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Abstract

Machine unlearning has become a focal point in recent research, yet the specific
area of feature unlearning has not been thoroughly explored. Feature unlearning
involves eliminating specific features’ effects from an already trained model, pre-
senting distinct challenges that are not yet comprehensively addressed. This paper
presents a novel and straightforward approach to feature unlearning that employs a
tactical shuffling of the features designated for removal. By redistributing the values
of the features targeted for unlearning throughout the original training dataset and
subsequently fine-tuning the model with this shuffled data, our proposed method
provides a theoretical guarantee for effective feature unlearning. Under mild as-
sumptions, our method can effectively disrupt the established correlations between
unlearned features and the label, while preserving the relationships between the
remaining features and the label. Across both tabular and image datasets, our
empirical results show that our method not only effectively and efficiently removes
the influence of designated features but also preserves the information content of
the remaining features.

1 Introduction

Machine learning models have transformed numerous industries by learning complex patterns from
vast amounts of data, driving productivity and efficiency [29} |19} 24]. However, as these models
become deeply integrated into decision-making processes, significant concerns regarding privacy,
ethical use of data, and compliance with regulatory frameworks, such as the General Data Protection
Regulation [31] and the Health Insurance Portability and Accountability Act [1]], have surged. In this
context, machine unlearning has emerged as a critical subfield, focusing on the deliberate removal of
specific information from trained models, effectively enabling them to “forget” certain data points or
features upon request [27, 16} 15 [14]. While machine unlearning has garnered significant attention,
the specific subfield of feature-level unlearning remains relatively underexplored.

Most existing research on machine unlearning has focused on instance-based unlearning, aiming to
remove a certain subset of data samples from models without retraining from scratch [8} 27, [14}16].
In contrast, feature unlearning targets removing the influence of specific features from a trained
model [32], which poses unique challenges and opportunities that have yet to be fully addressed. One
of the major challenges for feature unlearning lies in the complex interdependencies among features:
disentangling and removing the effect of a targeted feature without disrupting the influence of others
is difficult. The model may have learned complex representations where the influence of one feature
is intertwined with others, making isolation of a single feature’s effect non-trivial. Moreover, changes
to one feature’s influence can inadvertently affect the learned relationships and decision boundaries
associated with other features, potentially leading to unintended bias.
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Existing approaches for feature-level unlearni3g, |26, [15] experience performance degrada-
tion as the number of removed features increases, and they lack theoretical guarantees to fully
negate the in uence of removed features while maintaining the integrity of the remaining features.
To tackle this issue, in this paper, as shown in F|g. 1,

we introduce a simple yet effective approach to feature

unlearning by strategically shuf ing the features desig-

nated for removal from a statistical perspective. This

shuf ing technique serves a dual purpose. First, it en-

sures that the modi ed model gradually loses reliance

on the speci ed features, as the original correlations are

obscured through randomization. Second, this approach

preserves the structure and statistical properties of the

remaining features, thereby maintaining the integrity of

other predictive relationships in the data. Figure 1: An example of our feature un-

Despite its simplicity, we provide rigorous theoretlearning algorithm.

cal guarantees for the feature unlearning process. We

demonstrate that the impact of the speci ed features diminishes to an insigni cant level. We also
further validate our proposed method under the concept of Shapley &duand mutual infor-
mation 20]. These guarantees provide assurance that the shufing process effectively isolates and
removes the targeted feature in uence without compromising overall model integrity. Through
comprehensive empirical evaluation on diverse tabular and image datasets with different neural
architectures, we show that our approach can robustly unlearn multiple features simultaneously while
ef ciently preserving high accuracy and ensuring strong generalization on the retained features.

2 Related Work

Machine unlearning has emerged as a critical area in machine learning, focusing on enabling models
to ef ciently forget speci ¢ data points or subsets without requiring a complete retrai@ndp, 5,
14,[13,13]. Most existing machine unlearning methods primarily focused on data-level unlearning and
proposed several methods, such as Sharded, Isolated, Sliced, and Aggregated (SISA) training, certi ed
removal, and adaptive unlearning, which can effectively remove speci ¢ data poiats [5,14, 16].

There have been comparatively limited studi@g, [15, [26] addressing feature-level unlearning,
which aims to remove or diminish the in uence of speci c features in a trained md8gliijitially
addressed the feature unlearning problem by recalculating the network weights associated with the
removed elements, followed by a ne-tuning phase to maintain performance on remaining features and
labels. Subsequentl{1§] proposed a more computationally ef cient approach to eliminate speci ¢
attributes using a representation detachment loss de ned by mutual information. Yet, this method
lacks a theoretical guarantee for the unlearning process. Also, mutual information is simultaneously
estimated during unlearning, introducing potential bi@§] gxpanded feature unlearning to pre-
trained generative models by modifying the generator and encoder-decoder pathways. However,
this method is speci cally tailored for the generative adversarial network framework and can lead
to considerable computational overhead. All of the aforementioned models suffer from one of the
two main limitations: (i) Their performance deteriorates as the number of features to be removed
increases; (ii) They lack theoretical guarantees to completely eliminate the in uence of removed
features while preserving the information of the remaining features. Instead of simply retraining the
model from scratch, prior studies often prefer ne-tuning a trained model because it only need to
work on a part of the parameter space that already captures wide-ranging and sturdy features and
make minimal yet effective adjustments rather than relearning all features from the begB®)ihg] [

Also, beginning with a pre-trained model acts as a form of prior, effectively limiting the model's
degrees of freedom. This constraint makes it less prone to tting random noise and more likely to
preserve features that generalize well. Consequently, this kind of approach tends to reduce over tting
compared to training a model from scratch [23].

3 De ning Feature Unlearning

De nition 3.1 (Feature Unlearniny LetD = f(xi;yi)g, be a dataset afi samples withm
features, where the feature veckpr2 X R™ and the labey; 2 Y  R. Each feature, as well



is drawn from its underlying distributioB, where(X; Y) D .

Suppose a model parameterized bydenoted byf : X !'Y , has been trained dii. Let the
j -th feature (which could also include multiple features as a feature mix) be the targeted feature for
unlearning. The dataset withth feature removed is de ned &% i == f(Xi; j:V¥i)gL,, where the
resulting feature vector;, j 2X j R™ ! Letg :X ;!Y be the model parameterized by

and trained fronscratchon D |

We de ne theunlearning operatoiU transforming the original model into an updated model, ex-
pressed ak o = U(f ), such that the in uence of the-th feature is completely removed. We de ne
thatU achieves the goal déature unlearningf, with a probability of at least  , for all (x;y)

drawn fromD, there exists @ , such that f o(x); g (x ;) 'k 8(x:Y) B, where ( i )is
an appropriate distance function. In other words, we m:}yg-y) 5 fo(x);0 (x j) >

4 Shuf ing-based Feature Unlearning Approach

In the context ofeature unlearningour objective is to ensure that the updated médetetains no
knowledge of the speci c feature to be unlearned. Formally, this implies thathould not encode

any meaningful information about the values of the removed feature, i.e., the model's parameters are
independenobf the unlearned feature. Meanwhile, it is crucial that the unlearning process does not
degrade information pertaining to other features. In other wérdshould continue to capture the
useful correlations present in the remaining dataset excluding the removed feature. In this section, we
rst introduce a straightforward yet highly effective method for unlearning a feature from the dataset,
followed by a theoretical analysis to establish a solid foundation for our method.

Approach Overview: Our proposed feature unlearning consists of two key stggpsiom shuf ing

and ne-tuning. In the rst step, thg -th feature is shuf ed while its marginal probability distribution
remains unchanged. Meanwhile, as theoretically demonstrated in our work, this shufing process
effectively disrupts any alignment betwexn and(X ;;Y),i.e., makmgx and(X ;;Y) inde-
pendent. The second step involves tralnmg the original model using the same loss function but with
the shuf ed dataset. The resulted model theoretically loses its ability to exploit the original correlation
between featurX; and the targeY, while retaining the information associated with remaining
featuresX ;. Consequentlyf o has “forgotten” the speci ¢ predictive information provided by

featureX; in the original datase.

Feature Random Shuf ing

i Draw a random permutation of the index sef 1;: ::; ng uniformly at random.

ii Construct theshuf ed datasetlﬁ by replacing each<., with x ¢y while keepmg the
value of other features the same for each data point. The shufed dataset is de ned as

Iﬁj = F(Xiyi)glhy . wherex; = (Xi1;:i5 X 10X (i) Xij +15:: 5 X;m ). That is, all
featurestherthanj remain unchanged while the entries of fhth feature are permuted.

Fine-Tuning with the Original Loss Suppose we have a loss function, de ned s (x);y), that
was used to train the original model. In our approach, we ne-tune the original model using the same

loss and the shuf ed datas@g to get the updated parametefs

4.1 Theoretical Analysis

Independency BetweerX; and (X j;Y) We assume the distributidd is stationary and ergodic
on the measurable space)@f Y , implying that each coordlnabeJ and labely; also forms
a stationary and ergodic process denoted Xy ;yiglL, , in the smaller spacX; Y . The
shuf ed sequence through the random permutatios written asf x (i 1 Vig, . We rstde ne
the empirical distribution of the shuf ed sequencel%&? vy = i”:l (X (iy; 1Y), where

(X (i); i) is a Dirac point mass &K iy; ;Yi)-

1
n



Here, we rst prove the independency between and(X ;Y after random shufing.

Theorem 4.1. Over the random permutationand the sampled datasdfsand Iﬁj ,

Iﬁ(n) |oas Py . (1)

U Py: |§(n) | as: Py

(X3 X 1) nn Px

i i

Proof. In this proof, we provide a comprehensive demonstration for the independency between
X; andY, which is analogous to that of the independency betweeandX ; with full details
presented in Appendix A.

As fx;j ;yigl, is stationary and ergodic, the coordinate proce$sgsg’, andfyigl, both
satisfy theBirkhoff's ergodic theoreni4], which means that, for each measurable X ; and
B Y :

1 X 1 X
P (A) = n 1fxi; 2 Ad nf‘ls Px, (A); P{V(B) = n 1fy; 2 Bg n‘?ls Py (B): (2)
1= i=

Thus,lﬁ)((r:) I Py, and®{™ 1 Py almost surely.

The shuf ed empirical distribution of a rectangle B is written as

(n) 1 X
ﬁxi v(A B)= = 1fx o); 2Alyi 2 Bg (3)
i=1

For this empirical distribution, when conditioning on the prodess ;yi gL, , for eachi, the index

E [1fx (); 2 Agjfxij iyigha ] = PV (A): @)
Multiplying by 1fy; 2 B gand summing overthen shows
E Py (A B)ifxy syighs 1= P (AP (B): )

We then un-condition (remove the conditioning of) the above expectation usingvihef total
expectatioras

E [ﬁf(':’m (A B)I= Ery, oo, XY (AP (B)] = PV (AP (B): (6)

Notably, the last term is derived based on the fact that the product of two marginal probabilities is
constant when xingx Vi), i-e., there is no more randomness ifor the marginals.

Given Eq.(6), by de ning the difference between the shuf ed empirical distributions and the product
of two marginal empirical distributions, i.e.,

W(AB):= BV (A B) B(AP(B): ()

We seethakE [ ,(A;B)]=0,i.e., n(A;B)ismean zero.

Next, we airBto show that, (A; B) is small with a high probability To prove this we rst de ne
Sn(A;B)= " L, 1fx (iyj 2 Ajyi 2 Bg. Then, the shuf ed empirical distributiolﬁf(h).Y (A B)

|
can be expressed %§n (A;B). Changing in one position affects at mosto indicators inS, .
Hence, the rewritten shuf ed empirical distributic%rﬁn (A; B) satis es theMcDiarmid's inequality
[25] — for somec; > 0 as per-sample sensitivity constants ard 0,
"2

P S\(AB) E[S(ABNI> ) 2exp P - ®)
i=1 ™

Given Eq.(6), we haveE [1S,(A;B)] = If})((?)(A)Iﬁ\((”)(B). The McDiarmid's inequality in Eq.
(8) can be rewritten as

"2

PRy (A B) PLAPM(EB)> )= P( n(AB)> ) 2exp Pi—s : (9)
i=1 ™



P
Then, summing oven, we have Ll P(j n(A;B)j > ) 1 ,which, by theBorel-Cantelli
lemma B6, 7], results in ,(A;B) ! 0almost surely for each xed B. Combined with the

Birkhoff's ergodic theorenn Eq. (2) (i.e., the empirical marginal distribution almost surely converges

to its marginal distribution), we have
a.s:

BV (A B)= BOMP(B)+ h(AB) ¥

Px; (A) Py (B): (10)

So far, we havepoint-wisealmost sure convergence for each rectargle B. To further show

the shuf ed empirical distributiorisff).Y (A B) almost surely converges ®y; Py onall
P

measurable sets, we choose a countable family of rectahyjles B, g that generates the product
-algebra orX; Y . By the same exponential tail bound in E@), a union of the Borel-Cantelli
lemmashow$ ,(A;;B))j! 0simultaneously for all with the probability ofl.

Since these rectangles form (or generate}system forX; Y , the standard measure-theoretic

unigueness result implie&{™ ! ?1:3: Px, Pv. O
I nt

Corollary 4.2. If B{" 1 n‘?l:s Px, Py andP{", ' Px; Px . thenthe shufed
i ! I H
featureX; is almost surely independent of both the laeand the unshuf ed features |, such

thatX; 2 (Y;X ).

as:

Proof. Refer to Appendix B. O

Remark4.3. The above corollary aligns with our previous statement: our method effectively disrupts
the established correlations between unlearned features and the label while preserving the relation-
ships between the remaining features and the label. The former is evident, as the shuf ed feature
becomes independent of the label. The latter is also satis ed since our approach does not modify
either the remaining features or the label, thereby maintaining their original relationship.

Proof of ( )-Close Betweerf candg

Theorem 4.4.If X; is independent ofY;X ), then using the same loss functiony Y ! R.
and the same optimizer, the model trained on the shuf ed dataséj and the mode} trained
from scratch orD) j are(; )-close.

Proof. Let F be the hypothesis class for functiohéx) with domainX R™ and G be the
hypothesis class for functiomgx ;) with domainX ; R™ 1.

We de ne theoptimalrisk in the classes df andG as
n

(0]
R =infizr Ex yyo , [(F(x )iyl iR j=infge Ex yyo [ (9x j)iy)] : (11)

SinceX; isindependent ofY;X ), the conditional distribution of given(x j;x; ) equals that
of y givenx j alone. Therefore, a function that tries to explgitcannot improve its predictions
beyond what is already possible with; alone. Speci cally, for any (x) 2 F , we de neg(x ;) :=

f(x j;x;) foran arbitrary xed value ok; . The expected loss efunderD j matches that of
underD; . Therefore, we have

n 0
infror Ep, [(F(x )iy)]l  =infec Ep ;[ (8(x j)iy)] =R ;: 12)

We assume that the modeb trained on the shuf ed datasé‘- and the modej trained on the

datasef) j aim to minimize their respective empirical risks. That is, each corresponds to a solution
(or approximate solution) of empirical risk minimization (ERM), such that

Ry (Fo) infiar Ry (F)+ 1 Ry (9) infecRy (9+ : (13)

where > 0is the small sub-optimality that may come from incomplete training or early stopping.



By the standard uniform convergence theorem, with a probability of atleast over the draw of
and any randomness in forminﬁg or in the training algorithm, we simultaneously have

R () R ()i 8F2F; Ry (9 R(Q o 892G, (14)
for some bound,, thatgoest®asn!1 , depending on the complexities BfandG.
From the above uniform convergence bound, we have
R(f o) r‘\*[ﬁj (fo+ o inf F%sz (F)+ + o JnfR(f)+2 0+ =R +2,+: (15

Similarly, we haveR(g ) R ; +2 o+ . By the triangle inequality, we can further derive the
following inequalities for risks and empirical risks with the probability of at ldast as
jJR(fo) R(g)] R (fo) R j+jR(g) R j 4n+2; (16)
and _ .
Ry (fo) Ry (9)i 6n+2: (17)
Therefore, the empirical risk difference betwdenandg is ( )-close, where =6 , +2 .
In standard supervised learning theory, Bayes-optimapredictors (such afs o andg ) for *-based
risk are given by
fo=argmin Ry (f 0); g =argmin Ry (9): (18)
0 ]

In the following, we will prove that: 1) if is k-strongly convex, for any « andg trained via Eq.
(18), they arg( )-close; 2) if* is not strongly convex, under mild assumptions, for anytrained
via Eq. (18), there must existaa trained via Eq. (18) such thate andg are( )-close.

The proof of the former is shown below and that of the latter is presented in Appendix C.
As " is k-strongly convex, the ERM problem has a unique global minimizer, which mearis that
andg obtained via Eq(18)are unique. Also, at the minimizer, both gradients of the empirical risk
are zero,i.ex Ry (f )= r Ry (g)=0.

J

Moreover, for anyf o andg in their respective hypothesis classes, the strong convexity yields

k. . k. .
Ry (@) Rp (Fo)+r Ry (fol(@ fo+ziig foj> Ry (fo+ziig foj*
19)
By rearranging Eq. (19), we have

. . 2. .2
jo fei* [iRp (@) Rp (foi (6n+2): (20)
q
Therefore, the difference in risk of two models is bounded b&(3 n + ), which implies thaf o
andg are( )-close, where = %(3 nt o). O

Remark4.5 (nsights from Mutual Information and Shapley Vglu&he unlearning capability of our

shuf e-based approach can also be explained from the mutual information and the Shapley value
perspective. For the former, the mutual information between the unlearned feature and the label
vanishes, which is formally stated in the following Theorem 4.6. For the latter, the Shapley value of
the unchanged features (i.e., ; ) derived from the unlearned modeb and the retrained modej

are almost surely identical which is stated in Theorem 4.7.

Theorem4.6.1f X; ? (Y;X j)isalmostsurewhen!1 ,thenthe empirical mutualinformation
a.s: a.s: a.s:

(X Y)E 7 0l (XX ) 0 andl (X O L0

Proof. Refer to Appendix D. O
Theorem 4.7. Let ;(f o) and (g ) be the Shapley value of thh feature derived from models
f oandg . If X; 2 (Y;X j)isalmostsurewhen!1 ,8i 2fL::ijj  1jj +15:::,mg, we
almost surely have;(f o) = (g ).

Proof. Refer to Appendix E. O



5 Experimental Results

To align with the de nition of feature unlearning presented in De nition 3.1, our experiments involve

the following setup. For a given datag®tand its corresponding model, which has been fully

trained on this dataset, theth feature in the training set (denotedlﬁrﬁain ) is randomly shuf ed

to trainf o for unlearning. For the retrain from scratch model, jhid feature is removed from

Drain totraing . The test set, denoted Bl , is derived fromD using an 80:20 training-test split

ratio. Numerical features undergo standardization, and categorical features are processed via one-hot
encoding.

In this section, we rst introduce several metrics to evaluate the effectiveness of feature unlearning in
Section 5.1. We compare our proposed method's performance against a model retrained from scratch
using the TRI metric and evaluated ef ciency via the El index. We also perform dependence analysis
and assessed feature contributions as part of our evaluation framework. Subsequently, we present the
experimental settings in Section 5.2, followed by the results for both single-feature and multi-feature
unlearning in Sections 5.2.1 and 5.2.2, respectivEhe codes are available in the supplementary
materials.

5.1 Evaluation Metrics

TRI [6]: Thetest retention indekTRI) evaluates the effectiveness of feature unlearningdmgparing
the accuracy of the unlearned model (i.ef o) to a model trained from scratch (i.e.,g ), which
Acc ¢

Acc g : ’
whereAcc: , andAccy represent the test accuracy Brest for f o andg , respectively. A TRI
value closer to one indicates effective feature unlearning.

is widely recognized as a gold standard to evaluate unlearning. TRI is de nE®bhs

El [6]: In addition to accuracy, to assess #feciency of the unlearning process, we introduce the

ef ciency index(El), de ned askEl = % whereTimer , andTimeg denote the training

times (in seconds) fdr o andg , respectively. An El value greater than one suggests the unlearning
algorithm is more time-ef cient than training from scratch.

RASI: Theunlearning robustness against shuf ing indgXASI) examines whether the unlearned
model has successfully eliminate@pendencyon the unlearned feature. This is evaluated by
shuf ing the values of the unlearned feature Dies using thetorch gandperm function and
observing the impact on predictions. RASI is de ned RASI (x2y)2 Brea 1ff o(x) =

f o(Xshue )g, measuring the proportion of unchanged predictions. When calculating RASI, we
shuf e the unlearned feature ten times and take the average of the RASI for the nal result.

SRI&SDI: Using explainable Al techniques, we assess the signi cance of the unlearned feature via
SHapley Additive exPlanations (SHAF)J]. Two metrics are de ned: th&HAP retention index
(SRI) and theSHAP distance-to-zero ind€s$DI). SRI quanti es thaelative importance of the

unlearned feature after unlearning, calculate8R$ = jj ((ff °)). SDI measures the absolute deviation
of the SHAP value from zero, expressed3l = j j(f o) 0j.

Further, privacy and fairness metrics are considered. For the former, a variant of membership inference
attack (MIA) [30] at the feature level is calculated in the following steps. First, we create an attack
dataset. For each sample, we queryandg to get their outputs that are then labeledsmsearned
andRetrained respectively. An attack model, i.e., a Random Forest binary classi er, is further trained
on the built attack dataset, with the aim of learning the subtle differences between the outputs from
f oandg . The nal attack accuracy is the evaluation metric regarding privacy. An accuracy value
nears50%indicates that the attack model cannot do better than random guessing, implying that the
unlearned model is indistinguishable from the model retrained from scratch. For the fairness metric,
we introduce demographic parity (DP) and equalized odds (EO), whose detailed descriptions are
provided in Appendix F. For a successful unlearning, the fairness score of the unlearned model should
be very close to that of the retrained-from-scratch model.



Figure 2: Single-feature unlearning evaluation results oMhgic tabular dataset.
5.2 Experimental Settings and Results

Datasets — Tabular This study employs six OpenML dataseid]] Magic, Credit, andCali for

the single-feature unlearning setting (i.e., unlearning one featurefgya@€omp andPol—which

contain more features—to explore multi-feature unlearning. Detailed descriptions of these datasets
are provided in Appendix G.

Dataset — ImageWe further extend our unlearning method to an image classi cation task using the
CelebA R1], a large-scale dataset of over 200K images. The key difference in unlearning between
tabular and computer vision (CV) datasets liegsiature representatiorin tabular data, features are
explicitly structured as columns, allowing direct shuf ing. In contrast, CV datasets embed features —
like nose shape in CelebA — within images, without explicit separation into variables. Hence, we
focus on shuf ing speci ¢ visual features, including nose and eyes, to achieve unlearning for image
classi cation tasks. Examples of processed images with shuf ed feature are shown in Appendix H.

Baselines Feature unlearning is an emerging research area with limited prior work. Two baselines,
as discussed in Section 2, are included in our experiment&Erst)Order Unlearning (FOUL)Y 32]:

This method applies small permutations to the unlearned feature and leverages the rst-order gradient
differences between the permuted and original inputs to update the neural networkiAumii 2]
Information Unlearning (MIUL) 15]: This approach reduces the learned information of the unlearned
feature and the label using mutual information estimation while preserving others. It requires training
three additional neural networks for mutual information estimation.

Neural Architectures and Training ParametersAll experiments are conducted on an NVIDIA

V100 GPU. For tabular unlearning, we use a standard MLP and two more complex architectures:
ResNet 17] and FT-Transformer12]. During training, the original moddl is trained for 1500
epochs. Models trained from scratch run for 2000 epochs to ensure convergence (see training loss
curves in Appendix J). For our approach and the two baselines, unlearning is performed over 1 to
1500 epochs, with selected values at 1, 10, 50, 100, ..., 1000, and 1500. For the CV task, we leverage
the Vision Transformer (ViT)9] backbone with an MLP classi er head. Model trained from scratch
undergoes training for 100 epochs. Unlearning spans 1 to 100 epochs, including speci ¢ values at 1,
20, 30, ..., 100. To mitigate randomness, each model is tragretimes Detailed con gurations are
provided in Appendix I.

5.2.1 Results of Single-Feature Unlearning

Tabular Task— Unlearning Features with Different Feature Importancdo examine the effective-

ness of our method in unlearning different features with varying levels of importance, we perform
unlearning orthe most, second most important featuresEach feature's importance is calculated

and represented as their Shapley values, with details provided in Appendix K. For brevity, the results



Table 1: Averaged MIA accuracy comparison (optimal: 0.5).

Method Epoch[ 4 10 | 50 | 100 | 200 | 400 | 600 | 800 | 1000 | 1500
Ours 0:544 | 0520 | 0:496 | 0:509 | 0:525 | 0:528 | 0.525 | 0:520 | 0:512 | 0:511
FOUL 0:574 | 0:620 | 0:603 | 0:588 | 0:569 | 0:651 | 0.751 | 0:763 | 0:763 | 0:763
MIUL 0:651 | 0:596 | 0:597 | 0:597 | 0:605 | 0:603 | 0:595 | 0:612 | 0:594 | 0:614

of unlearning the most and the second most important features withMage dataset are depicted

in Fig. 2. The full results of single-feature unlearning of each used tabular dataset, in terms of TRI, El,
RASI, SRI, and SDI, are provided in Appendix L. Additionally, the results of averaged feature-level
MIA accuracy across datasets are provided in Table 1. The fairness-related results are provided in
Appendix O.

Our results demonstrate thair approach consistently achieves TRI values close to 1 across all
datasets for both various neural architectures and various featuresndicating that the accuracy

of the unlearned model nearly matches that of a model trained from scratch. In contrast, the baseline
methods exhibit different behaviors: tROUL method experiences accuracy degradation, while the
MIUL maintains the same accuracy level regardless of the increase in unlearning epochs. Our method
empirically proves that it can achieve TRI values around one within a limited number of unlearning
epochs.

Additionally, our approach is signi cantly more ef cient than retraining from scratch, as demon-
strated by its high El values. Rather than requiring full retraining until convergencenethod
achieves a TRI value close to one using nearly 200 unlearning epochs across all datasets, making
it approximatelyl0 times faster than training from scratchin contrast, botiFOUL andMIUL
demand greater computational resources, particulddiyL, which necessitates training additional
neural networks for mutual information estimation.

For the RASI metric, our method almost consistently achieves the highest values, indicating that
the unlearned feature has been more effectively forgotten compared to the baseline methods. This
observation is further reinforced by the SHAP-based evaluations (SRI and SDI), which provide a more
detailed assessment of the feature's importance (or dependency with the label) after unlearning. Our
approach achieves the lowest SRI values, con rming thatelaive importance of the unlearned

feature is signi cantly diminished. Additionally, the low SDI values indicate that the absolute
contribution of the unlearned feature is reduced to near zero, meaning that even when the feature
is present, it no longer in uences model predictions. Moreover, we further evaluate our method's
effectiveness when unlearning features thatraghly-correlated with others. The correlation

of each two features is calculated via the Pearson correlation coef cient. The resulted correlation
heatmaps are provided in Appendix M. We identify one feature pair as highly-correlated features
if the Pearson correlation coef cient is greater than 0.8. As shown in Appendix N, the results of
unlearning these identi ed features across all neural architectures and tabular datasets are consistent
with the outcomes of unlearning features with different importance, further justifying the effectiveness
and robustness of our unlearning method. Furthermore, as shown in Table 1 and Appendix O, the
evaluations on MIA, DP, and EO demonstrate the effectiveness of our unlearning methods in terms of
privacy and fairness.

Image Task We extend our unlearning method to the CelebA dataset for image classi cation,
targeting the removal of visual featureseseandeyes Classi cation classes includgender big

nose pointy noseeyeglassesandnarrow eyes The evaluation results across all metrics are detailed

in Appendix P, where our method still signi cantly outperforms baselines and effectively achieves
the unlearning goal.We attained an average TRI of 97.31% after 20 epochs and 99.12% after 100
epochs. The strong performance in this image dataset highlights the broader applicability of our
method to real-world high dimensional complex scenarios.

5.2.2 Results of Multi-Feature Unlearning

We further evaluate the capability of our approach for unlearning multiple features for both tabular
and CV datasets. For the tabular datasets, we unlearned more than half of the features in each dataset
(with results provided in Appendix Q), and for the CV tasks, we simultaneously unlearned both the
noseandeyesfeatures. Fig. 3 shows evaluation results of unlearning blotheand Eyeswhen



performing classi cation on label clagdender As shown in Appendix Q and Fig. 3, the request to
unlearn a large number of features for tabular datasets, as well as multiple visual features, does not
compromise the performance of our approach and consistently outperforms the two baseline methods.

Figure 3: Evaluation results of unlearnihgpseandEyesfor label classGender
6 Limitations and Conclusion

Similar to most machine unlearning techniques in the literature, our approach requires prior knowledge
of the data to be removed, speci cally access to the training data. Detecting privacy leaks in learning
models, which is a complex issue, falls outside the scope of this research. In this paper, we present a
straightforward yet effective method for feature unlearning through shuf ing on features designated
for removal. Despite its simplicity, this approach can theoretically achieve outcomes comparable
to retraining a model from scratch under mild assumptions. Extensive empirical evaluations across
various datasets demonstrate that our method can simultaneously unlearn multiple features effectively,
while maintaining high accuracy and strong generalization capabilities for the remaining features.
In summary, our study provides a practical, ef cient, and theoretically sound approach to feature
unlearning that could signi cantly impact how machine learning models are updated and maintained,
particularly in light of increasing data privacy concerns.
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NeurlPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately re ect the
paper's contributions and scope?

Answer: [Yes]

Justi cation: The abstract and introduction clearly present our claims — outlining the paper's
contributions alongside its key assumptions and limitations — and these claims are fully
supported by both the theoretical analysis and experimental results.

Guidelines:

The answer NA means that the abstract and introduction do not include the claims
made in the paper.

The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

The claims made should match theoretical and experimental results, and re ect how
much the results can be expected to generalize to other settings.

Itis ne to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justi cation:We list all the assumptions and potential limitations.

Guidelines:

The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-speci cation, asymptotic approximations only holding locally). The authors
should re ect on how these assumptions might be violated in practice and what the
implications would be.

The authors should re ect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

The authors should re ect on the factors that in uence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

The authors should discuss the computational ef ciency of the proposed algorithms
and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

While the authors might fear that complete honesty about limitations might be used by

reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren't acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-

tant role in developing norms that preserve the integrity of the community. Reviewers

will be speci cally instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

13



Answer: [Yes]
Justi cation: We provide the full set of assumptions and a complete (and correct) proof
Guidelines:

» The answer NA means that the paper does not include theoretical results.
« All the theorems, formulas, and proofs in the paper should be numbered and cross-

referenced.

« All assumptions should be clearly stated or referenced in the statement of any theorems.

The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justi cation: We disclose all the information needed to reproduce the main experimental
results of the paper to the extent that it affects the main claims and/or conclusions of the
paper

Guidelines:

The answer NA means that the paper does not include experiments.

If the paper includes experiments, a No answer to this question will not be perceived

well by the reviewers: Making the paper reproducible is important, regardless of

whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken

to make their results reproducible or veri able.

Depending on the contribution, reproducibility can be accomplished in various ways.

For example, if the contribution is a novel architecture, describing the architecture fully

might suf ce, or if the contribution is a speci ¢ model and empirical evaluation, it may

be necessary to either make it possible for others to replicate the model with the same

dataset, or provide access to the model. In general. releasing code and data is often

one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurlPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with suf cient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]
Justi cation: We provide code in supplementary material.
Guidelines:

» The answer NA means that paper does not include experiments requiring code.

» Please see the NeurlPS code and data submission guiddiites/(nips.cc/
public/guides/CodeSubmissionPolicy ) for more details.

» While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

» The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurlPS code and data submission guidstp®es (
/Inips.cc/public/guides/CodeSubmissionPolicy ) for more details.

» The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

» The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

« At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

 Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justi cation: Our paper specify all the training and test details
Guidelines:

» The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detalil
that is necessary to appreciate the results and make sense of them.

 The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical signi cance

Question: Does the paper report error bars suitably and correctly de ned or other appropriate
information about the statistical signi cance of the experiments?

Answer: [Yes]

Justi cation: This paper report error bars suitably and correctly de ned or other appropriate
information about the statistical signi cance of the experiments

Guidelines:

» The answer NA means that the paper does not include experiments.

« The authors should answer "Yes" if the results are accompanied by error bars, con -
dence intervals, or statistical signi cance tests, at least for the experiments that support
the main claims of the paper.

» The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).
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8.

10.

» The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

» The assumptions made should be given (e.g., Normally distributed errors).

« It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% Cl, if the hypothesis
of Normality of errors is not veri ed.

« For asymmetric distributions, the authors should be careful not to show in tables or
gures symmetric error bars that would yield results that are out of range (e.g., negative
error rates).

« If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding gures or tables in the text.

Experiments compute resources

Question: For each experiment, does the paper provide suf cient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justi cation: We include suf cient information on the computer resources (type of compute
workers, memory, time of execution) needed to reproduce the experiments in appendix

Guidelines:

» The answer NA means that the paper does not include experiments.

» The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

» The paper should disclose whether the full research project required more compute

than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn't make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurlPS Code of Ethickttps://neurips.cc/public/EthicsGuidelines ?

Answer: [Yes]

Justi cation: This research conducted in the paper conform, in every respect, with the
NeurlPS Code of Ethics

Guidelines:

* The answer NA means that the authors have not reviewed the NeurlPS Code of Ethics.

« If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

» The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]

Justi cation: We discuss both potential positive societal impacts and negative societal
impacts of the work performed

Guidelines:

» The answer NA means that there is no societal impact of the work performed.

« If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.
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11.

12.

« Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake pro les, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact speci ¢
groups), privacy considerations, and security considerations.

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

» The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the ef ciency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.qg., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justi cation: This paper poses no such risks.
Guidelines:

» The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety lters.

» Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

» We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justi cation: The creators or original owners of assets (e.g., code, data, models), used in the

paper, are properly credited and the license and terms of use explicitly are mentioned and
properly respected.

Guidelines:

» The answer NA means that the paper does not use existing assets.
« The authors should cite the original paper that produced the code package or dataset.

» The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

 For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.
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13.

14.

15.

« If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datapetgerswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

« If this information is not available online, the authors are encouraged to reach out to
the asset's creators.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]
Justi cation: We will release our code.
Guidelines:

» The answer NA means that the paper does not release new assets.

» Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

» The paper should discuss whether and how consent was obtained from people whose
asset is used.

« At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip le.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]

Justi cation:

Guidelines: The paper does not involve crowdsourcing nor research with human subjects.
» The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

« Including this information in the supplemental material is ne, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

 According to the NeurlPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)

approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justi cation: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

» The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

» Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.
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» We recognize that the procedures for this may vary signi cantly between institutions
and locations, and we expect authors to adhere to the NeurlPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scienti ¢ rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justi cation: We use LLM only for writing, editing, or formatting purposes

Guidelines:
» The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

 Please refer to our LLM policyhttps://neurips.cc/Conferences/2025/LLM )
for what should or should not be described.
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A Empirical Distribution Convergence BetweenX; andX

Proof. As D is stationary and ergodic, the coordinate proce$sgsgl, andfx; ;gl, both
satisfy theBirkhoff's ergodic theoreni4], which means that, for each measurable X ; and
B X i

1 X .
P(A)= = 1fxy 2Ad T Py (A); (21)
i=1
as:
11

1 X
P (B) = o lfx; 2Bd
i=1

Px i (B) (22)

Hence,lﬁf(':)! Py, andl%ﬁ”’j I Py , almostsurely.
The shuf ed empirical distribution of a rectangle B is written as
1 X
If})((r;);x (A B)= = 1fx oy 2AiX; 2 B (23)
i=1
For this empirical distribution, when conditioning on the prodess ; x;. jdg-, , for each xedi,

E [1fx qy; 2 Agifxij ixi gl 1= P{V(A): (24)
Multiplying by 1fx;. ; 2 Bgand summing overrthen shows
E PO (A Bifxiixi joli]= P (AP, (B): (25)
We then un-condition the above expectation usinddkeof total expectatioywritten as
EP"x (A B)=En x, o, P (AP (B)]
(n) (n) .
P (AP (B):

Notably, the last term is derived based on the fact that the product of two marginal probabilities is a
constant for a xing(x (iy;:Xi; j),i.e., no more randomness infor the marginals.

(26)

Given Eq. (26), by de ning the difference between the shuf ed empirical distributions and the
product of two marginal empirical distributions, i.e.,

W(A;B) = '9>(<”,.);x (A B) |9§(’]’(A)|ﬁ§”)l (B): (27)

We seethaE [ ,(A;B)]=0,i.e,, (A;B)is mean zero. Next, we aim to show that(A;B) is
small with high probability

To prove that, we rst de ne

X
Sh(A;B) = 1fx y; 2A/X; j 2Bg: (28)
i=1
Then, the shuf ed empirical distributiolﬁ)((”).x ,» (A B) can be expressed %Sn (A;B). Changing
|
in one position affects at mosivo indicators inS,. Hence, the rewritten shuf ed empirical
distribution%Sn (A; B) satis esMcDiarmid's inequality[25] — for somec; > 0,
1 1 . 2"2
P(G-S.(A;B) E [=Si(AB)li> ) 2exp Pmp—5 (29)
n n i=1 C|2
Given Eq.(26), we haveE [1S,(A;B)] = P{"(A)P{" (B). The above McDiarmid's inequality
can be rewritten as - - -
H n n n .
PIP"x (A B) PARY (B> )
2"2 (30)

=P n(A;B)j> ) 2exp P7—— :
iz &
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Then, summing oven, we have

%
PG n(AB)j> ) 1 ; (31)

n=1

which satis es theBorel-Cantellilemma B6, 7], resultingin ,(A;B) ! 0almost surely for each
xed A B. By combining it with theBirkhoff's ergodic theorenm Eq. (21) and(22) (i.e., the
empirical marginal distribution almost surely converges to its marginal distribution), we have

PV (A B)= BDARY (B)+ n(AB)

e (32)
! n!]... PxJ(A) Px J(B):

So far, we haveoint-wisealmost surely convergence for each rectafgle B. To further show

the shuf ed empirical distributiorlﬁﬂh).>< J(A B) almost surely converges B, Px , onall
|

measurable sets, we choose a countable family of rectaijles B, g that generates the product
-algebra orX; X . By the same exponential tail bound in E80), a union-of-Borel-Cantelli
showsj ,(A;;B))j! Osimultaneously for all with the probability ofl.

As these rectangles form (or generate)-aystem forX; X ;, the standard measure-theoretic
unigueness results implies
If}(n) | as p
X

X, %X 1 Px (33)

O

i it
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B Proof Independence betweeiX; and (Y;X ;)

Proof. In discrete case, the relationship between the empirical joint probability mass function (PMF)
and the empirical joint probability measure can be writteB@s ;y) 2 X; Y :

P (1Y) = PV (X = % 5Y = y): (34)
Similarly, the relationship between the product of empirical marginal PMFs and the product of
empirical marginal probability measures can be written as
Px, (X )pv (Y) = Px, (X; = X; )Py (Y =y): (35)
GivenP{" ! ** Py Py,wehaveB(x;;y)2X; Y
i n'l

P

(n) v —
ﬁx];Y(xj = XY=y o

« (Xj =% )Py (Y =y): (36)
i
Hence, the PMPEJ&”,) v (Xj 1Y) almost surely converges pointwisemai (X; )pv (y) for 8(x; ;y) 2
I
X; Y , expressed as

(n) as:

Px o (Wb P (g )Py (y): (37)

Similarly, we can have
a.s: a.s:
SR CTD I €YD F - () I S () (38)
In continuous case, we assume that both empirical and actual probabilities measures, including
Py BBV Py v, Px, , Py, are absolutely continuous w.r.t. Lebesgue measukgence,
I J

there exists PDFEY .y (x; 1¥), B (¢ ), B¢ (¥), Px, v (x5 5¥), P, (X; ), Py (y) such that
Z

Iﬂ)((';);y = . &”i);Y (x;;y)d (x;;y); 8BorelSetA X Y ; (39)
|9>‘(';) = . (Xn;) (x;)d (x;); 8BorelSetA X j; (40)
B = ) (M (y)d (y); 8BorelSetA Y ; (41)
Z
ij v = ” Px, v (X;;y)d (x;;y); 8BorelSetA X j Y ; (42)
ij = " Px, (X;)d (x;); 8Borel SetA X j; (43)
Py = Apy (y)d (y); 8Borel SetA Y : (44)
As we already havé)((':);Y!n?l:S: Px, Py, therefore, it ensures the total variation convergence
expressed as 7
iy Px, Pyl :% iy e pvid ! 2% 0 (45)
That is to sayj g(”i) v Px, Priit :1:5: 0inL%( ). Similarly, we can havi ;”J) Px i T

in L2( ) andjip™  pyjis! n?l:S: 0in L( ). Based on the Scheffé's lemmag], from L?
convergence of a sequence of non-negative functions to a non-negative limit, it follows that

0t o b by (46)
B0 7% g (47)
o ey (48)
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Therefore, we now have

00 0 = b 0Py () = Py, (¢ )Py (): (49)

Analogously, we also have

(n) 'S

i, (X! n?l Px; (X)Px (X )= px, (X)px (X j): (50)

For every measurable séts X ; andB Y , we have
Z Z Z Z

p(X; 2AY 2B)= - Px, iy (Xj;y)dx; dy = : py (y)dy R Px, (x;)d(x;): (51)
Hence, we have
p(X; 2AY 2B)= p(X; 2A)p(Y 2 B); (52)

and thereforeX; ? Y. Similarly, we can hav&X; ? X ;. Finally, whenn !'1 , we almost
surely have

X; 2 (Y5X ) (53)

O
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C Proof of ( )-Close off candg Under Non-Strongly Convex Loss
Function °

Proof. If * is not strongly convex but bounded, the ERM problem may have multiple global mini-
mizers. Therefore, for eadho derived from Eq(18), there exists g that their achieved empirical
risks are( )-close.

We here propose a mild assumption that
ifo gj iy (9:v)i (54)

where! represents a scaling factor that bounds how sensitive the model's output or parameters are to
changes in loss function.

By taking expectations on both sides of Eqg. (54), we have
EGf o gl TED(foy) (9l (55)

Based on Eq(17), the RHS of the above inequality, i.e., empirical loss difference, is bounded by
6 , +2 . Therefore, we have

Efifo gjl ! 6n+2 ): (56)

To further bound the difference of two models, ijé.p g j, we apply theMarkov's inequality
Elf o gijl '(6n,+2),

P@ifo gj>) (57)
To ensure such probability is at mostwe set
1(6nh+2 ) ; (58)
which is rearranged as
1(6,+2 ): (59)
Therefore, by choosing= ~&2*2) \ve havef oandg are(  )-close.
O

24



D Empirical Mutual Information Convergence

Proof. The empirical mutual information betwe&t) andY can be de ned as
2 (n) 3
By "y (Xj 1Y) 5.

In(X; ;Y)=E_ .. sm 4og—t——r— (60)
o o B T )
Given the independence betwe¥p and(Y;X ;) proved in Corollary 4.2, we have
(”> v OYE TP (x)py (V) = px (%) )Py (¥): (61)
n) as: (n) .
Xj (x; ) ni1 X! (62)
VoY T pr(y): (63)

Therefore, the ratio inside the logarithm operator of mutual information almost surely convefiges to
ie.,

B (5Y)

b (64)
”)(x )
For largen, this ratio stays iff ; 1] for some > 0. Therefore, we have
o ————F———— max jlog j;log = ;
p”)(x )p@(y)
p;”),Y( %)

indicating thatiog is uniformly boundedor largen. By leveraging the dominated

p;”( 4" (v)
convergence theorem [2], we have

p<“) (% ; 9 .
E .y pm A4log——t———5=1,(X;;Y) ** o0 (66)

(Xj ) 'ﬂxj v (n)( J)pYn)(y) n'l

Analogously, we can have
(XX ) 2% 0 (67)
. as: i

In(X;; 9 I (68)
O

25



E Almost Surely Equal Shapley Value between Unlearned Model and
Retrained Model

Proof. We treat each feature as a “player” in a cooperative game. For a sibet;:::; mg of
features, we de n&(S) as the performance (e.g., accuracy) of model trained evitiifeatures irS.

De nition E.1 (Shapley Value of theth Featur§g. The Shapley valuef the i-th feature ( 2
f1;:::;mg)is
X iSjl i Si 1
iISfm j S 11 .
= - V(S[fig) V(S

Sf 1;:;m gnfig

where ; is theexpected marginal contributioof thei-th feature to the performance, averaging over
all subsetsS that do not contai.

Given thatX; is independent witfy', we have, for any subset of featu@sf 1;:::;mg:
Vi O(S[f ]g) = Vi O(S)' (69)

For the retrained model, we de ne its corresponding performaneg &S). If a subseS does not
containj , we train only on those features $ If S does contain, then effectivelyj is not available.
ThereforeS [f j gis the same aS in terms of actual features used for mode] which means

Vg (S[f jg)= vq (S): (70)

Given Eq.(69)and(70), ; equals zero in both models, showing they coincide for the “unlearned”
feature (i.e., th¢-th feature).

This is the crux: we want to see that each unchanged (or shuf ed) feature retasanie8hapley
value in both models.

Consider any subs& f 1;:::;mg nfigwhichdoes notontaini. The Shapley value for theth
feature derived from both model can be simpli edvas,(S[f ig) v ,(S)andvy (S[f ig) vg (S),
respectively. We need to show that these two differences are the sameSpwéilich can be divided
into the following two cases:

Casellfj2 Sandj 2 (S[f ig), thenf ois using exactly the same featuresgagbecausg is
absent in both). Thus,
Vi o(S[f ig) = vy (S[f ig); (71)
Vi o(S) = vg (S); (72)
resulting in the same Shapley value.

Case2Ifj 2 S(orj 2 S[f ig), recall that adding thevorthlesg -th feature does not affect the
performance of o. Similarly, in theg , thej -th feature is forcibly absent. Thus effectivedyis the
samewhether or not it nominally includgs indicating:

S%= Snfjg; (73)
(S[f ig°=(S[f ignfjg (74)
Hence, we can identify
Vi o S[fig = v, S°[f ig; (75)
vg S[fig =vq S°[fig; (76)

which is also likewise fows ,(S) v.s.vg (SY, as the -th is worthless irf o.

In all cases, for any subs8tnot containingi, we have
Vi o(S[Fig) Vi o(S)= vg (S[Ffig) Vg (S): (77)
Therefore, each marginal contribution term in the Shapley-value sum fortthfeature is identical

betweerf oandg . Summmg over all subse8 (with appropriate combinatorial weights), we almost
surely conclude tha®i 2 f 1;:::;) 1;j +1;:::;mg:

i(f 0)— i(9): (78)
O
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F Descriptions of Fairness Evaluation Metrics

The demographic parity (DP) score is calculated in the following steps. Firstly, we identify several
key components related to DP, including

» Unprivileged/Privileged Groups: The group that has historically faced a disadvan-
tage/advantage (e.qg., for features like “Race” or “Gender”).
« Favorable Outcome: The desired model prediction (e.g., “loan approved”).

« Model Predictions: The output labels generated by our unlearned model or the retrained-
from-scratch model.

Next, for both the privileged and unprivileged groups, we calculate the rate at which they receive the
favorable outcome from models. The formula for the rate is calculated as

Number of Individuals in the group who received the favorable outcome
Total number of individuals in the group '

Rate = (79)

The above rates are denoted d3P(Label=Favorable Outcome | Privileged Grpumnd
DP(Label=Favorable Outcome | Unprivileged Gryugespectively.

Finally, we calculate the DP differences (as the DP metric used in evaluation) between unprivileged
and privileged groups, formulated as

DP Di erence = DP( Label=Favorable Outcome | Unprivileged Grpup (80)
DP(Label=Favorable Outcome | Privileged Gryup
A DP difference of zero indicates perfectly fair unlearning.

For another fairness metric, i.e., the equalized odds (EO) difference, we calculate the differences of
True Positive Rate (TPR), False Positive Rate (FPR) between the privileged and the unprivileged
groups. Both metrics, i.e., TPR and FPR, should be as close as to zero for a successful unlearning
from the perspective of fairness.
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G Descriptions of Tabular Datasets

A summary of used dataset from OpenML [11, 6] in this paper is presented in Table 2.

Table 2: Summary of used datasets for single-feature unlearning.

Dataset|| Number Number Number of Number of
Name || of Samples|| of Features|| Numerical Features| Categorical Features
Magic 13376 6 6 0

Credit 16714 10 10 0

Cali 20634 8 8 0

» Magic: The data are MC generated (see below) to simulate registration of high energy
gamma patrticles in a ground-based atmospheric Cherenkov gamma telescope using the
imaging technique. Cherenkov gamma telescope observes high energy gamma rays, taking
advantage of the radiation emitted by charged particles produced inside the electromagnetic
showers initiated by the gammas, and developing in the atmosphere. This Cherenkov
radiation (of visible to UV wavelengths) leaks through the atmosphere and gets recorded in
the detector, allowing reconstruction of the shower parameters. The available information
consists of pulses left by the incoming Cherenkov photons on the photomultiplier tubes,
arranged in a plane, the camera. Depending on the energy of the primary gamma, a total of
few hundreds to some 10000 Cherenkov photons get collected, in patterns (called the shower
image), allowing to discriminate statistically those caused by primary gammas (signal)
from the images of hadronic showers initiated by cosmic rays in the upper atmosphere
(background). The link to this datasethigps://www.openml.org/d/44125

 Credit The link to this dataset isttps://www.openml.org/d/44089

« Cali: This dataset, also known as the California Housing Prices dataset, contains information
about housing values in California, collected from the 1990 U.S. Census. It contains
features such as including median income, total rooms, total bedrooms, population, and
geographical attributes such as latitude and longitude. This link to this datdsgiss
/Iww.openml.org/d/44090 .

A summary of used dataset for multi-feature unlearning from OpenML [11, 6] is shown in Table 3.

» Eye This dataset was published in the Inferring Relevance from Eye Movements Challenge
2005 [18]. The link to the datasetlitps://www.openml.org/d/44157

Table 3: Summary of used datasets for multi-feature unlearning.

Dataset|| Number Number Number of Number of Number of
Name || of Samples|| of Features|| Numerical Features| Categorical Featureg Unlearned Features
Eye 7608 23 20 3 15
Comp 16644 17 8 9 8
Pol 10082 26 26 0 20

» Comp The link to the dataset isttps://www.openml.org/d/44162

* Pol: The link to the dataset isttps://www.openml.org/d/44122
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H Examples of Processed Images with Shuf ed Visual Features

The following example illustrates how an original image is processed for our unlearning method and
retrain-from-scratch approach:

» Shuf ed nose feature for our unlearning method: The nose region is shuf ed while preserving
the overall structure of the image.

« Masked nose feature for retraining from scratch: The nose region is masked to remove its
in uence on the model.

Figure 4: Example of images with shuf ed visual features.
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| Con gurations of Neural Models and Training Hyperparameter

The batch size is set &} and the learning rate is set@®01 The optimizer used for neural network
update is the Adam optimizer and the loss function is the cross-entropy loss function.

For theFOUL baseline [32], the scale of permutation on the unlearned feature is@étlas

For theMIUL baseline 34], the training epochs to estimate mutual information is sé&0fs The
weight coef cients balancing different mutual information estimations, denoted,as, and 3,
are set a$, 5, andl, respectively.

For our unlearning method within the tabular datasets, the MLP model has two hidden layers with
the number of neurons a28and64. The ResNet model has two residual blocks and a nal fully-
connected layer for classi cation outputs. The FT-Transformer model has two transformer blocks
with a two-layer MLP head (whose hidden layer dimensiogdisfor classi cation.

For our unlearning method within the CV dataset, the VIiT backbone is imported througimthe
package timm.create_model( vit_base_patch16 224 ) . The MLP classi er head has two
hidden layers with the number of neuronssd2 and128.

When implementing the SHAP method to calculate the feature importance of unlearned feature, we
use theshap package developed by [22] and set the background data size and test datal8iaé as
and100, respectively.

All codes are implemented in Python 3.10 and PyTorch 1.12.
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J Training Loss Curves of Models Trained From Scratch Under the Single-
and Multi-Feature Unlearning Setting for Tabular Datasets

Figure 5: Loss curves of MLP-based models trained from scratch under the single-feature unlearning
setting.

Figure 6: Loss curves of ResNet-based models trained from scratch under the single-feature unlearn-
ing setting.
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Figure 7: Loss curves of FT-Transformer-based models trained from scratch under the single-feature
unlearning setting.

Figure 8: Loss curves of MLP-based models trained from scratch under the multi-feature unlearning
setting.
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K Shapley Values of Each Feature for all Used Tabular Datasets

When implementing the SHAP method to calculate the feature importance of unlearned feature, we
use theshap package developed by [22] and set the background data size and test datal8iaé as
and100, respectively.

Table 4 shows the Shapley values of each feature inGiealit dataset. The most, second
most, second last, and last important featuresNanmberOfTime30-59DaysPastDueNotWorse
NumberOfTimes90DaysLateNumberOfDependentsDebtRatio .

Table 4: Shapley values of each feature in@redit dataset.

Feature Shapley Value
NumberOfTime30-59DaysPastDueNotWorse  0.130686
NumberOfTimes90DaysL ate 0.095737
NumberOfTime60-89DaysPastDueNotWorse 0.083108
NumberOfOpenCreditLinesAndLoans 0.080779
age 0.074865
RevolvingUtilizationOfUnsecuredLines 0.074132
NumberRealEstateLoansOrLines 0.062857
Monthlylncome 0.058103
NumberOfDependents 0.035402
DebtRatio 0.001361

Table 5 shows the Shapley values of each feature iCHiedataset. The most, second most, second
last, and last important features ai@itude , Longitude , AveBedrmsPopulation .

Table 5: Shapley values of each feature in@zdi dataset.
Feature Shapley Value

Latitude 0.281184
Longitude 0.248730
Medinc 0.148034

AveOccup 0.081746
AveRooms 0.057758
HouseAge 0.041526
AveBedrms 0.021693
Population 0.019374

Table 6 shows the Shapley values of each feature iMimgic dataset. The most, second most, second
last, and last important features &veidth , fSize , fLength , fAsym

Table 6: Shapley values of each feature inegic dataset.

Feature | Shapley Value

fWidth 0.129222
fSize 0.101183
fConc 0.095207

fConcl 0.089712

fLength 0.079942
fAsym 0.053422
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L Full Results of Unlearning Features with Different Feature Importance
Under Single-Feature Unlearning Settings

Fig. 9 illustrates the TRI results of unlearning the most, second most, second last, and last important
features across the MLP, ResNet, and FT-Transformer models.

(a) MLP-Magic (b) MLP-Credit (c) MLP-Cali
(d) ResNet-Magic (e) ResNet-Credit (f) ResNet-Cali
(g) FT-Transformer-Magic (h) FT-Transformer-Credit (i) FT-Transformer-Cali

Figure 9: TRI results of unlearning features with different feature importance for tabular datasets.
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Fig. 10 illustrates the El results of unlearning the most, second most, second last, and last important
features across the MLP, ResNet, and FT-Transformer models.

(2) MLP-Magic (b) MLP-Credit (c) MLP-Cali
(d) ResNet-Magic (e) ResNet-Credit () ResNet-Cali
(g) FT-Transformer-Magic (h) FT-Transformer-Credit (i) FT-Transformer-Cali

Figure 10: El results of unlearning features with different feature importance for tabular datasets.
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Fig. 11 illustrates the RASI results of unlearning the most, second most, second last, and last
important features across the MLP, ResNet, and FT-Transformer models.

(a) MLP-Magic (b) MLP-Credit (c) MLP-Cali
(d) ResNet-Magic (e) ResNet-Credit () ResNet-Cali
(g) FT-Transformer-Magic (h) FT-Transformer-Credit (i) FT-Transformer-Cali

Figure 11: RASI results of unlearning features with different feature importance for tabular datasets.

36



Fig. 12 illustrates the SRI results of unlearning the most, second most, second last, and last important
features across the MLP, ResNet, and FT-Transformer models.

(a) MLP-Magic (b) MLP-Credit (c) MLP-Cali
(d) ResNet-Magic (e) ResNet-Credit () ResNet-Cali
(g) FT-Transformer-Magic (h) FT-Transformer-Credit (i) FT-Transformer-Cali

Figure 12: SRI results of unlearning features with different feature importance for tabular datasets.
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Fig. 13 illustrates the SDI results of unlearning the most, second most, second last, and last important
features across the MLP, ResNet, and FT-Transformer models.

(a) MLP-Magic (b) MLP-Credit (c) MLP-Cali
(d) ResNet-Magic (e) ResNet-Credit () ResNet-Cali
(g) FT-Transformer-Magic (h) FT-Transformer-Credit (i) FT-Transformer-Cali

Figure 13: SDI results of unlearning features with different feature importance for tabular datasets.
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M Feature Correlation Heatmaps of Used Tabular Datasets

In our experiments, we identify two features as highly-correlated features if the Pearson correlation
coef cient is greater than 0.8.

Fig. 14 shows the feature correlation heatmap ofGhé dataset. The highly-correlated feature pairs
of this dataset includeatitude andLongitude , AveRoomsandAveBedrms

Figure 14: Feature correlation heatmap of @adi dataset.
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Fig. 15 shows the feature correlation heatmap ofGnedit dataset. For readability, we use the
abbreviations of each feature in the heatmap. The mapping between abbreviations and full names is
provided in Table 7.

The highly-correlated feature pairs of this dataset include
NumberOfTimes90DaysLattNumberOfTime60-89DaysPastDueNotWorse

NumberOfTime30-59DaysPastDueNotWorfdumberOfTime60-89DaysPastDueNotWorse
andNumberOfTime30-59DaysPastDueNotWorfgumberOfTimes90DaysLate

Table 7: Feature abbreviation in heatmap and full nan@radit dataset.

Feature Full Name Feature Abbreviation

NumberOfTime30-59DaysPastDueNotWorse No0.30-59

NumberOfTimes90DaysLate No0.90
NumberOfTime60-89DaysPastDueNotWorse No0.60-89
NumberOfOpenCreditLinesAndLoans No.Loan

age age

RevolvingUtilizationOfUnsecuredLines Rev.
NumberRealEstateLoansOrLines No.Estate
Monthlylncome Income
NumberOfDependents No.Dep

DebtRatio Debt

Figure 15: Feature correlation heatmap of @Gredit dataset.
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Fig. 16 shows the feature correlation heatmap oiMagic dataset. The highly-correlated feature
pairs of this dataset includ€onc andfConcl, fSize andfConc, fSize andfConc1.

Figure 16: Feature correlation heatmap of ktegic dataset.
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N Full Results of Unlearning Features that are Highly-Correlated with
Others

For theCali dataset, we have identi ed two highly-correlated feature pairs in Appendidtstitude
andLongitude , AveRooms&ind AveBedrms Fig. 17, 18, and 19 show the evaluation results of
unlearningLatitude , Longitude , andAveBedrmsrespectively.

Figure 17: Evaluation results of unlearnibgtitude of the Cali dataset.

Figure 18: Evaluation results of unlearnibgngitude of the Cali dataset.
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Figure 19: Evaluation results of unlearniAgeBedrmsof the Cali dataset.

For the Credit dataset, we have identied three highly-correlated feature pairs in Ap-
pendix M — NumberOfTimes90DaysLateand NumberOfTime60-89DaysPastDueNotWorse
NumberOfTime30-59DaysPastDueNotWorsdNumberOfTime60-89DaysPastDueNotWorse
NumberOfTime30-59DaysPastDueNotWorsand NumberOfTimes90DaysLate Fig. 20 and

21 show the evaluation results of unlearnidgmberOfTime30-59DaysPastDueNotWorsand
NumberOfTimes90DaysLaterespectively.

Figure 20: Evaluation results of unlearniNgimberOfTime30-59DaysPastDueNotWors# the
Credit dataset.
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Figure 21: Evaluation results of unlearniNgmberOfTimes90DaysLatef the Credit dataset.

For theMagic dataset, we have identi ed three highly-correlated feature pairs in Appendix M —
fConc andfConcl, fSize andfConc, fSize andfConcl. Fig. 22 shows the evaluation results of
unlearningfSize .

Figure 22: Evaluation results of unlearnif®jze of theMagic dataset.

44



O Full Results of Fairness Evaluation Metrics under Single-Feature
Unlearning Setting

All results shown below are averaged across all four unlearned features (i.e., the most, the second
most, the second last, and the last important ones), all three neural architectures, and all used datasets.
The features “HouseAge”, “age”, “fConc:” in the CALI, CREDIT, MAGIC_TELE datasets are
considered sensitive attributes, with threshold28®#0, 0:5 to distinguish between privileged and
unprivileged groups, respectively.

Table 8: Averaged DP difference comparison.

Method Epoch| 10 50 100 | 200 | 400 | 600 | 800 | 1000 | 1500
ours 0.0774] 0.0330| 0.0336| 0.0127| 0.0271| 0.0147| 0.0132| 0.0206 | 0.0243| 0.0097
FOUL 0.3791| 0.2174] 0.1654| 0.3151| 0.2065| 0.0417| 0.0598| 0.1111| 0.1054| 0.2345
MIUL 0.1869| 0.1319] 0.0440| 0.0954 | 0.0371| 0.0424| 0.0895| 0.1026 | 0.0778| 0.0291

Table 9: Averaged EO difference calculated via the true positive rate comparison.

Method Epoch| 10 50 100 | 200 | 400 | 600 | 800 | 1000 | 1500
Ours 0.0394| 0.0281] 0.0310| 0.0158| 0.0288| 0.0234| 0.0175| 0.0222| 0.0192| 0.0192
FOUL 0.1728] 0.1463| 0.2902 | 0.1616| 0.2665| 0.7684 | 0.5679| 0.3727 | 0.1668| 0.1290
MIUL 0.1841] 0.2069| 0.1477 | 0.0747| 0.0719| 0.0601| 0.0574| 0.0683| 0.0958| 0.1170

Table 10: Averaged EO difference calculated via the false positive rate comparison.

Method Epoch| 10 50 100 | 200 | 400 | 600 | 800 | 1000 | 1500
Ours 0.1317| 0.0462| 0.0382| 0.0156 | 0.0257| 0.0160 | 0.0117| 0.0207 | 0.0321] 0.0134
FOUL 0.0752| 0.0750| 0.1627 | 0.1071| 0.3891| 0.6737 | 0.5946 | 0.3348 | 0.0927| 0.1227
MIUL 0.1857| 0.1249| 0.0318| 0.0782| 0.0662| 0.0557 | 0.1001| 0.1252 | 0.0941| 0.0218
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