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Abstract

Foundation models for time series analysis (TSA) have attracted significant atten-
tion. However, challenges such as training data scarcity and imbalance continue to
hinder their development. Inspired by complex dynamic system theories, we design
a series-symbol data generation mechanism, enabling the unrestricted creation of
high-quality time series data paired with corresponding symbolic expressions. To
leverage series-symbol data pairs with strong correlations, we develop SymTime,
a pre-trained foundation model for enhancing time series representation using
symbolic information. SymTime demonstrates competitive performance across
five major TSA tasks when fine-tunes with downstream tasks, rivaling founda-
tion models pre-trained on real-world datasets. This approach underscores the
potential of series-symbol data generation and pretraining mechanisms in over-
coming data scarcity and enhancing task performance. The code is available at
https://github.com/wwhenxuan/SymTime.

1 Introduction

In recent years, with the rapid advancement of deep learning, foundation models for time series
analysis (TSA) have garnered widespread attention due to their superior generalization capabilities,
scalability and advantages in few-shot learning [1}, 2]]. Coupled with issues of data privacy [3| 4],
existing time series datasets are smaller compared to those in the fields of computer vision (CV) and
natural language processing (NLP). Besides, current large-scale time series datasets face significant
data imbalance issues, with certain types such as finance and healthcare still being relatively scarce
(see Appendix [B.4). According to scaling laws [5], this can lead to performance bias in the time
series foundation models, reducing their generalization capabilities on out-of-distribution data [6) [7]].

To mitigate the issue of training data scarcity and imbalance, this paper, starting from Takens’ theorem
[8L 9], posits that time series are representations of complex dynamical systems [[10} 11} [12]. Based on
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symbolic dynamicd13], complex systems can be expressed abstractly using mathematical symbols
and formulas[14], with ordinary differential equations (ODE) and partial differential equations
(PDE) being the most common methods for modeling complex systesn&d]. In an ideal scenario,
continuously constructing diverse symbolic expressions allows us to cover a broader range of complex
dynamical systems. As a result, the time series generated from these symbolic expressions exhibit
rich and varied properties. To this end, we provide a series-syr8Bpbiual-modality data generation
mechanism. Simulation experiments demonstrate that this approach effectively mitigates the problem
of training data scarcity. To encapsulate our work, the contributions are as follows:

» Addressing Data Scarcity: Our approach overcomes the challenge of limited training data
when building foundation models. The observation that the size @trdataset directly
correlates with model performance on downstream tasks validates this point.

« Introducing SymTime: We preseniSymTimea scalable and ef cient foundation model
for time series analysis that leverages symbolic information to enhance representations.
Pretrained on the construct&d datasetSymTimeoffers broader task generality compared
to existing foundation models that are typically limited to zero-shot forecasting.

2 Related Work

Pre-trained foundation models (PTFM4Y[[18, (19, 20, 21] have been demonstrated to adapt to a
variety of downstream tasks after ne-tuning on speci c datasets, exhibiting excellent generalization
and scalability[22, [23]. Inspired by this, recent years have seen signi cant progress in PTFMs
for TSA [24, [25], with the emergence of various pre-training methods. Moirai, through masked
time series modeling (MTM) and reconstructid®6]27], has been pre-trained on large datasets
(27B), yielding a universal forecasting model with zero-shot advantdfils Timer, after generative
pre-training on large datasetsH), has performed well in forecastin@g]. TimeGPT trained a
encoder-decoder Transformer witB0OB data B0]. COMET, using multi-level contrastive learning

on a large ECG dataset, has obtained a medical time series PTFMs with few-shot advantages [4].

As discussed in Appendjx B.4, these baseline models still face challenges related to data scarcity and
data imbalance. In the next section, we introduce the proposed data generation mechanism and the
corresponding dual-modality foundation model designed to mitigate these issues. The review of other
topics can be found in Appendix D.

3 Main Methods

De nition 1 Time Series Foundation Model. It is a deep neural network pre-trained in a
seltsupervised or unsupervised manner on lasgale, diverse time series data. By learning general-
izable time series representations, it can then rapidly adapt—vissfew or transfer learning—to

ef ciently solve a wide range of downstream time series tasks.

Theorem 1 Takens' Theorem. This theorem demonstrates that through phase space reconstruction
[31,132,[16,[33], a univariate time series, as a low-dimensional projection of a high-dimensional
complex system, can completely preserve the dynamic topology of the original system, thereby forming
an effective external representation of the complex systemi[8] 9, 34,135, 36| 37, 38, 39].

Theorem 2 Symbolic Dynam-
ics. This theory encodes the
evolution of continuous systems
into nite symbolic expressions
by discretizing the state space of
complex systems, establishing an
isomorphic relationship between

symbolic expressions and system. . . . .
bi:haviors ﬂps, 41 42, 43 43:“_ rElgure 1: The connection between time series and symbolic ex-

This means that any complex Syg_ressions (taking the Lorentz system as an examplé) [40].
tem can be modeled using symbolic expressions [45, 46].



Figure 2: $ dataset generation mechanism (left) and SymTime network architecture (right).

As show in Figure 1, the two aforementioned theorems, using complex dynamical systems as a
conceptual bridge, fundamentally connect time series and symbolic expressions. They provide
rigorous theoretical support for the semantic correspondence between temporal patterns and symbolic
representations. Compared with previous time series data generation meth@#, the S? data
generation mechanism proposed in this paper is more in line with the nature of time series generation.

3.1 Series-Symbol (8) Dataset Generation

The pre-training oSymTimeelies on a large synthetic series-symi®t) dataset The specic
generation process is shown in Figure 2 (left). Firstly, we construct a multivariate input-output
symbolic expressiofi() through random samplingt§]. Then, we use the randomly generated
sampling serieX 2 RML  to forward propagate through the symbolic expression to obtain the
generated series = f(X) 2 R Nt | whereN andM represent the dimensions of the input and
output series respectively, ahdis the length of the series. The mathematical symbols and their
explanations in this section are shown in Table 9. In Appendix B.3, we present an analysis of the
statistical characterization of tI8# data. In Appendix B.7, we demonstrate that the time complexity

of generating the Sdata scales linearly with the series length L, approximating O(L).

3.1.1 Sampling of Functions

Mathematical expressions can

usually be represented using a

tree structure, where constants

and variables are the root nodes,

binary operators are nodes with

two children, and unary opera-

tors are nodes with one child.

Therefore, we (1) build a binary

tree over input variables using .b'Figure 3: The process of building a binary tree when sampling
nary operators, (2) randomly ingyhojic expressions. (a) tree construction; (b) variable assign-
sert constants and variables int

the tree, and (3) add unary Oper(fpent to leaf nodes; (c) unary operator insertion.

tor and perform af ne transformation. The three key steps are illustrated in Figure 3.

2The code for 8 data generation is available at https://github.com/wwhenxuan/S2Generator.



Input/Output Dimension Selection. Instead of randomly sampling input/output dimensidns
U(1;Mmax) andN  U(1;N max) as in prior work L2, 14, 49|, we exhaustively traversil 2
[L;MmaxI; N 2 [1; N max] (with Mmax = 6, Nmax = 12) to fully cover multivariate time series

Binary Operator Selection. We sample the number of binary operatorsU (b min ; bnax) to
de ne the root nodes of the expression tree. Each node's operator is then drawn uniformly from
Uf+; ; g, enhancing the diversity and complexity of the generated expressions [14, 12, 45, 46].

Tree Construction and Leaf Assignment. We randomly combine théinary operators to con-
struct a binary tree to form the basic framework of the mathematical expressions (Figure 3a). Then,

symbolic expression consisting of binary operators, wiherdJ (1; M) (Figure 3b). If the inserted
expression does not form a full binary tree, a random constant node is added to make it full.

Unary Operator Insertion. After inserting the leaf nodes to form a complete binary tree,
we select the number of unary operatarsfrom U (Umin ;Umax) and insert unary operators
at random positions in the binary tree. The available unary operators infilome abs,
pow2; pow3; sqrt; sin; cos; tan; arctan; log; expg This process is shown in Figure 3c. In Ap-
pendix B.8 we discussed the choice of unary operators.

Af ne Transformation. To further diversify the symbolic expressions, we perform random af ne
transformations on each random variakjeand unary operatary in the binary tree. Speci cally,
we replace<y anduy with axq + b andaug + b, respectively, whera andb are random constants
[12, 14]. For examplex; ! ax ;+b andtan() !atan()+b  with contantsa; bsampled randomly.

3.1.2 Generating Inputs and Outputs Series

After obtaining symbolic expressiofig, we sampleX 2 RML  from mixed distributions 12, 14,
48] and random-parameter ARMA{0) processesd0, 51], then computey 2 RNL :y; =f(X).
The ARMA(p, q) model consists of moving average (MA) and autoregressive (AR) procés3es [
which can be expressed as:

Ye= 1Y + 2Yi2 + + oYy ter  1en 262 q€q 1)

wherep andq represent the orders of the AR and MA models, respectivglyand  are the
parameters of the AR and MA processB$][ande; N(0;1) denotes the observed white noise
sequence. Since ARMA possess both the temporal correlation of the AR process and the randomness
of the MA process, series obtained from mixed distributions and ARMA sampling better re ect the
characteristics of time series.

Sampling Strategy. Each input serie¥ 2 RML is drawn eitper from a mixture of

U (1; kmax ) distributions (with weightsy; U(0;1) normalized to pwo=1, and each com-
ponent chosen a@s( j; jz), i N(@©;1) , ; U(0;1),0rU(0; ;)) with probabilityP 0:5,
or from an ARMA(p; q) prosessif U(1;p max),d U(1;Qmax), parameters;; ; U(1;1) ,
and stationarity enforced by ; ; <1; ] pj < 1) otherwise.

Series Generation and Curation. We normalize each per channel, computé = f(X) via
symbolic expressions, and discard atyoutsidef 's domain orjY j > 104 [12, 53]. For each
random seed, we traverse all input/output channels, sampling each expression once. The &sulting
dataset contairdOM series—symbol pair&0B total length); series are patched for the time series
encoder [54] and expressions tokenized for the symbolic encoder [55].

3.2 Model Architecture of SymTime

As shown in Figure 2 (right) SymTimecomprises a time series encoder, a symbol encoder, and
momentum encoders, each trained with distinct objectives.



Time Series Encoder and Masked Time Series Modeling (MTM). An input time series is rst
divided into non-overlapping patch®s=fp 1;p2;  ; png using a sliding window approach4, 17].
A 6-layer Transformer encodes non-overlapping pat¢hesth random masking and reconstructs
them via
1 X

M 1] oM
whereM 1 is the set of masked patch indices, gihdepresents the patch reconstructed by the time
series encoder and linear projecti@®[57]. Then, we obtain the corresponding embedded sequence
T=ftgs; t1;t2;  ;tng, Where s is the [CLS] token added by the time series encoder [58].

kp, P K )

Lmm =

Symbolic Encoder and Masked Language Modeling (MLM). We treat symbolic expression
data as natural language and use the 6-layer DistilBEF®[ ds a symbol encoder to learn the
representation of symbol through natural language mask modéléhgilhe loss optimized in this
part is

X

Lmim =

o H oy ™ ; (3)
Msi oy
whereM s are masked symbol positions, is cross-entropy losqi™2{$) denote the model's
predicted probability for the masked tokénandy; is a one-hot vocabulary distribution with
a probability of 1 for the ground-truth token. Then, we obtain the embedded sequénce:

Series—Symbol Contrastive Learning. To leverage series-symbol data pairs with strong correla-
tions (The correspondence between positive and negative samples is shown in Appendix C.2), we
employ contrastive learning to enhance time series representation using symbolic information. Using
momentum encoder$9g], we project|CLS] embeddings via linear projectiogs; gs and de ne

sim(t; s) = gt (tas)” 92(s%), wheregd(s%,) is the normalized symbol features generated by the
momentum model. Similarly, sim(s; t) = g(Sais) " g°(t%s). We compute:

. ~ eXp(SIm(t, sm): ) s _ eXp(Sim(S;tm): )
PRO= P m exp(sim(t;sm)= )’ @)= P m EXP(SIM(Sitm)=)

(4)

where is a learnable temperature parametg5p)]. Let y*?s (t) andys?' (s) represent the one-hot
similarity, with positive pairs having a probability of 1 and negative pairs havirggD We optimize

LtSC - %E H(yIZS;pIZS)+ H(y SZI;pSZI) : (5)

3.3 Momentum Distillation for Masked Data Learning

Inspired by ALBEF B0Q], we treat random masking as noise and use momentum distillation to
align the output representation of our encoder with its momentum counterpart. Let the similarity
functions generated by the momentum encodersimt; s) = g (%) T as(s%y) andsimY(s;t) =
0s(s9) T & (t%)- We compute soft pseudo target® (t) andg®? (s) by replacingsimwith sim’in
Equation 4. In addition to the contrastive ldsg. (Equation 5), we compute pseudo-targgts ; g5

from momentum-encoder similarities sirand optimize

Lied = 3E KL d®@®kp™ () +KL o (s)kp™'(s) : (6)
The total pre-training objective is
L=L mm tLmm+ L sc+(@ )L ggd: (7

3.4 Fine-tuning for Downstream Tasks

We use the pre-trained time series encoder as backbone. After instance normal&Btiove apply
the following two strategies:

« Classi cation: patch the series, encode, and classify via a linear head [54, 62].

» Reconstruction (forecasting, imputation, anomaly detection)§3, 64]: decompose each
series into trend and periodic components; regress trend directly, patch and encode the
periodic part, then recombine for the nal output.



(a) 100K single input channel (b) 200K single input channel  (c) 100K single and dual channel

Figure 4: Radviz visualization ofSand Monash datasets.

4 Experiments

We explore multiple representation measures and conduct experimental veri cation on a variety of
downstream task datasets to answer the following key questions:

« RQ1: Can the unrestrictedly generat8d dataset comprehensively cover diverse represen-
tation types of time series data?

+ RQ2: CanSymTimepre-trained on th&? dataset achieve competitive results across ve
major TSA tasks (forecasting, classi cation, imputation and anomaly detection)?

» RQ3: CanSymTimdearn fundamental representations of time series data on the synthetic
S? dataset to alleviate the data scarcity in TSA?

* RQ4: Are the multiple pre-training objectives iBymTimeeffective, and can symbol
expressions enhance TSA task performance?

» RQ5: How to demonstrate that SymTime learns semantic information of symbols?

4.1 Statistical Characterization and Representation Coverage ofSDataset (RQ1)

Target. We quantify the range of representations that3helataset can cover through statistical
metrics (including stationarity (ADF Test$$], forecastability §6], frequency domain (FFT mean),
seasonality§7], trend (Mann-Kendall Test)g8] and prmutation entropye)]) (See Appendix B.5
for full descriptions).

Setup. We use Radviz7p)] to visualize highdimensional statistical features 2661ength time
series segments from our syntheSit and the Monash datase®&l]. From Monash (covering weather,
traf ¢, electricity, tourism, medicine, and energy) we sampdK segments per domain. FSF,
we sample 100K singtehannel segments (Figure 4a), tiB0K singlechannel segments (Figure
4b), and nally 100K mixed single- and dual-channel segments (Figure 4c).

Results. Radviz visualization con rms th&? closely matches the Monash dataset across key
statistics (stationarity, predictability, frequency, complexity, seasonality, trend), validating its use for
pretraining. Expanding froh00K to 200K samples further broadeg's coverage—surpassing
Monash in some regions. Moreover, combining single- and dual-input samples dramatically increases
diversity, as multi-variable expressiof& 1;  ;Xn) generate richer dynamics. These ndings
demonstrate that our in nitely scalab® dataset covers the entire time series representation space.

4.2 Validation of SymTime in Five Time Series Analysis Tasks (RQ2)

Setup. We pre-traine@ymTimeon the50B-scaleS? dataset using Equation 7 as the pre-training
objective, with the model architecture detailed in Table 16. Then, we evabyatdimeon ve

TSA tasks: long-term forecasting, short-term forecasting, classi cation, imputation and anomaly
detection, using the TimesNet benchmafk][ We use mean squared error (MSE) and mean absolute
error (MAE) as the metrics for long-term forecasting and imputation tasks; overall weighted average
(OWA) for short-term forecasting, which is unique metrics for M4 benchm@gk ccuracy for

classi cation; precision, recall and F1 score for anomaly detection. Detailed descriptions of datasets
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