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Abstract

We study fundamental connections between coalition formation games and clus-
tering, illustrating the cross-disciplinary relevance of these concepts. We focus on
graphical hedonic games where agents’ preferences are compactly represented by
a friendship graph and an enmity graph. In the context of clustering, friendship
relations naturally align with data point similarities, whereas enmity corresponds to
dissimilarities. We consider two stability notions based on single-agent deviations:
local popularity and local stability. Exploring these concepts from an algorithmic
viewpoint, we design efficient mechanisms for finding locally stable or locally
popular partitions. Besides gaining theoretical insight into the computational
complexity of these problems, we perform simulations that demonstrate how our
algorithms can be successfully applied in clustering and community detection.

1 Introduction

Coalition formation and clustering are two research areas that capture different aspects of grouping a
set of entities in a meaningful or optimal way. While coalition formation studies autonomous agents
who have preferences over the various ways in which they can be partitioned into groups, clustering
aims to unearth hidden structure and similarities within a set of datapoints. Despite the shared theme
of group formation, there is no substantial interplay between these two research fields.

This study aims to investigate how different solution concepts emerging from coalition formation—in
particular, from hedonic games—can be used in data clustering. Traditional clustering metrics
measure the quality of the boundaries between the clusters or the average similarities within clusters.
We propose a criterion that is based on a form of stability: we aim for a clustering where no deviation
by a single agent (or data point) should lead to a more preferred outcome. We aim to investigate how
such stability notions can be harnessed in clustering algorithms.

Similarities and dissimilarities, the baseline concepts used by all clustering algorithms, can be
associated with relations of compatibility and of conflict between two agents. Leveraging this idea,
we focus on a model in coalition formation due to Dimitrov et al. [16] where agents’ preferences over
different coalitions are determined by their friendships and their enmities, represented as two graphs.
More precisely, we adopt the model of hedonic friends—enemies—neutrals (FEN) games [33, 37, 27]
where agents classify all other agents as a friend, an enemy, or a neutral, and each agent evaluates a
given partition based on the number of friends and the number of enemies in their coalition.
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Unfortunately, finding “optimal” or, in some sense, stable partitions often turns out to be a computa-
tionally intractable task. Since computational efficiency is often crucial in clustering applications,
we focus our attention on /ocal stability concepts requiring only that re-assigning a single agent
to a different coalition does not yield a partition deemed better for the majority of agents. Such
single-agent deviations were studied in FEN games by Kerkmann and Rothe [28] and, more recently,
in friends—enemies (FE) games—a model excluding neutrality—by Brandt et al. [10] who showed
that in a model where two partitions are compared by taking the majority vote of the agents, such
deviations converge into a locally stable partition in a polynomial number of rounds. We extend these
results to FEN games and also to a slightly more stringent stability concept, local popularity. As
opposed to the FE games studied by Brandt et al. [10], the option of neutrality introduces a flexibility
that allows focusing on relations between points that are either very similar, or very different. Further-
more, neutrality yields smaller degrees in the friendship and enmity graphs which, as we show, has a
huge benefit in terms of the convergence speed. Depending on the application under focus, different
emphasis might be given to grouping together similar data points versus separating dissimilar data
points. In the context of a FEN game, agents may put a significantly larger weight on the objective of
being grouped together with friends than being separated from enemies, or vice versa; a third, more
balanced approach is when agents treat these two objectives with the same importance. These options
give rise to three preference domains—friend-appreciating, enemy-averse, and balanced—whose
study may facilitate the application of our results to different clustering domains.

By identifying “similarity” with “friendship” and “difference” with “enmity,” we demonstrate via
simulations how our algorithms for finding locally stable or locally popular partitions can be used in
the context of data clustering. The stability property enforced by our algorithm is particularly useful
in clustering tasks where agents have meaningful local interactions or preferences. This includes
standard benchmarks such as citation networks (e.g., Cora [36]), email communication graphs (e.g.,
Enron [30]), and social networks, where misclassifying a node can distort community structure. By
ensuring that no agent prefers to switch to a different cluster based on local relationships, our method
yields clusters that are robust against local deviations. This distinguishes our approach from traditional
methods like k-means or DBSCAN, which may prioritize global fit over local consistency. As our
simulations attest, this interdisciplinary approach can be surprisingly successful when compared to
the most prevalent clustering algorithms. Thus we hope our work can spark a stronger cooperation
between these fields to explore the applicability of coalition formation games in clustering.

Related work. Although both hedonic games and clustering are widely studied, broad subjects, the
only work connecting these two areas we are aware of is by Feldman et al. [20] who study hedonic
clustering games in a noncooperative framework where clustering is obtained via decisions made
by independent agents. They propose two types of hedonic games for which they characterize Nash
equilibria and analyze the price of anarchy and the price of stability. Although some ideas appear
both in our model and theirs—e.g., the utilities of agents depending on their similarities with agents
within their own cluster and on dissimilarities with agents in other clusters—the models proposed
by Feldman et al. significantly differ from ours. Most importantly, while our work is rooted in
cooperative game theory, Feldman et al. take a noncooperative approach. In addition, although they
establish the existence of Nash equilibria for certain specific domains, their results do not seem to
lead to efficient, scalable algorithms for general clustering.

Regarding the broader literature related to our study, we only point out the most important precursors
of our work and a few key references for more background on the relevant research areas. Coalition
formation is a central topic in cooperative game theory. Starting with the seminal work of Dreeze
and Greenberg [17], researchers’ focus shifted to so-called hedonic games where agents’ preferences
depend only on the coalition they are contained in; see also [5, 8, 13] and the book chapters by Aziz
and Savani [4] and Bullinger et al. [11, Section 3.6]. FE games were introduced by Dimitrov et
al. [16] as a subclass of hedonic games with a concise description (namely, the agents’ friendship
relations). FEN games, the extension of their model that allows for neutrality, have also been
studied [14, 27, 28, 33, 37, 40]. Single-agent deviations and their induced dynamics were investigated
in FE games by Brandt et al. [10] who, in various settings, showed that such deviations converge
to a partition that fulfills certain stability concepts. Among the stability concept they considered is
what we call local stability; our work extends their results on this notion to FEN games. Our stability
concepts stem from the idea of popularity as introduced by Gérdenfors [22]. Popularity has been
widely studied in matching and allocation problems [1, 6, 15, 25, 26] and has also been considered in



the context of hedonic games by, e.g., Aziz et al. [3], Kerkmann et al. [27], Brandt and Bullinger [9],
Kerkmann and Rothe [29], and Bullinger and Gilboa [12].

For a recent survey on clustering—a fundamental problem in unsupervised learning aimed at dis-
covering structure in data by grouping similar elements—see [19]. Classical clustering methods
such as k-means, introduced by MacQueen [34], optimize intra-cluster similarity under geometric
assumptions, while DBSCAN by Ester et al. [18] identifies dense regions in data and is robust to
noise. The most relevant subfield of clustering for our purposes is community detection, which seeks
to partition the nodes of a graph into densely connected groups with sparse interconnections. Here,
the Louvain algorithm of Blondel et al. [7] and its improved variant Leiden by Traag et al. [41] are
state-of-the-art methods that optimize modularity to reveal community structure in networks. Our
main metric to compare our algorithms with k-means, DBSCAN, Louvain, and Leiden is the Rand
distance [39], which—assuming some true labeling for the data points—computes the fraction of
pairs of points that are correctly clustered together or separately.

Our contribution. We study two stability concepts in hedonic FEN games: local popularity and local
stability. The former—introduced in this paper—assures that no single agent can deviate such that
more agents improve than get worse, while the latter requires this only for Nash deviations (where the
deviating agent improves). Our main result is a simple algorithm that always finds a locally popular
partition in polynomial time if friendship and enmity relationships are symmetric in all three settings
(friend-appreciative, enemy-averse, and balanced). For asymmetric relationships, we show that a
locally stable partition can still be found efficiently in the balanced case, but all other settings yield
NP-hardness. See Table 1 for a summary of our results.

We also conduct an experimental study comparing our algorithms to common clustering and commu-
nity detection algorithms, in particular, to k-means, DBSCAN, Louvain, and Leiden. Our simulations
provided sufficient data to show that our algorithms are well suited for clustering and community
detection tasks, often outperforming existing solutions.

2 Preliminaries

Let N denote the set of agents. A subset C N is called a coalition; in particular, N is the grand
coalition. In this paper, partition refers to a family of pairwise disjoint nonempty subsets of N whose
union is N. Given a partition , the coalition in that contains i 2 N is denoted by  (i).

A hedonic game is a pair (N; ), where = ( j)izn is a preference profile that contains for each
agent i a weak preference list j over the possible coalitions containing i. That is, for any two
coalitions C;CY with i 2 C \ C', either C* ; C (meaning that C° is preferred to C by i), or
C i C (meaning that C is preferred to C° by i), or C? ; C (meaning that i is indifferent between
the two coalitions). In a hedonic game, the preference lists of the agents only depend on the coalitions
they are in. Hence, j also induces a weak ranking of agent i over the possible partitions.

Given an agent i 2 N, a partition , and a coalition C 2 [ f;g, the deviation where i leaves its
original coalition (i) and joins C (or forms a new coalition fig in the case when C = ;) is referred
to as the switch 1 ¥ C. We use ju ¢ to denote the partition resulting from by the switchi ¥ C,
thatis, juc =( nf (i);Cg) LT (i) nfig; C [ figg. We say that i has an incentive to join C if
C L[fig i (i);inthiscase,1 ¥ C isa Nash deviation. More generally, extending this notion to
partitions, we say that an agent j votes for (or, j votes against) a switchi ¥ C if j prefers juc
to (or, J prefers to juc, respectively). Further, we define

i1 it 0G) 5 G
votej( 5 = _ 1 if G) j 'G);

0 if () 5 'G)
.. P
for partitions and "overN.Let ( ; )= 5y pote;( %) be the sum of the agents’ votes
for against . We will further write  ;( ; ) = j2Nnfig votej( ; ) for the sum of votes

for 'against among all agents excluding agent i.

Definition 1. Given a partition , an agent i, and a coalition C 2 [ f;g, we say that the switch
i ¥ C locally dominates if ( ; juc) > 0;andthe switchi ¥ C locally blocks if it is a Nash
deviation that locally dominates . A partition is popular if for any partition °, we have that



( ;%) 0.Moreover, is locally popular if there is no switch that locally dominates , and is
locally stable if there is no switch that locally blocks

Note that a single deviation by one agent can also change the situation—and thus the voting behavior
on these two partitions—of other agents, giving rise to the above notions of local popularity and local
stability. Note further that local popularity implies local stability.

Preferences in FEN games. Dimitrov et al. [16] introduced a preference domain for hedonic games
where agents’ preferences over the coalitions containing them depend only on the number of friends
and enemies they have in their coalition. Thus, in a FEN game over agent set N, each agent i
classifies all remaining agents into one of three disjoint categories: those that i considers either
friends, enemies, or neutrals; we denote these agent sets by F (i), E(i), and N (i), respectively. The
friendship and enmity relations can be represented by two directed graphs, the frlendsth digraph
GF = (N; A7) and the enmity digraph GE = (N; AE), where an arc (i;j) 2 AF means that i
considers j a friend, whereas an arc (i; j) 2 AF means that i considers j an enemy. We denote by
the maximum number or arcs incident to any agent in G% or in GE. A FEN game is symmetric if
friendship and enmity relations are both symmetric; it is asymmetric otherwise.

FEN games are subclasses of so-called additively separable hedonic games [5] where each agent i
has a valuation function vi over N n fig that is defined as

¢ if i considers j a friend, i.e., j 2 F (i),
vi(J) = e if i considers J an enemy, i.e., j 2 E(i),
0  if i considers J a neutral, i.e., j 2 N (i)
for some integers p> 0and ¢ < 0, and agent i’s utility in a given coalition C containing i is
defined as u;(C) = j2cnfig Vi (J); we refer to the pair ( £; ¢) as the type of the FEN game. Then
the preferences of agent i are based on i’s utilities: for two coalitions C and C both containing i,
C i Clifandonlyif uj(C) u;(C"). Foracoaliton C N withi 2 C, we let fL = jF (i) \ Cj
and el = JE(i) \ Cj denote the number of i’s friends and enemies within C, respectively; then
ui(C) =fL ¢+eL e Theurility of agent i in a partition is ui( ) = ui( (i)).

Friend-appreciating, enemy-averse, and balanced preferences. Following Dimitrov et al. [16],
we introduce the following preference domains for FEN games. A FEN game with appreciation of
friends (or a FEN-AF game, for short) is a FEN game over agent set N whose type is (iNj;, 1).
Thatis, C CO holds for two coalitions C; C? with i 2 C \ C'if and only if either f' > flo, or
L =fl,andel ek.. By contrast, a FEN game with aversion to enemies (or a FEN-AE game,
for short) is a FEN game over agent set N whose type is (1 ij) That is, C j C? holds for
two coalitions C; C’ with i 2 C \ CUif and only if either el < el,, orel = ek, and fL  fL.
Finally, a FEN game with balanced preferences (or a FEN-B game, for short) is a FEN game with
type (1; 1).
Thatis, C ; C®holds fo two coalitions C; C’ with i 2 C \ C'ifand only if f el fL, el..
We will call uf(C) = fL el the balanced utility of i in C.

Problem definitions. Let us define the decision problems related to the existence of locally popular
and locally stable partitions.

Given a FEN game | of type ( f; ) defined over a set N of agents with a friendship digraph GF
and an enmity digraph GE, the LOCAL-POPULARITY-EXISTENCE problem asks if there exists a
locally popular partition for I; analogously, the LOCAL-STABILITY-EXISTENCE problem—given
the same input—asks if there exists a locally stable partition for I.

3 Local heuristics

We present two local heuristics, one to find a locally popular partition, the other to find a locally
stable partition. Both heuristics start from an arbitrary partition and iteratively modify it using only
single-agent deviations; the conditions that determine whether or not to perform a given switch is a
local condition that can be checked efficiently.

LocPop: 1. Start from an arbitrary partition
2. While there exists a coalition C 2 [ f;g and an agent i 2 C such that
(; inc)>0,replace with juc and continue.



Table 1: Summary of our results on the computational complexity of LOCAL-POPULARITY-
EXISTENCE and LOCAL-STABILITY-EXISTENCE. We remark that a locally stable or locally popular
partition always exists in the settings where the corresponding problem is proven to be in P. By
contrast, a locally stable or locally popular partition may not exist in those settings where the
corresponding problem is proven to be NP-complete (abbreviated as “NP-c”).

LOCAL-STABILITY-EXISTENCE LOCAL-POPULARITY-EXISTENCE

symmetric  asymmetric symmetric ~ asymmetric
FEN-B game P (Thm. 2) P (Thm.4) P (Thm. 2) NP-c (Thm. 9)
FEN-AF game P (Thm.2) NP-c (Thm. 7) P (Thm.2) NP-c (Thm.7)

FEN-AE game P (Thm.2) NP-c (Thm. 13) P (Thm. 2) NP-c (Thm. 13)

LocStab: 1. Start from an arbitrary partition
2. While there exists a coalition C 2 [ f;g and an agent i 2 C such that
(; inc)>0andC [ fig ; (i), replace with juc and continue.

LocPop and LocStab can both be modified such that the number of coalitions within the partition
remains fixed: it suffices to consider switches of the formi ¥ C where C 2 and fig 2 in Step 2.

In the rest of this section, we show that the above heuristics converge in certain FEN games, that is,
they arrive at a locally popular or locally stable partition in a finite number of steps. We remark that
LocPop and LocStab cannot guarantee to achieve popularity; in fact, we show in Appendix A that
deciding whether there exists a popular partition—or even just verifying popularity—is CONP-hard.

Our convergence results both for symmetric and asymmetric PEN games rely ongopotential function
that we define as the total balanced utility of agents: F( ) = o Ui( () =  ian f'(i) e' Giy-

3.1 Symmetric FEN games

Lemma 1. Fora FEN game | over agent set N, lg> be a partition, i 2 N an agent,and C 2 [f;g
a coalition with  ( ; juc) > 0. Then (a) j2Nnfig uj?( inc) uf( ) = iCi; ivc).
Moreover, if | is a symmetric FEN game, then (b) u}(C) uf( (i)) = it i; ivc) and
(f(Civc)=F()+2 (i ivc)

Proof. First, consider the agents in N n fig. Each such agent j may gain or lose a friend or an enemy
by the switch i ¥ C, and thus its balanced utility increases exactly by the value of votej( ; juc) 2
T 1;0;1g as a result of the switch i ¥ C. Summing up the increase in the balanced utility of all
agents in N n fig, we therefore obtain  j( ; juc), proving statement (a) of the lemma.

Assume now that | is symmetric. Consider the contribution of agent i to f( juc) T( ). The
change in the balanced utility of i as a result of the switch i ¥ C is exactly uj(C) uj( (i)) =

i( ; iwc) as friendships are symmetric, so each agent who gains (or loses) a friend or an enemy
duetoi ¥ C isin turn a friend or an enemy gained (or lost) by i; this yields statement (b).

Statement (c) then follows by summing up (a) and (b). O

Theorem 2. In a symmetric FEN-AF, FEN-AE, or FEN-B game, irrespective of the initial partition,
heuristic LocPop always converges in O(n  2) steps (in O(n ) steps for FEN-B games) to a locally
popular (and thus also locally stable) partition, and heuristic LocStab always converges in O(n )
steps to a locally stable partition.

Proof. Consider a step in heuristic LocPop or LocStab where a partition is replaced by s ¢ for
some agent i 2 N and coalition C 2 [ f;9. Then ( ; juc) > Oimplies i( ; juc) O
By statement (b) of Lemma 1, this immediately yields that f( juc)  F( ), meaning that T is
nondecreasing during the execution of the heuristic. As the total balanced utility is within the range
[ n ;n ], there can be at most 2n  steps when f( ) strictly increases.

Let us now consider the case when f( jxc) = f( ), i.e., the potential function does not increase;
our aim is to bound the number of such steps during the execution of the heuristic. By statement (b)
of Lemma 1, by f( juc) = f( ) we musthave j( ; j»c) = 0. By statement (a) of Lemma 1,

(5 iee) =T e Flg+el =0 (1)



We introduce g7 () =jf(i;j) 2A" : ()= (@)giandg=( )= jf(i;j))2A%: ()= G)gi.
We distinguish between the following three cases depending on the type of the FEN game.

Case 1: Balanced preferences. By Lemma 1, the switch i ¥ C increases the balanced util-

ity of i by exactly j( ; juc)=0. Since agent i has balanced preferences, this implies
votej( ; ijxc) = 0. However,then ( ; j»c) = O follows, contradicting our assumption that the
condition ( ; jwc) > 0holds. This proves f( juc) > f( ) for balanced preferences.

Case 2: Friend-appreciating preferences. Since we assumed friendships to be symmetric,
gF(inc) g7 () =2fL 2f'(i). We claim that g7 ( s c) > g7 ( ). Indeed, as the switchi ¥ C
was performed by the heuristic based on the condition ( ; jxc) > 0, it follows that agent i must
prefer juc to ; hence, either L > f'(i) holds as promised, or fL = f'(i) and e, < e' Gy}
however, (1) excludes the latter.

Case 3: Enemy-averse preferences. Since we assumed enmities to be symmetric, we have
95(Cisc) 95() = 2¢'; 2e¢. We claim that g5( ixc) > g5( ). Asin Case 2, we

have ( ; jxc) > 0, which implies that agent i must prefer j»c to ;hence, either eE <el (i)
holds as promised, or e{z =gl o and f(i: > fi @i’ however, (1) again excludes the latter.

Total number of steps. We have shown that the number of steps when the potential function f
strictly increases is at most 2n . In each such step, g© and g& might each decrease by at most
yielding an upper bound of 2n 2 on the total decrease during the algorithm. Since g% takes values
within [0;n ] and gF between [ n ;0], the number of steps when f( ) does not increase is at
most 2n 2 +n . This gives a bound of O(n 2) on the number of steps taken by the heuristics.

It remains to show that heuristic LocStab (and LocPop for FEN-B games) converges in O(n ) steps.
In FEN-B games, T always strictly increases, as we showed, hence we need O(n ) steps. Otherwise,
in FEN-AE and FEN-AF games, a switch i ¥ C is only performed in LocStab if f¢ ! a (or

ifel e i)’ hence gF (or gF, respectively) never decreases. Thus the number of steps when f
does not increase is at most N in FEN-AF and FEN-AE games, proving the claim for LocStab. [

By applying an efficient way to decide if a switch is locally dominating and by using a carefully
maintained data structure for quickly finding such switches, our heuristics can be implemented in
near-linear time if the maximum degree  of the friendship and enmity digraphs is constant; see
Appendix B. As efficiency is often paramount in clustering, we believe that this result significantly
widens the possibilities for applying our heuristics in practical clustering instances. Theorem 3 is
proven in Appendix B, while all further results marked with (?) are proven in Appendix D.

Theorem 3 (?). LocPop can be implemented to run in O(n 3 logn) time (or O(n 2 logn) for
FEN-B games) and LocStab can be implemented to run in O(n 2 log n) time.

3.2 Asymmetric FEN games

The following example shows that heuristics LocPop and LocStab may not stop in an asymmetric
FEN game with friend-appreciating or enemy-averse preferences.

Example 1. In an asymmetric FEN-AF or FEN-AE game, heuristics LocPop and LocStab can run into
a cycle and never stop. Let there be seven agents: 0; 1;:::; 6. Each agent i considers (i + 1) mod 7
a friend but (i +2) mod 7 and (i + 3) mod 7 enemies; see Figure 1a for an illustration. (Here and
anywhere else, all relations that are not explicitly mentioned are tacitly assumed to be neutral.)

In the AF domain, let the initial partition be ¥f0; 1; 2; 3g; f4; 5; 6gg. Then agent 3 has an incentive
to join T4;5; 6g and this switch takes place, as agents 0, 1, and 3 vote for it and only agent 2 votes
against it. By symmetry, this creates a loop: agent 6 switches next, then agent 2, then agent 5, etc.

In the AE domain, let the initial partition be Ff0; 1g; ¥2; 3g; f4; 5; 6gg. Then agent 4 has an incentive
to join 2; 3g and this switch takes place, as agents 4 and 3 vote for it and only agent 2 votes against
it. Again, this creates a loop: agent 2 switches next, then agent 0, then agent 5, etc.

Example 2. In an asymmetric FEN-B game, heuristic LocPop can run into a cycle and never stop.
Let the agent set be f0; 1; 29, where each agent i considers (i 1) mod 3 a friend and (i + 1) mod 3
an enemy. Let the initial partition consist of two coalitions: ¥0; 1g and 2g. Then both 0 and 2 vote



(a) The FEN game in Example 1. (b) An AF-gadget on 11 agents. (c) A B-gadget.

Figure 1: Illustration for Example 1 and Definitions 2 and 3. We use thick, blue arrows for friendship
arcs and thin, red ones for enmity arcs (some enmity arcs in (b) are shown in gray for better visibility).

for the switch of 1 ¥ 2g, which hence takes place. Next, the switch 2 ¥ f0g takes place, followed
by the switch 0 ¥ Flg, and the heuristic arrives back at the initial partition.

Contrasting Examples | and 2, heuristic LocStab always stops if agents’ preferences are balanced.

Theorem 4 (?). In a possibly asymmetric FEN-B game, the total balanced utility of all agents
strictly increases in each step of heuristic LocStab; consequently, heuristic LocStab always converges
in O(n ) steps to a locally stable partition, irrespective of the initial partition.

4 Hardness results for local popularity and local stability

Friend-appreciating FEN games. Let us introduce the gadget which lies at the heart of our hardness
results on FEN-AF games; see Figure 1b for an illustration.

Definition 2. Let k 5 be an integer with (2k + 1) mod 3 & 0. A set T0;1;:::;2kg of agents
forms an AF-gadget of size 2k + 1 if each agent i considers (i +1) mod (2k + 1) a friend (so that the
friendship graph is a directed cycle) and considers (i+2); (i+3);:::;(i  4) mod (2k + 1) enemies.

Theorem 5 (?). The asymmetric FEN-AF game consisting solely of an AF-gadget admits no locally
popular partition.

Building on AF-gadgets, a more involved construction shows that even a locally stable solution may
fail to exist. In fact, Theorem 7 shows that it is NP-hard to decide whether a locally popular or a
locally stable partition exists; our reductions are from 5-SAT and make ample use of AF-gadgets.

Theorem 6 (?). There exists an asymmetric FEN-AF game that admits no locally stable partition.

Theorem 7 (?). LOCAL-POPULARITY-EXISTENCE and LOCAL-STABILITY-EXISTENCE are NP-
complete for FEN-AF games.

Balanced FEN games. Turning our attention to balanced FEN games, recall that given a FEN-B
game |, heuristic LocStab always finds a locally stable partition for | in polynomial time, as stated in
Theorem 4. By contrast, we introduce a gadget that is similar to the AF-gadget from Definition 2 but
is tailored for showing that FEN-B games may not admit a locally popular partition. Relying on B-
gadgets, by a reduction from the NP-complete problem 3-COLORING we can show the NP-hardness
of the related decision problem, as stated in Theorem 9.

Definition 3. A set T0;1;:::; 69 of agents forms a B-gadget if each agent i considers (i + 1) mod 7
and (i + 2) mod 7 a friend and considers (i + 3); (i + 4); (i +5) mod 7 enemies.

Theorem 8 (?). The asymmetric FEN-B game consisting solely of a B-gadget admits no locally
popular partition.

Theorem 9 (?). LOCAL-POPULARITY-EXISTENCE is NP-complete for FEN-B games.

As we have shown in Theorem 4, heuristic LocStab increases the agents’ total balanced utility—the
potential function f—in each step when running on a FEN-B game. Hence, a partition ~maximizing
T ( ) is locally stable but, as Theorem 8 shows, not necessarily locally popular. Interestingly, not



Figure 2: Illustration of the AE-gadget as defined in Definition 4. Here we denote friendship arcs as
thin, blue lines and enemy arcs as thick, red lines.

even a popular partition is guaranteed to reach the maximum total balanced utility, even in symmetric
FEN-B games; see Proposition 10. Moreover, deciding whether there exists a partition that achieves
a given total balanced utility is NP-hard, as shown by Theorem 11.

Proposition 10 (?). There exists a symmetric FEN-B game that admits a partition that is popular but
does not maximize the agents’ total balanced utility.

Theorem 11 (?). Given a symmetric FEN-B game | and an integer t, the problem of deciding
whether | admits a partition whose total balanced utility is at least t is NP-complete.

Enemy-averse FEN games. Similarly to the gadgets from Definitions 2 and 3, we introduce an
AE-gadget for FEN-AE games for proving that such games may not admit a locally stable partition.
A reduction from 3-SAT based on AE-gadgets shows the intractability of deciding the existence
of locally popular or locally stable partitions. For k 2 N n f0g, we write [K] as a shorthand
for f1;2;:::;Kkg.

Definition 4. An AE-gadget over a player set K = fcg [ fh; : 1 2 [12]g [ fa;; di; % : 1 2 [3]g
has the following friendship and enemy relations: ¢ considers a; and d; for i 2 [3] friends and
agents X1, Xz, X3, b11, and by, enemies; bj considers ¢, bj+1, and bj+2 a friend for each i 2 [8]; bg
considers byg a friend, and b1g considers by; a friend; b1; and by, consider each other and all agents
in fbj : i 2 [10]g friends and ¢ an enemy; @; considers Xj, dj, and ¢ a friend for each i 2 [3]; d1, d2,
and d3 consider ¢ a friend; and X; considers a; a friend for each i 2 [3]. See Figure 2.

Theorem 12 (?). The asymmetric FEN-AE game consisting solely of an AE-gadget admits no locally
stable partition.

Theorem 13 (?). LOCAL-POPULARITY-EXISTENCE and LOCAL-STABILITY-EXISTENCE are NP-
complete for FEN-AE games.

5 Simulations

We complement our theoretical study with a range of experiments.

Setup. We implemented LocPop and LocStab in Python and run the simulations on a computer with
AMD Ryzen 7735HS CPU and 16GB RAM. All codes are available in the supplementary material.

For our algorithms, we chose parameters ¥ e 2 [0; 1] to create the friendship and enmity graphs: for
two data points X and y at distance d(X;y) in an instance 1,' we added (X;y) to the friendship graph

"When points are described via their coordinates, we take the Euclidean distance, while in an instance
described as a network, the distance of X an Yy is measured by the number of edges of a shortest Xy-path.



ifd(x;y) f diam(l) and to the enmity graph if d(X;y) > e diam(l), where diam(l) denotes
the diameter of 1, i.e., the maximum distance between any two points in |. We used the parameter
values (f;e) 2 £(0:2; 0:2); (0:25; 0:35); (0:4; 0:4)g. For each parameterization, we considered the
appreciation-of-friends (AF), aversion-to-enemies (AE), and the balanced (B) preference domains.

Community Detection. For community detection, we used four different datasets.

1. Karate club [23, 31, 43]: a 34-node benchmark dataset for community detection.

2. Jazz musicians [24, 32]: collaboration network of 198 jazz musicians; nodes represent
musicians, edges represent co-membership in a band.

3. Cora dataset [36, 35]: a citation network of 2708 machine learning papers classified into
seven classes; edges denote citation links.

4. Random-25: an instance containing 25 disjoint Erdés-Rényi graphs (10 nodes each, with
p = 0:2) as communities; inter-community edges added independently with probability 0:05.

We compared our heuristics with two state-of-the-art algorithms, called Louvain and Leiden [2]. We
tested our heuristics with respect to several different parameters. In particular, we considered the
following variations for the initial clustering: (i) putting each agent into a singleton cluster (LocPop-S,
LocStab-S), (ii) dividing agents randomly into Kk clusters where K is the predicted number of clusters
(LocPop-P, LocStab-P), and (iii) using the output of the Leiden algorithm (LocPop-Ld, LocStab-Ld).

For evaluation, we used Rand index and modularity, both commonly used metrics. The Rand index
assumes underlying true labels for the data points, and measures the similarity of the obtained
clustering to the true clustering. More precisely, it computes the fraction of such (X; y) pairs where X
and Yy are correctly put together or into different clusters. By contrast, modularity does not necessitate
a true labeling, but instead evaluates how well the graph underlying the instance is divided into
clusters, based on the number of edges within the clusters in between different clusters. See Figure 3
and Appendix C.1.
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Figure 3: Comparing Rand index of Leiden, Louvain, and LocPop variants on the Karate club dataset
(left) and the synthetic dataset Random-25 (right). In all figures henceforth, 2-sigma error bars show
the standard deviation of the plotted data.

Clustering. For our clustering simulations, we used four datasets.

1. Iris dataset [21]: 150 samples from three Iris species, features are sepal and petal sizes.

2. Breast cancer Wisconsin dataset [42]: 569 samples from diagnostic images (30 dimen-
sional datapoints).

3. Moons dataset [38]: two half-moons generated by make_moons (300 points, 0:05 noise).

4. 3-Circles dataset: 300 points in three slightly overlapping circles centered at (0:5; 0:5),
(0:7;0:3), and (0:1; 0:7) with radius 0:2 and Gaussian noise (std = 0:05).

We compared our algorithms to two widely used clustering algorithms, k-means and DBSCAN,
using their initial parameters. We tested our heuristic with respect to several different parameters. In
particular, we considered the following variations for the initial clustering: (i) putting every agent
into a singleton cluster (LocPop-S, LocStab-S), (ii) dividing the agents randomly into K clusters
where K is the predicted number of clusters (LocPop-P, LocStab-P), (iii) using the output of k-means
(LocPop-kM, LocStab-kM), and (iv) using the output of DBSCAN (LocPop-D, LocStab-D).



Figure 4: Comparing Rand index (left) and silhouette score (right) of k-means, DBSCAN, and
LocPop variants for the Iris dataset.

To evaluate the outputs, we considered the Rand index and silhouette score, both being commonly
used metrics in clustering. As opposed to Rank index, silhouette score does not assume the existence
of a true labeling of the given data points, but evaluates the quality of the obtained clustering by
measuring the cohesion within clusters as well as the separation between different clusters. See
Figure 4 and Appendix C.2.

Key insights from experimental results. Our algorithms run within seconds, except for Cora, where
computation takes 3-5 minutes, probably due to high degrees in the friendship and enmity graphs.
LocPop and LocStab performed very similarly, with LocStab depending more on the preference
domain, so we discuss LocPop here. A more detailed evaluation can be found in Appendix C.3.

LocPop demonstrated strong and consistent empirical performance, performing very similarly over
the three preference domains (AF, AE, and B) . We observed that parameter tuning can significantly
affect outcomes, usually either the setting (0:2; 0:2) or (0:4; 0:4) performed best, and (0:25; 0:35)
performed consistently between them. Interestingly, stronger performance on standard clustering
metrics (silhouette score) often did not align with being closer to the true labels (Rand index).

In community detection tasks, LocPop matched or outperformed Louvain and Leiden with respect to
the Rand index, particularly excelling on the Karate club (  50% better) and Random-25 ( 10%
better) datasets. The LocPop-Ld variant also matched them with respect to modularity. In clustering
benchmarks, it mostly surpassed DBSCAN in both silhouette score and Rand index, and also matched
or outperformed k-means (with up to 20% in 3 Circles and Iris in silhouette score). These findings
indicate that LocPop is both theoretically grounded and competitive in practice, offering a flexible and
efficient approach for structure discovery while providing additional robustness against deviations.

6 Conclusion

We have investigated the computational complexity of finding a popular, a locally popular, or a locally
stable partition in FEN-AF, FEN-AE, and FEN-B games and identified which cases were solvable
efficiently and which were NP-hard. Our algorithms can also be interpreted as dynamics of agents
based on single-agent deviations and majority-based decision making.

Our experimental study provided sufficient background to show that social-choice concepts like local
stability and local popularity may lead to efficient clustering and community detection techniques.
Furthermore, by their nature, these concepts may often provide fairer solutions that are also more
stable against potential deviations, which—as argued in the introduction—is particularly relevant in
scenarios where data points correspond to agents capable of making independent actions.
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NeurlPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately re ect the
paper's contributions and scope?

Answer: [Yes]

Justi cation: In the abstract, we claim to study algorithmic questions related to graphical
hedonic games—this is done in detail in Sections 3 and 4—and argue that our algorithms
are also applicable for general clustering and community detection tasks—which is backed
up by our simulations in Section 5.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

» The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

» The claims made should match theoretical and experimental results, and re ect how
much the results can be expected to generalize to other settings.

* Itis ne to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justi cation: The main limitation for our algorithms is the relatively slow running time for
very dense graphs, as stated in Theorems 3 and 4. This is discussed in detail in Appendix C.3
along with a possible way to overcome this issue.

Guidelines:

» The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

The authors are encouraged to create a separate "Limitations” section in their paper.
The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-speci cation, asymptotic approximations only holding locally). The authors
should re ect on how these assumptions might be violated in practice and what the
implications would be.

» The authors should re ect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

The authors should re ect on the factors that in uence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

» The authors should discuss the computational ef ciency of the proposed algorithms
and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren't acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be speci cally instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs
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Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justi cation: We provide the formal de nitions for our framework in Section 2 and prove
each of our statements rigorously in Sections 3 and 4. Note that due to space constraints,
many of these proofs are deferred to Appendix D.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

« All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

« All assumptions should be clearly stated or referenced in the statement of any theorems.

» The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

« Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

» Theorems and Lemmas that the proof relies upon should be properly referenced.
. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justi cation: We provide all the codes used for our simulations and synthetic datasets in
the supplementary material les of the submission. For the publicly available datasets, we
provided citations for their availability.

Guidelines:

« The answer NA means that the paper does not include experiments.

« If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or veri able.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suf ce, or if the contribution is a speci ¢ model and empirical evaluation, it may

be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurlPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).
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(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with suf cient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justi cation: We provided all the codes used for our simulations in our supplementary
material les. We only used publicly available datasets, and synthetic datasets—for which
the codes are also included—rendering our simulations completely reproducible.

Guidelines:

» The answer NA means that paper does not include experiments requiring code.

» Please see the NeurlPS code and data submission guiddiityes/(nips.cc/
public/guides/CodeSubmissionPolicy ) for more details.

» While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

 The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurlPS code and data submission guidetpees (
/Inips.cc/public/guides/CodeSubmissionPolicy ) for more details.

» The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

» The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

« At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

» Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details
Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?
Answer: [Yes]

Justi cation: Our simulations did not include training, nor data splits. Regarding the tests,
we provide all the parameters and setting we used in Section 5.
Guidelines:

« The answer NA means that the paper does not include experiments.

» The experimental setting should be presented in the core of the paper to a level of detalil
that is necessary to appreciate the results and make sense of them.

 The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment statistical signi cance

Question: Does the paper report error bars suitably and correctly de ned or other appropriate
information about the statistical signi cance of the experiments?

Answer: [Yes]

Justi cation: We provide 2-sigma error bars for all our plots in Section 5. The caption of
Figure 3 describes the type of error bars used. We note that in many cases, the bars are too
small (e.9.10 *) to be visible in the gure.
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Guidelines:

» The answer NA means that the paper does not include experiments.

» The authors should answer "Yes" if the results are accompanied by error bars, con -

dence intervals, or statistical signi cance tests, at least for the experiments that support

the main claims of the paper.

The factors of variability that the error bars are capturing should be clearly stated (for

example, train/test split, initialization, random drawing of some parameter, or overall

run with given experimental conditions).

» The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

» The assumptions made should be given (e.g., Normally distributed errors).
« |t should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% Cl, if the hypothesis
of Normality of errors is not veri ed.

« For asymmetric distributions, the authors should be careful not to show in tables or
gures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

« If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding gures or tables in the text.

8. Experiments compute resources

10.

Question: For each experiment, does the paper provide suf cient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justi cation: In Section 5, we provided suf cient details regarding the hardware used for
our simulations and the execution times.

Guidelines:

* The answer NA means that the paper does not include experiments.

» The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

» The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn't make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurlPS Code of Ethickttps://neurips.cc/public/EthicsGuidelines ?

Answer: [Yes]
Justi cation: All our research was conducted in line with the NeurlPS Code of Ethics.
Guidelines:

* The answer NA means that the authors have not reviewed the NeurlPS Code of Ethics.

« If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

» The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?
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Answer: [NA]

Justi cation: Our algorithms have no immediate societal impacts. However, we brie y
discuss in Section 1 that using our algorithms for clustering agents, capable of performing
actions and deviations, helps to avoid instability and strategic deviations. This may lead to
some positive societal impacts in such cases. We believe that there are no negative societal
impacts of our work.

Guidelines:

« The answer NA means that there is no societal impact of the work performed.

« If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake pro les, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact speci ¢
groups), privacy considerations, and security considerations.

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

« The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the ef ciency and accessibility of ML).

11. Safeguards

12.

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.qg., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justi cation: The paper proposes no such risks.
Guidelines:

» The answer NA means that the paper poses no such risks.

» Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety lters.

» Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

» We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justi cation: We provide citations for all the (publicly available) datasets that we used in
Section 5.
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13.

14.

15.

Guidelines:

» The answer NA means that the paper does not use existing assets.
» The authors should cite the original paper that produced the code package or dataset.

» The authors should state which version of the asset is used and, if possible, include a
URL.

» The name of the license (e.g., CC-BY 4.0) should be included for each asset.

 For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

« If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datagetgerswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

« For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

« If this information is not available online, the authors are encouraged to reach out to
the asset's creators.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]

Justi cation: All details to reproduce the synthetic datasets that we generated are included in
Section 5. Furthermore, the codes for these are also available in the supplementary materials
of the submission.

Guidelines:

» The answer NA means that the paper does not release new assets.

» Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

» The paper should discuss whether and how consent was obtained from people whose
asset is used.

At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip le.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justi cation: There was no crowdsourcing nor research with human subjects in this project.
Guidelines:
» The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

« Including this information in the supplemental material is ne, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

 According to the NeurlPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)

approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?
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Answer: [NA]
Justi cation: There was no research with human subjects.

Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

» Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

» We recognize that the procedures for this may vary signi cantly between institutions
and locations, and we expect authors to adhere to the NeurlPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scienti ¢ rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justi cation: LLMs were not used in core methodology.

Guidelines:

» The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

 Please refer to our LLM policyhttps://neurips.cc/Conferences/2025/LLM )
for what should or should not be described.
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Appendix A Existence of a popular partition in FEN games

Recall that Theorems 2 and 3 say tlatally popular partitionglwaysexist and can be ef ciently

found by a simple heuristic in symmetric FEN-AF and FEN-AE games. In this section, we show that
the same does not hold for popularity: there exist symmetric FEN games where for each possible
partition , there is a deviation involving multiple agents that yields a partiti®with ( ; 9 > 0.

Speci cally, we show that the veri cation problem for popularity in symmetric FEN gamesidP-
complete. Furthermore, we show that deciding whether a popular partition exists in such games is
computationally intractable as well; speci cally, the existence problem for popularity in symmetric
FEN games igsoNP-hard. These results on the complexity of popularity veri cation and existence
are the same as those known for other types of hedonic games, such as the altruistic hedonic games
studied by Kerkmann and Roth2d. Interestingly, Bullinger and GilboalP] recently settled

the complexity of whether there exist popular partitions in either additively separable or fractional
hedonic games by showing that these two problems are complet®ft, the second level of the
polynomial hierarchy—the rst results closing the gap between the computational upper and lower
bounds for popularity existence in hedonic games. For our problems, we leave this question open.

We prove the following result for all FEN games, among them FEN-AF, FEN-AE, and FEN-B games.

Theorem 14. Given a FEN gamé of some xed, arbitrary type with symmetric preferences, verifying
whether a partition is popular ih is coNP-complete, while deciding whether a popular partition
exists forl is coNP-hard.

Proof. Itis clear that verifying whether a given partitionis popular in a given FEN gamnieof some
xed, arbitrary type with symmetric preferences isdiaNP, because we can nondeterministically
guess a partition®and check in polynomial time whethér ; 9 > 0. This is the case for some
partition exactly if is not popular ini .

To provecoNP-hardness, we present a reduction fromExecTt 3-CoVER problem whose input

of U; the task is to decide whether there exists a set faBiilyF  of sizen suchthal = . .5 Fi.

We construct a FEN gamnieof the given type as follows; our reduction is correct irrespective of the
type ofl . For each element; 2 U, we create an agent, and for each sé; 2 F , we create an

agentF; ; we use the notatiod = fu: u 2 UgandF = fF; : Fj 2 Fg. We further add two set&
andA°of anchoragents witfjAj = jAY = 5n + m and a seB of guardagents withjBj =2n 1.
Hence, the set of agentslinisA[ A°[ B[ U[ F.

The relationships for are de ned as follows; recall that all relationshipd imre symmetric:

 Each anchor agent i is friends with all other anchor agentsAnand all agents itJ.
« Each anchor agent iA%is friends with all other anchor agentsAf and all guard agents.
« Each guard agent is friends with all agentsin
 Anagentt; 2 U is friends with an agerf; 2 F ifand only ifu; 2 F;.
« Each anchor agent i and each anchor agentA? are enemies.
We claim that admits a popular partition if and only if’ = fA[ U;A°[ B[ Fg is a popular

coalition, which in turn happens if and only if our input instaihgec = (U; F ) of EXACT 3-COVER
doesnot have a solution, i.e., there is no exact coveBaoih F .

Eirst, Ielus showthati® F is a solution td xsc, then ? is not popular. To this end, let us de ne
S = fF : Fj 2 Sg. We are going to show that ; *) > 0where the partition
=fA[ U[ S;A° B[ FnSg )

is obtained from by a deviation of agents iB; this implies that ? is not popular. Note that
each element;; 2 U is contained in some s& 2 S, which means that each agent2 U
has more friends in (T;) than in ?(T;) (and zero enemies in both) and thus prefer® ~
By contrast, each guard agamR B has fewer friends in (b) than in ?(b) (and zero enemies

21



in both) and thus prefers? to . Furthermore, each ageRf 2 S gains three new friends and
loses all of its guard friends when switching from to  (and has zero enemies in both) and
thus prefers ? to . Since every remaining agent is indifferent betweeand ?, we obtain that
(; H=jUjjBjjSj=3n (2n 1) n=1>0.

Next, we show that if ? is not popular, theihysc has a solution. Let be a partition that is more
popular than ?,i.e, ( ?; ) > 0. Observe that for an anchor agen2 A [ A all friends and
no enemies oé are in ?(a), so anchor agents cannot prefeto 7. Moreover, if some anchor
agent prefers? to , then at leasjfAj = jAY = 5n + m anchor agents do so; however, at most
jUj+jFj+jBj=3n+m+2n 1agents may preferto ?,which contradicts( ?; ) > 0. Thus
anchor agents must be indifferent betweeand ?, which yields that contains two coalition€
andC®suchthaC A[ UandC® A°[ B.

Dene S = C\ F; note thaiSj > 0, as otherwise, = ’. Note that each guard agem® B
has fewer friends in (b) than in ?(b) (and zero enemies in both) and thus prefets ?, and

so do the agents i8 as well (they gain three friends each frdlzrbut lose all guards from among
their friends when deviating to). LetV be the set of agents ld who prefer to ?; notice that
V = fu; : 9F; 2 S such thau; 2 Fjg by construction.

Then the agents preferringto lare those iV while those that prefer? to are those iB [ S.
Hence,( ?; )=jVj j Bj j Sj 1, whichimplies that

iVi (@n 1)+ Sj+1: (3)

Recall also that o o B

iVi  3n and jVj 3Sj; 4
because each egen@has three friends i . Taking the linear combination of these two inequalities,
we obtain thafVj  2n + |Sj, and thus the three inequalities in (3) and (4)Smust all hold with
equality. In particulaVj = 3n andjSj = n, and the former implie¥ = U, thatis, F25F = U.
Therefore, the set familg = fF; : fj 2 Sgis a solution to the EACT 3-CoVER instancd xac.

It remains to show that if 7 is not popular, then there is no popular partitioat all. For the sake of
contradiction, assume thatis popular. We have already proven that; ?)  0implies that
must be of the form (2) for son® F. By our assumption that’ 6 , we also know tha$ is
nonempty. However, then the switéh) ! A°[ B[ F n S locally blocks for any agenf; 2 S,
because all guard agents as welRasvotes for it, whereas at most three agent/inote against it.
This shows that no partition other thaid may be popular it . O

Next, we show that popular partitions may fail to exist even in a symmiEigamewhere neutral
relations are not allowed and thus every agent that is not a friendsadn enemy of, i.e., the
friendship digraph and the enmity digraph are complements of each other. This suggests that the
intractability shown in Theorem 14 does not stem from the possibility of neutrality.

Proposition 15. There exists a FE game with symmetric and friend-appreciative (or, equivalently,
with symmetric and enemy-averse) preferences that does not admit a popular partition.

Proof. Consider the FE gamlewith symmetric and friend-appreciative (or equivalently, symmetric
and enemy-averse) preferences on agenhNset f0;1;:::;6g where the friendship graph is a
bidirected cycle of lengtf: every agent 2 N considers botlfi 1) mod 7and(i +1) mod 7 a
friend and each other agenti n fig an enemy. We claim thatdoes not admit a popular partition.

First, the grand coalitionN = fNgis not popular, ag N; IN, ) > 0for each agent: even
thoughi and both friends of vote against the switch! ; , all four remaining agents vote for it.
Second, if is a partition such that there are at least four agéns N with fi(i) 1,

then ( ; N) > 0, because these four agents prefer the grand coalition tt follows that
any popular partition must be of the form = ff ig; N nfiggfor somei 2 N. However, in this case,
the switch(i + 1) mod 7 ! f iglocally blocks ', because all agents vote for this switch except
for the agenf{i + 2) mod 7; in particular, ( '; Ei+1) mod 7 If ig) > 0, contradicting the popularity

of '. Hence, no popular partition exists for O
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Appendix B Ef cient implementation for LocPop and LocStab

In this section, we present an ef cient implementation of LocPop and LocStab that proves Theorem 3.

Theorem 3(?). LocPopcan be implemented to run @(n 2logn) time (orO(n ?logn) for
FEN-B games) antlocStabcan be implemented to run @(n 2 logn) time.

Proof. Regarding the running time of LocPop and LocStab, it is clear that each step can be performed
in O(n k) time even in asymmetric FEN games, whkrgenotes the number of coalitions in the
current partition: to check for each age? N and each coalitio®€ 2 [f,g whetheri! C

locally dominates or locally blocks, it suf ces to know the number of agen@ and in (i) who

regardi a friend or an enemy and of those whomonsiders a friend or an enemy. As the number of
such agents is at mo8t , each step can be donejMj(k + 1) O() = O(nk) time.

In the following, we show how our heuristics can be implemented much more ef ciently; we will
focus on symmetric FEN games due to their practical relevance. We start with a way to characterize
when a switchi ! C locally dominates a partition.

Lemma 16. Given a symmetric FEN ganhewith a partition , consider the following conditions
for some agenttand coahtlonC 2 [fg

0 fc e f )+ 1 (c3 2fL €. > 2f' Ity
() fL e: f' +2 (c4) fL 2, >f] 2¢ ;3
€ f', € +1 f'C & floy €a

If I is a FEN-B / FEN-AF / FEN-AE game, then the switdh C locally dominates if and only if
condition(c0) / condition(c1) _ ((c2) ~ (c3)) / condition(cl) _ ((c2) * (c4d)), respectively, hold.

Proof. Statement (b) of Lemma 1 yields

(5 irc)= fic eic fi(i)"'ei(i)"'VOtei(; it c): )
We rst show that the respective conditions imply thdt C locally dominates .
First, if (c1) holds, then( ; i1 ¢) 2+vote;(; i1 c¢) > Odueto (5), sothe switch! C
locally dominates even ifi votes against it, irrespective of the typelofif | is a FEN-B game, then

(c0) already suf ces to ensure that C locally dominates , because itimpliegote; (; iy ¢) 1
by the de nition of balanced preferences, which in turn yields, i1 ¢) 2dueto (5).

If (c2) holds, then( ; i1 ¢) vote(; i ¢)dueto (5)and, hence, it suf ces to show that (c3)
impliesthati ! C is a Nash deviation under friend-appreciating preferences, whereas (c4) implies
thati ! C is a Nash deviation under enemy-averse preferences:

» Assume rstthatl is a FEN AF game where (c2) and (c3) hold, but C is not a Nash
deviation. Then eithefr! i = fc ande e, orf! @y > f ¢. The former case cannot

happen, as it contradicts (c3) Hence we must Hiayg f' + 1; however, adding this
mequalltytof' e' y+1 fL €L, we geta contradiction to (c3) again.

» Assume now thalt is a FEN-AE game where (c2) and (c4) hold, buit C is not a Nash
deviation; our reasoning mirrors the previous case. Then eetl'(\gr— e andf i) fi,

ore (i) < ek . The former case cannot happen, as it contradicts (c4). Hence, we must have
e € *1;however, adding this inequality fd ;, € ;, +1 fc e, wegeta
contradiction to (c4) again.

For the other direction, suppose that C Iocally dominates , i.e., ( ; i1 ¢) > 0. Then
i(; i c) 0; recall that i(; i1 ¢c) = f¢ e'C ' oo+ e'(i) by statement (b) of
Lemma 1, so we get . . . _
fc e f'g € (6)
If  i(; i c) 2then(cl)issatised. Else, i(; i1 ¢) 2f0;1g, which implies (c2), and
we also getotej(; i1 ¢) Odue to (5) and the assumption thdt C locally dominates . In
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fact,votei(; i1 ¢) =0 is not possible, as that would metly,, €, = f& e implying
( ; i1 ¢)=0 by (5); acontradiction to our assumption that; ;1 ¢) > 0. Thereforej! C
must be a Nash deviation; using this, we now show that the required conditions hold.

» For balanced preferences, this means that (5) imgdlies i1 ¢) 2 which, due to (5),

implies (c0).
« For friend-appreciating preferences, we fjgt>f ' ;), orf¢ = f' ) ande; <e';
taking (6) into account, both of these cases yRflf e > 2f' ;) € ), i.e., (c3)holds.
« For enemy-averse preferences, wegek e' ), ore; = € ) andf¢ >f ' ;) taking (6)
into account, both of these cases imply 2e. >f ' 2¢ . ie, (c4) holds.
This completes the proof of Lemma 16. O

Implementation. Let us describe the implementation of heuristics LocPop and LocStab in detail.

The key idea is that for each ager N, we maintain two vectors! andx? that are used to store
the following values correspondmg to each coalitorz [f;,g . The rst vector stores the values
x}C)=fL €& f! it e (i) while the values stored in the second vector depend on the type of

the game: If condition (c2) of Lemma 16 holds, thehstoresx?(C) =2f¢ e  2f'; + €
if preferences are friend-appreciating, afdC) = fc  2ec  f';, +2¢€  if preferences are

enemy-averse, while we sef(C) = 1 if (c2) fails. For balanced preferences, the veatdis not
used.

Notice that maintaining the values(C) andx?(C) for each ageritand forall coalitionsC 2  [f,g

for the current partition would suf ce to determine whether there exists a swit¢th C for some
coalitonC 2 [f,g thatlocally dominates or locally blocks due to Lemma 16. However, it is
not hard to observe that it suf ces to focus for each agehiN on the seC of coalitions in in
whichi has at least one friend or enemy. Then it is suf cient to maintain the valbgs) andx?(C)

for each agent only for coalitionsC 2 C', together with the valuef @ ande, @ Indeed, for
every coalitonC 2 [f,gnC ' we knoweC =fC = 0 and thus the valueql(C) andxz(C) can
be calculated easily: rst, we have'(C) = f '(|) (I), second, to determine’(C), we rst

check whether condition (c2) holds (usigg = f ¢ = 0 again) and set?(C) = 1 if (c2) fa|Is
and, otherwise, sef?(C) = 2", + € ;) in FEN-AF games and2(C) = flg+2€ i
FEN-AE games. Notice that the value¥C) andx?(C) therefore are the same for each coaht(On
in [f,gnC .

Therefore, the vectors! andx? are indexed by the set of all coalitions @ together with one
dummy coalition representmg aII coalitionsirff;,gnC '.

To facilitate an ef cient search for a locally dominating or locally blocking switch, we keep the entries
in the vectors<! andx? ordered. Furthermore, we additionally order theXsét= fx! :i 2 N g of
vectors accordmg to thelr rst coordinates, and order the vectoxs?ie fx2 :i 2 N g similarly.
Observe that the largest entry occurring in any vectof biis therefore the rst coordinate of the

rst vector in X 1 and, similarly, the largest entry occurring in any vectoXof is the rst coordinate

of the rst vector inX 2] We will maintain this property throughout the algorithm; call it propef)y (

The initialization.  To initialize C and the vectorg?! andx? for the starting partltlon 0, We start

by computing the valuel- ande. for all agents 2 N and coalitionsC 2 ¢ in whichi has a
friend or an enemy. This tak&X(n ) time in total for all agents using the friendship and enmity
digraphs.

Next, we order th@®() values in each of then vectors inX 1 [ X 2; this takesO(n log )  time.
Then we order the sét = fx! :i 2 N g of vectors according to their rst coordinates, and order
the vectors inX 2 = fx? :i 2 N g similarly in O(nlogn) time. The required running time for the
initializations is therefor@(n + nlog + nlogn)= O(n log n)asl n.
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The computation of a step in the heuristic. We check if the largest entry in the vectorsXrt is

at least? by looking at the rst coordinate of the rst vector i@(1) time. If yes, we have found

a locally dominating switch ! C; note that if the coalition achieving the largest entyXif is

a dummy coalition representing all coalitions iff ;gn C ' for some agent, then a coalition

C2 [f,gnC ' canbefoundirO(jCj)= O() time? To maintain the vectors! andx? as well

as the set€ for all agentd 2 N, we only need to update these vectors and sets fadD{he agents
infig[ E(i)[ F(i)and, regarding the vectors, only at the coordinates correspondir(@)tand

to C; note that this update may result in adding a new coordinate to the vector or deleting one from it.
Then, in order to maintain propert9)( we have to reordex ! andX 2 again—but we do not have

to perform a complete ordering from scratch; we just have to nd the correct places of the updated
elements in the already existing ordering. Hence, this can be implemer@ddliog +log n))

time, as there ar®() elements to update and an insertion of an element to an ordered list of
length™ can be done i©(log ) time.

If the largest entry in the vectors &f* is 0 or 1, then we check the largest entry in the vectorXéf

(recall thatx? stores a nonnegative entry for a coaliti@ronly if condition (c2) holds foi andC)

and check if the rst coordinate is larger th@ror not. If not, then is locally popular by Lemma 16.
Otherwise, we again have found a locally dominating switch; we then perform this switch and update
the set<C and the vectors iXX * andX ? in O( log n) time as in the previous case.

Checking whether ! C is a Nash deviation for LocStab can also be implemented in the same
running time. We just have to append the condition thatproves to each case in Lemma 16, which

is also a condition that can be checkedd(d) time. In fact, we can rede ne the value$(C)
andx?(C) tobe 1 if i has no incentive to joi€. This way, it remains true that the valuexgf(C),

and also ok?(C), coincides for all coalitions wheiiehas neither a friend nor an enemy; thus, our
approach still works.

Summarizing all of the above, we get the running tim&gh log n + Ky geps 10g n) where
K # stepsiS the number of steps (i.e., number of switches) performed by the algorithm. Combining this
with Theorem 2 proves Theorem 3. O

2We can takeC = ; unless we aim for a variant of the algorithm that keeps the number of coalitions constant;
in this case, we can iterate over the coalitions of the current partition until we nd one thattiis C in O()
time.
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Appendix C Additional material for the simulations

We remark that all codes used for our simulations are available in the supplementary material les
of our submission. In Section C.1, we present our simulation result for community detection in the
form of some gures; we do the same for clustering in Section C.2. Finally, we present a detailed
evaluation of our results in Section C.3.

C.1 Community detection: omitted gures

This section contains all gures depicting our simulation results for the Karate club (Figure 5), Jazz
musicians (Figure 6), Cora (Figure 7), and Random-25 (Figure 8) datasets, comparing our heuristics
LocPop and LocStab with the Louvain and Leiden algorithms in terms of Rand index and modularity.
As the Jazz dataset has no true labels, we did not compute the Rand index for it.

Figure 5: Comparing Rand index (left) and modularity (right) of Louvain, Leiden, and LocPop (top)
or LocStab (bottom) variants for the Karate club dataset.

Figure 6: Comparing modularity of Louvain, Leiden, and LocPop (left) or LocStab (right) variants
for the Jazz dataset.
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Figure 7: Comparing Rand index (left) and modularity (right) of Louvain, Leiden, and LocPop (top)
or LocStab (bottom) variants for the Cora dataset.

Figure 8: Comparing Rand index (left) and modularity (right) of Louvain, Leiden, and LocPop (top)
or LocStab (bottom) variants for the Random-25 dataset.

C.2 Clustering: omitted gures

This section contains all gures depicting our simulation results on the Iris (Figure 9), Breast Cancer
Wisconsin (abbreviated &ancer Figure 10), Moons (Figure 11), and 3-Circles (Figure 12) datasets,
comparing our heuristics LocPop and LocStab withkhmmeans and DBSCAN algorithms in terms

of Rand index and silhouette score.
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Figure 9: Comparing Rand index (left) and silhouette score (right}mieans, DBSCAN and LocPop
(top) or LocStab (bottom) variants for the Iris dataset.

Figure 10: Comparing Rand index (left) and silhouette score (righk}ymieans, DBSCAN and
LocPop (top) or LocStab (bottom) variants for the Cancer dataset.

Figure 12: Comparing Rand index (left) and silhouette score (righk}mieans, DBSCAN and
LocPop (top) or LocStab (bottom) variants fogghe 3-Circles dataset.



Figure 11: Comparing Rand index (left) and silhouette score (righk}mieans, DBSCAN and
LocPop (top) or LocStab (bottom) variants for the Moons dataset.

C.3 Evaluation of results

General takeaways for LocPop and LocStab. LocPop and LocStab produced very similar results,
although the scores of LocStab were more dependent on the preference domains. The best threshold
parameters were also mostly the same for LocPop and LocStab. In LocPop variants, the three
different preferences domains (AF, AE, and B) lead to quite similar results across all instances. This
is probably due to the fact that only the agent who switches may vote differently in these cases,
and a single vote usually has no substantial in uence. In the case of local stability, where a Nash
deviation is needed, a larger differentiation was observed. The simulations also showed that—while
no preference domain was consistently performing better than the two otherbaléimeedone
performed best or close to the best for both LocPop and LocStab. Hence, in light of Theorems 3 and 4,
using balanced preferences seems most preferable, as we have a faster runtime guarantee, and it is the
only preference domain where the LocStab heuristic converges in polynomial time for asymmetric
graphs. Hence, we suggest that future research focuses on the balanced preference domain.

In general, the -P and -S variants both performed well. However, the -S variant often requires much
more steps to reach an outcome, which is expected, as it starts wlitisters. Hence, if there is a

good estimate (or even an upper bound) on the expected number of clusters, then the -P variant may
be the optimal. The LocPop-P and LocStab-P variants we implemented also had a constraint that new
coalitions could only be created if the current number of clusters was smaller than their predicted
number.

In most cases, th@:4; 0:4) or the(0:2; 0:2) parameters lead to the best results, but these parameters
also often lead to the worst results; while the param@5; 0:35) performed consistently between

them. This suggests that parameter tuning can have a large effect on achieving the best possible
outcome.

Since LocPop and LocStab are not deterministic (randomness comes from (i) the initial clustering,
(ii) the indexing of the data points, and (iii) the choice of the implemented switches), we did 10
repetitions, each time randomly permuting the data points and with a random initial partition with the
predicted number of clusters for LocPop-P and LocStab-P (for the other variants the initial partition is
xed) to estimate the mean and standard deviation of the scores. The algorithm was implemented in a
way such that switches involving smaller-indexed agents were preferred, but by randomly permuting
the indices, this bias was eliminated. The standard deviations observed were at most 0.01-0.02 on
average after doing 10 repetitions, except for the Karate club data€e06). Hence, for that dataset,

we increased the number of repetitions to 30 for more robust results. We also note that in many cases,
the standard deviations were too small to be visible in the gures (€.40 3).
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Comparison with mainstream algorithms. Let us compare the performance of our algorithms
with the most widely used mainstream methods, both for community detection and for clustering.

Community detection. Using the output of Leiden, variants of LocPop-Ld (and LocStab-Ld)
achieved a similar value in modularity, and slightly outperformed it w.r.t. the Rand index. Hence,
starting from the output of Leiden was very bene cial in terms of achieving better modularity scores.
For the Random-25 dataset, LocPop-S and LocPop-S were able to signi cantly outperform Louvain
and Leiden (by more thab0%) w.r.t. the Rand index, but LocPop-P and LocPop-S were close to

a 10%improvement too. For the Karate club dataset, LocPop and LocStab variants were able to
outperform Louvain and Leiden by more th&8%in Rand index.

Clustering. In clustering, with the parameté®:4; 0:4), LocPop performed up t80%better than
k-means w.r.t. the silhouette score in the Iris and 3 Circles datasets (and performed similarly for
the others), while the other parameters led to (sometimes signi cantly) worse results. DBSCAN
performed the worst in terms of the silhouette score, and it often put all points together, in which
case the silhouette score is unde ned. Regarding the Rand if@tx0:4) turned out to be the

worst parameter in general, which highlights that silhouette score may often not be the best measure
to asses the quality of a clustering with regards to label prediction. This was most apparent in the
Cancer dataset.

With respect to the Rand index, the best performing variants of LocPop and LocStab, which were
the ones with the parametr.2; 0:2) (except in the 3 Circles case) were witHi% of k-means,

often matching it, LocPop-P and LocStab-D outperformed it by rougB¥bfor the Moons dataset
(LocStab-P being close behind them, but all variants performed bettek theans), where DBSCAN

was able to nd the true clusters completely. As opposed to community detection, for LocPop, here
we found no clear bene t of using the output of DBSCANIemeans to start with, while starting

with a correctly predicted number of random clusters helped signi cantly for the Moons dataset. With
LocStab-D, starting with these outputs did lead to better results for the Moons dataset.

Summarizing our observations, we conclude that the variants of LocPop and LocStab performed well
and consistently, often leading to the best results in both community detection and clustering.

Other observations, runtimes and outlook. For heuristics LocPop and LocStab started with the
outputs of Leiden anl-means, we tracked the Rand index between their initial partition (i.e., the
output of Leiden ok-means, respectively) and the nal partition. We observed that even in these
cases, both algorithms often made quite a lot of changes. For LocPop, we observed an average Rand
index—here used to measure the difference between the initial and the nal partitid65okith a
minimum of0:33 across community detection datasets; for clustering datasets, these values reached
an average 0B:55 with a minimum of0:34. For LocStab, the obtained numbers were slightly higher,

as expected. For community detection datasets, the average Rand indeg Twaith a minimum

of 0:33 and for clustering datasets, an averag8:66 with a minimum of0:43.

We also tracked the running times. Our LocPop algorithms run within a couple of seconds even on

a mid-range hardware, except for Cora, the largest dataset, where computation took 3-5 minutes,
LocPop-S and LocStab-S being the slowest as expected. For these variants, to speed up computation,
we used random clusters of size 6, instead of singleton clusters, still modeling the same behavior.
We emphasize that our implementation is not the most ef cient one discussed in Section 3, but a
simpler approach that iterates through the agents and the current clusters in each step. Furthermore,
our approach to constructing the friendship and enmity graphs did not guarantee bounded degrees,
causing a limitation, since then the running time in Theorem 3 are not guaranteed to be linear. For
instances of even larger size, constructions that guarantee bounded degrees—e.g., tdkiegrbst
neighbors as friends and tddarthest ones as enemies for each agent—may lead to more ef cient
computation. We leave this for future work.

There are many more ways to generate friendship and enmity relations among agents, and it might
be interesting to see whether there are approaches that lead to improved results. Further, another
limitation is that LocPop might have a problem with instances containing clusters of different sizes,
since large clusters can get rid of unwanted agents simply due to their voting power. It will be
interesting to test this in future work. Finally, note that LocStab might be a x for those instances,
since agents cannot be pushed out of a cluster “against their will” (and maybe that is the reason why
it performs better on the Cancer dataset).
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Appendix D  Omitted proofs

This section contains all proofs omitted from the main body of our paper, except for the proof of
Theorem 3 which we proved in Appendix B. Sections D.1, D.2, and D.3 contain the omitted proofs
of our results on FEN-AF, FEN-B, and FEN-AE games, respectively.

As already mentioned in Example 1, throughout this paper, all relations among agents that are not
explicitly mentioned are tacitly assumed to be neutral.

D.1 Onmitted proofs for our results on FEN-AF games

Before we restate and prove our intractability results concerning FEN-AF games, we state some
structural observations concerning AF-gadgets in Section D.1.1. We then proceed to provide all
omitted proofs of our results on FEN-AF games in Sections D.1.2-D.1.4.

D.1.1 A structural lemma on AF-gadgets

Given an AF-gadge®, let us de ne thedistanceof agents andj within G as the minimum number
of arcs on a path fromtoj or fromj toi within the friendship graph d&. Moreover, whenever
an AF-gadget is de ned over agent $ét= f0; 1;:::; 2kg, the agent + cis always interpreted as
(i + ¢ mod (2k + 1) for each agenit2 K and constant integer

Lemma 17. Consider a FEN-AF game that admits a locally stable partitioand contains an
AF-gadgetG over agent seK . If some coalitionC 2 withC K contains two agents whose
distance inG is at least4, thenC = K.

Proof. Note that any two agents whose distanc&iis at leas# are mutual enemies. Hence, if
two such agentsandj belong to some coalitio@ K, then each of them must have a friend
in C: indeed, assuming that one of them, say agedobes not have a friend i@, we get that the
switchi !'; locally blocks , becausé andi's enemies irC vote for it, while onlyi 1 may vote
against it. The distance between the friend ahd the friend of (i.e., agent$+1 andj +1) within G

is again at least, so by the same reasoning, each of them must have a friend WitiRepeating
this argument, we get that every agent®must have a friend withi€, which impliesKk  C.
By C K we getC = K, as required. O

D.1.2 Proof of Theorem 5

Theorem 5(?). The asymmetric FEN-AF game consisting solely of an AF-gadget admits no locally
popular partition.

Proof. Consider an AF-gadg& of size2k + 1 containing agent6; 1;:::; 2k. Suppose for the sake
of contradiction that is a locally popular partition.

If isthe grand coalition, then for an arbitrary agerhe switchi ! ; locally dominates , because
(recalling thatk  5) exactly2k 4 > 3 agents vote for it (those who considesin enemy) and
only the two agentsandi 1 vote against it (as they both lose a friend). This contradicts the local
popularity of .

Thus is not the grand coalition. By Lemma 17, this implies that for any two ageatwd|
with (i) = (j), the distance of andj in G is at most3, so each coalition in is a subset
offi;i +1;i+2;i +3gforsome agent.

Suppose now that some agenendi + 2 are both within some coalitio8 = (i) = (i +2), but

i +1 isnotinC. Theni + 1 has an incentive to joiT, that is,i + 1 votes for the switch+1 ! C,
and so does. Since the distance between any two agents & at most3in G, there can be at most
one agent irC who considers + 1 an enemy, namely ageint 1. Thus at most one agent @
votes against the switah+ 1 | C, and note also that no agent ii + 1) votes against it. Hence,
i+1! Clocallyblocks , a contradiction. This shows that each coalition imust either contain
at most four agents who, additionally, appear consecutively on the friendship cy@&|eoft must
be of the formfi;i + 3 gfor somei.
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If there is a coalition of the forrhi;i +3g, then the switch +3 ! (i +4) locally blocks , as
bothi asi + 3 vote for it and the only agent who may vote against it4s7 .

If there is a coalition containing four agerfitsi +1;i+2;i+3g, then again, the switadk3 |  (i+4)
locally blocks : the only agents who may vote against it are2 andi + 7, whereas agenisi + 1,
andi + 3 all vote for it.

Therefore, every coalition must contain at most three agents who appear consecutively on the
friendship cycle ofG. Suppose there is a coalition with exactly three agents. Thehdass not

divide 2k + 1, there is one coalition, sdy; i +1 ;i +2g, which is followed (along the friendship cycle

of G) by a coalition of size two, namely coalitidn + 3;i + 49. Then the switch+2 ! (i +3)

locally blocks , as agentsandi + 2 vote for it, and only agerit+ 1 votes against it.

Hence, each coalition contains at most two agents. If there is one containing exactly two agents,
then there is one coalition, s&y;i + 1g, which is preceded (on the friendship cycle®f by a
coalition of size one, nameli  1g, as2k + 1 is odd. Hence, the switch 1!f i;i +1glocally

blocks . It follows that each coalition in must be a singleton. But then the switch where any aigent
joinsfi +1glocally blocks , again a contradiction. It follows that no locally popular partition exists

for this hedonic game. O

Note that for the hedonic game de ned in the proof of Theorem 5, there does exist a unique locally
stable partition: the grand coalition containing all agents. In fact, the proof of Theorem 5 even implies
the following slightly stronger claim.

Remark 1. Suppose that a hedonic game with friend-appreciative preferences contains an AF-gadget
over agent se , and admits a locally stable partition If no coalition of contains agents both in
and outside oK , thenK itself is a coalition in .

D.1.3 Proof of Theorem 6

Theorem 6(?). There exists an asymmetric FEN-AF game that admits no locally stable partition.

Proof. As a counterexample, consider a FEN-AF ganthat contains an AF-gadget over a set

that

e ap;iii;ax 4 aremutual enemieswith2;:::;2k +1,
e ap;::l;ax 4 consider0an enemy,
* Oconsiders; afriend anday;:::;ax 4 enemies,

* a; anda, are mutual friends, and

» g; considersy;q, afriendfori =2;3;:::;2k 5.

Suppose that is a locally stable partition far. First, we claim that if a coalitio€ 2 contains
both an agent fronK and an agent from, thenC containsO as well. To see this, consider the
“largest” agenf = maX;.j2x\c of K in C. If 0 2 C, then the switch) ! ; locally blocks ,
because ageiptand all agents i\ C 6 ; vote for it, while at most one agent (namely, agent 1)
may vote against it.

Next, we claim that if some coalitio@ 2 contains bothD anda; for somei, thenC also

containsa; ;1 if it exists. Fori = 1, this follows from the fact that, otherwisa; has an incentive
to join (az), as botha; anda, vote for the switche; !  (a2) and only agen® votes against it
(note that only agents ik considera; an enemy, and we hake \ (az) = ; by the previous
paragraph), contradicting our assumption thé locally stable. For> 1, we can similarly show
thatifa;+1 2 C, then the switchy; ! (aj+1 ) locally blocks : botha; andO vote for it, and only
agenta; ; may vote against it.

As a consequence, no coalitiGhin  contains both an agent frokh and an agent from. Indeed,
assuming otherwise, the coaliti@would contain agent8 andayk 4 by the previous two claims,
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in which case the switchyk 4 !; locally blocks : bothayx 4 andO vote for it, while at most one
agent (namely, agemaby 3) may vote against it.

Due to Remark 1, it follows that the agentskofmust form a single partition in. In particular,
agent0 has one friend angk 4 enemies within (0). Also, agen0 has at least one friend and
at most2k 5 enemies in the coalition(a;), so0 has an incentive to join(a;). Finally, the
switchOQ! (a;) locally blocks , becaus@k 4+ 1 agents fronK vote for it (namely, ager@
and all those regardin@gan enemy), while only one agent frofn (namely, agen2k) and2k 5
agents fromA (all of them exceph;) vote against it. This contradiction shows thatannot be
locally stable. O

D.1.4 Proof of Theorem 7

Theorem 7(?). LOCAL-POPULARITY-EXISTENCEandLOCAL-STABILITY -EXISTENCE are NP-
complete for FEN-AF games.

It is clear that both problems are WP, as given a FEN-AF game, we can nondeterministically guess
a partition and then verify in polynomial time that no possible switch locally dominates or locally
blocks (note that the number of switches foiis at most quadratic in the number of agents). We

complete the proof of Theorem 7 by proving tRB-hardness of OCAL-STABILITY -EXISTENCE

and LOCAL-POPULARITY-EXISTENCE separately in Theorems 18 and 24, starting with the former.

Theorem 18. LOCAL-STABILITY -EXISTENCE is NP-hard for FEN-AF games.

Proof. We provide a reduction frori-sAT which, given a Boolean formula in conjunctive normal
form with ve literals per clause, asks whethleris satis able. Let be our input5-sAT formula

assume than 1 mod 3andthaim 1 mod 2

We create an instandeof LOCAL-STABILITY -EXISTENCE as follows. Letk =5 11m = 55m;

thenk 1 mod 2andk 1 mod 3. For each claus€;, we create &lause gadgeG; that is an
AF-gadget of sizé&. The agents oB; , ordered along the friendship cycle@f, arex(; :::;x°™ *.
Every 11m-th agentx?; x'™; :::; ™ along this cycle corresponds to one of the literals in the
clauseCj = (lj, _  _ lj,); these are calleliteral agents We also add a sét;:::;Asy of 5m
auxiliary gadgetseach of them an AF-gadget of sike= 55m. Each auxiliary gadged; has a

single distinguished agea,?; we refer to such agents asforcer agentsWe also add an ageiit
Intuitively, in a locally stable partition, the coalition containifigwill also include a literal agent

from each clause corresponding to a true literal. We proceed by describing the relationships between

the agents on different cycles:

» Every literal agent considei& a friend and is considered By an enemy.
» Every enforcer agent considéFsa friend but is considered bl as a neutral.
» T and every non-literal, non-enforcer agent consider each other mutual enemies.

* Any two agentsy andz from two different clause gadgets are mutual enemies, ugless
andz are both literal agents that amt correspond to a positive and a negative literal of the
same variable, in which case they are mutually neutral.

* Any two agents andz from two different auxiliary gadgets are mutual enemies, unless
both are enforcer agents, in which case they are mutually neutral.

Finally, for a vertexx from a clause gadget and a vertekom an auxiliary gadget,

— if y is not a literal agent az is not an enforcer agent, then they are mutual enemies;

— if y is the literal agent corresponding to th¢h literal of thej -th clause, they andz
are mutual enemies #f = ag(j 1)+ +» and they are mutually neutralzfis an enforcer

agent other thaed; ,), -

This completes our construction of the instamcef LOCAL-STABILITY -EXISTENCE from the
given5-sAT instance . It remains to prove the correctness of the reductiois a yes-instance
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of LOCAL-STABILITY -EXISTENCEIif and only if* is satis able. This will follow from a series of
claims.

Direction“) " Letus rst assume that there exists a locally stable partitidar | .

Claim 19. Coalition (T) contains at mos2Om 1 agents. Consequently(T) cannot contain all
agents from a clause or an auxiliary gadget.

Proof of claim. For a contradiction, suppose that more tR8m 1 agents are in the same coalition
asT. Then at leastOm of them are mutual enemies ©f as onlylOm agents consider a friend,
and no agent considefsas neutral. Recall also th@itconsiders no agent as a friend and thus has an
incentive to leave (T). Hence, the switcfi !; locally blocks , a contradiction. C

Claim 20. No coalitionC 2 can contain all agents from some clause or auxiliary gadget.

Proof of claim. For the sake of contradiction, assume that some coalticontains some clause
or auxiliary gadgeK . Claim 19 impliesC 6 (T). Lety be a literal or enforcer agent iR .
Sincey has one friend and exactBbm 5 enemies withirk , y has an incentive to join(T) by
Claim 19. Thus the switcli ! (T) locally blocks : at leas{55m 5) + 1 agents—all enemies
of y within K andy itself—vote for it, whereas at mo&0m 1) +1 agents—enemies gfin (T)
and the unique agent K who considery a friend—vote against it, a contradiction. C

Claim 21. IfacoalitionC 2 with T Z C contains agents from two different clause or auxiliary
gadgets, thel© cannot contain a non-literal, non-enforcer agent.

Proof of claim. Suppose for the sake of contradiction tRaR  with T 2 C contains some agegt
from a (clause or auxiliary) gadgkt, some agent® from a different gadgei ©, and a non-literal,
non-enforcer agem. Note that neitheK norK %is fully contained inC due to Claim 20. Therefore,
using alsal 2 C, we get thaC contains an aget2 K and an agerz®2 K °such that neithez
nor z° considers any agent i@ a friend. Moreovery is a mutual enemy with son&°2 f z; z%.
This implies that the switck®! ; locally blocks , because both®andw vote for it, while at
most one agent (who consider¥a friend) may vote against it, a contradiction. C

Claim 22. Coalition (T) contains at least one agent from each clause gadget and each auxiliary
gadget.

Proof of claim. For a contradiction, suppose thafT) contains no agent from some clause or
auxiliary gadgeK . If no agent fromK is contained in the same coalition as some agent from a
different gadget, then Remark 1 impligs 2 , a contradiction to Claim 20. Hence, there is a
coalitionC that contains some ageyfrom K and some agent from a different gadget. By Claim 21,
we get thaty is either a literal or an enforcer agent. Suppose yhata literal ageny = x; for
some clause gadgt = G; the case wheK is an auxiliary gadget anglis an enforcer agent is
analogous.

Note thatx}+l is the only agenk! considers a friend, while the only agent who consideérs
friend isG} . Since botrGJ! 1 andx} *1 are non-literal, non-enforcer agents, neither of them is
contained inC due to Claim 21. In particuIaKJi has an incentive to join(x'*l) Since the switch

x} I(x '*1) cannot locally block , we obtain that there must be some agent(m' *1) who
considers<J an enemy. Observe that2 (xJ'+1 ) by our choice oK = G;, so by Claim 21 we know

that all agents of (x} *1) belong toG; . Using Lemma 17 and Claim 20, we get th&k} *1) cannot
contain two agents whose distance al@)gis more thars; we refer to this fact ag (). This implies
i92fi 20 Li+1;i+2;i+3; |+4gforeveryagent<' 2 (x'*l) so the agentW|th|n(x'+l)
who considers! an enemy must bJe 2 orxi*. MoreoverfxJ 2, J'+4 g6 (x'*l) also follows.
We distinguish between two cases and arrive at a contradiction in both, WhICh proves the claim.

Case Axxj 22 (xj*').Then (x**) f xj %xj L gdueto¢ ). Ifx; *2 (x**), then
x;*! has an incentive t010|n(xj'+2 ). Since the switch;™ 1 (x;*?) does not locally block
but bothx;** andx; 2 vote for it, it follows that at least two agents must consiiét an enemy

in (x'*z) However, due tos(), these agents could only ble ! andxji *S but they cannot both be
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in xi+2 a contradiction. Thus it must be the case that **) = fx! 2;x! L:x!*t
( j

; ; g. Thenx'
has an incentive t010|n(x'+1) recall thafT 2 (x}), sox! has no friend irJ1 (x] )J. Observe that
the switchx! | (x*') locally blocks : bothx| andx; * vote for it, but onlyx; ? votes against
it, a contrad|ct|on
Case B:xj** 2 (x*!). Then (x[*') f x/**;xi*?;xi**;x/** g. Thenx{** has an incentive
to join (x'+5) SO bo'[hxI+1 andx'+4 vote for the switchx;** 1 (x;+5). Since is locally
stable, there must be two agents who vote against this swit«xl}1+.3lf2 (x}+l ), then these must
be two agents in (x|+5 ) who con5|de|s<'+4 an enemy. Due to (), these can only be agent}s*2
andx;*® , but at most one of them can be iG] ** ), a contradiction. Henceq™® 2 (xj*"). Since
the switchx;*? | (x;**) does not locally block , it follows thatx;** 2 (x;**) as well, which
yleldsfx'+1 1 x) 2 ;x;J’3 x;**g 2 . Then the switch;* 1 (x;*®) locally blocks , because
three agents (nameb;(I+l , '+2 andx'+4 ) vote for it and at most two may vote agamstx}*(g’ and

possmlyx' 8) a contrad|ct|on. C

Claim 23. Coalition (T) contains no non-literal, non-enforcer agents. Also, each literal agent
in (T) can have at most one mutual enemy (1), which is necessarily an enforcer agent.

Proof of claim. For the sake of contradiction, assume th& T is a non-literal, non-enforcer agent
in (T). Take an agert 2 (T) from a clausés; not containingy such that the unique friend af
within K isnotin (T). By Claims 22 and 19, there must be such an ageNlote thaty andz are
mutual enemies. If is not a literal agent, thenhas no friend in (T), so the switctz ! ;  locally
blocks , a contradiction. Ik = xj! is a literal agent, them is mutual enemies with every agent from
at least one auxiliary gadget by constructionzstwas at least two mutual enemies ).

It now suf ces to show that the assumption tlzatas at least two mutual enemies i(il') leads to a
contradiction.

Assume rst thatx} has an incentive to join(x}+1 ). Thenx!, T, and the two mutual enemiesq‘f
in (T) vote for the switch<Ji ! (x}*l) and at most one agent i(T) votes against it. Moreover,
due to Lemma 17 and Claim 20, each two agents(ixj 1) are at distance at mo3tfrom each other

alongG; , and thus the only agents |r(xJ'+l ) who conS|deva' an enemy can bxe andx'+4 SO
fewer than four agents vote against the switch, a contradiction.

i+1

It follows that xJ' has no incentive to join (x;" ), which happens only if(} regards at least

two agents in (x'+1) as enemies. This implies that(x“l) contains at least two agents

from fx;*%;x*3;x;** g. As s locally stable, it follows thatx'+2 X" g (xj"™"). Sup-
pose thatxi+4 2 (x'*l) as well. Then the switch;*™* | (x '*5) locally blocks , because
X", x}+2, andx;*! all vote for it, whereas only<'+3 and x'+8 may vote against it. Oth-

i+1 i+2 . |+3

erwise, (x™") = fx*';x"?;x;**g. The swnchx'+3 ! (x”“) locally blocks unless
(") = fo'+5 x| " ,x'J'7 x!*8 g. In this case, however the SW|t<xI‘|+8 I (x*®) locally
blocks by the argument used in the previous case. C

We are now ready to prove thatis satis able.

By Claim 22, at least one literal agent from each clause ga@getust be contained in(T). We

claim that the corresponding literals can be set to true at the same time. For a contradiction, suppose
that there are two literal agenisandz, in (T) such that one of them corresponds to literadnd

the other one to its negatian. By Claim 23,aj0 2 (T) for any auxiliary gadgeA; , which means

that every literal agent is mutual enemies with at least one enforcer agefi jn Sincey andz

are also mutual enemies by construction, each of these two literal agents have at least two mutual
enemies, which is a contradiction to Claim 23. Hericés satis able.

Direction “( ™ Let us now assume thatis satis able.

Consider a truth assignment that makesue. Create a partition as follows. For each auxiliary
gadgetA;, groupsO together withT. Also, from each clause gadget, choose a literal agent
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corresponding to a true literal and group it together Withoo. Finally, for each clause or auxiliary
gadgetK , create coalitions of size two from the agentKohot put into (T) such that each of
these coalitions contains two agents appearing consecutiveédy. on

We claim that is locally stable. AgenT has an incentive to join every coaliti@in [f,g other

than (T). However, at leasdm agents vote against such a swilth C and at most one votes

for it. Note that a literal or enforcer agent ifT) has one friend in (T) and at most one enemy:
Indeed, each enforcer agent is mutual enemies with exactly one literal agent—which may or may not
be in (T)—and vice versa; moreover, two literal agents are mutual enemies only if they correspond
to a literalv; and its negatiof;, respectively. This, however, cannot happen, as only literal agents
corresponding to true literals are ifT). Since each literal or enforcer agent has at most one friend

in every coalitionC 6 (T), and if they do have a friend i@ then they also have an enemyGn so

they have no incentive to joi6.

For a non-literal, non-enforcer agegntlet fy; y% denote the coalition (y). On the one hand, if
regardsy®as a friend, they has no incentive to join any coalition in[f;g . If, on the other hand,°
regardsy as a friend, thely has an incentive to join the unique coalition containing its sole frigld
but the switchy ! (y° does not locally block , because only votes for it buty® votes against it.

We conclude that is locally stable, proving the correctness of our reduction. O

We now turn to the existence problem for local popularity and its computational complexity.
Theorem 24. LOCAL-POPULARITY-EXISTENCEis NP-hard for FEN-AF games.

Proof. We again provide a reduction froB¥sAT by slightly modifying the reduction presented in
the proof of Theorem 18.

clauses if needed, we may again assumerthat 1 mod 3andm 1 mod 2

From' we create an instandeof LOCAL-POPULARITY-EXISTENCE as follows. Again, let us set
k=5 11m =55m;thenk 1mod2andk 1 mod 3 For each claus€;, we create &lause

gadgetG; that is an AF-gadget of side The agents oG; are again referred to a§’;:::;x>°™ *,

ordered along the friendship cycle 6f, and everylim-th agentx?; x''™;:::; x*™ along this
cycle corresponds to one of the literalsGp = (1I;, _  _ lj;). These are again callditeral agents
Note that we do not create the auxiliary gadgets and enforcer agents used in the proof of Theorem 18,
but we do add an agefit As before, a locally popular partition will always grotiptogether with
an agent corresponding to a true literal from each clause. We proceed by describing the relationships

between agents on different gadgets:
» Every literal agent considei® a friend, wherea3 considers everyone an enemy and is

considered an enemy by every non-literal agent.

» Furthermore, two agenisandz from two different clause gadgets are mutual enemies,
unlessy andz are both literal agents that dwt correspond to a positive and a negative
literal of the same variable, in which case they are mutually neutral.

We are going to show that the constructed instdnoEL OCAL-POPULARITY-EXISTENCE admits a
locally popular partition if and only if is satis able.

Direction“) ™ Letus rst assume that there exists a locally popular partitidor | .

Claim 25. No coalitionC 2 may contain all agents from some clause gadget.

Proof of claim. For a contradiction, suppose that a coalition ircontains all agents of a clause

gadge(G; . Then the switckx! !;  for an arbitrary agerbtji in G; locally dominates , because at
least55m 5 agents vote for such a switch and at most one agent votes against it, a contradiction.

Claim 26. If a coalitonC 2 with T Z C contains agents from two different clause gadgets, then
C cannot contain a non-literal agent.

Proof of claim. Exactly the same arguments as used in the proof of Claim 21 prove the cla@n.
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Claim 27. Coalition (T) contains at least one literal agent from each clause gadget.

Proof of claim. For a contradiction, suppose that there is a clause g&jgttat contains no agent

in (T). If no agent ofG; is in the same coalition as some agent from a different gadget, then
cannot be locally popular, because we have shown in Theorem 5 that an AF-gadget does not admit a
locally popular partition.

By Claim 26, it follows that there must be a literal agahtin G;j such thatC = (x}) contains
only literal agents, with at least one of them noGp. By T 2 C, we know thalx} has an incentive

tojoin (x;"*). Hence, as no agent conside{sa friend inC, there must be an agent irfx; " )

who considers<} an enemy, as otherwise, the swibq:h! (x}*l) locally blocks . Note that

T 2 (x;*") by our choice ofG;, and sinces;** is a non-literal agent, we know tha{x;"*)  G;
by Claim 26. Therefore, by Lemma 17 and Claim 25, we know that all agent@d}ﬁl) are at

distance at mos? from x}” alongG; . Hence, the agent in(x}*l) who considers<Ji an enemy

must bex; ?orx; 2, and they cannot both be contained ix;** ). Distinguishing between the
cases *2 (xj™')andx;*™ 2 (xj*!) and using exactly the same arguments as in Cases A
and B in the proof of Theorem 18 we obtain a contradiction to the local stability and, hence, to the

local popularity of . C

We are now ready to prove thatis satis able.

By Claim 27, (T) contains at least one literal agent from each clause gadget. We claim that the
corresponding literals can be made true at the same time. For a contradiction, suppose that there are
two literal agentsy andz, corresponding to some variableand its negatiof;, respectively, that

are both in (T). Theny andz are mutual enemies. Hence, the swigch; locally dominates ,

as bothT andz vote for it and onlyy votes against it, a contradiction. Hence, this yields a truth
assignment satisfying.

Direction “( ": Assume now that there is a truth assignment satisfying

Create a partition as follows. For each clause gad@it, choose a literal agent corresponding to

a literal set to true and group it with. Then for each clause gaddét create coalitions of size

two from the agents df not putinto (T) such that each of these coalitions contains two agents
appearing consecutively df.

We claim that is locally popular. LeC 2 [f,g . Note that the only agent who may vote for a
switchT ! Cis T, while at leasin agents vote against it. For a literal aggpt2 (T), the only
agents who vote for a switokj I C can beT and possibly agem} 1 while x} itself votes against
it, and moreover, ik} 12 C votes for the switch, them} 2 2 C votes against it. Henc&} I C
I*1 andy has a friend irC, in
2. i
j

does not locally dominate. For an ageny in a coalitionf x! ;x} "1 g2 ofsize two, only one agent
may vote for the switcly ! C, and this happens only if eithgr= X;

which casexJi votes against the switch, oryf= x! andC = fx} P X 1g, in which case botlx} 2
andx! vote against the switch. Hence, no switch locally dominateso is locally popular, which
completes the proof of correctness for our reduction. O

D.2 Omitted proofs for our results on FEN-B games

We start with restating and proving Theorem 4, stating the polynomiality of LocStab on FEN-B
games, in Section D.2.1. We move on with some structural observations concerning B-gadgets in
Section D.2.2. We then proceed to provide all omitted proofs of our results on FEN-B games in
Sections D.2.3-D.2.6.

D.2.1 Polynomiality of LocStab
Theorem 4 (?). In a possibly asymmetric FEN-B game, the total balanced utility of all agents

strictly increases in each step of heuridtiocStalh consequently, heuristicocStabalways converges
inO(n) steps to alocally stable partition, irrespective of the initial partition.
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Proof. Let N denote the set of agents. Consider a step of the heuristic where a partisioeplaced

by ;1 ¢ forsome ageritand coalitionC 2 [f,g issuchthaC[f ig ; (i)and( ; i1 ¢)> 0.
As (; i1 c)>0Owehave i(; ii c) O So,bystatement(a)ofLemmal,
X
wW(ire) ()= i(; inc) O
j2Nnfig

Finally, u?(C) uf( (i)) > 0 because the switch is performed by heuristic LocStab based on
the condition that it is a Nash deviation,g.ehas an incentive to joi€ (recall that preferences

are balanced). Hencg( i1 ¢) f( )=,y U'( it ¢) u’()> O, which proves the rst
statement of the theorem. Since the total balanced utility is betweenandn , the claimed
bound on the number of steps follows as well. O

D.2.2 A structural lemma on B-gadgets

Let us say that a coalitio® in a B-gadget over agent skt = f0;1;:::;6g is consecutivef

Lemma 28. Let be a partition for a B-gadget, and 1€ 2 be a coalition with eithefCj 4,
or jCj = 3 andC is not consecutive. Thar ; locally dominates for some agenit2 C.

Proof. Let be a partition for the B-gadget over agentket f0;1;:::;6gand letC 2

If C isthe grand coalition, thein! ; locally dominates , because, i +2,i + 3, andi + 4 all vote
forit, whileonlyi landi 2vote against it.

If4 j Cj 6, thenleti 2 C be an agent such that 1 2 C and, ifC is not consecutive, then
fi;i +1;i +2g6 C; observe that such an agerexists. Consider the switégh ; . Ifi 22C,
then at least two agentsim+2;i +3;i +4g\ C vote for this switch, whilé + 1 is indifferent

between and ;. . Hence, evenif votes againstit, wegef ; ;. ) 1. Ifi 22 CandC
is consecutive, the@ = K nfi  1g, in which case agentsi +2,i + 3, andi + 4 all vote for the
switchi !'; ,andonlyi 2votes againstit. If 22 C butC is not consecutive, then due to

our choice of, we know thatC does not contain boti+ 1 andi + 2, and thug . = 1, implying
alsoeic 2 (becausgCj 4andi 12 C).Hencej has an incentive to join. Moreover, at least
one agentidi +2;i+3;i +4g\ Cvotesfori!; ,whileonlyi 2votesagainstit. Hence, we
get( ; . ) 2lagain, whichmeansthat; locally dominates , as required.

It remains to consider the case whH&j = 3 andC is not consecutive. Ifi;j;j +1g C for some
agentj,thenj 2fi 2;i L1;i+1g.Ifj 2fi+2;i+3g, then bothh andj + 1 regardi as an
enemy, and thus they both vote for the switdh; . If j = i + 4, then both andi + 4 vote for

the switchi !'; . Hence,wege{ ; ;. ) 1linboth cases. Finally,ifj;j +1g6 C forany
agen 2 K, thenC must be of the fornii;i +2;i +4gfor somei 2 K. Then both +2 andi +4
vote fori !'; , yielding again a switch that locally dominates O

D.2.3 Proof of Theorem 8

Theorem 8(?). The asymmetric FEN-B game consisting solely of a B-gadget admits no locally
popular partition.

Proof. Assume for the sake of contradiction thats a locally popular partition for the B-gadget over
agentseK = f0;1;:::;6g. By Lemma 28 we know that contains no coalition of size more th@n

and moreover, all coalitions of siZ&must be consecutive. If contains a nonconsecutive coalitiGn

of size2, thenC must be of the fornfii;i + 29, as otherwise, its two agents are mutual enemies, and
thus either of them switching tolocally dominates . We may further assume thiat 12 (i +1)

(as otherwise, we can pick the coalitibh 1;i + 1g instead ofC); hence, eithefi + 1gis a
singletonin orfi+1;i+3g2 . Considerthe switch+2 ! (i +1): bothi +1 andi +2

vote for it, while onlyi votes against it (note that- 3 is indifferent between and o1 (j+1) )-
Hence, this switch locally dominates a contradiction that shows that all coalitions imust be
consecutive.

If C = fi;i +1g 2 ,then both andi + 1 vote for the switch +2 ! C, and onlyi + 2 (but
neitheri + 3 nori +4) may vote against it, contradicting again the local popularity.ofhus can
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only contain singletons and (consecutive) coalitions of 8izk i andi + 1 both form singletons
in , theni has an incentive to joifii + 1 g, andi + 1 does not vote againstit, $d f i + 1glocally
dominates . Hence, the only remaining possibility is thatontains a singleton and two coalitions
of size3, sayfi 3;i 2;i 1gandfi;i +1;i +2gfor some agent. However, in this case the
switchi ! (i 1) locally dominates , because agents 1,i 2, andi + 2 vote for it, while
onlyi andi 3 vote against it. This contradiction completes the proof. O

D.2.4 Proof of Theorem 9

Before proving Theorem 9, we start with a simple lemma that gives the bases of our reductions for
Theorems 9 and 11.

Lemma 29. Consider a FEN-B gameé containing threespecial agentss;, s;, and sz, a set
Di[ D, [ D3z of dummy agents, and a sktof vertex agents witfD 1j = jD,j = jD3j = 3jA]j. For
eachi 2 [3], letD;” = D; [f sjgand let the friendship and enmity relationslirbe such that

« every agent iD;" regards all other agents iD;" a friend and regards every remaining
special or dummy vertex a friend, and

* vertex agents are mutually neutral with every dummy agent.

Then every locally stable partition contains three coalition;y, C,, andCs, such thaD;”  C;
for eachi 2 [3].

Proof. First, assume that there exists a coalit®2 such thatC contains agents both frob,"
and DJ-+ for some indices 6 j; we will call such coalitionamixed Pick an index such that
jD{\ Cj j D"\ Cj. If D{" \ C contains adummy aged then the switcld ! ; locally blocks ,
because all agents Ihf as well ad vote for it, while only the agents iB;" n fdg vote against it; a
contradiction. Hence, we know th&t\ D;" = fs;g. In this case we must hay€ \ Dj*j j Aj,as
otherwises; !; locally blocks , because only vertex agents@nmay vote against it, while all
agents irDj+ as well ass; vote for it. Thus each mixed coalitidd contains dummy agents from at
most one seD; amongD 1, D3, andD3 (and then must contain a special vertex other ygnand
moreover, a mixed coalition can contain at m@stagents fronD ]+ .

Fix some indexy 2 [3], and assume now that there are coaliti@handC®in  such that both
contain agents fro;, jC\ Dj j C°\ D/ j, andC®is non-mixed. Let us pick an arbitrary
agentd 2 C\ D/ . Then the switcld ! C°locally blocks , as all agents i6C°\ D;") [f dgvote

for it, while the only agents who vote against it are thosgdA\ DJ-+ ) nfdg becaus&€is non-mixed.
This contradiction shows that there is at most one non-mixed coalition that contains agens from
and moreover, it contains fewer agents frmﬁ than any mixed coalition containing an agentyf.

If contains at least one mixed coaliti@with C\ D; 6 ;, then the unique (or possibly nonexistent)
non-mixed coalition that contains agents fr@n must contain fewer thajAj agents froerj+ .
However, since there can be at most two mixed coalitions containing agebts @fs each of
them must contain a special agent other tggnwe obtain that a total of at moSjAj 1 agents
of D can be contained in coalitions of contradictingD; j = 3jAj. This proves that there are no
mixed coalitions containing agentsBf and hence all agents B, must be contained in a unique
non-mixed coalitiorC; . Note also thas; 2 C; follows, as otherwises; ! C; locally blocks .
This proves the claim. O

Theorem 9(?). LOCAL-POPULARITY-EXISTENCEis NP-complete for FEN-B games.

Proof. Itis clear that this problem is iNP, as given a FEN-B game, we can nondeterministically
guess a partition and then verify in polynomial time that no possible switch locally dominates
(note again that the number of switches fois at most quadratic in the number of agents).

To showNP-hardness, we reduce from tNE-hard3-COLORING problem: given an undirected
graphG = (V; E), the task is to decide wheth& admits a coloring : V ! [3]that isproper, i.e.,
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there is no edgéu;vg 2 E with (u) = (v). We will call a proper colorindight if each vertex
has two neighbors whose colors differ from each other.

Given an instanc& = (V; E) of 3-COLORING, we start by creating a grapth as follows: for each
vertexv 2 V, we add new vertices!, v, andv® to G forming a triangle, and we connect andv?

to v by an edge. Observe that a proper coloringsofan be extended into a tight coloring lgf
and, in fact, every proper coloring 6f is tight. LetH = (V% E9 denote the constructed graph and
letn = jV9.

Next, we create a FEN-B ganhébased oH as follows. We introduce a sBt; [ D, [ D3 of dummy
agentswith jD1j = jDyj = jD3j = 21n, threespecial agentss;, s,, andsz, and for each vertex
v2VOasetA, = fv; :i 2f0;1;:::;6ggof seververtex agentsvho fornga B-gadgetgWe will use
the notatiorD;” = D; [f sigfor eachi 2 [3], so the setof agentshé = ;53 D" [ 5y 0Ay.

The remaining relationships between the agents are as follows:

« For each 2 [3], every agentiD;" considers each other agentlxi a friend and every
remaining special or dummy agent an enemy.

» Two vertex agentsy; 2 A, andv; 2 Ay, are mutual enemies if and onlyfiti; ; vj g 2 EC
otherwise, they are mutually neutral.

» Each vertex agent is mutual friends with every special agent and mutually neutral with every
dummy agent.

This completes our construction of the instaha&f LOCAL-POPULARITY-EXISTENCE from the
given 3-COLORING instanceG. We are now going to show that the constructed FEN-B ghme
admits a locally popular partition if and only®@ admits a proper 3-coloring.

Direction“) ™ Assume rst that there exists a locally popular partitiofor | .

Letus x an arbitrary vertex 2 V%and consider the corresponding B-gadgeqn Let G, denote
the set of all coalition€ 2 withC\ A, 6 ;. Letl, be the FEN-B game comprising solelyA§,
andlet IV = fC\ A, : C 2 C,gdenote the partition fok, that can be thought of as the projection
of ontoA,. Letthelevel of a coalitionC 2 C, be

lev(C) = jF(vi)\ (CnAy)j j E(vi)\ (CnAy)j
for an arbitraryv; 2 C\ A, ; note that this notion is well-de ned, as all vertex agenté&inhave the
same friends and enemies outsile

Observe now thdt satis es the conditions in Lemma 29: hence, as locally stable, we get that
there exist coalition€,;C5;C3 2 such thaDi+ C; for eachi 2 [3]. Since vertex agents i,
regard only special agents as friends outgideit follows that the level of any coalition i, is at
most1.

Claim 30. Each coalitionC 2 C, has level at leasd.

Proof of claim. For the sake of contradiction, assume tGa2 C, has level at most 1.

If C\ A, satis es the condition of Lemma 28 (i.e., eitH&\ Ayj 4,o0rjC\ Ay,j=3 andC\ A,
is not consecutive), then we know that there exists an agentC \ A, such that the switcks ! ;
Notice that agents iA, n fv;g do not consider their relationships outsitlg when voting for or
against the switch; ! ; , so they vote the same wayliras inl,. Moreover, we have

votey, (; v ) votey, ( 1V oy

vl
because; has more enemies i@ n A, than friends (sinc€ has level at most 1). Finally, both
friendship and enemy relationships between two agents who do not belong to the same B-gadget are
symmetric, so we know that
votea(; v )= lev(C) 1L
a2CnA,

Summing up all these insights, we obtain tiat;, .. ) 1 lev(C) 2, contradicting the
local popularity of .
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Assume now thgtC\ A,j =3 andC\ A, is consecutive, thati€g\ A, = fvj;Vj+1;Vij+2 g for
somei 2 [6] (henceforth, we treat indices with#, modulo7). Thenv; !'; locally dominates :
agentv; votes against ity;+» votes forit,vi+; does neither, while the total vote of all agent€inA,
sumsupto lev(C) 1,yielding( ; . ) L

If ]C\ Ayj =2 andC\ A, is nonconsecutive, then the switgh! ; for anyv; 2 C locally
dominates , because at least one agentdn A, votes for it, while the total vote of all agents
inCnA, sumsupto lev(C) 1,yielding ( ; . ) L

If C\' Ay = fvi;vis1 gforsome agent; 2 C, thenagairv; ! ; locally dominates : byuy ( ) =0,
bothv; andv;.; are indifferent between and ,,,. , and the total vote of all agents@nA, sums
upto lev(C) Llyielding ( ; v ) 1

Finally, if C\ A, = fvig, then agairy; ! ; locally dominates , because; votes for it, and the
total vote of all agents i€ nA, sumsupto lev(C) 1,yielding ( ; . )=2. C

We next show that it is not possible for all coalitions@nto have level exactl). Assume the
contrary. By Theorem 8, we know that’ cannot be locally popular ih,, so there exists an agent
and a coalitiorC 2 1V [f,g such that the switcki ! C locally dominates IV in|,. LetC°2

be the coalition satisfying = C°\ A,. We will show that the switcl; ! CClocally dominates
inl. First, agents i, \ ( (vi) [ C9 nfv;gvote for or against the switch without regard for the
agents outsidé, . Second, the contribution of all agents outsileto the balanced utility of;
remains the same i68%as in (v;) due tolev(C% = lev( (v;)) = 0. Third, the total vote of all
agents regarding the switeh! C%sums up to exactly lev( (v;)+lev( C) = 0. Summing up all
this, we get( ; 1 co) 1, as promised.

By Claim 30, this shows that for eaet2 V° there exists somé 2 C, with lev(C) = 1; if there

are multiple such coalitions, then x one arbitrarily. Notice ti@atnust contain a unique special
agents; due tolev(C) = 1; we then de ne (v) = i. We claim that is a proper coloring oH :
Assuming that the endpoints of an edgevg 2 E°(recall thatE °is the edge set dfl ) have the

same coloii, we get thaC; = (sj) contains agents both frol, andA,; however, as they are
mutual enemies and the only friend of vertex agents outside their gadget must be a special agent, we
obtain that agents iA, \ C; have at least as many enemies as friends;in A, a contradiction to

lev(C) = 1. It follows thatH and, hence, its subgrag@hadmits a proper 3-coloring.

Direction “( ": Assume now thaG admits a proper coloring, sd admits a proper and tight
coloring :VO! [3]. Create the partition consisting of three coalitions

Ci=D/[f A/ :v2V% (v)=ig

fori =1;2;3. We claim that is locally popular. For the sake of contradiction, assume that some
switcha! C locally dominates .

First, ifais a dummy or special agent@) for somei 2 [3], then all agentsiD;" vote againsa! C,
and the only agents that may vote for it are vertex agents (inacass;); hence,( ; a1 ¢c) O
byjD;"j> 7n.

Second, ifais a vertex agent i\, , then three agents ia, vote fora! C, while two agents irA,
vote against it. We also know tha§( ) = 0, because it has three enemied\inand two friends
in A, pluss;. Moreover, no vertex agent ik, votes for the switcla! C: since is a proper
coloring, there are no enemiesain C; nA,; the special agers votes against it, and dummies@
are indifferent betwegs and a1 ¢. This already shows that! ;  does not locally dominate,
because( ; a; )= s0c, VOt€ao(; a )=0.Todealwiththe case whed= Cj 2 for
somej 6 i, recall that since is tight, there is at least one vertax2 V°among the neighbors of
with (u) = j. This means that all seven agentshin ~ C; vote againstt! C;; while the only
agent inC; that votes for itiss; . Therefore,( ; a1 ¢;) 6. This contradiction proves thatis
indeed locally popular. O

D.2.5 Proof of Proposition 10

Proposition 10(?). There exists a symmetric FEN-B game that admits a partition that is popular but
does not maximize the agents' total balanced utility.
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Proof. Consider the symmetric FEN-B garhen agentsell = A[ B whereA = fa; ;i 2 [7]g
andB = fh :i 2 [7]g. To create the (undirected) friendship graph of I, we add a clique oA,
a clique onB, plus the three edgesfha;;hg:i 2 [3]g. The (undirected) enmity gragh® of |
contains only the four edgesihaz; B g:j =4;5;6; 70.

We claim that the grand coalitio¥ = f N gis popular forl . Assume for the sake of contradiction
that there is a partition with ( N; ) > 0. Note rstthat no agentim nfaz; by;bs; bs; b;g may
prefer to N asthey have all their friends with them and no enemies in the coalitiofihus at
most ve agents may preferto N. Second, if some agent preferdo N, then must puta; and
at least one agent iy ; bs; bs; byg in different coalitions.

If there is no coalition in containingA, then all six agents i n fa;g prefer N to

If some agent other thaay prefers to N, thenB must also be contained in some coalition of
Otherwise, no agent ifity; bs; bs; b;g prefers to N, as they lose at least one friend and lose at
most one enemy when switching fromY¥ to . Hence, in this case only = f A; B g is possible, but
then all six agents iha; ;b :i 2 [3]g prefer N to

Finally, if only a; prefers to N,then must contain a coalitio€ with C ( B. However, then all
agentdy, i 2 [3], prefer N to

This proves that N is indeed popular.

The total balanced utility of N isf ( N)=4 1 +2 3 2 4, butthis is lower than the total balanced

utility of the partitionf A;Bgbyf (fA;Bg) =4 ; <f ( N). This proves our statement. []

D.2.6 Proof of Theorem 11

Theorem 11(?). Given a symmetric FEN-B ganieand an integett, the problem of deciding
whetherl admits a partition whose total balanced utility is at leasts NP-complete.

Proof. It is clear that the problem is iNP, as we can compute the total utility of any partition
ef ciently. To prove NP-hardness, we again present a reduction f@@OLORING based on
the construction in Lemma 29. Given an input grdph= (V;E) overn vertices, let us create
a symmetric FEN-B gameé as follows. We introduce a s€&; [ D, [ D3 of dummy agents
with jD1j = jD»j = jD3j = 3n, threespecial agentss, s,, andss, and avertex agent®for each
vertexv 2 V. We will again use the notatidd;” = D; [f s;gfor eachi 2 [3].

The friendship and enmity relationships between the agents are as follows:

« For each 2 [3], every agentiD; considers each other agentdifi a friend and every
remaining special or dummy agent an enemy.

 Two vertex agentgy® andv®, are mutual enemies if and onlyfifi; vg 2 E; otherwise, they
are mutually neutral.

« Each vertex agent is mutual friends with every special agent and mutually neutral with every
dummy agent.

Additionally, we set our target value &s 6 '; +2n.

This completes our construction of the instahdeom the given3-COLORING instanceG. We are
going to show that the constructed FEN-B gamedmits a partition with f ( ) t if and only if
G admits a proper 3-coloring.

Direction“) " Assume rst that there exists a popular partitioffior | withf ( )  t; without loss

of generality, we may assume thamaximizes the total balanced utility over all partitions for

In particular, this implies that is locally stable: otherwise, a switch that locally blocksvould
result in a strict increase in( ), as shown in Theorem 4; a contradiction. Therefore, Lemma 29 can
be applied, and we obtain thatcontains three coalitionS;;C,;C3 2 such tha1Di+ C; for
eachi 2 [3].

Since each vertex agent can belong to at most one of th&€ge€,, andCs, the total balanced
utility of all dummy and special agents is at mésf + n. Moreover, the balanced utility of any
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Figure 13: Illustration of the AE-gadget as defined in Definition 4 (repeated from Figure 2). We
denote friendship arcs as thin, blue lines and enemy arcs as thick, red lines.

vertex agent V' is at most 1, as the only agents regarded as friends by v° are special agents, and v° can
share a coalition with at most one of them. Hence, f( ) 6 2 + 2n = t, and equality can only be
achieved if each vertex agent V is in coalition C; for some i 2 [3] and has no enemies in (V') = C;.
However, this implies that each set fv 2 V : V! 2 C;g is an independent set in G (i.e., no two of its
vertices are connected by an edge of G), proving that G admits a proper 3-coloring.

Direction “(”’: Assume now that G admits a proper 3-coloring :V ¥ [3]. Define coalitions
Ci=D; [fV':v2V and (v)=igfori 2 [3]. Then the partition = fC;;C,;Csg has total
balanced utility exactly f( ) =6 r21 + 2n = t, proving the correctness of our reduction. O

D.3 Omitted proofs for our results on FEN-AE games

After stating some structural observations in Section D.3.1, we provide all omitted proofs for FEN-AE
games in Sections D.3.2-D.3.3. See Figure 13 for an illustration of an AE-gadget, our building block
for all of our nonexistence and hardness results concerning FEN-AE games.

D.3.1 A structural lemma on AE-gadgets

Lemma 31. Consider a FEN-AE game | that contains an AE-gadget as described in Definition 4
over agent set K = fcg [ Th; : 1 2 [12]g [ fai; di; X : 1 2 [3]g, and let  be a locally stable partition
for |. Assume that no agent outside K considers anyone within K a friend, and among agents of K,
only X1, Xo, and X3 may have friends outside K. Furthermore, assume that coalitions (c), (b11),
and (b12) only contain agents from K. Then

(a) Tag;az;a3;d1;d2;dsg  (C);
(b) if, for some i 2 [3], agent X; considers no agent in (Xi) n K a friend, then X 2 (), and

(c) i :i2][12]g (b1) & (o).
Proof. To show (a), we first show that dj 2 (c) for each i 2 [3]. By our assumptions, the only
agents who consider d; a friend are a; and ¢, whereas d;j has only ¢ as a friend and has no enemies

in (c). Therefore, if dj 2 (c), then d; has an incentive to join (), and thus the switchd; ¥ (c)
locally blocks : both dj and ¢ vote for it and only a; may vote against it. This proves d; 2 (C).
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This implies that among the three agents whom a;, for some i 2 [3], considers friends, two are
contained in (C), and due to our assumptions, a; has no enemies in (¢). Hence, if 3; 2 (C), then
aj has an incentive to join (c). The switcha; ¥ (c) then locally blocks : both a; and ¢ vote for
it, while only X; (the only agent who considers @; a friend) may vote against it. This contradiction
proves faj; ay; as; dy; dz; dsg (c), as desired.

To show (b), assume for the sake of contradiction that Xj 2 (c) and X; has no friends in  (Xj) n K.
Then X; has no friends in  (X;), because the only agent whom X; considers a friend is @; 2 (c).
Since X;j has no enemies in (€¢) K due to our assumptions, X;j has an incentive to join (c). Hence,
Xj ¥ (c) locally blocks , as both X; and @; vote for it, and only ¢ votes against it; a contradiction
proving (b).

It remains to show (c). First observe that ¢ 2 (b12) must hold, as otherwise, the switch by, ¥ ;
would locally block , as both ¢ and by would vote for it (as they are mutual enemies) and only by
may vote against it. Similarly, ¢ 2 (by1) also holds, as otherwise, the switch b;; ¥ ; would locally
block , since both ¢ and by, would vote for it and only b;¢ may vote against it (note that b12 2 (C)
as we have just shown).

Next, we claim that (b;1) = (b12). Suppose the contrary: (bi1) & (b12). Choose j and j°
such that fj; j°g = f11;12g and (bj) contains at least as many agents from fb; : i 2 [10]g
as (bjo). Since b1y and bi> consider each other a friend and, apart from each other, they have the
same set of friends, and their only enemy C is not in either of (by1) or (by2), it follows that the
switch bjo ¥ (bj) locally blocks , as both by1 and b1, vote for it and only b;g may vote against it.

It follows that big 2 (b11), as otherwise, bip has an incentive to join (b11), and the switch
bio ¥ (b11) locally blocks : agents byg, b1, and bys all vote for it and only bg and bg may vote
against it. Similarly, we obtain bg 2 (bs1). Finally, once we know that bjo 2 (by1) for all i’ > i
for some i 2 [8], then b; 2 (b11) follows, as otherwise, bj ¥  (b11) would locally block : among
the three agents whom Db; considers friends, (by1) contains two and contains no enemies of bj
by (b11) K, sobj together with b1; and by, vote forbj ¥ (by1), while only b 1 and bj » may
vote against it. Hence, fb; : i 2 [12]g (b11) = (b)) & (o). O

D.3.2 Proof of Theorem 12

Theorem 12 (?). The asymmetric FEN-AE game consisting solely of an AE-gadget admits no locally
stable partition.

Proof. Consider a FEN-AE game | that solely consist of an AE-gadget as described in Definition 4
over agent set K = fcg [ fh; : i 2 [12]g [ fai; di; X : i 2 [3]g. By Lemma 31, the only partition that
may be locally stable for I is = ffa;;d;; Xi;c: i 2 [3]g; b : i 2 [12]gg. Observe that ¢ has two
enemies and zero friends in  (b;), whereas ¢ has three enemies in  (C), and hence, ¢ prefers (by)
to (C). Therefore, the switchc ¥  (b1) locally blocks : nine agents (namely, ¢ and b; for j 2 [8])
vote for it, while only eight agents (namely, a; and d; for i 2 [3] as well as b1 and b;2) vote against
it. Thus no partition for | is locally stable. O

D.3.3 Proof of Theorem 13

Theorem 13 (?). LOCAL-POPULARITY-EXISTENCE and LOCAL-STABILITY-EXISTENCE are NP-
complete for FEN-AE games.

Proof. ltis clear that both problems are in NP, as given a FEN-AE game, we can nondeterministically
guess a partition  and then verify in polynomial time that no possible switch locally dominates
or locally blocks (recall that the number of switches for is at most quadratic in the number of
agents).

To show the NP-hardness of these problems, we present a reduction from 3-SAT that works for
both problems. Let > = cin N C™ be an instance of 3-SAT, i.e., a Boolean formula over
variables Vq;:::; vy with three literals per clause; without loss of generality, we assume thatm 2.

We create a FEN-AE game | of LOCAL-POPULARITY-EXISTENCE and LOCAL-STABILITY-
EXISTENCE as follows. For each clause CJ, we create an AE-gadget G/ as described in Definition 4

over agent set KI = folg [ fol @i 2 [12]g [ fal;di;x! : [i 2 [3]g. We will call ¢ a clause agent
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and agents le, xJ , and X% literal agents, corresponding to the three literals in CJ. We further add an
agent T.

The friendship and enmity relations between agents from different AE-gadgets are as follows:

. x‘; considers T a friend for each i 2 [3] and j 2 [m], while all other agents consider T an
enemy.

e T considers x’; a neutral for each i 2 [3] and J 2 [m] but considers every other agent an
enemy.

* Two agents, U and v, from different AE-gadgets are mutual enemies unless both of them are
literal agents corresponding to literals that are not negations of each other, in which case
they are mutually neutral.

We prove the correctness of the reduction via Claims 32 and 33.

Claim 32. If | admits a locally stable partition, then ” is satisfiable.

Proof of claim. Let be alocally stable partition for I. For the sake of contradiction, suppose that
an agent v 2 fcl; b}, ; b}, g is contained in the same coalition of as some agent U from a different
AE-gadget G". Let “ denote the largest integer such that both u and v have at least * enemies
in (u) = (v). Since U and v are mutual enemies, we know “ 1, and thus both u and v have an
incentive to join ;. However, none of the switchesu ¥ ; andv ¥ ; can locally block , so there
must exist a set F, of at least “ + 1 agentsin (u) = (V) who consider U a friend and, similarly, a
set Fy of at least “ + 1 agents who consider v a friend in (v) = (u). In particular, u is not a literal
agent Xih 2 K" for some i 2 [3], as XP is regarded as a friend only by aP. Moreover, as all friendship
relations lie within some AE-gadget, we get that F Khand F, KJ. However, u must then
be mutual enemies with all * + 1 agents in F, (v), and v mutual enemies with all “ + 1 agents
in Fy (v), which contradicts the definition of *.

Again for the sake of contradiction, suppose now that an agent v 2 fcl; bl,;bl,gis containedin (T).
Since v and T are mutual enemies but v ¥ ; does not locally block , there must be at least two
agents in (T) who consider Vv a friend. These two agents cannot be literal agents by the choice
of v, so they are also mutual enemies with T. Hence, at least four agents vote for the switch T ¥ ;
including T. However, we have already shown that no agent from an AE-gadget other than GJ can
be contained in (v) = (T); therefore, at most three agents in (T) consider T a friend, implying
that T ¥ ; locally blocks , a contradiction.

We conclude that coalitions (cl), (bjll), and (bjlz) only contain agents from GJ. This means that
all conditions of Lemma 31 are satisfied. Hence, if no agent XJ; 2 ijl; xJ ; Xf;,g considers at least
one agent in (XJ;) n KJ a friend, then by Lemma 31 we get (¢}) = fXJ; ; a’; ; d{ ¢l i 2[3]gand

(b{) = be; . i 2 [12]g. However, then it follows from Theorem 12 that some switch, namely the
switchcl ¥ (b{), locally blocks , a contradiction.

This means that for each AE-gadget GJ, there exists a literal agent x} 2 KJ that considers at least
one agentin (x})n KJ a friend; by construction, this agent can only be T. Let Xt denote the set
of literal agents in (T ); then we have just proven that X1 \ KJ & ; for each j 2 [m]. Suppose
that two agents in Xt are mutual enemies (which happens if they correspond to literals v; and Vj
for some variable v;). Then both of them have an incentive to join ;, and thus both of them vote for
the corresponding switches, whereas at most one agent may vote against them (because for each
literal agent XJi, there is only one agent, namely aJi, who considers XJi a friend); thus, either of these
switches locally blocks , a contradiction.

Therefore, we can create a truth assignment by setting v;j to true if and only if there is a literal agent
corresponding to V; in Xt . By the above arguments, this is a consistent truth assignment and yields a
true literal in each clause, thus satisfying ”. C

Claim 33. If ” is satisfiable, then | admits a locally popular partition.
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Proof of claim. Suppose that ” is satisfiable by a truth assignment . We create a partition
as follows. We let (T) contain—besides T—all literal agents that correspond to true literals.
Additionally, we create a coalition fb! : i 2 [12]g and a coalition fad; &} ; x}; cd:i2[3lgn (T)for
each AE-gadget GJ.

We claim that is locally popular. Since satisfies 7, each clause agent ¢J has at most two enemies
and six friends in  (c!), has two enemies and zero friends in  (b}), and has at least m +1 3
enemies in  (T). Hence, the only possible coalitionin [ f;g that ¢! has an incentive to join is ;
via the switch ¢ ¥ ;. Regarding the remaining (i.e., all non-clause) agents, observe that none of
them has enemies in its coalition under . Using this, we get the following:

* Neither T nor any agent d! votes for any possible switch.

* An agent bJI may only vote for the switch _Cj L (bjl) However, such a switch does not
locally dominate , as all agents in fcl;al; ! : i 2 [3]g [ b];;b],g vote against such a

switch, whereas only the agents in fb} : i 2 [8]g vote for it.

* As we have argued, a clause agent ol votes only for the switch cd ¥ ::however, such a
switch does not locally dominate , as only ¢! votes for it, whereas all six agents in the

set faJ; ; d’; . 1 2 [3]g vote against it.

* An agent aJ; votes only for switches of the form XJ; L] (aJ; ), where XJ; 2 (T). However,
such a switch does not locally dominate , as only aJi votes for it, while ¢! votes against it.

* Finally, an agent XJ; may only vote for a switch of the form T 1§ (XJI) or a’; 1 (XJI)
A switch T I (XJ;) for some XJ; 2 (T) is voted for only by the at most two literal
agents in (XJ;), while it is voted against by T and all remaining seven agents in (XJ;). A
switch aJ; Ll (XJ;) for some XJ; 2 (T)is voted for only by the at most three literal agents

in (T)\KJ, while T,cl, and at leastm 1 1 literal agents from (T)n KJ vote
against it. Thus none of these switches locally dominates

We obtain that no switch for which at least one agent votes locally dominates , thatis, is locally
popular. C

As alocally popular partition is locally stable by definition, NP-hardness of both LOCAL-STABILITY-
EXISTENCE and LOCAL-POPULARITY-EXISTENCE follows. O
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