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Abstract

Generative modeling aims to produce new random examples from an unknown
target distribution, given access to a finite collection of examples. Among the
leading approaches, denoising diffusion probabilistic models (DDPMs) construct
such examples by mapping a Brownian motion via a diffusion process driven by
an estimated score function. In this work, we first provide empirical evidence that
DDPMs are robust to constant-variance noise in the score evaluations. We then
establish finite-sample guarantees in Wasserstein-2 distance that exhibit two key
features: (i) they characterize and quantify the robustness of DDPMs to noisy score
estimates, and (ii) they achieve faster convergence rates than previously known
results. Furthermore, we observe that the obtained rates match those known in the
Gaussian case, implying their optimality.

1 Introduction

We study the problem of generative modeling, which aims to construct a mechanism capable of
producing synthetic samples that mimic a target distribution P*, given access to independent observa-
tions from P*. This fundamental task lies at the core of numerous applications, including image, text,
music, and molecule generation. Among the recent advances in this domain, Denoising Diffusion
Probabilistic Models (DDPMs), introduced in [HJA20], have emerged as a remarkably effective class
of generative models; see, e.g., [CMFW24, YZS™'24, TZ25] for comprehensive overviews. In this
work, we contribute to the growing theoretical understanding of DDPMs by analyzing several of their
key properties and performance guarantees.

The central idea underlying DDPMs is to construct a transport map that transforms a simple source
of randomness into a sample from the target distribution P*. More precisely, for any distribution P*,
there exists a map defined via a stochastic differential equation (SDE) that takes as input a standard
Gaussian vector & and a standard Brownian motion W, and outputs a vector with distribution P*.
Importantly, only the drift term of the SDE depends on P*, and this dependence occurs through the
score function, that is, the gradient of the log-density of a Gaussian-smoothed version of P*. This
formulation reduces the generative modeling task to that of score estimation: one can estimate the
score function from data and substitute this estimate into the SDE to approximately sample from P*.

For many commonly used datasets, such as CIFAR-10 and CelebA-HQ considered in Section 6,
accurate estimators of the score function are available. Generating a synthetic sample reduces to
drawing a Gaussian vector together with the increments of a Brownian motion, and simulating the
SDE defined by the pretrained score. This procedure requires multiple evaluations of the score
estimator. The first question we address in this paper is: what happens if each evaluation returns a
value corrupted by additive centered noise? Such a scenario may arise when the pretrained model is
hosted on a remote server and communication introduces random perturbations, or when the score
values are compressed using stochastic rounding. Anticipating our main findings, we emphasize
that, perhaps counterintuitively, we observe that adding even a constant level of noise to each score
evaluation has only a limited effect on the quality of the generated samples; see Figure 1 for an
illustration.
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Figure 1: Generated images obtained by DDPM with a constant-level noise added to the estimated
score. Left: CelebA-HQ. Right: CIFAR10. The result is visually as good as the noiseless one.

The second question we investigate concerns the accuracy of DDPMs when performance is measured
in terms of the Wasserstein distance. A natural criterion in this setting is the number of score function
guerieK required to achieve a prescribed Isvel of accuradyor the Gaussian target distribution,
elementary computations show that= O(  D="), whereD denotes the ambient dimension.
Surprisingly, however, it remains unclear whether DDPMs maintain this level of accuracy for broader
classes of distributions beyond the Gaussian case.

Contributions. The main contributions of this work can be summarized as follows:

* We provide empirical evidence, based on experiments with the CIFAR-10 and CelebA-HQ
datasets, that DDPMs are remarkably robust to noise in the evaluation of the score function.

« We derive non-asymptotic upper bounds on the Wasserstein-2 distance between the target
distribution and the distribution induced by the DDPM with noisy score evaluations, thus
offering a theoretical explanation for the observed robustness.

e Our bounds match—up to a multiplicative constant—the rall=" of the case of a Gaussian
target. Moreover, our results extend to a signi cantly broader class of distributions, including
compactly supported semi-log-concave measures supported on low-dimensional subspaces.

Related work [KFL22] highlighted the connection between DDPMs and the Wasserstein distance.
The rst quantitative bounds—polynomial in the dimension and valid for a broad cleBs-efwere
established inQCL* 23], covering several metrics. Unlike their result in total variation (TV) distance,
their bound in Wasserstein distance has the poor scBlitf'2. Subsequent work signi cantly
improved this rate: LL23] achievedD #="2 under minimal assumptions, whilBZL* 23 GNZ25,

Y25, SOB' 25] reduced it further td="2, assuming stronger conditiorﬁ Bn. [SO24 proved the

D="2 rate and our paper closes the loop by proving that the optimal rBt" is achieved by the
standard DDPM procedure. A related result B7P4 establishes similar bounds for the probability
ow ODE, but under more restrictive assumptions, such as strong log-conca\ity.of

Over the past three years, substantial progress has also been made in establishing guarantees for
DDPMs in total variation and Kullback—Leibler divergence under weak assumptioRs §6DS25

LJLS25 LY25, BBDD24, LHE* 24], including acceleration techniques such as parallel sampling,
randomized midpoint, and Runge—Kutta metho@RYR24 GCC24 WCW?24]. In parallel, a

growing body of work investigates the statistical optimality of score-based mddas23 WWY 24,

HST25, as well as their ability to adapt to low-dimensional structiBeR2, TY24, LY24, HWC24,

ADR24, PAD24]. Analogous results for ow matching have been established in [KT25].

Notation ForD 2 N, Ip istheD D identity matrix. We use notatioA B,A 4 B,A B,

A < B to design that the matrid B is, respectively, negative de nite, negative semi-de nite,

positive de nite and positive semi-de nite. We denotely ( ; ) theD-dimensional Gaussian

distribution with mean and covariance matrix . Let P be the density function dfip (0;1p).

The norm of a vector is always understood as the Euclidean norm, whereas the norm of a matrix is

the operator norm (the largest singular value). The independence of random vecodY is

denoted byX ? Y . The Wassersteig-distance between two distributioRsandQ is de ned by
W4(P;Q) = W'?L;Q) Ex vy ofkX YK,

whereq > 1land ( P; Q) is the set of all joint distributions with margindfsandQ. For any function

g:[0;T] RP! R,wewillwriter gandr 2gfor the gradient and the Hessiangith respect

to its second variable. i : [0;T] RP ! RP, we writeDg for the differential ofg with respect to

its second variable. For each random ve&tarwe writekX ki, = ( E[kX k3])1=2.



2 Problem statement and conditions

The goal of this section is to set the framework of denoising diffusion probabilistic models with
randomized score estimators and to state the conditions imposed on the unknown target distribution.

The setting of randomized score estimators Our setting is a bit more general than those previously
studied in the literature. For an unknown distribut®n on RP | and fort > q)we de neP; as

the distribution of (X +  ,where(X; ) P Doy=etand = 1 2. Theset
(P; )t> 0 can be seen as a curve in the space of probability measures interpolating betwaaah
D sinceP, = P andP, = P. Fort> 0, P, is absolutely continuous with respect to the

Lebesgue measur® onRP with an in nitely differentiable density. Therefore, we can de ne the
score functiors by

(t;x) = gitD(x); s(t;x)=r log (t;x): (1)

SinceP; is unknown, we cannot acces§; x). Instead, we have access to randomized and noisy
evaluations of this function: for each quetyx) 2 [0;1 ) RP, we can observe a random vector
8(t; x) such thaks(t; x) s(t; x)k., is small. Our goal is to combine independent Gaussian random
vectors and queries to the approximate set@build a random vecta in RP having a distribution

Pz close toP . To this end, we focus on the DDPM algorithm presented in Algorithm 1.

/~Algorithm 1 Generation oZ by the denoising diffusion probabilistic modg|

Ensure: VectorZ = Zk +1

1: Settg =0,T = tK+1,andZO D

2: fork=0toK do

3:  Sethy = tx+1  tx

4. Generate g+1 P independent of all previous randomness

5.  Querysat(tg;Zx) p

6:  SetZys =(1+ h)Zk +2hes(T  ti;Z)+  2hg k+1

7: end for

\ 8: OUtpUt Zk +1 /

We postpone the discussion of the origin of this algorithm to Section 3. The main difference between
our setting and prior work lies in the randomnes®pifvhich goes beyond the randomness of the
training sample. Let us provide concrete examples to illustrate our setting.

Example 1 (Noisy score estimator)Assume that an estimatéris available. Due to issues such as
communication constraints or privacy concerns, we do not ob&étye) directly, but rather a noisy
versiong(t; x) = B(t; x) + , where israndom, typically with zero mean and bounded variance.

Example 2 (Compressed score estimatorAssume again that an estimatois available, but only
one of its coordinates can be queried at a time. At each iteration, we randomly ¢tdbde:::;Dg
uniformly and seg(t; x) = D 8(t;x)"Te; e, whereg; is thei-th canonical basis vector.

Example 3 (Randomized network weights).The conventional approach ts the weightof a
neural net (t; x; ) tothe unknown scors(t; x) by minimizing the (estimated) prediction error:

Z:Z
rrzliRnp R(P ; ); where R(P ; ):= k (tx; ) s(tx)k? (tx)dxdt
0 RP
One can instead minimize an estimator of the integrated error under a Gaussian prior by solving
z
b 2 argmin R(P; + 2z) P(2)dz;
2RP RP

where > 0is a hyperparameter. This may lead to a more robust score estimator. In this setting,
the randomized estimator of the score at each query ppir) is (t;x; b+ ), with P
generated independently by the user.



Conditions on the target distribution The guarantees on the precision of the DDPM that we will
state in the next section depend on the properties of the tBrgetve will express these properties in
terms of a function .

Assumption 1. For a function : R.o! R, we saythaP orX satis es Assumption 1 with
function' if,for (X; ) P D it holds thatvar X jX + =y 4"'()Ilpforall > 0.

Many distributions satisfy this assumption (see Appendix A for the proofs):
(@) If X has compact suppoit with diam(K) = 2 Dx , Assumption 1 holds with ( ) DZ;

(b) Any m-strongly log-concave distributioR satis es Assumption 1 with () = 5+
(c) If X is semi-log-concave with constdél > 0 and has compact support of diame28 ,

thenX satis es Assumption 1 with ( ) = DZ * ﬁ

(d) If X satis es Assumption 1 with some function U isaD D orthonormal matrix and
b2 RP, thenUX + b satis es Assumption 1 with the same

(e) If X is obtained by concatenating two independent vectorsandX , satisfying Assumption 1
with the same functioh, thenX satis es Assumption 1 with .

() F(W; ) Po P suchthaWw satis es Assumption 1 with the funpctidno, then, X =
P 0

W + satis es Assumption 1 with the function ( ) = 22+ 22 + (°§+ 22;2 9.
(9) If W is supported by a compact set of diam&bBrand ? W is m-strongly log-concave

with anM -Lipschitz score function, thek = W + satis es Assumption 1 with ( ) =

2 (MD_??

1+m 2 + a+m 2)2-
The main purpose of Assumption 1 is to ensure that the drift coef cient of the backward diffusion
process is strongly convex when the noise level is large and semi-log-concave for all noise levels.
Moreover, the drift coef cient is always gradient-Lipschitz, with a Lipschitz constant depending on
the noise level. These properties are summarized in the following esult

Proposition 1. LetX and be random vectors iRP drawn fromP P Forany; > 0, the
density y ofY = X + is twice continuously differentiable and satis es
2 : 1 1
r?log vy(y)= —Var(XjY =y) Slp< Slp; forally 2 RP:

Thus, Assumption 1 is equivalentrtd log v (y) 4 =0 9y for aly 2RP,; > 0.

The last inequality above implies thatif = ) 6 (= )?, the distribution ofy = X + is
log-concave, and it is strongly log-concave if the inequality is strict.

Conditions on the estimated score As mentioned in Section 2, we consider randomized estimators
g of the true score functios. The mean squared error of such an estimator can be decomposed into a
bias and a variance term:

E ks(t;x) s(tx)k® = KkE[s(t;x)] s(tx)k’+ E ks(t;x) E [s(t;x)]K* :
In what follows, we analyze separately the impact of the bias and the variance on the overall error.

As we will see, the variance term has a much weaker in uence on the nal accuracy than the bias
term. To re ect this difference, we introduce the following assumption.

Assumption 2. There are constant§,,.and" ... such thatforalt 2 f t, : k 6 K gof Algorithm 1,
sup KE [8(t; x)] s(t;x)k6 D¥™2"0 & sup ke(t;x) E[s(t; x)]k . 6 D"}
x 2 RP

score*
x 2 RD

Assumption 2 imposes uniformity over all2 RP andt 2 t, : k 6 K and, therefore, is a stronger
condition than the one used in previous wot .23]. The latter considerk,-norm with respect to
P, , rather than a supremum, and involves a weighted average.ovéiile it may be possible to
relax the requirement involving the maximum over the time grid, the uniformity with resp&ct to
appears to be more dif cult to replace by the-norm wrtP, . It is important to note, however, that
for our proof needs only ah, bound with respect to the distribution of the DDPM output at time

AWe recall thaiX is semi-log-concave(lag83 with constantM 2 Rif X has a densityx wrt the Lebesgue
measure and log x (x)+ %kx k? is convex; see [VCK25] for an application in sampling.

3The formula relating the Hessian of the log-density to the conditional variance, stated in Proposition 1 is
often referred to as the second-order Tweedie formula.



3 Score-Based Generative Modeling: preliminary considerations

The starting point of a DDPM is the forward process given as a solution to a stochastic differential
equation (SDE). The simplest and the most widespread choice is the Ornstein—Uhlenbeck process

dX = Xtdt+p§dBt; t>0, Xo P; (Bt)t>0 ? Xo; 2

where(B )t> o is a standard Brownian motion RP . The Ornstein—Uhlenbeck process is a time-
homogeneous Markov process which is also a Gaussian process, with stationary distribution equal
to the standard Gaussian distributiof on RP. The forward process has the interpretation of
transforming samples from the data generating distribuRionto the latent distribution. From the
classical theory of Markov diffusions, it is known tHt := law(X ) converges to ® exponentially

fast in various divergences and metrics such as the 2-Wasserstein Wetrie/,(P, ; P) 6

e 'Wy(Po; P), see for instance [Vil08].

3.1 Reverse Process: continuous-time and time-discretized versions

If we reverse the forward process in time, we obtain a process that transforms the latent distribution
into the target distributio” , which is the aim of generative modeling. Fix some large time horizon

T > Oand set; := X1 ¢, thenlaw(Yo) = law(X 7) is close to the Gaussian distributiof .
Notably, the dynamics of the reverse process can also be described by a stochastic differential
equation, as stated in the next result.

Theorem 1(JAnd87). If (X )t is a solution to(2) andY; = X 1 ¢, then there exists a Brownian
Motion (B,)>o ? Yo such that

dY; = (Yy+2r log (T t;Yt))dt+p§dl§t; 0616 T; (3)

R
where (tx)/ m P (x ty)=¢ P (dy), {=e'and =1 e %,
Note that (t; x) in this theorem coincides with the one de ned(j andr log (T t;Y;) isthe
score functiors evaluated at scalé t and stateY;.

The forward process transforms a data p&intdrawn fromP into a point which is very close to
being drawn from the latent distribution. The reverse process aims to transform & paoirgwn
from the latent distribution into a point drawn frdfn . To this end, we replace the unknown score

function by its estimate based on a training samp¥e;;:::; X, P . The resulting process is
de ned as the solution to the SDE
df = (B +28(T t B))dt+ pidl§t; %% P, t2[0TL (4)

Both ¥ andY are processes on the sp&g0; T]; RP), differing in their initial conditions and drift
terms. We wish to assess the distance between the distributions of their stateslat time

To ef ciently sample the nal state of the reverse process, we have to discretizg §DTo this end,
we introduce a sequenéby )k n Of positive numbers and ety = hg + :::+ h, 1. We then de ne
p
Zgsa =(1+ h)Ze +2e&(T  t;Z)+ 20k ks Zo P (5)
where( k)kzn is a sequence of independent standard Gaussian random variables. The rationale
behind this de nition is thaZ x has approximately the same lawfs, for everyk.
De nition 1. The denoising diffusion probabilistic model is the distribut®AP"M of the random

In this paper, we are interested in quantifying the accuracy of the denoising diffusion generative
model when the error is measured in terms of the Wasserstein distance, that is to upper bound
W,(P ; PPPPM) In the rest of this section, we motivate the choice of the Wasserstein distance and
discuss the challenges related to it in the framework of denoising diffusions.

“By conventionto = 0.



3.2 Relevance of the Wasserstein distance

Recent work on assessing denoising diffusion models mainly focuses on accuracy measured by the
total variation distance and the Kullback-Leibler divergence. However, we believe that for statistical
purposes, measuring the quality of a generative model in the Wasserstein distance is highly appealing.

To justify this point of view, remind that the closeness of two distributions in TV-distance or KL-
divergence does not guarantee the closeness of their means or their covariance matrices. In sharp
contrast, the Wasserstein-2 distance offers such a guarantee, since it holds that

KEp[X] Eq[X1k6 W2(P;Q) ((Ep[X TAX]™? (EqIX TAX ] 6 W2(P;Q);

for any matrixA satisfying0 4 A 4 |. The fact that the TV-distance and the KL-divergence
are not suitable for controlling the moments of distributions can be demonstrated by the following
example. LeP be the exponenti?,l distribution with parameter 1 and, for emeyN, setP, =

@ P+ ,Qn,where , =1= nandQ, is the uniform distribution on; n + 2]. One can
easily check thal,, is very close tdP both in the TV-distance and in the KL-divergence:

drv(Pn;P)6 o =n 2 dke (PjPy)= log(l ,)62n ¥2; n> 2

Therefore, one could expect tHat is an excellent generative model for the targetHowever, the
generated examples will have a mean and variance that explodé hs , and will be in nitely

far away from the mean and the variance of the target, dcdX] = 1+ n , > n'*? and
Ep,[X2]>2(1 o)+ an?>n®2

3.3 Challenges inherent to Wasserstein distance

When the distanc®#/,, is employed to assess the quality of a DDPM, a mathematical challenge arises
in quantifying the error due to the absence of the data-processing inequalifdistance. Let us

clarify this point. Consider a forward mechanidm that transforms the target into a distribution

P, which is close to an easy-to-sample-from latent distribut@n P; = M, (P ) Qo.
Furthermore, assume we have knowledge of the “inverse” forward mechanism, termed backward
mechanism, which mapg, back toP : M (P;) = P . The forward-backward methods of
generative modeling then de ne the generative mod&€as M (Qp), whereM represents a
suitably regularized estimator . In DDPM,M andM are speci ed by Markov kernels.

In this context, denotingr as theF -divergence for somEg, the following relationship holds:
dr (Q1jP )= dr M (Qo) P d= M (Qo) P

=de M (Q) M (P) 6 dr(QoiPy):

where the nal equality derives from the data-processing inequality. Thus, the error of the generative
distribution is dominated by how well the forward mechanism approximates the latent distribution,
provided that the error dfl  approximation is suitably small. These arguments were central in
prior work® establishing bounds on the error of denoising diffusion models measured in TV-distance
and KL-divergence. However, this approach breaks down for the Wasserstein digtgrfoe which

no suitable equivalent of the data processing inequality exists.

In the case of denoising diffusion models, the qualitative difference between the Wasserstein distance
andF -divergences (such as TV-distances and KL-divergence) can be formally demonstrated even
when the backward kernel is known. This is illustrated in the following lemma.

Lemma 1. ForanyT > O, let QI;S be the distribution of the backward procgg3 at timeT with &
replaced by the true scom LetN be the set of all the Gaussian distributions. It then holds that

sup FV(QITP ) — da(QIUIP) o or ) Wa(QPIP )

. —== 2 =1:
pon Oy (P ; D) dke (P j P) pon WP ; D)

This lemma reveals that when assessing accuracy through the rate of improvement in Wasserstein
distance, the choice of paramefemust be carefully tailored to the target distributi®n. This
might be less important in the case of the TV-distance and the KL-divergence.

5See [CCL 23, BBDD24, HWC24, CDS25] and the references therein



4 Main results: bounds on the error in various settings

In this section, we upper bound the Wasserstein-2 distance between DDPM (see Algorithm 1) and
the targeP . Similar to [CLL23, BBDD24], we employ a discretization scheme composed of two
regimes: an arithmetic grid in the rst half and a geometric grid in the second half; see Algorithm 2.

/~ Algorithm 2 De nition of the discretization time steps N\

Require: ;a;T1 > 0,andKg 2 N> ;
Ensure: Sequenceéy <t;<:::<tgs

1: Setto =0,K =2Ko,tk+1 = Ty + 3 log(6a)
2: fork =1 toKqdo
3:  Setty = (T1=Kp) k {arithmetic grid}
4 Sefty,e = Ty + 2063 1 o553 k=Ko {geometric grid}
5. end for
\ 6: Output (to;:::;tk+1) Y,

4.1 Strongly log-concave distributions convolved with a distribution with compact support

In this section, we consider the case of a distribufonsatisfying Assumption 1 with a function
that has the following form: for some constanmisM; b > 0,

2 . bM2 4 .
1+m 2 (1+M 2)2°

()= 8> O (6)

If P is m-strongly log-concave, as discussed in Section 2, {Bgholds withb =0 and anyM > 0.
Another class of distributions satisfyir§) consists of convolutionB = Pgjc ? Pempcet, WherePge

is m-strongly log-concave with alil -Lipschitz score, an®cmc is supported on a compact set of
diameter2D, for someM > m > 0andD > 0. In this case, (6) holds with= D?2.

Finally, there are distributions satisfying Assumption 1 witlgiven by(6) that are not absolutely
continuous with respect to the Lebesgue measuf@bnFor example, iP is supported on a linear
subspacé of RP , and its restriction t&, viewed as a distribution oRY for somed 2 1;:::;D,
satis es Assumption 1 with given by(6), thenP also satis es the assumption with the same
This is a consequence of properties (d) and (e) presented in Section 2.

Theorem 2. Let the target distributiol®  satisfyE [kX k3] 6 D and Assumption 1 with functidn
given by(6) for somem; M;b > 0. Let us choos&; > 0,
a= L+p; Ko > 7T, log(6a) + 4 log(6 a) log log(6a) =0:5e 2T::

and de ne the sequendx)os ke k +1 by Algorithm 2. Lek be a randomized estimator of the score

satisfying Assumption 2. Then, the distribut®HPPM of the output of Algorithm 1 based @K g
gueries to the score estimatsrsatis es

- I P - op
WZ(P ;PDDPM) 6 e(4—3)b|\/| 2e T1 +7 6ahmax +4 6a 2ub + hl—2 ny .

score max score D' (7)

tk) 6 log(6 a)(log log(6 a)+2 Tl).

With hmax = maxy (ty+1 Ko

There are several notable features in the upper bound stated in Theorem 2, when we compare it to the
previously known results.

Remark 1 (Optimality). The dependence of the discretization error (the second tefT))ian the step
sizehmax is linear, whereas it was of ordeka in [CCL* 23, Cor. 6],h,1n:a‘§( in[CLL23, Cor. 2.4], and

himea in [BZL* 23, Remark 12], OB 25, Cor. 4.3], BO25 GNZ25, YY25]. Moreover, [GNZ25
establisrbesithat the lower bound on the Wasserstein-2 error, achieved by the Gaussian distribution,
scales as D hnax , thereby implying the optimality of the bound in Theorem 2.

Remark 2 (Conditions) Assumptions o in Theorem 2 are less stringent than those in earlier

works [BZL* 23, YY25, GNZ25. In particular, form-strongly log-concav® , we do not assume
that the Hessian of the log-density is bounded from below. Furthermore, Theorem 2 covers the class



of distributions obtained as convolutions of a compactly supported distribution and a Gaussian, a

framework not addressed in previous studies achieving a discretization ehdtafHowever, our
conditions may be regarded as stronger than thos€ldf23, Cor. 2.4] providing the discretization

error of ordethia . These stronger assumptions are typically necessary for attaining faster rates
of convergence. In conclusion, our conditions are weaker than those previously associated with the

hima rate, while enabling the faster convergence rate,qf; .
Remark 3 (Impact of noise) All previously known bounds are proportionalk¢e s)( ; X )k,,
where the proportionality factor is often logarithmic in the number of queries, arld,;term can
take different forms—the weakest being the case whereUnif([0; T]) and the law ofX given

= tisP, . If 8(t;x) = B(t;x)+ ,withk k?, = 2D asin Example 1 of Section 2, thée
sk?, > 2D. Thus, all known bounds include a term of constant order, independent of the number
of queries. In coptrast, the corresponding term in the bound of Theorer@é)@ N max " Yeore) s
which scalesas = DT1=K and thus vanishes &s, the number of queries, grows large.
Remark 4 (Informal statement) To facilitate comparison with existing results, let us consider the
strongly log-concave case= 0 and denote by := athe surrogate of the Lipschitz norm of the
score ofP . ForT; =log(Kyg), our result implies that, aftd€ %ueries to the score estimator,

P—"ogL logK logL logK o
Wo(P (PPPPM) . TID PR EEE 4 ok IR
In particular,W,(P ; PPPPM) P " b .ore Provided that the number of queries satis es
K n 1 _ ny 20
score score
As mentioned in Remark 3, this improves ddZL* 23, YY25, GNZBSQOZQ, which require
K & (|Og I—)z("ks':‘core)2 and"gcore' '|gcore to achieveWz(P ; PDDPM) . LD" Ecore'

4.2 Semilog-concave distributions with compact support

In this section, we consider the case of a distribuBonsatisfying Assumption 1 with a functidn
that has the following form: for some constabtdvl > 0,
2

"()=br ———— 8> O 8
The typical example oP satisfying this assumption is a distribution on a compackKseicluded in
a linear subspace &P , if in addition the log-density wrt to the Lebesgue measure on the subspace
has a Hessiad M 1. It then follows from claims (c), (d), and (e) of Section 2 tlrat satis es
Assumption 1 witH as in (8) withb= D2 .
Theorem 3. Let the target distributioi®  satisfyE [kX k3] 6 D and Assumption 1 with functidn
given by(8) for someb; M > 0. Let us choosé&; > 0,

a=b_ 1 Ko > 7Ty log(6a) + 4 log(6 a) log log(6a) =0:5e 2T1;
and de ne the sequendéx)os ke k +1 by Algorithm 2. Lee be a randomized estimator of the score

satisfying Assumption 2. Then, the distribut®PPPM of the output of Algorithm 1 based @K

queries to the score estimateﬁatis es o
p_— p_— - P—
Wo(P ;PPOPM) 6 &Mt 2e Tt 47" Bahmax +4 62 2'%oe* N "Yeoe  D; (9)

log(6 a)(log log(6 2T
ty) 6 EaNogloals @):2 T

With hpmax = maxy (tk+1

Since the conclusions of this theorem closely mirror those of Theorem 2, the remarks provided
after the latter apply here as well and will not be repeated. We merely emphasize two points. First,
P is not assumed to have a density wrt the Lebesgue measRE oriBecond, the numbe¢

of queries to the score estimator required to achidgeerror” scales ad=", up to a factor that

grows at most logarithmically ifi=". The exponential terms ifY) and(9) depend on the parameters

of the target distribution. The independent wo8(29 employs a different proof technique yet
exhibits a similar exponential dependence, suggesting that this behavior is intrinsic to bounding the
Wasserstein distance in DDPMs. For a log-concave distribution supported on a compact domain,
we have(M;b) = (0 ;D2 ), so the exponential factor in the bouf@) becomes a universal constant.

This complements the result obtained in the strongly log-concave setting from Theorem 2.



5 Relation to prior work: extended discussion

Given the wealth of work on Langevin algorithms and score-based generative models, it would be
infeasible to provide an exhaustive account of existing results. Instead, this section offers a selective
overview of prior work, to situate our contributions within the broader landscape.

Theoretical guarantees for DDPMs have been inspired by techniques from the sampling literature,
particularly those used for Langevin Monte Carlo and its variants; see the overviGh&24. Prior
work can be grouped into three categories based on the underlying proof strategies.

The rst category, represented b CL* 23, CLL23, BBDD24, CDS25 LY25, LJLS25 LHE" 24],
includes works that build on the approach initiated DT[L2, Dal174, combining thePinsker
inequality with the Girsanov formula to derive bounds in TV. Its key strengths are:

« itrequires only a bound on the mean integrated squared error (MISE) of the score estimator—one
of the weakest conditions in this framework;

« it relies on mild assumptions on the data-generating distribuRion

As noted in CCL* 23, CLL23], TV-distance bounds can be converted into Wasserstein bounds under
additional assumptions, such as compact support or light-tRiledf the support lies in a ball, one

can project the generated sample onto this ball and us&\thas bounded by the radius of the

ball times the TV distance. By the data-processing inequality, this projection does not increase the
TV-error.

However, this versatility comes at a price. ety (&) be the number of steps required to achieve an

error smaller thatein TV-distance. Then, to achieW,-error", one needs a TV-errdr= "2=R2,

leading to a number of steps at lelsty ("?=R?). As a result, the rates derived from this strategy are
suboptimal:0O(D#="?) in [CLL23], O(D="4) in [BBDD24, CDS24, andO(D 3="?) in [LHE" 24],

ignoring log-factors. Another limitation of this approach is that the resulting upper bound @¥the
distance scales as the square root of the error of estimation of the score. Hence, to guarantee an error
" in W,, one needs the score estimation etrgg. of orderO("?). Our results, as well as those of

the third category below, typically require the weaker conditigge = O(").

The second category comprises results that exploit the interpretation of Langevin dynamics as a
gradient ow in the space of probability measures This perspective was initiated iMib18, Berlg

and further developed irCB18 DMM19, VW19]. Interestingly, the rst polynomial-in-dimension
guarantees for DDPM fall within this framework, as shown lih 22, YW?22]. These works
evaluate the error in terms btdivergences such as total variation, KL, & divergence. However,

when translated to bounds in tN&, distance, they suffer from the same limitations as the TV-
based approaches discussed above. Moreover, this line of work typically relies on strong structural
assumptions on the target distributi®n, notably the satisfaction of a log-Sobolev inequality.
Another limitation, shared with our own analysis, is that the score estimation error is measured in the
uniform norm. We believe, however, that this requirement could be relaxed, both in the gradient- ow
framework and in the recursive method developed in our work.

The third category comprises works using teeursive approachto bound the error of iterative
algorithms such as LMC or DDPM. This method, widely used in optimization theory, was shown to
yield strong guarantees for sampling Dgl173 DM17, DM19, DK19]. For DDPM, it underlies the
analyses inBZL* 23, GNZ25, SOB' 25, YY25], which establish &V,-error rate of ordeD="2—

an improvement over the bounds derived or derivable from the rst two categories. However,
despite having all the necessary ingredients, these works do not reach the fastdd+ateThis

is somewhat surprising, especially since their assumptior3 oare often quite strong, such as
strong log-concavity. We believe this gap arises from not fully exploiting the smoothness of the score
of the distribution obtained fror® by convolving with a Gaussian. Technically, their recursive
bounds relate the error at iterati@rto that at iteratiork 1 via triangle inequalities, which can

be loose when the two terms involved are weakly correlated. As we show, applying the recursive
approach to thequared Wasserstein distance yields signi cantly tighter control and leads to optimal
rates. We believe that this improvement can be further exploited to get even faster rates using the
randomized midpoint discretizatio®I[19 HBE20 YKD24, YY25] or to get a faster algorithm
exploiting parallelization [CRYR24, ACV24, GCC24, YD25].



6 Numerical experiments

We supplement our theoretical results with a small-scale empirical study on CIFARHG®],
CelebA-HQ KALL18], and LSUN-ChurchYZS"* 15|, evaluating the robustness of DDPMs to noise
in the estimated scaote

Setup. We wuse pretrained DDPM models from the publicly available checkpoints
google/ddpm-cifar10-32 , google/ddpm-celebahg-256 , and google/ddpm-church-256 |,

all licensed under Apache license 2.0 and hosted on HuggingFace. For each model, we follow
the standard DDPM sampling procedure, and then repeat the generation process while injecting
noise into the score network at every denoising step. Speci cally, we replace the score function
with a perturbed versior (t;x) = s (t;x) + , where is aD-dimensional noise vector with
independent and identically distributed components. We consider 4 noise distributions: centered
Uniform, Gaussian, Laplace, and Student's-t  with 3 degrees of freedom. For each noise
type, we evaluate 6 values for the noise scal@,f 0:25; 0:5; 1; 2; 3; 49. All other elements of the
generation pipeline—including the variance schedule, guidance scale, and number of sampling
steps—are left unchanged. For each experimental setting, we generate 8192 CIFAR-10 images and
8192 CelebA-HQ images. Additional implementation details can be found in Appendix E.

Qualitative results. Figure 1 shows random generations for standard normal noise. We observe
that injecting noise with constant variance into the score network has a negligible impact on the
visual quality of the generated samples. As expected, the quality gradually degrades as the noise level
increases. Additional qualitative results illustrating this phenomenon are provided in Appendix E.

FID sensitivity. The Fréchet Inception Distance (FID) is a widely used metric for assessing the
quality of generative image models. In Figure 2, we plot the FID as a function of the noise scale
On CelebAHQ, the FID increases only moderately up to 1, while CIFAR-10 exhibits robustness

up to 2. In agreement with our theoretical ndings, the shape of the noise distribution has
negligible impact, only its scale matters. We also observe a sharp degradation in quality beyond a
certain noise threshold, a phenomenon not accounted for by our theoretical analysis.

(a) CIFAR-10 (b) CelebA-HQ (c) LSUN-Churches

Figure 2: FID as a function of noise level for four distributions and different standard deviations.

7 Conclusion

In this paper, we provide a re ned theoretical analysis of denoising diffusion probabilistic models
(DDPMs), revealing two important features. First, we show that DDPMs exhibit robustness to noise
in the estimated score function. Second, we establish that, when the true data-generating distribution
belongs to a broad class—signi cantly larger than the class of log-concave distributions—DDPMs
achieve fast convergence rates in the Wasserstein distance.

Our ndings open several avenues for future research. One direction is the adaptation of our
techniques to the analysis of kinetic Langevin diffusion-based DDPMs. It remains an open question
whether such an extension would improve the dependence of the error bounds on the discretization
step size. Additionally, the convergence rates we derive include terms that scale exponentially with
certain parameters, such as the diameter of the support in the case of semi-log-concave targets. Itis
unclear whether this dependence is intrinsic to the problem or an artifact of our analysis. Finally, it
would be of interest to assess the potential bene ts of incorporating estimators of the Hessian of the
log-density into the DDPM framework.

Code is available at https://github.com/VahanArsenian/DiffusionWasserstein
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A Classes of distributions satisfying Assumption 1

Throughout the paper we make use of Tweedie's formifal[l, Eq. 1.4] which takes the following

form using our notation: Lety be the probability density function of = X + where
X;) P D then
rlog v(y)= SEXjY =yl %; 8y2R®: (10)

This section shows that distributions mentioned in Section 2 satisfy Assumption 1.

A.1 Compactly supported distributions: property (a)

Lemma 2. LetPy ;v be a probability measure de ned ot Y , Px andPy jy -y be the marginal
and the conditional distributions of . Then

supp(Px jy=y) Supp(Px ):

Proof. Let Sk := supp(Px ). Then by the de nition of the marginal probability measure:
Px (Sx): Px;y(Sx Y ):1:

On the other hand, by Bayes' theorem:
Px vy (Sx Y )= Px jy=y(Sx )Py (Y), (11)

wherePy is the marginal probability measure ¥f. The proof is completed by noting théitl)
yie|dSijyzy(Sx):1. O

A simple consequence of Lemma 2 is thadidm(supp(Px )) 6 C thendiam(supp(Px jy=y)) 6
C. Using this result, we show that a random vecfomith support diamete2Dy satis es Assump-
tion Lwith' ( )= DgZ.

Lemma 3 (Property (a) in Section 2)LetX P such thatdiam(supp(P)) 6 2Dx and letY be
any random variable de ned on the same probability space. Then

Var X jY =y 4 DZlp:

Proof. We need to prove that for a2 RP:
vivar(X jY =y)v6 vl DZlp v;
which can be rewritten as:
Var(vIX jY =y) 6 kvk®’D2:
By dividing both sides bgkvk?, we can rewrite the target inequality with respect to a unit vector
u2RP:
Var(u™X jY =y)6 D2:
DenoteZ = u'X . Thesupp(Pz) is contained in the setu”™x jx 2 supp(Px jy=y)g. By
Lemma 2, thediam(supp(Px jy=y)) 6 2Dx . Letz; = uTx; andz, = u'x; for arbitrary
X1;X2 2 supp(Px jvy =y). The distance between them is:
jzz zj=juTxy uTxoj=jul (X1 Xp)j:
By the Cauchy-Schwarz inequality:
juT(x1  x2)j 6 kukokx1 X2ko:
Sincekuk, =1, we writejz;  zpj 6 kx1  X2ka: The maximum possible value fex 1 X oks is
the diametePDy . Thereforejz; z,j 6 2Dy for all z3; z; in the support oZ . This implies that

the support oZ is contained within an intervdh; b such that the length of the intendal a6 2Dy .
We now apply Popoviciu's inequality on variances [SGK10], which yields that:

Var(ZjY =y)6 (b a)?6 Dg:
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A.2 Log-concave and semi-log-concave distributions: properties (b) and (c)

Random vectors witm-strongly log-concave densities also satisfy Assumption 1, as shown in the
lemma below.

Lemma 4 (Property (b) in Section 2)Let(X ; ) P P where the density ¢, denoted as
(x), is m-strongly log-concave. Then
2

Var X jX + =y 4 Ip:

1+m 2

In addition, ifx 7!'r log (x) is M -Lipschitz for som&1 > 0, then
2

Var X jX + =y

T
T+ M 20

Proof. By applying the preservation of strong log-concavi®y§14, we obtain that x + (y) is
1 m—z-strongly log-concave. We then invoke Proposition 1 with parametersl and =

which yields
m
1+m 2

forY = X + , from which the rst desired result follows.

1 . 1
For the second claim, s& = X + . The de nition of semi-log-concavity yields
04 r ?log (x)4 Mlp:
The conditional density ok givenY satis es
xiv=y(X) 1 x(X) vix=x(y)

with v jx =x () / exp( %

). Hence, the Hessian of v = y (X) is equal to:

1 1 1+M 2
r2log xjy=y(x)=r?log x(x) —lo< M = Ip ———p:

The Cramer-Rao inequality implies that
2

1+ M 2
and the claim of the lemma follows. O

1

Var(X jY =y)< E[r ?log xjv=y(X)jY =y] "< I

Similar results hold for for semi-log-concave distributions with a compact support.

Lemma 5 (Property (c) in Section 2)Let(X; ) P P whereP has a density w.r.t. Lebesgue
measure denoted agx) anddiam(supp(P)) 6 2Dx . If (x) is M -semi-log-concave favl > 0,
then:

2

VarX]X+ :y 4D§Aml[)

Proof. DenoteY = X + . We obtain from the de nition of semi-log-concavity that:
r2log (x)4 Mlp:

The posterior oX givenY is proportional to the joint:
(xjy) ! (x) (yix)

with (yjx)/ exp( ky2 Xk®) . Hence, the Hessian &g (x jy) is equal to:

r2log (xjy)=r ?log (x) %ID4 M iz Ip;
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where the last inequality follows from the semi-log-concavity ¢X). By Brascamp-Lieb inequality
[BL76], we have that:
2

oM 2P (12)

wheneveM 2 6 1. The conditional variance of can be bounded via Lemma 3, Bshas a
compact support:

Var(X jY =vy) 4

Var(X jY =y)4 D21Ip:
Combined with (12), we write:
2
7(1 M 2)+ |D .
This completes the proof of the lemma. O

Var X jX + =y 4D2~"

A.3 Stability by orthogonal transform and concatenation: properties (d) and (e)

Afterwards, we prove that X satis es Assumption 1 then its rotation also satis es Assumption 1
with the sameé ( ).

Lemma 6 (Property (d) in Section 2)Let(X ; ) P P and
Var X jX + =y 4'()lp; 8 > 0
Then for any orthonormal matritd , we have that:
Var UX juX + 9=y% 4" ()lIp; 8> 0
for © DPand °?2 UX.

Proof. Considenvar UX jUX + 9=y . We rewrite it as:
Var UX jUX + O%=y% =Uvar X jux + 0=yoUT
=UVar XjuTux + UuT 9= yTyouT
Lety := UTy%and := UT © By using the properties that"U = Ip asU is orthonormal and

that D independently fronX as © P and °? UX , we write:
Var UX juX + OP=y% =UvVvar XjX+ =y uUT4"'()lp;
and the claim of the lemma follows. O

We now show that the concatenation of two independent random vectors satisfying Assumption 1
also satis es Assumption 1.

Lemma 7 (Property (e) in Section 2} et(X 1; X ) P1 P2, whereP; andP, satisfy Assumption 1

for some . Then the concatenation ¥f; andX , , denoted a¥X ; X , also satis es Assumption 1

for the same .

Proof. Let X ; bed;-dimensional X , bed,-dimensional, and = d; + d,. Consider D and
independent ofX 1; X ). We may write
Y =X1 Xa+ =X1 Xo+ (1 2):[|X1;{*Z 19 P(zi* 291
= Y1 = Y2

We have thatX 1; X 2; 1; 2) are mutually independent &% 1; X »; ) are mutually independent
and ; and , are uncorrelated. FrofK 1; 1) ? (X 2; 2) we getthatX ;Y1) ?2 (X 2;Y>).
Applying the weak union property of the conditional independence twice we get:
(X 1;Y1) ? (X2;Y2)) Xj_ ? (X 2;Y2)jY1) X]_ ? ij (Y]_;Yz):

Hence the covariance &f ; andX , given(Y1;Y>) is 0. Finally,

Var(Xl Xz]Y :y):Var(Xl ngleyl;Yzzyg)

Var(X1jY1 =y1;Y2=y2)  Cov(X1;X2jY1=y1;Y2=Y2)
Cov(X 1;X2jY1=y1;Y2=Y2)  Var(X2jY1=Yy1;Y2=Y>)

Var(X 1j Y1 = Y1) 0 40 ()l
0 Var(X 2j Yz = y2) P
where the last inequality is due By andP, satisfying Assumption 1. O
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A.4 Convolution with a spherical Gaussian: property (f)

Lemma 8 (Property (f) in Section 2)Let(W ; ) Po D If W satis es Assumption 1 with the
function' o, then, forevery > 0, X = W +  satis es Assumption 1 with the function

P _
2 2 4 2 2
. _ o 2+ 2, .
()= 2+ 2 (2+ 22 7 8> 0
Proof. Letus deneY = X + =W + + and = + . Since ; D gre
independent oWV , we have D with covariancg 2+ 2)Ip andY = W + . Equivalently,

Y:W+p 24 2 0 0 D. 0o \y-

Using Assumption 1 with noise Ievgl 2+ Zleadsto
p
Var(W jY =y)4 '"o( 2+ 2)lIp:

To ease notation, we writé, andVary to refer to the conditional expectation and conditional
variance giverY =y, respectively. By the law of total variance, we have

Vary (X )= Ey [Var(X jY = y;W)]+Var, (E[X jY = y;W]): (13)

We know that and = + are linear transforms of two independent standard Gaussians.
Hence, the standard covariance calculation gives us

Var( j )= Zlp 2lp( 2+ %) Mp 2p

2 2
= =24 2 2|D:
And sinceVar(X jY = y;W)=Var( j ),wegetthe rstpart of (13) equal to
2 2
Ey [Var(X jY = y;W)] = ﬁID:

For the second term, since N (0;1p), then the correspondirZp -dimensional vector

Var( ) Cov( ;) _ “Zp 2lp

NGO ) with = eoucs Ty var( )T T 21 (24 2)ip

So, the conditional expectation that we are interested in will be equal to

2

B[ J 1= %o( %+ 2 Mo = 5——

Under the conditioning on botli andW , the quantity = Y W is deterministic. Therefore,

EXjY =y;W]=W+E[ j =y W]
2

W+ 5—— W)

2 2

= 2 4+ 2W+ 2 4 2y'

GivenY =y, the second term is deterministic, so

2 2 _ 4 O(pm)
2y 2 Var(W jY =vy)4

Vary E[X jY =y;W] =

Adding the two components gives us

_ 2 2 w Pz
Var(X jY =y) 4  ——— (2+ 22 lp;
v (P
which proves the lemma with () = 22+ L+ : (°§+ 22;2 N U
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A.5 Convolution of a semi-log-concave and a compactly supported distribution: property (g)

Lemma 9 (Property (g) in Section 2)If P = Pgjc ? Pcmpet, WherePgc is anm-strongly log-concave
distribution with anM -Lipschitz score function, anBlcmpct is supported on a compact set with
diameter2D, thenP satis es Assumption 1 with

2 D2M24
()= 5+ Ve
1+m 1+M 2

8 > 0

Proof. LetW  Pcmpet and Psic be two independent random vectors so that W + P .
This means that for some compact Ketvith diameter2D, we havevar(W ) 6 4D?, and that the
density is continuously differentiable with a score functisn satisfying

mkx x%26 (x x%T s (x) s (x9 6 Mkx x%2
For ? (W ) suchthat P andfory = X + , we have to prove that

2 D2M2 4
+ Ip:
1+m2 (1+M 22 °

Var(X jY =y)4

As before, to ease notation, we wrilg, andVary to refer to the conditional expectation and
conditional variance givel =y, respectively. By the law of total variance, we have

Vary (X )= Ey [Var(X jY = y;W)]+Var, (E[X jY = y;W]): (14)
Since the random vectoris m-strongly log-concave, it follows from Lemma 4 that

2

H — . 0 D.
Var( j + _yO)GTmZ, 8y%2 RP:
Therefore,
Var(X jY = y;W =w)=Var( j + =y w)6 W; 8y;w 2 R":
HenceVar(X jY = y;W) 6 ﬁ almost surely. This implies that
_ 2
We switch to assessing the second term in (14). It holds that
VoW =D - _ ‘W=
EXjY =yW=w]=w+E[ ] + =y wW=w]
@W +E[] + =y wj

®

Sw+ %rlog + (y w)+y w

=y+ “rlog + (y w)
where®@ is a consequence of = W + , @ follows from the independence ofandW , ® is
obtained by the Tweedie formula recalled(i®). Letusset (w)=r log + (y w). The

second claim of Lemma 4 combined with Proposition 1 implies thist Lipschitz-continuous with
the constanM=(1+ M 2). Therefore,

M24 MZ 4D2

H — . — 4
Vary (E[X jY =y;W])= “Vary, (W) 4 mVary W 6 m

Ip;

where in the last step we used Lemma 3. O
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B Proof of Lemma 1l

We start by rst proving that:
sup Sv(Q0° 1P ) - da(Qp” iP )
pon d5(P;P) de( PP )
The data processing inequality [PW17] states that:

drv(QL° ;P )6 drv( P;Pr);  dki(QL° ;P )6 di( P;Pr):

6e2T

Combined with the concentration property of Ornstein—Uhlenbeck process [GZ24, EGZ19].
drv( P;Pr) 6 drv( PP e T de( PiPr) 6 di( PP )e T
gives the desired result.

We now focus on a subset Bf® N that contain® dimensional Gaussian distributions with mean
Oand(1+ 2)lp covariance matrix with> 0. Clearly

W2(Q5° ;P ) W2(Qp° ;P )
sup ——=2 ' 7§ guyp ——<D 7
p 21\?0 Wy(P ; P) P 25 Wy(P ; P)

Let X ; be de ned by Equatiorf2), then the distribution oX ; isN (0;(e ' 2+1) Ip). Hence,
the true score function is

g(x) = x=2(t);

where 2(t) = e 2* 2+ 1. Equation (4) obtains the following form under this score function:

2 P
d\gt = \¢t 1 m dt + ngt:
The integrating factor for the SDE is:
I (t) =ex Ztl #du
P T
t
2
=exp tH o explu T)) 2+1 du
24 2T
=exp t+2t+log it &2
g e
=€ 2e2t 4 2T
From It6's product rule applied tb(t)¥;, we get:
i
di(0)® = 1 (t) f(t)% dt+ pédBft | (Of (1) dt = pél (t) dE;: (15)
where we have used the fact tlii(t) = 1 (t) 1 ﬁ dt.

Integrating both sides of (15) frofto t:
YA t
p_
()% =¥+ 2 [1(u)dE,
0

from which:

p_R
2,1 (u)deB,

(1)

‘¢0+

¥ = (16)

21



Note that¥, D Combined with the fact that(t) is a deterministic function, we infer frof1.6)
that¥; is a zero mean Gaussian random variable. So the Wasserstein distance bé&vesehthe
distribution of'¥; depends only on the covariance matrices:

. p—— P —  p_
WZ(QE’S;P):k\etID 2+1lpke = 2+1|DD; a7
where 2 |p is the covariance of;.
_R R
Letz; := P 2 Sl(u) d,. HenceZ; N (0;2 S I?(u) dulp) and it is independent ofy. The

variance ofZ; is:

(& 1ET+ ?) 2 _ (1 e?T)ET+ ?)

t
2 =2 1%(u)du=

Zt 0 e2T + 22t and zT 241
The variance o®; can be computed from Equation (16):
; L1t B (Pem@ T 2een) o, N el
¥r IZ(T) ( 2 4 ezT)z ( 2 4+ ezT)z :
Plugging in the value of¢T into (17) we get:
n 2( 2 0=
Tis .oy (“+1) 7122 P oo n P
Wo(Qp® P )= 1 1 (2+ @7y (2+1)D D:
We note thawV,(P ; P) = jp 2+1 1jp5 . Io5,sowehave
T;s .
r( )= M! 1
Wyo(P ; D) 1
Hence,
T;s .
sup Wa(Qp™ P ) > 1

paono Wo(P; D)

When combined with the established contraction behavior of the backward diffusion—operating with
the true score function—in the 2-Wasserstein metric for Gaussian distributions [EGZ19], we get:

T;s .
16 Sup WZ(QD vP )

6 1
pon Wo(P; P)

C Proofs of the main results

We recall thaP is the target distributiBn and, = (P + P isthe distribution of the forward
process attimé> O, with (=e '=" 1 2. We also x someT > Oand de neY; = X1
andQ, = Law(Y;); Y; is the state of the backward proc€8% We set® to be the law ofZ

de ned by (5) so thatPPPPM = B, ., . Throughout this proof, we will repeatedly use the following
notation:

pP—
m2:1_(kX k|_2: D),
b= KE[S(T tx;Zk)jFk]l S(T tk;Zw)ky,; "b:m?x"ﬁ

"w=ke(T tk;Zk) E[B(T te;Zy)jFulke,; "V = max "N

C.1 Main recursion

We sefT = tk +1 and consider a version of the continuous-time pro¢¥s¥s 1 T and the discrete-
time procesgZk)os ke KL de ned on the same probability space and coupled by the relation

kv1 = (B, Bt )= hg. We then use the de nition of the Wasserstein distance to infer that
Wo(P ;B i1)= Wa(Qq, ., iBk+1) 6 kY,  Zik+aki,: (18)
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Combining (3) and (5), in conjunction with the relatigrﬂ kv1 = (B, By ), weget

Yo Zikar =@+ h)(Yy,  Ze)+2he (Tt Yy ) s(T t;Zy)
2hy S(T tk;Zk) S(T tk;Zk)
Z ti+r n o
+ Yt Y'[K + ZS(T t; Yt) ZS(T tk;Ytk) dt:
tk
(19)
In what follows, we use the notationy = Y, Zy and

Uk =s(T t;Yy) ST t;Z);
8T t;Zk) s(T  tk;Zk)
tisr N )
Yi Yy +2s(T Yy 25(T  ty;Yy) dt (20)

k

Vi

tk

This allows us to rewrite (19) as follows
k+1 =(1+ he) k+2hUp  2he ¢+ Vi (21)
In view of (18), we are interested in bounding the term
Xk =k kke,:

We will proceed by establishing a recursive inequality upper bounding by a simple expression
involving xy , and then by unfolding this recursive inequality.

Let us introduce the ltratior{Fy)k2n- The rst element of this sequence is thealgebra generated
by Yg andZ . Then, eacliry+; is obtained by extendingy to the smallest -algebra for which both
k and the proces@ B, )21, :1,., | @re measurable. Note thag is necessarilf-measurable,

but the same is not true fok. Indeed, the estimat&(T ty; ) may depend on some random
variables that are not iRy.

It is clear that
Ek kak® = EKE[ ka1 JFulk® + Ek 1 E[ ke jFkIK?

KE[ 1 JFlkE, + k ka1 E[ wen jFiIKE,: (22)
From (21), by the triangle inequality,

KE[ k+1 JFkIKL, 6 KL+ ) « +2hcUkky, + 2hekE[ «jFilke, + KE[VijFIke,: (23)
Furthermore,

kK ke1 E[ k+1 jFklke, 6 2hek «  E[ «jFklke, + KV E[VkjFilk,:  (24)

Combining displays (22), (23) and (24), we arrive at

E k K+1 k2 6 k(1+ hk) k+2hkUkk|_2+2hk |(E[ k{j7Fk]k|_} + rE[Vk{jZFk]kL}

"b = bias of estim. score B « := bias of discr. error

+ 2hk'< K E[{}(ij]kL} + |(Vk E[{\ékij]kL}

"\ := variance of estim. score V i := variance of discr. error

In what follows, it is convenient to use the following notation: for eviery N, let , = e (T t)
and 2=1 2.
Lemma 10. If P satis es Assumption 1 with a functionand

+ 2 ’ . _
i - K+mg 62 for me=1+ 2 k1 (x 2k) 25)
1 ? 1 2 1 2
then,
kK(L+ he) k+2heUkk, 6 1 mihg ko kke,: (26)
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Lemma 10 implies that

x2,, 6 (1 mMehxe +2h R+ By 2+ 20"y + vy = 27)

The next lemma which can be easily deduced by induction applying the Minkowski inequality, will
be used to derive a global bound on the exrfrom recursive inequalities upper bounding the error
Xk+1 atthe(k + 1) th step by the one of thieth step.

Lemma 11. Let (Ak)kz2n, (Bk)kzn and (Cyx)kz2n be three sequences of real numbers such that
Bk > 0andCy > Ofor everyk. If (xk)k2n Satis es the recursive inequality

x2,; 6 (M xy + By)?+ CZ; 8k > 0

then, forAy = Ag+ i+ Ay,

XK 1=2
Xkse1 6 €M xo+ &M AIB) + A AP
j=0 j=0

For the subsequent steps of the proof, we leverage the properties of discretization. We begin with the
portion employing constant step-sizes. This discretization is applied in the time interval where the
inequality from(26) yields a near-contraction. This is equivalent to considering the value$oof
whichmy in (27) is positive and bounded away from zero.

Lemma 12. If T anda > 1 are real numbers such that > % log(6a). LetKg 2 N be such that for
everyk 2f0;1;:::;Ko0,

06t 6 T 3log(6a); hg 6 0:7; "(k= k) 6 a
Then, for « = e (T %) we have ? 6 1=(6a) as well as
me>1+ -~k 1 % 513 and b, Kime 62
1 % 1 X 1 X
forallk =0;:::;Kp
4 N\
h h L h h@ o D
ho hs 20 hk,  hkg+1
0 8] to tk, tko+1 tko+2 tk T
Ta 3 log(6a)
- J

Figure 3: Notations corresponding to the discretization schedule.

that
@ Koh=3 KX ! h\K k 1 b
Xk, 6 € "0 X + r " 2h" + By)
k=0
K)Q 1 1=2
@ 5 D@+ vy’
k=0
@ K oh=3 h3 b i ha 17 i
on= + 3 "b o + 1.7 nyv +
6 e Xo+ max AL Bk)i max o n-(2h" + Vi) i
Koh:3 + b + 1 + : 1=2 nyv + .
6 e Xo lma(oK( . 6"p +3h "By 1&3& i 1:35h 2h"y + Vi) ; (28)
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where® comes from applying Lemma 11 wigh« = (1 mgh) 6 e "3, form which we get

ehi = gho @hiehi = Q 1 mh)6 1 & 11 andePko 1 = e Koh=3 and® uses the fact

1=0 h i
P Ko 1 K L P Ko 1
that ;ﬁoo 1 ke kil:% 1 1 8°7°° 6 2and,similarly, [ '@ 1)AKe kD=
. h 2Ko 9 9 L7 & ,
e R 1 o3 6 5wy 6 san 6 . sinceh 6 07.

The next lemma provides an upper bound for the bias and the variance of the discretization error.

satisfying' ( ) 6 aforevery 2 [ k+1= k+1, k= kJ. Assume, in addition, thah, =
(E[kX k?]=D) _ 1< 1 . Then, it holds that

P ——
Bk 6 3 m.Dh; (29)

p - p_— _ a 2 2
Vi6 i myDhZ+ 42 hi‘Z( "*13— kel . (30)
k+1
If instead of ( ) 6 a, we have ( ) 6 a 2 for somea > 1, then(30) can be strengthened as
follows
p . p___ h3=2
Vi6 3 myDhi+ 2 a—k (31)
k+1

Finally, under the same condition, the errdrk of the last iterate can be bounded by

P P
Vk 6% szhﬁ+%a Dhg: (32)

C.2 Proof of Theorem 2: Strongly log-concave convolved with a compactly supported
distribution

We know that

2 2 4 h i h i
bM 6 ~+bnr 21+2M°,

\ _ +
) 1+m2 (@A+M 2)2 m 4

Therefore, we can apply Lemma 10, Lemma 12 with 1 _ [(1=m) + b] as well as inequalitief29)
and(31) of Lemma 13 witha = 1 + %bM. In addition, to bound the last term {B81), we use the

fact that
1 1 1 6a

2" 1 @ua DOT o6y ga 1

Together with (28), this leads to

6 1.2

_ _ p—— P
Xk, 6 € KM%, +6"2+3h™2" + " m,D 3+1:35 (3+ 422 12)h

i} . p_~°
6 e Ko™3xs +6"P+3h1™2"Y +(5:3+0:60M)h m,D: (33)

On the time interval T %; T], we use the discretization obtained by geometrically decreasing
stepsizes as previously proposed in the literature:

hioej = 001 ¢f; j=0;1:5K Ko 1
wherec 6 0:6=log(6a). This implies, in particular, that 6 0:6=log6 6 0:4 and thath =
maXeo [k o:x 1k 6 0:3. The constants andK are chosen in such a way thtgt = T hy for
some smalhx 6 902 ‘andt, ., = T. This means that
K o 1
T he=T 02, ldbag @ o
j=0

=T PR RGRE 1 gf X
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This yields
_ loglog(6a) log(2hk )
- log(1 c)

6 loglog(6a) log(2hk ).
c :

and K Koy

K KO _ 2hK
@ 9 "~ log(6a)

Fork > Ko+ 1, we will apply Lemma 10. To check that its conditions are ful lled, note that

1+ 2 1+ 2 2 2 4 4 1
+ my 6 K+1+ k.6 6 1:
2 T M® 777 1 2°1 & D°1 el 2T )~

This expression, multiplied blyy, is less than 2 whenevég 6 0:3. Indeed, on the one hand,
4hk 1.2

6 2
1 el 1 el
On the other hand, fdt > K g,
k Xo 1 )
=T 296D 4h +:thy =T 2962, loba) . @ o
j=0
=7 90, a1 (1 f Ko)=T ¢ th (34)
This implies that
4hy 2c
= < 2
20 e I(T t) 1 el
sincec 6 0:6. In addition, taking = = k and using the substitutiorf =1 ﬁ we have
22 ' =
. D, k1 (« 2k)
k 1 k
2 2 2 4
@1+ 2 kz 1 i2 2t il 2)2
1 i g 1+m 1+M 2
@, 2%, 1 2 bw?
P rmE (Fmop
—1+ 2 2 2 2bM? 2

7 army (frM@ )7

where® comes from the de nition ofmy from (25), @ is true for any ( ) satisfying(6). Equality
(® comes from the fact that

12 1 =R 1 1
2 1+m2 2 1+m?2  21+m? Z+m P
and
1 bm? 4 _ 1 bmM2 =3 2bM? _ 2bM?Z
2 1+M 22 2 (1+M 22 H1+M 22 (Z+M 2)?
Finally, noting that
22 2 22
1+ =  _s1+Z2k S = 1
PoFaemn T
foranym; 2> 0, we arrive at
2bM? 2
mg> 1 k (35)

(Z+M@ D)7
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Therefore, (27) yields

" 2 " 2
x2,, 6 @ MMy +2h " P+ By T+ 2h Y+ Vi

From this recursion and Lemma 11, using the notaltidik) = mg,hx, ::: mghy, we infer
that
X X 1=2
Xk+1 6 T i + e T 2h 2+ By)+ e 200 2h "y + V)2
k:Ko k:KO
Inequality (35) yields
) H6 by +2bM Mh; | °
j 2
j=k+1 j=k+1 @+ M( i 1)?
1 X X Mh; eXT t)
-y h; +2bM ) ;
6 2og(6a) N i b @A MET D)
i=Ko =Ko
Letusset; = M (eXT 4) 1), On the one hand, we have
X X h (v
H(K) H(K) 6 ~log(6a) h +2bm O M),
2 o o (1+y;)?
=Ko j=Ko
On the other hand, sindg 6 0:3, we havee 2" 16 L15h;. Therefore,
Vi Ve =0y + M) e 2M) > L5hi(y; + M):
This implies that
1 X X4y yia)
H(K) H(k)6 =I h; + bM L
() R0 Gl  — h+bM
=K, =
1I X hj + b i 4 d
= j + bM
6 2og(6a) L i . 312 t
1 X 4bM
i=Ko
Using the standard inequalities
z 1
e UMko*r=thdp, 6 e Wdx=1=u; 8u>0; (36)
k=Ko 0

we arrive at

4 p— -
M Xk, +2"P+ max h,'By+ max he ")+ %hkl 2V
K o<k<K K g<k<K

+ Bk +2h|("V+VK:

We apply then inequalities (29), (31) and (32) of Lemma 13 with1 + %bM. This leads to

h i
P—"p__— ah
Xk, +2"°+  h"V+ me2h+max 2k

k<K

p—
XK +1 © 6ae

£pM

_ p
Xk +1 6 p6ae +5a myDhg: (37)
The stepsizeby of the geometric grid are much smaller than the noise Ievlé+l§, as attested by the
following inequality’

hk _ hk hk 5hk 5hk

= 6 6 —_—
201 1 etk T) 7 1:2(T tge1) 05 6(T tys1)~ 3

"We use the standard inequality e * > (1 e )(x* 1) for everyx > O.
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It follows from (34) thatT  ty+1 = ¢ thesy = ¢ Y1 c)he > 3¢ hi. Hence,

hy 6 5¢c 5clog(6a) _ 5clog(6a)
ko 47 6 B 6

Combining (37) and (38), we arrive at

(38)

wl =

pP_— - p—— p—
XK +1 6 6ae%bM XKO+2"b+ h1_2"v+ %a m>Dh +5a m,Dhg:
This inequality, in conjunction with (33), leads to

) [ P
GOM x +8"P 44012 "V £ 6:7a moDhpaxy +5a mMoDhy

P—
Xk+1 6 6Gae max

wherehnax = max(h; h) is the maximal step size of the entire discretization grid, comprising the
parts de ned through arithmetic and geometric progressions. These step sizes should satisfy the
inequalities
T log(6a) clog(6a) . log(6a) loglog(6a) log(2hk )
—=— 607 h= 6
Ko 2 K Ko

To boundxg, we note that

X536 E[k X + 1 k]= 2kX ki, +(1  1)°D 6 1.01m3De °T:

h6 6 0:3:

as soon a3 > log(6). Thus,xq 6 1:01p m,De T. We sefT = %Iog(Ga) + Ty andhg = =
0:5e 2Tt andK = 2K,. This leads to the claim of the theorem. Indeldy 0:7 translates into
Ko > (10=7)T; andh 6 0:3translates into
S 10log(6a) loglog(6a) +2T;
3

which is satis ed wherK o > 7T; log(6a) + 4 log(6 a) log log(6a). Finally, notice thah 6 T;=Kj
and

5 log(6a) loglog(6a)+2T;
Ko '
These inequalities yield the claimed upper boundhgg .

h

C.3 Proof of Theorem 3: Semi log-concave and compactly supported distribution on a
subspace

ForP satisfying Assumption 1 with the function
(39)

we can apply Lemma 12 wita= b_ 1and Lemma 13 witla = bM + 1. Similarly to Appendix C.2,
the application of Lemma 10 and Lemma 12 yields

Xk, 6 € KMo +6"0+ 312"V + ) 3+41:35 (3+ 4p3§a 1:2) h
6 e Ko"=3xo +6"P+3Nh12" +(2:2+3:1a)h m,D: (40)
We again use the discretization with geometrically decreasing stepsize on the i[ilter\/é?@; T
hiorj = A1 o j=0;::5K Ko L
wherec 6 0:6=log(6a). Following the discussion in Appendix C.2, we have that

5 loglog(6a) log(2hk ).
O 1
c

K K

and, fork > K o

+meg 62 and t,=T ¢ th:
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Combined with (39), we get
mg>1 2a:
Hence, 27 yields

" 2 " 2
XE+1 6 e(za 1)thk + 2 hy E+ Bk "+ 2hg \I£+ Vi

P
We denoteHy = (2a 1) < k., Nk. We note that 6 22,1 log(6a). Lemma 11 states:

X 1=2
Xk +1 6 €M* xg, + e " @2h"R + By) + e 2He2h "y + V)2
k=Ko k=K0

As2a 1=2bM +1 which is strictly positive, we may apply (36) which results in:

2" + maxy h, 1B 1 np __ Ve ©
- kK Tk Ky p max = h Y+ S
2h,~

p—
XK +1 6 6ae?® 1! XK

0 2a 1 Y"2a 1k
+ Bk +2hg"V + Vk:

We apply then inequalities (29), (31) and (32) of Lemma 13, which leads to
P P— n [
p_— 2"b h"v D 'p_— ah '
6 6ac?? b + + p +p h+
XK+ a ot a1 P 1 Pmo 1 MR 7,

The above inequality with (38) yields:

p
+5a m,Dhg:

r
pP_— 2"b h 4ah  Dm
XK +1 6 6ae(23 1) XK o + + wv o T 2

+5ameh o (41
2a 1 2a 1 3 2a 1 22K

Combining (41) with (40) and noting thé2a 1) > 1, we get:
_ _ P —— pP—
XK +1 6 IO6ae261 1 Xo+8"P+4h¥2 "V +6:7a myDhma +5a myDhy;

Following the discussion of Appendix C.2, we complete the proof by showing that:

p_— P N Op_
Xk+1 6 €21 2e 1 +7 Gahpu +4 6a 2% .+ hiZ"Y . " D:

D Proofs of lemmas used in the proofs of main theorems

We collect in this section the proofs of the building blocks of our main results.

D.1 Proof of Lemma 10: the origin of the contraction/expansion

Sinces is continuously differentiable, by the mean-value identity, we have
Uk = s(T  te;Yy) s(T t;Zk)
Z, Z,

Ds T tx;Z¢+ (Ytk Zy) (Ytk Z)d = My() «d;
0 0

where
M()=Ds(T ty;Zx+ k) = I’2|Og (T tx;Zk+ K):
The matrixM  is symmetric, and according to Proposition 1, all its eigenvalues satisfy

1 1 £ (k= k)
n= ——=6 (M()6 —ms 1 K2 X = :
min 1 ﬁ ] 1 ﬁ 1 & max:
. Rl
SinceUx = S Mg() «d ,weget

Z1h i
A+ hy) g +2hUg = @+ h)lp +2hyM () kd;
0
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and

k(1+ h)lp +2hyM (( )k = max jl+ hg +2hyg j:

2[ min; m

We assume thdty is chosen so that

2hy 2hy 2 (k= k) .

This is equivalent to

(42)

6 (1+ hy):

hy 2 ﬁl(k:k)
1 2 k 1 2

This inequality can be checked to be the sam@&$ Hence(42)is indeed satis ed and, therefore,

2hy 1 2 (k=) .
1 f 1 g

6 1:

k(1+ hk)ID +2hkMk( )k6 1+ hg

Therefore, by the triangle (Minkowski) inequality, we have
z 1

k(1+ hk) k+2hkUkk|_26 (1+ hk)ID +2hkMk() K de
0

n 21 — (0]
6 1+h 2% g k1( all)
k k
_ nl e 1+ § (=
1 Z 2 12

=1 mghk ke,

This completes the proof of Lemma 10.

kK ke,

k) ©

k ke,

D.2 Proof of Lemma 12: strength of the de ation in the contracting regime
First, notice that ¢ being an increasing function of, we have

2= T) g exp( log(6a)) =1 =(6a):
Second, since we assumefl (= ) 6 a, we have

2 ¢ a 1 2z ¢
me> 1+ —K 1 = kK
- 92

Since 2 6 1=(6a) and we assumea > 1, we have 2 6 a. Combining these inequalities with
06 1 26 1,we arrive at

) 2=(6a) o1 (1=3) a(6a) _ 1

@ 22 @ 272 20 22

Wl

For the second inequality of the lemma, it suf ces to notice thiat) > 0 anda > 1imply that

1+ 2 1+ 2 22 1+3 2 6a+ 3
+mg 6 +1+ =1+ 6 1+ 6 28
1 2 T 1 o2 1 2 1 2 6a 1

Combining with the conditiom, 6 0:7, this yieldshk(% + my) 6 2and completes the proof of
k

1
the lemma.
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D.3 Proof of Lemma 13: assessing the increments of the drift

Letby = Yy +2s(T t V). To prove the rst inequality, we recall that(T t;y) =
( 7 tE[XojYe=y] y)=2% . Therefore,

2 . 2
bt: TE[XOJY’[]-" Yy 1 — .

In addition,Y; = Xg+ with ? Xgand N p(0;Ip). It holds that
E[kY:k?’]= 2E[kX ok’]+ 2E[k k¥]= 2m,D + 2D; (43)
E[XgYi= E[KXok’]+ E[Xg ]= maD;

since is independent oK ¢ and has zero mean.

Let us use the “local notatiors(t; y) = s(t;y) + y as well adH (t; y) = D s(t; y). According to
[CDS25, Prop. 2], it holds that

ds(T  tYy)=s(T tY)dt+ IOéDs(T t Y ) dB:
Since2s(T t;Yy)= by + Y, andDs(T t;Yy)= H(T t Y)+ Ip we get
dby dy; +2ds(T tY,)
by dt p§d§t+(bt+ Yt)dt+2p§(H(T t Y+ Ip)dE,
Y, dt + IOE(zH(T tY)+ Ip)dB:

SinceB; B, is independent of the-algebraF, we get

Zt
E[b: by jFk]= E[YyjFk]du
tk
and, therefore,
Zt Zt
KE[b: by, jFkIk., 6 KE[Y, jFklk.,du 6 KY uk_,du
Ztkt q tk
6 D(e 2T Yimy+(1 e 2T W)du

tk

P
6 myD(t ty):

R
The de nition of V¢ given in (20) implies tha¥/y = ttkk” (by b, )dt. This leads to
z tk+1
KE[Vk jFk]k 6 KE[by by, jFklk,, dt
tk
z tk+1

P P ——
6 m,D (t ty)dt= % m,D hE
tk

This yields the claim of (29).

We prove now (30). The de nition dfy = Y; +2s(T t;Y;) leads to
bt blk E[bl bIkJFk] L,
z t Z t p
(Yo E[YujFi])du+ 22H(U)+ Ip dBy

Tk tk Lo

Zt th,
6 Yy E[YujFi]  du+ 22HU)+ 1p dB, @ (44)

t tk L2

On the one hand, in view of the law of total variance, we havg E[YjFk] L 6 Yy L
Therefore, using (43), we get
Z, Z, D b
Yo E[YujF«] L, du 6 m,Ddu= m,D (t ty): (45)

tk tk
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On the other hand, the properties of the stochastic integral imply that
Z, B 2 Z, ,
22H(u)+ Ip dB =2 E 2H(u)+ Ip r du: (46)
tk Lo tk

Combining he de nition ofVy given in (20) with (44), (45) and (46), we get

tk+

kVi  E[VkjFklke, = be by, E[be by jFi] det
tk
D Zy., Zi , 1=2
6 1 myDh{+ 2 E 2H(u+lp ;. du dt (47)
tk tk
The integral in(46) can be bounded from above using Proposition 1 and various assumptions of
the function' from Assumption 1. Indeed, denoting = 1 = 1 u, Wwe haveH(u) 4
2,001 w) 1%, 1lp.Since,inadditioH (u) <  2%,lp, we get
d -2 2 1
04 (2H(U)+ 1p)% 4 AL ”)4T o -1 (48)
T u
If we assume thdt( t ) 6 a, we arrive at
Z, 1=2 2 2
P_——(a
2 E 2H@U)+ Ip i du 62 2D(t ty) (Tf——“:

tk T t
In view of (47), this yields

2
+1)— T tk+

7
T tka

, P Pare2@F
ka E(ijFk)kL2 6 5 szhk + 3 hk

This completes the proof of the second claim of the lemma.

If instead of the assumptidn( ) 6 a, we use the assumptior{ ) 6 a 2 with a > 1, inequality
(48), the factthat 7! 1 | is decreasing, and inequality (47) imply that

a

. p—— [
kVk E(VkjFi)k, 6 1 myDhZ+ 422 h’7

T tks

For the last claim, we use (47) and (48) as follows

L1 Z, ) 1=2 7ZT Z, 4a2 1=2
E 2H(u)+ Ip du dté D —— ————du dt
. . F ZtK . él e 2T )2
pi T tk T tk 4a2 1=2
6 D ————d dt
0 ¢ @ eap™
4 4 _
p_— T tk T tK42 1=2
6 D du dt
ZO t u
P_"T W 4a2(T t, t) 2
= D dt
p O t(T  tk)
= a D(T tK)

Thus, from (47), we infer that
P —— p——
kVk  E(Vk jFk)k, 6 3 mDhi + 2a Dh:
This completes the proof.

E Numerical Experiments

Our experiments follow the standard DDPM sampling procedure as described in the original DDPM
paper by [HIJA20], speci cally the pseudocode presented in their Algorithm 2.
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E.1 Implementation Details

For clarity, we re-state their algorithm below.

/~ Algorithm 3 DDPM Sampling [HJA20] A
1: xt N (0;1)
2: fort=Ttoldo
33z N (O;)ift> 1,elsez=10
4: (xiit) = el x¢ P (o)
5 Xt 1=  (Xpt)+ oz
6: end for
\_ 7: return Xg )

To better explain the correspondence between notation used in our paper and 2 ,[we
provide the following table:

Notation in [HJA20] | Our notation
X150 X0 Zoyii 2kt

z k+1

t P 2

t (1+ hy) 2 g 2 1 2hg
t R @rhy 2 e

b (x¢;t)

28(T  ty;Zk)
1

To evaluate the robustness of the generative process under perturbed score estimates, we had to
isolate the score estimation component within the sampling Io&p. In the formulatibllaR[), this
corresponds to the rescaled neural network outgib  (x¢;t)= 1 . In our experiments, we

added various forms of noise (Gaussian, Uniform, Laplace, and Studgdtiectly to this term,
simulating inaccurate or noisy score predictions. This modi cation allows us to assess the impact of
score perturbations on the quality of generated samples, both visually and quantitatively.

We know that in our formulation of the problem, the conditional expectation of the next state given
that the current statelsis given by  (x;t) = (1Jb h)x +2s(t; x)h. Therefore, adding to s(t; x)

implies adding?h to (xt;t),andthusadding# 2hy 2p ¢ to  (x;t).
t

E.2 Additional Figures

Qualitative results. Figure 6, Figure 7 and Figure 8 extend the main-paper image grids. For each
dataset (CIFAR-10, CelebA-HQ, and LSUN-Churches) we display samples generated with Gaussian,
Laplace, and Studentsscore noise at two strengths,= 0:50or =1 (moderate) and = 2
(severe). Rows share the same latent seed as the baseline to enable direct visual comparison.

Quantitative trends. Figure 4 tracks FID on the CIFAR-10 dataset as we truncate the 1 000-step
DDPM schedule at {250, 500, 750, 1000} steps for theanscore and the i.i.dN (0;1p) noise
contaminated score. We observe that performance increases at a similar rate with the number of steps
for both clean and noisy score estimates.

Additionally, Figure 5 illustrates the “deterioration” of three distinct pictures for each of the different
models (datasets) that we have — each starting with a xed random noise, generating the corre-
sponding image after 1000 diffusion steps with the noise contaminated score, as described before,
parametrized by different. We observe that datasets with higher-resolution images and, respectively,
deeper noise (alternatively, score) predicting neural networks exhibit higher deterioration than those
with low-resolution images.
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(a) CIFAR-10 (b) CelebA-HQ (c) LSUN-Churches

Figure 4: FID as a function of time steps. Blue: standard DDPM inference. Orange: same sampler
with i.i.d. N (O; 1) noise added to the score at each step.

Figure 5: A single example of CIFAR-10 (top), CelebA-HQ (middle) and LSUN-Churches (bottom)
generated data, respectively, over different standard deviations.

E.3 Computational Resources

This project was provided with computer and storage resources by GENCI at IDRIS thanks to the
grant 2025-AD011016491 on the supercomputer Jean Zay's A100 partition.

Some of the experiments were run on two additional GPU nodes: one with AMD EPYC 7V12
64-Core Processor, 1TB of RAM, and with 8xA100 40GB VRAM version NVIDIA GPUs. The other
one with AMD EPYC 9005 192-Core Processor, 0.5TB of RAM, and with 2xH100 NVIDIA GPUs.

Sampling 8192 CIFARLO images or 512 CelebA-HQ or 512 LSUN-Churches images takes 1.5
GPU-hours. FID evaluation for all the scale values of a single noise distribution takes 0.2 GPU-hours.

E.4 Dataset and Model Licensing

» CIFAR-10: Licensed under the MIT License.

» CelebA-HQ: Licensed under CC BY-NC 4.0.

» LSUN-Churches: Licensed under CC BY-NC 4.0.
google/ddpm-cifar10-32:  Apache License, Version 2.0.
google/ddpm-celebahg-256: Apache License, Version 2.0.
google/ddpm-church-256: Apache License, Version 2.0.
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(a) No noise (b) Gaussian noise, = 1 (c) Gaussian noise, = 2

(d) No noise (e) Laplace, =1 (f) Laplace, =2

(9) No noise (h) Students, =1 (i) Student'st, =2

Figure 6: Additional CIFAR-10 generations for 3 noise families (rows) and 2 noise levels (columns).
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