to as NPE (raw). This approach infers the mass balance parameters on a xed
discretization of 50 gridpoints. The authors use a Neural Spline Flow with 5 transformations, two
residual blocks of 50 hidden units each, ReLU nonlinearities and 10 bins. The embedding net used
to embed the 441-dimensional observation is a CNN with two convolutional layers of kernel size 5,
with ReLU activations and max pooling of kernel size 2. The convolutional layers are followed by
two linear layers with 50 hidden units and output dimension 50. The same settings are used in the
500-dimensional experiment (Appendix S7.4). Training is performed with a batch size of 200 and an
Adam optimizer with learning rate of 0.0005.
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S4.4 FMPE (spectral)

As with NPE (spectral), in this approach we apply spectral preprocessing to the parameters, and
infer the coef cients of the topM Fourier modes, but process the observations directly using an
embedding net. We use MLPs to estimate the ows, as in Wildberger E&]ahs implemented in the

sbi toolbox [29]. This implementation also uses the recti ed o8] objective for FMPE, and we

use independent Gaussian noise as the noise distribution. The ow networks are conditioned on time
by concatenating the time to the inputs.

S4.5 FMPE (raw)

In this approach, we infer the parameters directly on a xed discretization of the domain. We again use
embedding nets to encode the observations, and MLPs to learn the ows. As with FMPE (spectral),
we use arecti ed ow objective, and independent Gaussian noise as the noise distribution, as in the
sbi toolbox. The ow networks are conditioned on time by concatenating the time to the inputs.

S4.6 Simformer

For the SIRD experiment, we apply Simformer with the same settings as in Gloeckl€3&al hat

is, we use a transformer model with a token dimensiod®B layers, andl heads. The widening
factor is 3, and the training was performed with a batch size of 1000 and an Adam optimizer. We
train Simformer to learn all conditionals, and so uniformly draw between the posterior, joint, and
likelihood masks, as well as two random masks drawn from Bernoulli distributionsowitl :3

andp = 0:7 respectively. For both SIRD experiments, where we evaluate on 20 and 40 time points
respective, we use the same Simformer model which is trained using 20 randomly sampled time
points.

S5 Simulators

S5.1 Linear Gaussian model

The Gaussian Simulator is inspired by Lueckmann ef3l], but instead of a 10 dimensional
Gaussian distribution with independent dimensions we expanded the problem to 1000 dimensions
and use a Gaussian Process prior (see below). Draws from the simulator are still drawn independently
per dimensionaz N (; 21),where 2=0:1(asin[31]).

Prior The prior is de ned as a Gaussian proc&B on [0; 1] with an equidistant discretization

with 1000 timepoints. A draw from the prior is therefore de ned asGP (0; k( ; )), wherek is the

squared exponential kernét; t% = exp( { thzo)z ). We set the lengthscale= 0:05 and variance

to 1. Only in the ablation experiments (Fig. S1a,b) we changed the lenghitsodleD05.

Evaluation parameters The results for Fig. 3 is based on 100 observations and 1000 posterior
samples for each observation.

S5.2 SIRD model

Similar to Gloeckler et al[30] we extend the SIRD (Susceptible, Infected, Recovered, Deceased)
model to have a time-dependent contact rate. Compared to the classical SIR framework the model
additionally incorporates a deceased (D) population. Similar models were explored by Chen et al.
[33], Schmidt et al[34]. This addition is important for modeling diseases with signi cant mortality
rates. The SIRD model, including a time-dependent contact @)eis de ned by the following set

20



of differential equations:

ds _
dt
dl

G- st
R
dt —
o _ .
dt =

(t)Sst;

Here, S, |, R and D are the susceptible, infected, recovered, and deceased popuigtisrthe

time dependent contact rate, andnd are the recovery and mortality rates among the infected
population. We simulate on a dense uniform grid of 100 time points for parameters and observations.
The simulations are additionally contaminated by an observation noise model, which is described by
a log-normal distribution with mea8(t) and standard deviation= 0:05.

Prior We impose the same prior as in Gloeckler e{30]: the global variables and are drawn
from a uniform distribution,; Unif(0; 0:5). For the time-dependent contact rate we de ne a
Gaussian process prior which is further transformed by a sigmoid function to ensurétihat[O; 1]

for all t. For the Gaussian process we use a RBF kéermig ned ask(t; t% = exp( ktz ;2"2)

Evaluation parameters MSE as well as SBC EoD is based on 100 observations with 1000 posterior
samples each (Fig. 4c and Fig. S2c). To calculate the posterior predictive, we sample the initial
conditionl (0) from the Simformer prediction for both methods, as opposed to the prior de ned
above, to match the setting of Gloeckler et al. [30].

S5.3 Darcy Flow

Details for the Darcy model are already given in the main text. We additionally scale the log-
permebilitya by the scale factor of 1000 before taking the exponential - this results in permeabilities
which produce suf ciently variable solutions using the Darcy ow simulator, and the permeabilities
on the same scale as reported in Lim ef2f]. The simulation output is additionally corrupted by an
independent Gaussian observational noise per pixeN (0; 2). We set ; = E[u?=30], where

the expectation is per simulation batch, resulting in a signal to noise ratio (SNR) of 30.

Evaluation Parameters All metrics are calculated over a test set of 10 observations (Fig. 5 b-d).
For MSE and SBC EoD, 100 posterior samples were used for each observation and for each method.
Finally, for SBC EoD, we use a subset of 50 pixels of the I2® 129as the marginals used for

the reducing functions. The same pixels were used across all methods and all observations.

S5.4 Mass balance rates of Antarctic Ice Shelves

We use the same simulator as described in Moss g%l. This model takes in spatially varying
surface accumulation ratagl), which are related to the basal melt ralbgly through the total balance
conditionm(l) = a(l) b(l). m(l) is known and xed across all simulations.

The layer prediction model consists of a set of isochronal layer with prescribed thicknesses

tal ice shelf thickness. At each time step, the thickness of the layers are simultaneously updated
through an advection equation,
@h _

@t r (heu);

whereu(l) is the known velocity pro le of the ice shelf which is xed across simulations. Additional

layers are added at the top of the ice shelf and removed from the bottom accordaifiyy bfl)
accordingly. The noise model approximates the observation noise of the radar measurement given an
assumed density pro le of the ice shelf. At the nal timestepthe layer that most closely matches
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the ground truth observatiot? according to thé 2-norm is selected as the simulator output. Full
details are described in Moss et al. [39].

Prior The prior is de ned over the accumulation rate paramaféy, and is motivated by physical
observations at Ekstrom ice shelf. Prior samples are drawn using

al) = sc_*  off; (6)

where o N (0:5;0:25%), s U ([0:1;0:3]), and _is drawn from a Gaussian Process with a
unit-variance, zero-mean Matérnkernel of lengthscal@500and = 2:5.

Evaluation Parameters For SBC EoD, as well as the predictive MSE on synthetic test simulations,

we use 100 test observations and sample 10 posterior samples for each observations and for each
method. The real test data consists of one eld observation (shown in Fig. 6a-b), and the posterior
predictive was estimated using 1000 posterior samples.

S6 Experimental details

S6.1 Linear Gaussian

For all the baseline methods, we train the networks using an Adam optimizer with a learning rate
of 0.0001, and a batch size of 200. For NPE/FMPE (spectral), we use 50 modes, leading to 100
parameters to learn, and a pad width of 20 for the spectral preprocessing (Appendix S4.1). For NPE
(spectral) the density estimator is a Neural Spline Flow (NSF) with 2 residual blocks with 50 hidden
dimensions each, 5 transforms, with RELU activations. For FMPE (spectral), we use an MLP with 5
linear layers with 64 hidden dimensions to estimate the ow, with ELU activations. In both cases, we
embed the 1000 dimensional observation into a 40-dimensional vector using an MLP with 2 layers
and 50 hidden units and RELU activations. For FMPE (raw), we use an MLP with 5 layers and 64
hidden features, with ELU activations.

For FNOPE and FNOPE ( x) we use 50 Fourier modes for the FNO blocks. We use 5 FNO blocks
with 16 channels, while the context is embedded into 8 channels. We train for a maximum of 500
epochs with an early patience of 50. We used a training batch size of 512 and a learning rate of 0.001.
For FNOPE, we use 4 channels each for the positional and time embeddings and the target gridsize
Ngs = 256 (for FNOPE ( x), no positional embedding is included). All nonlinearities are GELUs.

S6.2 SIRD

For FNOPE we use 32 Fourier modes for the FNO blocks. We use 5 FNO blocks with 16 channels,
while the context is embedded into 8 channels. We train for a maximum of 1000 epochs with
an early patience of 50. We use a training batch size of 200 and a learning rate of 0.001. The
discretization positions and ow times are embedded into 4 channel dimensions each, and the target
gridsizeN gs = 40. This experiment additionally included vector-valued parameteRg irfThese are
embedded into a 16-dimensional vector using a 1-layer MLP with a hidden dimension of 64. The ow
for the vector-valued parameters is estimated using an 1-layer MLP with a hidden dimension of 64.
The spectral decomposition of the output of the FNO blocks, as well as the spectral decomposition
of the observation, are embedded into a 32-dimensional vector and concatenated to the input of the
MLP. All nonlinearities were GELUSs.

The training hyperparameters for simformer are described in S4.6.

S6.3 Darcy Flow

For all the baseline methods, we train the network using an Adam optimizer with a learning rate
of 0.0001, and a batch size of 200. For NPE/FMPE (spectral), we use 16 modes, leading to
2 16> = 512 parameters to learn, and a pad width of 20 in each dimension for the spectral
preprocessing (Appendix S4.1). For NPE (spectral) the density estimator is a NSF with 2 residual
blocks with 50 hidden dimensions each, 5 transforms, with RELU activations. For FMPE (spectral),
we use an MLP with 8 layers with 256 hidden dimensions to estimate the ow, with ELU activations.
For FMPE (raw), we use an MLP with 8 layers and 256 hidden features, with ELU activations. All
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baseline methods embed the observation with a CNN embedding net into a 100-dimensional vector
using 4 convolutional layers with kernel size 5 followed by max pooling of kernel size 2, followed by
a 4-layer MLP with 100 hidden units, with RELU nonlinearities throughout.

For FNOPE and FNOPE ( x) we use 32 Fourier modes for the FNO blocks. The network is made
of 5 FNO blocks with 32 channels, while the context is embedded into 32 channels. We train for
a maximum of 300 epochs with an early patience of 50. We use a training batch size of 200 and a
learning rate of 0.0005. For FNOPE, we set the target griddige= 2048. The architecture includes

8 channels for positional embedding, and 8 channels for time embedding. All nonlinearities are
GELUs.

S6.4 Mass balance rates of Antarctic Ice Shelves

For all the baseline methods, we train the network using an Adam optimizer with a learning rate
of 0.0001, and a batch size of 200. For NPE/FMPE (spectral), we use 10 modes, leading to 20
parameters to learn, and a pad width of 20 for the spectral preprocessing (Appendix S4.1). For NPE
(spectral) the density estimator is a NSF with 2 residual blocks with 50 hidden dimensions each, 5
transforms, with RELU activations. For FMPE (spectral), we use an MLP with 5 linear layers with 64
hidden dimensions to estimate the ow, with ELU activations. For FMPE (raw), we use an MLP with

5 layers and 64 hidden features, with ELU activations. For all baseline methods, we used the same
embedding as Moss et §89], which was a CNN embedding the 441-dimensional observation into a
50-dimensional vector using 2 convolutional layers with kernel size 5 followed by max pooling of
kernel size 2, followed by a 2-layer MLP with 50 hidden units, with RELU nonlinearities throughout.
The con guration of NPE (raw) is described in Appendix S4.3.

For FNOPE we use 10 Fourier modes for the FNO blocks. The network is made of 5 FNO blocks
with 16 channels, while the context is embedded into 8 channels. We train for a maximum of 1000
epochs with an early patience of 50. We use a training batch size of 200 and a learning rate of 0.001.
We do not include the data augmentation procedure for this experiment, as the discretizations of both
observations and parameters was xed to the settin@€f We still include positional embedding

due to the parameter and observations being discretized differently to one another: the architecture
included 4 channels for positional embedding, and 4 channels for time embedding. All nonlinearities
are GELUs.

For the experiments on 500 gridpoints (Fig. S5) we use the same hyperparameters.

S7 Ablation experiments

S7.1 Linear Gaussian

To investigate the in uence of different hyperparameters on the performance of FNOPE, we ran
several ablation experiments. First, we studied the performance of FNOPE in the deliberately
insuf cient setting where the prior distribution over the parameter contains higher-frequency modes
than what is modeled by the FNO blocks. To this end, we changed the lengthscale of the prior
distribution for the Linear Gaussian task (Sec. 4.2) by a factdi0dab 0:005 resulting in higher
frequency components for the parameteWe then trained FNOPE with a varying number of spectral
modes in the FNO blocks. With a lower number of modes, the performance of FNOPE degrades,
and the posterior samples clearly miss the high frequency components present in the ground truth
observations (Fig. S1a,b). Second, we varied the number of unmasked points in the FNOPE training
procedure (Sec. 3.1). While the SWD decreases with the number of unmasked points, it saturates at
512 unmasked points, which is approximately half of the observed data (Fig. S1c). We then consider
changing the lengthscale heuristic used to de ne the base distribution for FNOPE (Sec. 3.1), by
dening | = Lo=M for the number of modeBl and some lengthscale scaling fackgy. In the
extreme cask o = 0, this corresponds to the base distribution sampling uncorrelated white noise
(WN). The lengthscale heuristic used in our work corresponds approximatelytot = 1:27.

In contrast to the other hyperparameter ablation experiments, varying the lengthscale scaling factor
does not seem to impact the performance of FNOPE considerably for this task. FNOPE performs well
over a wide range of lengthscale scaling factors (Fig. S1d). Finally, we consider a version of FNOPE
which keeps the masking scheme as described in Sec. 3.1, but without adding positional noise to
the remaining positions, which effectively only sees positions on the simulation grid during training
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(FNOPE (no jitter)). On this task, we evaluate on an equispaced grid, and we see that FNOPE (no
jitter) performs similarly to FNOPE (Fig. S1e). Therefore, the performance of FNOPE does not
degrade from the inclusion of positional noise in this task.

Figure S1:Linear Gaussian ablation experiments. (a)Performance fo0* training samples

in terms of SWD for the Linear Gaussian experiments with varying number of Fourier modes in
the FNO block. Note that we changed the lengthscale of the simulator prior by a factor of 10 to
0:005 (Appendix S5.(b) Power analysis of FNOPE ( x) samples and ground trattor different
number of used modes in the FNO blo¢&) Performance in terms of SWD for different numbers of
masked points in FNOPHKd) In uence of the lengthscale of the noise process on the SWD. “WN”
corresponds to white noise (an uncorrelated Gaussian distribu¢@rame as Fig. 3 with a version

of FNOPE in which we omit the adding of positional noise (FNOPE (no jitter)).

S7.2 SIRD

First, we compare the performance of FNOPE to Simformer on the SIRD task when using observations
at 20 (instead of 40) randomly sampled times (Fig. S2). The performance of FNOPE slightly degrades,
while Simformer still performs robustly. Second, we adapt the lengthscale heuristic used to de ne the
base distribution for FNOPE (Sec. 3.1), by de nihg Ly=M for the number of modeldl and some
lengthscale scaling facttry. The lengthscale heuristic used in our work corresponds approximately
toLg =4= 1:27. We observe that FNOPE performs robustly for a wide range of lengthscale
scaling factors.

S7.3 Darcy Flow

In the Darcy task, we ablate the number of modes used in the FNO block for FNOPE. We see
that while the MSE of posterior predictive simulation and posterior calibration as measured by
the SBC EoD of marginal distributions is not strongly affected by the number of modes used, the
posterior log-probability per pixel increases with the increased model capacity (Fig. S4a). This is
expected, as more modes allow FNOPE to estimate a more constrained posterior distribution, leading
to higher posterior densities. Second, we adapt the lengthscale heuristic used to de ne the base
distribution for FNOPE (Sec. 3.1), by de nirig= L¢=M for the number of models! and some
lengthscale scaling factary. The lengthscale heuristic used in our work corresponds approximately
toLo=4= 1:27. We see that increasing the lengthscale scaling factor improves the calibration
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Figure S2:SIRD model on 20 conditioning points. (a)Posterior conditioned on 20 time points.
left: Posterior (mean std.) of the time-varying parameter and ground truth parameters (dashed).
right: Two dimensional posterior of vector-valued parameters and ground truth parameterébjdot).
Posterior predictive (mean std.) of infected, recovered and deceased populations with observations
marked.(c) upper: MSE of posterior predictive samples to observatidoger: Simulation-based
calibration error of diagonal (SBC EoD). "Lower bound' refers to the SBC EoD for uniformly sampled
posterior ranks (details in Appendix S2). See Fig. 4 for the results with 40 conditioning points.

Figure S3:SIRD ablation experiments.In uence of the lengthscale of FNOPE's base distribution
(Sec. 3.1) on posterior quality in terms of MSE of posterior predictive simulations and Simulation-
based calibration error of diagonal (SBC EoD).

of the posterior learned with FNOPE. We observe that FNOPE achieves its best performance in terms
of posterior log-probability when the base distribution lengthscale scaling factor is set to a value
around our lengthscale heuristic (Fig. S4b).

S7.4 Mass balance rates of Antarctic Ice Shelves

We repeat the Antarctic ice mass balance experiment (Sec. 4.5), without downsampling the parameter
space from simulation to inference, i.e. inferring the full 500-dimensional posterior distribution
over the mass balance parameters. Overall, we observed that FNOPE maintains its performance
on this higher-dimensional problem (Fig. S5). For low simulation budgets, the performance of
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Figure S4:Darcy ablation experiments (a)ln uence of number of used modes in the FNO block on
different performance measures. The original experiments used 32 modes. Measures are the same as
in Fig. 5b-d.(b) In uence of the noise length scale on different performance measures. The original
experiments used a lengthscale ofl:27. Measures are the same as in Fig. 5b-d.

FNOPE exceeds the other methods in terms of predictive MSE for both synthetic and real observations.
As expected, spectral baseline methods signi cantly outperform the other baselines, especially at low
simulation budgets.

Figure S5:Mass balance rates of ice shelvetference of mass balance rates where the parameter
discretization uses 500 gridpoints (observation discretization remains unchanged). Performance
measures on test simulations and the real observation, where NPE (raw) refers to the method used in
Moss et al[39]. Results for FMPE (raw) omitted as this baseline was not able to always produce
samples within the prior bounds across all test observations. See Fig. 6 for the results based on 50
grid points.
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S8 Additional Results

S8.1 Additional Darcy results

Figure S6:Posterior samples Darcy ow experiment.Additional posterior samples for the Darcy
ow experiment for six distinct observations simulated from ground truth parameter
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Figure S7:Posterior means for Darcy ow experiment. Posterior means (based on 100 samples)
for the Darcy ow experiment for six distinct observations simulated from ground truth parameter
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Figure S8:Posterior standard deviation for Darcy ow experiment. Posterior standard deviations
(based on 100 samples) for the Darcy ow experiment for six distinct observations simulated from
ground truth parametey.
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