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Abstract

Analysing how neural networks represent data features in their activations can help
interpret how they perform tasks. Hence, a long line of work has focused on mathe-
matically characterising the geometry of such “neural representations.” In parallel,
machine learning has seen a surge of interest in understanding how dynamical
systems perform computations on time-varying input data. Yet, the link between
computation-through-dynamics and representational geometry remains poorly un-
derstood. Here, we hypothesise that recurrent neural networks (RNNs) perform
computations by dynamically warping their representations of task variables. To
test this hypothesis, we develop a Riemannian geometric framework that enables
the derivation of the manifold topology and geometry of a dynamical system from
the manifold of its inputs. By characterising the time-varying geometry of RNNs,
we show that dynamic warping is a fundamental feature of their computations.

1 Introduction

Understanding the low-dimensional neural representations
used by biological and artificial neural networks to solve
complex tasks is a key challenge in machine learning.'-> For
example, low-dimensional activity manifolds have been ob-
served in neural systems performing vision** or language
tasks.> More generally, data from the natural world often
lie on low-dimensional manifolds,® and the computations
performed by neural networks trained on these data can be
interpreted as transformations of these data manifolds into
neural activation manifolds.

However, existing work on the geometry of neural represen-
tations has focused on the static, time-independent, setting.”
In contrast, the geometry of the dynamic representations
formed by neural networks driven by time-varying inputs
remains largely unexplored.

Dynamical system models, described as differential equa-
tions, are ubiquitous in science and machine learning. The
development and application of methods to infer dynamical
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els based on stochastic differential equations achieve state-of-the-art performance for generative
modelling of images.'® In computational neuroscience, recurrent neural networks (RNNs) defined
using differential equations are used routinely to investigate neural computations underlying various
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However, both data-driven and task-optimised nonlinear dynamical systems models are typically
viewed as “black boxes", with their behaviour lacking a clear and interpretable explanation.?'~>}
Attempts to interpret dynamical systems models typically focus on the topology and geometry of
fixed point manifolds, and the locally linearised dynamics about them.?! This approach has provided
insight into the computations used by RNNs to solve a range of tasks.?* Nevertheless, the study
of dynamics near fixed points faces a number of limitations. First, many systems exhibit complex,
time-varying activity patterns which do not settle into a fixed point,?>> or nonlinear dynamics before
settling into a fixed point which are crucial to the computation.?’~?° Second, the characterisation
of fixed point manifolds is insufficient to determine the geometry and topology of the full activity
manifold, and therefore provides an incomplete understanding of the system.

Thus, two key questions remain. First, what is the relationship between the geometry and topology of
the data manifold and that of the dynamical system’s activity, and how does this relate to the internal
dynamics of the system? Second, in the case where the dynamical system is trained to perform a
specific task, as are RNNs, how can these geometric and topological properties be related to the
computations performed by the network to solve the task?

Here, we show that Riemannian geometry can be leveraged to understand the neural representations
used by dynamical systems to perform time-dependent task computations. Specifically, we prove
that under weak constraints the dynamical system’s state is restricted to a manifold whose topology
is closely related to that of the input data manifold. Since the input manifold is independent of the
trained parameters of the model, the geometry of the neural activity manifold reflects the computation
it performs on these inputs. To analyse this geometry, we derive the pullback Riemannian metric on
the neural manifold of a general class of dynamical systems. This metric naturally describes the local
encoding of task variables and is defined via an adjoint differential equation. Using this metric we
demonstrate that several classic RNN models from neuroscience solve tasks by dynamically warping
their internal representations of input variables. Overall, we offer a novel formal mathematical
framework to characterise the geometry of dynamical systems beyond attractor manifolds, which can
be used to study RNN representations and computations.

Contributions

* We derive a relationship between the topology of the manifold of inputs to a dynamical system
and the manifold over which the state of the system is constrained. We prove that for inputs on a
m-dimensional manifold, the state of the system is constrained to an m + 1-dimensional manifold.

* We derive the pullback of the metric, from the neural state-space to the input manifold for a general
class of dynamical systems. In several examples we show that this metric is a reflection of the
computations performed by the dynamical system on its inputs to solve a task.

* In an RNN trained on a contextual decision-making task we show that, over time, the manifold
becomes warped so as to compress irrelevant input information. In a sequential working memory
task, we show that RNN activity lies on a hyper-torus, whose extrinsic and intrinsic geometry
dynamically warps to retrieve different memories at different points in time.

Related works

Attractor manifolds and dynamical systems interpretability. Attractor manifolds of dynamical
system models have been widely studied to interpret the underlying computations of RNNs,3%-3!
denoising diffusion models*>*} and neuralODEs* in tasks spanning language? reinforcement learn-
ing*® and computational neuroscience.?!*® Here instead, we show that the computations performed
by a dynamical system are reflected by the geometry of the manifold over which its state lies. Works
beside ours have suggested going beyond the study of fixed points, for example via distillation of
nonlinear dynamics to a low-dimensional subspace,®’ or by applying dimensionality reduction meth-
ods to the systems’ dynamics®>>3® or trajectories.’>** In contrast, we show that the low-dimensional
geometry of the system can be exactly mathematically derived via an adjoint dynamical system.

Riemannian neural representations. The Riemannian geometry of neural activity in deep networks
has been extensively studied.”*'~** This has helped interpret how neural networks represent features
of images,*** RL task variables*® and text*’ in their neural activity. However, existing frameworks
typically assume static inputs. Here, we mathematically characterise the dynamic geometry of neural
networks described via differential equations receiving time-varying inputs.



2 Riemannian geometry can link representation and computation

Review of Riemannian geometryBefore studying the manifolds of dynamical systems, we rst
consider astaticdeep neural network to provide insight into a simpli ed setting. Throughout, we
work with a function' : M!  R" mapping inputs on a data manifdidl to an ambient spade”.

In the case where is a deep neural network, this ambient space may be that of tieeirons in one

of its hidden layers. In the next section, we generalise this setting to the time-varying case, where
is the solution to a dynamical system, &R its state-space.

Following previous work;**#2we can derive a metric ol , called thepullback metri¢ which
captures the change in geometry generated by the neural nétwivik denote the tangent space
atapoinp2 M asT,M . If' isdifferentiable andl' : T,M! R" is injective then any metric
de ned onR" can be “pulled back" to obtain a metric & . One such metric is the standard dot
product:h; i : R" R" ! R. The metric inherited bil from R" via pullback is de ned as:

g:T,M TM1 T R R R
In words, the inner product between tangent vectordofcan be measured by rst mapping
these vectors t®R", and then taking their usual Euclidean dot product. If the manikblds
endowed with local coordinatég; :::; X ), the tangent space at a pop2 M has a natural basis
vi(p) = &; Shvm(p) = & 2 TpM , corresponding to in nitesimal changes on the manifold as
a function of in nitesimal changes in any of the local coordinates. In that case, the metitbe
written, at a particular point, as a matB(p) 2 R™ ™ whose(i;] )th entry corresponds to the inner

product between; (p) andv; (p), that isGj (p) = g(vi(p);v;(p)) =(d " (PVi(p)) (d" (P)vj(P))-

Importantly, the metrigy carries all the information about the intrinsic geometry of the manifold
"(M) R". Forexample, it captures the local curvature and warping of the geometry of the data
manifold induced by the mappirig We next show how thimtrinsic geometryof the hidden-layer
manifold' (M ) can provide insights into theomputationgperformed by he network.

Deep neural network representations We start by providing intuition in the setting of deep neural
networks with no time-dependence. To this end, we built a simple feedforward network trained on
a binary classi cation task. The inputs were drawn from a circular manifold — embedded in a 2D
plane — and the network was trained to map angl2s[0 )toland 2 [; 2 )to 1(Fig. 25

S8.1). A simple3-neuron network is suf cient to solve this task, and visualising the activation the
neurons in response to all inputs showed that the network learned a non-trivial representation of the
input manifold (Fig. B).

Since this is d-d manifold, the metric has a single entry describing the magnitude of the change

P 1 1 ; P . — dz dz — . dz dx |2 dz —
in neural activation given a small change in the an@@e: = §* * = kg-3-k° where - =

Wdiag qW|cos();sin( )])) and ‘2% = [ sin( );cos()], for a hidden layer activatiom =

(Wx) and an inpuk = [cos( );sin( )]. Visualising the pullback metric as gridlines on the input
manifold by integrating G over highlights that space was warped (stretched) around the decision
boundaries on the circle (FigcR This means that near the decision boundary, small changes in the
input angle lead to large changes in the internal representation — corresponding to changes from one

binary output to the other. In comparison, the untrained network did not show this effect (S8.1).

Figure 2:The pullback metric captures fea-
tures of task-computation. a. Network
with one hidden layer and tanh nonlinear-
ity trained to mapx = [cos( );sin( )] to

y = 1 2[0; ) 1 2(;2)- b. Activation of
the three hidden units of the network in re-
sponse to the inputs. Metric learned by the
network — represented as gridlines on the in-
put manifold — illustrating that the manifold
has been warped around the class boundary.

Hence,the computationgperformedby a deepneuralnetwork canbe understoodvia the warping
of theinternalrepresentationsf its input variables.The next sectiongeneraliseshis to dynamical
systemswheretheinputs,andthereforethe representatioitself, aretime-varying.




3 Dynamical systems are constrained by their input topology

Dynamic neural representations. In the static network considered above, the activation of the

hidden units was naturally constrained to the same manifold as the input itself. Thus, the topology
of the input manifold places strong constraints on the hidden-layer topology. We next generalise
this relationship to that between the manifold of time-varying inputs to a dynamical system and the
manifold to which its state is constrained. Throughout, we consider a dynamical system of the form:

Xt) = f(x(t);u(); x(0)= xo2R"; x(t)2R"; f:R" RYI R"
Our central theorem says that if the inputsie on a low-dimensional manifold then so dods).

Theorem 3.1. Consider a dynamical system as above, andl&tM whereM is anm-dimensional
manifold. Therx(t) 2 N whereN = P(M  R) andP is a projection map.

This theorem explicitly characterises the dimensionality of the manifold of states of the system.
Corollary 3.2. If M is m-dimensional theiN is at mostm + 1 -dimensional.

We stress that the dimensionality of the input manifold need not match the dimensionalityf the
space in which the inputs lie at any particular time point. For example, constant inputs of varying
angles might be embedded @&) = [cos( );sin( )] and therefore havd = 2 andm = 1 (i.e.

m < d). In contrast, the space of all possible Morse codes is in nite-dimensiomal (L ) yet has

d=1 (i.,e. m >d). Theorem 3.1 shows that rather thard determines the dimensionality of the
dynamical system's manifold. In particular, in many — but not all — RNN models of heuroscience
tasksm is as low adl or 2 (Table 1).

Table 1: Tasks modelled using ,g,. Working — Decision Timing*® Navigation®®

RNNs tend to have lown while memory*® making®
thed can vary based on modelling m = 2 2 1 1
choices. d= 3 4 2 2

Theorem 3.2 provides a clear result regarding the dimensionality of the manifold of solutions to a
dynamical system.nThisomanifoId is also a submanifold of the state-§ace

Corollary 3.3. Let @@ 2] a basis ofTyM . De ne' the solution of the dynamical system:
'i2[m
R
"(u;t) = Xo + Sf(x;u( Nd; " :M Ry! R
n o]
Then ifspan d' @@t; d' @J@ . ]: R™*1 for all pthenN is an immersed submanifold Bf' .
Yoi2[m

Theorem 3.2 and corollary 3.3 are illustrated in gura 3ften, one will parametrise the input
functions with a real-valued variables2 R™ (i.e. in local coordinates d#l ), with the dynamics

then being:x= f(x;u (t)). Then, this basis can be more concretely writterfas= & &L 2 R".

Our numerical analyses will depend on this basis and the metric resulting from it. In supplementary
materials S7 we extend this result to: i) the case where the dynamical system is de ned on another
space than the Euclidean space ii) the case where the initial state of the system also varies on a
low-dimensional manifold iii) the effect of stochasticity in the dynamics. Similarly to the static case,

a natural metric can be de ned on this manifold characterised via an adjoint dynamical system:

Theorem 3.4. In local coordinates, the pullback metric dd is Gy = UUT with U =
[[f;1;0];[a; 0; 1 ]] wherea; = % 2 R" follows the dynamids
a=Jia+ h(x;t; )

wherelJs is the Jacobian df andh a control term. A case that will be of particular interest to the rest
of this paper is that of RNNs. In this case the metric is given by the following theorem.

Corollary 3.5. Consider the RNN dynamical system= f(x;u(t)) = W (x) x+ Bu(t) with
u 2 M , then the metric on the RNN manifold in a particular coordinate chart is given by:

Gz fii2 fTA

RNNT AT ATA

'From here on, we ignore time dependencies for notational clarity.

A=(W 9x) DA+ deL(t); A(0)=02R" ™




Low-rank RNNSs constrain the embedding dimensionality of the manifold. Recent work has
focused on studying dynamical systems with low-rank weights.particular, it has been shown
that the state of low-rank RNNSs is naturally consgalned to a low-dimensional $hhweed, if

r

the weights of an RNN are rank meaning thaWw = = ;_; P' , the dynamics ofﬁhe RNN upon

receiving ad-dimensional inputi(t) can be writtenax= x+ ,r 1 i) D+ 4 biui(t)

which is a linear combination of the% andb's (plus a leak term). This means that the state of the
system will be mostly constrained to the- d-dimensional subspace spanned by this andb;'s,

with rapidly decaying dynamics in all other directions. Thus, the low-rank RNN framework places
constraints on the linear embedding dimensionality of the state while our framework places constraints
on the intrinsic dimensionality of the nonlinear manifold of states. The two frameworks could naturally
be combined in order to design RNNs with speci ¢ intrinsic and embedding dimensionalities, by
choosing the proper input manifold and rank of the weights.

Attractors have rank-de cient metrics. Another common geometric perspective on dynamical
systems comes from studyiradtractor manifolds. Here we show how the metric can be used
to understand the computational mechanisms behind a classic attractor RNN°#ibis| RNN
consists of three units receiving two constant-in-time inputs (Fdy. Bhe two inputs are correlated,
such that the set of all possible inputs forms a line manifold. Starting at a xed initial state the network
draws a trajectory which depends on the value taken by the input before settling on a line of xed
points (Fig. ). Attimet = 0, the state of the system is independent of the input and therefore the
metric is rank-de cient with a single non-zero entry given®y = f(x; u(0)) " f(x;u(0)) where
x=f(x;u(t)) = W (x) x+ u(t)andzeroentrie = Gy = G, = a(0)" f=0 fand
0=Guw = a(0)™ a(0)= 0 0.Whent!1 ,because of the way the weight mat is chosen,

the system converges to steady-state meaning3hat 0. However, the state to which is converges

is dependent on the value taken by the input and ther@gge> 0 (Fig. 3d).

Thus,dynamicalsystemdie on low-dimensionalmanifoldswhosetopologyis constrainedy their
inputsandwhosegeometryre ects the computationghey perform. Overthe nextsectionsve show
how this providesnovelinsightsinto classicRNN models.

Figure 3:Dynamical systems' states lie on manifolds whose geometry capture task computations.

a. Schematic of how a manifold of time-varying inputs generates a dynamical system manifold.
Each pointu on the input manifoldM is a time-varying function. The integral functibnmaps

this input function to the time-varying solution to the dynamical system. The tangent space of the
dynamical system manifold is thus spanned by two vectors corresponding to small changes in the
input parameters (given by the adjoin&) and small changes in the time potnfgiven byf). b. E-I
network of decision making, whose constant-in-time inputs lie on a line manifol@ihe metric
captures the transition from the initial state to a line of attractor xed pouht§he metric is the

inner product between the tangent vectarsSingle-neuron activity across different trajectories.

4 Contextual inputs warp neural manifolds

Biological and arti cial agents must exibly adapt to changes in task context to focus on relevant
information while ignoring irrelevant inputs. Contextual evidence integration is a classic neuroscience
task which has been modelled extensively using RRINS>Previous work has analysed this task

by studying local linearised dynamics about xed poifit$n particular, it has been suggested that



RNNSs solve the task via line attractor manifolds. Here, we provide a fully nonlinear analysis of
the dynamics and geometry of the computations underlying the solution to this task in RNNs. In
particular, we show that the activity lies on a separate three-dimensional manifold for each context
and that, over time, the manifold warps to compress the irrelevant information.

Stochastic differential equations model noisy evidence integrationWe trained an RNN on a
classic contextual binary evidence integration task with dynamics:

dx = (W (x) X+ bjup+ bous+ c1lex=1 + Colex=2)dt+ BdW; x(0)= 0

wherex(t) 2 R" andB = [by;b;] such thadW 2 R? " is a Wiener process increment. In each
contextctx = i, the network is trained to output the sign of the relevant input the nal time
pointt = 10:

lex (W;A;D) = jjy(t =10)  sign(Uuplew=1 + Uplcx=2 )jj2; ctx2f1;2g;u; 2 [ 0:2;0:2]

wherey(t) = D (x(t)) andD 2 R! " is a decoder. Thus, the network must learn to discard the
irrelevant input in each context. The input manifold is generated by varying the two inputs}
for a xed realisation of the noise (Fig.a4right).

The network solves the task by suppressing output variability in response to irrelevant inputs.

For a given context, the input naturally lies on a two-dimensional manifold de ned by the coordinates
u; andu; (Fig. 4aleft). Thus, the neural activity lies on a three-dimensional manifold generated by
the two input dimensions and the time direction. Furthermore, switching between contexts generates
two such manifolds (Fig. ). As in the previous section, the tangent space of this manifold has

a natural basis given b@x; @, x; @, x. To understand how the network processed relevant and
irrelevant information in each context, we asked how the readout of the neywaringed when
varying the state of the network along each basis vector. We found that, as time progresses, varying
the relevant, but not irrelevant, input leads to a large change in the readout ¢frigivd further
illustrate this by plotting the output of the network under a xed realisation of the noise process while
varying the irrelevant input (Fig.d).

The metric warps the manifold to discard irrelevant inputs. Thus, the trained network is able to

exibly discard irrelevant information in each context. We next sought to understand the geometry
behind this computation. To this end, we visualised the manifold at different time points in a two-
dimensional subspace spanned by two neurons. We found that as time progresses, the direction on
the manifold corresponding to the irrelevant input was compressed @igTelverify this insight at

the network level, we computed the metric over the three intrinsic dimensions of the manifold. We
found that, initially, the metric's diagonal entries were roughly equal, suggesting an equal sensitivity
to changes in the two inputs and the time dimension. In contrast, near the readout time, i) the time
component of the metric had converged to near zero, suggesting that the network had reached steady
state, and ii) depending on the context, the component of the metric corresponding to the irrelevant
input had signi cantly decreased, suggesting that the irrelevant input no longer in uenced the state of
the network (Fig. 4). This con rmed that, as time progresses, the neural manifold is compressed
along the irrelevant input direction. To visualize this, we computed geodesics under the metric at
early and late time points, which con rmed that space had been warped on the manifold, both by
compressing the irrelevant direction and by stretching the manifold near the decision boundary along
the relevant direction (Fig.f% Moreover, as time progressed, two of the eigenvalues of the metric —
corresponding to the time and irrelevant input component — decayed to zero (Fig. 4g), suggesting
that the manifold had become closer to one-dimensional by the decision time.

The basis of the tangent space provides insight into neural connectivity and responsesi-

nally, we sought to relate these geometric results to the connectivity and dynamics of the network.

Consistent with recent work suggesting that RNNs trained on low-dimensional tasks have low-rank

connectivity?>®we found that the changes in weights between the rst and last training iteration
W = W W (and the weights themselves, S8.3) were low-rank (Hid. #his suggested that

the dynamics of the system could be understood in terms of a small number of dynamical modes.

Classic work based on linear(ised) models of the task has argued that context-dependent alignment of
dynamical modes, or “selection vectors" (left eigenvectors of the weight matrix), with relevant inputs
underlies the solution to the tadkWe asked whether a geometric analysis of the manifold could
reveal a similar mechanism. Indeed, we found that the tangent vectors corresponding to each input
were initially both partially aligned to the leading right singular vector of the weight matrix, but over
time the alignment of the relevant input's tangent vector increased while the irrelevant input's tangent



Figure 4:Neural manifold warping of irrelevant inputs during contextual evidence integration.

a. Task schematic: the task consists of two noisy inputs at different expected magnitude. Depending
on the contextual cue, the network has to output the sign of the relevant input. Right: example outputs
under the same noise realisation across different magnitudes of the relevanbiripetause the

input lies on &D manifold, neural activity lies on 8D manifold (here shown in the space of three
neurons). Further, there are two manifolds, one for each context. These manifolds are bounded by
planes of attractor xed points (see panel e).Changes in the relevant (but not irrelevant) input

lead to changes in the decoder output at late (but not early) time points. Error bars are across the
irrelevant input.d. This ensures that the output is not affected by variability in the irrelevant ieput.

2D time-slices of the manifold. The metric goes from being everywhere diagonal with equal diagonal
entries at early time points to having a near-zero time component (because the network has converged
to an attractor state) and a dominant input space component that depends on the cddémdesic
gridlines under the pull-back of the metric at two different time points highlights that space becomes
stretched near the decision boundary along the relevant infitigenvalue of the metric (normalised

to 1, error bars across the irrelevant input). The manifold becomes pseudo-Riemannian at large times,
such that only the largest eigenvalue (corresponding to the relevant input) isHafjenment of

the largest eigenvector of the weight updates with each basis vector of the tangent space. Over time
the largest eigenvector becomes more aligned with the relevant ingute change in activation

of neurons following a change along the each basis vector of the tangent space follow a Gaussian
distribution. The covariance of this distribution is correlated/anti-correlated between the time- and
relevant-input but not between the time- and irrelevant-input.

vector decreased (Figh}t Thus, context-dependent alignment of recurrent dynamical modes can
be captured through an analysis of the low-dimensional nonlinear geometry of the system, without
linearisation around xed point manifolds.

Finally, to understand how individual neurons participated in these low-dimensional dynamics,
we asked how their responses were distributed with respect to the tangent space of the manifold.



Individual neurons' responses were approximately Gaussian distributed along the tangent vectors,
suggesting a highly distributed embedding of the low-dimensional manifold in neural state space
(Fig. 4). Furthermore, neurons participated in the relevant input and time directions in a correlated
manner, while participation in the irrelevant input and time directions was uncorrelated, suggesting a
highly structured embedding of the relevant input dimension of the neural manifold in state space
together with a disordered embedding of the irrelevant input dimension.

Overall, our analysissuggestghat dynamicalneuralrepresentationsan exibly warp basedon
contextuakuesto discardirrelevantinformation.

5 Working memory uses a hyper-torus with dynamic geometry

In the previous section we saw that contextual cues
can warp the manifold to discard irrelevant inputs.
Here we hypothesize that this dynamic warping mech-
anism can be used to encode and retrieve a sequence
of inputs. Recent studies have characterised the neu-
ral geometry of biologic&f°” and arti cial*®>8-60
networks performing “working memory” tasks in
which information is stored in the activation of a net-
work and retrieved at a later time point. Sequentially
presented stimuli have been suggested to be stored in
orthogonal subspaces in neural activityn addition,
neural representations of stimuli drawn from a contin-
uous input manifold have been shown to be warped
into a set of discrete attractor$®! However, how
neural geometries encoding multiple stimuli are dy-
namically reoriented or warped during the encoding,
delay and retrieval of working memories remains un-
clear. At two extremes, stimuli encoded in orthogonal
subspaces may be retrieved sequentially by dynam-
ically realigning each subspace to a xed decoder, or
the geometry of the neural representation may be dy-

namically warped to increase the projection of ea‘l‘if?gure 5: Task where a network has to re-
subspace onto the decoder (Fig. 5). member two sequential inputs and then out-

RNNSs solve the task using a curved geometryVe PUt them after a variable delay. Possible task
tested these hypotheses in RNNS trained to perfof@lutions:i) dynamically warping the torus

a sequential working memory task. The RNN st compress the irrelevant input's representa-
quentially received two inputs drawn from a circulalion orii) realigning the torus' relevant input
manifold, and was required to output the same g#1coding direction to the decoder subspace
quence after a variable delay (Figtdp): while preserving a xed intrinsic geometry.

R
X=W (x) x+Bu()+gg,(t)c; L(W;A;D)= g "jiD (x(t+h) u()jdt
with u(t) = [cos (t);sin (t)] where (t) was piece-wise constant, ahd [0:5; 3:5] was the delay
period, ended by a pulsm, (t). Applying PCA to the activity at different points revealed a toroidal
manifold with dynamic geometry (Fig.aéb). Yet this low-dimensional visualisation is insuf cient to
fully characterise the RNN's representational geometry, which requires analysis of the metric.

The metric dynamically warps the torus to represent time-speci c relevant information. To test

for warping of the neural manifold we computed the Gaussian curvature of the torus at different time
points (Fig. €; S8.4). We found that the torus had a non- at geometry, including both positive and
negative curvature which was highly non-uniform over the torus (Fégd)6 Furthermore, the metric
revealed that: i) during the input period the torus' shape was formed ii) over the delay it remained
stable and iii) during the retrieval phase the RNN selectively compressed the stimuli not immediately
retrieved (Fig. ). Finally, we looked at how these changes in intrinsic geometry related to the
extrinsic embedding of the torus in the state space. First, the decoder was selectively aligned to
the basis vector encoding the relevant stimulus at each time point during retrievalfjFagd@he
subspace spanned by the top two principal components was stable across the delay.(Fig. 6



Storing more memories requires higher-dimensional manifoldsFinally, we ask how these results
generalise to storing more memories. First, we proved (S8.4) that the activity of the RNN during
the delay period lies on a hyper-torus whose dimension equals the number of items stored, and
that, furthermore, to optimally encode the stimuli this torus must be embedded in the state space
(as opposed to immersed). Computing the geodesic distance on the hyper-torus w.r.t. a reference
combination of angles revealed how the hyper-torus was compressed along irrelevant directions at
different time points to retrieve different memories (Fig. 6h-i).

In sum, we mathematicallyshow that sequentiaworking memoryrelies on higher-dimensional
representationsIn RNNs, a combinationof dynamicalchangesn the intrinsic and embedding
geometryof the manifold occursduringretrievalof thesememories.

Figure 6:Recalling memories requires dynamically warping their neural representations.

a. Example of network input and outpub. Different time slices of the RNN manifold, shown
projected on the rst three principal components (PCs) (inset two PCs). After the rstinput comes on
the state at any particular time point is lies on a 1D manifold encoding the input; after the second
input comes on the state is constrained to a torus encoding both ikp@aussian curvature of the
torus at output onset € 6). The torus has positive and negative curvatures at different pétight:

Two different pieces of the torus projected in the PC space displaying positive and negative curvatures
at the start of the delay period £ 2). d. Metric of the RNN manifold at the start of the delay period

(t = 2). e. Average stretching of the torus, quanti ed by the ratio of one of the diagonal entries of the
metric to its traceTop: Metric averaged over the torus. The torus goes from being warped along the
encoding of the rst then second angle during retriefalAlignment of the basis of the tangent space

to the decodejiD diag qx)) @ xjj. Blue is ; and yellow is ». g. Subspace similarity between the
spaces spanned by the rst two PCs as computed at any pair of time paifRatio of individual
entries of the diagonal of the metric to its traceArc length from a reference angle. The hyper-torus

is stretched dynamically through the recall period to compress the two irrelevant angles.



6 Discussion

Conclusion. In this work, we developed a mathematical framework extending previous applications
of Riemannian geometry in machine learning to dynamical systems receiving time-varying inputs
on low-dimensional manifolds. By deriving the pullback Riemannian metric on the manifold
of system states, we showed that the geometry of a dynamical system re ects its computations,
linking representational geometry to computation-through-dynamics. This framework thus provides
a mathematical description of how dynamical systems transform input manifolds into neural activity
manifolds whose topology and geometry are constrained by the structure of their inputs.

In Section 3, we used this framework to show that contextual inputs warp the geometry of neural
manifolds in RNNs trained on decision-making tasks. Speci cally, we found that the metric com-
presses directions corresponding to irrelevant inputs while preserving those corresponding to relevant
task variables, enabling exible context-dependent computations. In Section 4, we extended this
analysis to sequential working-memory tasks and showed that RNNs encode and retrieve multiple
memories through dynamic warping of a higher-dimensional manifold, speci cally a hyper-torus
whose intrinsic and embedding geometry evolve over time. Together, these results demonstrate that
warping is a ubiquitous feature of the computations performed by RNNs across distinct task domains.

Limitations. The relationship between geometry, dynamics and connectivity is degenerate: the same
geometry (i.e. the same metric) can arise through different network architectures. Future work could
investigate whether networks with identical geometries but distinct connectivity and dynamics can
implement distinct classes of computations, or instead constitute a degenerate class of solutions to the
same problem. A second limitation is our analysis of the in uence of noise on geometry. In particular,
we treated noise in pathwisemanner; we studied the manifold generated under a xed realisation of

the noise process. The distribution of manifolds generated by random noise realisations remains to be
characterised, and could provide insight into the geometry of computations on stochastic data.

Broader impacts. Our framework is applicable to a wide range of dynamical systems. In particular,
methods to infer dynamical systems from biological or physical data using machine learning tools
have been widely adopted, and the Riemannian geometry of these systems could analysed to interpret
the behaviour of these data-driven dynamical systems. In particular, the computational mechanisms
identi ed here in task-trained RNNs could be investigated in RNNs t directly to neural data in order

to test hypotheses regarding the geometry of computation in large-scale neural recordings.
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Supplementary Materials

S7 The representational metric of dynamical systems

In this section we introduce the mathematical framework used throughout the main manuscript. In
order for this work to be self-contained, we rst brie y review the relevant concepts of differential
and Riemannian geometry. To provide intuition in a mathematically simpli ed setting, we study deep
neural networks as a series of geometric transformations, showing that this view can provide insights
into the computations performed by the network. We then provide our main contribution: a full
derivation of the geometry of dynamical systems' manifolds. Finally, we show a concrete application
of these mathematical results for continuous-time RNNSs.

S7.1 Differential geometry of deep neural networks

The results of this subsection mostly follow from elementary differential geometry (e.g. we refer the
reader té), and we therefore state them without derivation.

The topological and differentiable structure of deep neural networks.In this section we consider
a generic deptt-neural network of the form:

v=f f 1 o fi:RM™I RM

wherefy is the map from hidden laydt 1 to hidden layerk. For examplefy(zx 1) =
tan(Wyzx 1+ b) = zx wherezy 2 R"« is the vector of activations of the neurons in &th hidden
layer. Following previous work we consider the input to this network as living on a low-dimensional

manifold:
"k(C(P)="k(X)=2z; p2M

where is an embedding df1 in R"°. The following proposition gives a clear characterisation of
the topology of the manifold over whichlies. In particular, if ¢ : R" ! R" isi) continuous ii)
invertible and iii) its inverse is continuous then it ihr@ameomorphism

Proposition S7.1. Letx 2 R"° be constrained to (M ), an embedding dfl in R"°, and let' ¢ be
as de ned above. If  is a homeomorphism them = ' ¢ (x) is also constrained td .

Importantly,’ i is a simple real function, and its invertibility and continuity can be veri ed via basic
calculus. Thusx andz are on the same manifold, simply represented differentiinandR"« .

In general, the invertibility and continuity of the network transformation are mostly independent
of the parameters of the network. For example, if the network is of the fermm (Wyx + b)

where is an element-wise nonlinearity, then ifis (element-wise) homeomorphic (e.g. tanh,
softplus, leaky-ReLU, but not ReLU), amily is full rank, and the network doesn't have a bottleneck
layer, then these conditions are satis ed. In particllg, is full rank with probability1 if it is
initialised with entry-wise i.i.d. Gaussian or uniform weights. Thus, provided the ravik adoes

not change over training, the topology of a trained network will match that at initialisation, and
hence does not re ect the computations learned by the network. However, in some instances the
topology may indeed change: recent work has highlighted the ubiquity of low-rank netivankis,
depending on the objective, the learned weights may be of a rank lower than the minimum embedding
dimensionality of the manifold — trivially one could think of a network trained to map all its inputs

to 0. Nevertheless, in general it is the geometry of the neural representation that provides most
insight into the computations learned by the network, as this geometry depends continuously on the
parameters of the network whereas the topology is invariant to large classes of parameter changes.

There are multiple routes to characterising the geometry of a manifold. Here we will speci cally
considersmooth manifoldsin particular, such smooth manifolds have a tangent spgleke at any
pointp2 M .

Proposition S7.2. Let' ¢ : R" | R" differentiable with Jacobiady 2 R"« "o  If Jy is full
matrix rank and is an embedding, thes(" « )= Jkd (v): ToM! T ( (p) issurjective
andM is an immersed submanifold Bf'«

We note here that the differentiability and homeomorphicity conditions are overlapping but not
restrictions of one another. In particular, even whenis not bijectived' ¢ can still be surjective
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and therefore its Jacobian full rank. Similarly, bijective and differentiable does not impdy
surjective.

Riemannian geometry provides insights into network computationsSo far the structure we've
explored had no geometry, in that we did not de ne a notion of distance between points on the
manifold. For this, we must addraetricto the manifold.

De nition S7.1. A metricgis a function de ning the inner product between vectors of the tangent
space of a manifold. The metric is Riemannian if it satis gs: T,M  T,M ! R such that
g(v;v) > 0ifvé 02 T,M andg(vi;va) = g(va; Vi)

Importantly such a metric allows de ning the geodesic distance between points:
De nition S7.2. Let :[0;T]!'M asmooth curve oM whereT 2 R. In particular, this implies
that (t) 2 T ()M , and we can de ne thiengthof as:
Zq
L()= , g(_(t); () dt:

Furthermore, the geodesic distance betwgeB M andp, 2 M is de ned as:

d(p;p2) = inf L( ); constraining (0) = py; (T)= p2

This de nition was central to our study of dynamical systems in the main text.

In gure 2 the manifold considered was the cirdié = S! and representing different points

on the circle via their anglep(= ), the embedding of the circle in the 2-d input space was

x = () =[cos( );sin( )]. However, we could have chosen a different embedding xsay
[(1+0:1sin( ))cos( );sin( )], which in general will affect the geometry of the hidden representation
Zx . Indeed, suppose the target output is independent of the input geometry — as is the case in gure
2 where it is only the point on the circle that determines the output — then the network must perform
different computations on these different input representations to perform the same output.

To characterise these transformations, wemalhbackthe usual metric de ned oR"«, which is the
standard dot product, to the manifditi .

De nition S7.3. Thepullback metrids de ned as:

g(vi;vz) =@@d(" «  )(va)) @(C «  )(v2)): Viive2 TpM
in particulard(" «  )(vi) 2 R" and is the standard Euclidean dot product.

Thus, we can de ne a metric dl by taking tangent vectors if,M , pushing them forward through

the network, where at theth layer they become vectors §fR"« = R"«, such that we can then
simply take their dot product. The value of this dot product is our de nition of the inner product
between the original tangent vectorshh. The pullback metric represents how the tangent spaces of
the manifold are transformed through the layers of the network and therefore the computations of the
network. In particular we can more explicitly write the pullback metric as:

g(vi;v2) = (Jkd (V1)) (Jkd (v2))
with
Ik = Widiag Az 1))::Wadiagl (x))d (v1)

whereJyi 2 R"« Mo js the Jacobian df x. This highlights the earlier claim that the geometry, as
de ned via the pullback metric, is directly dependent on the param®¥ers::; W, of the network.

Geodesic gridlines and computationsln our networks the input metric was uniform, but in general
data of the world maybe be unevenly distributed on the manifold, which will affect the learned
parameters, and therefore the learned representation. In the case of our simple network the loss
function was more formally de ned as:

z

. P —
I = " ”I I( ( )) Ytarget ”2 de(h)d

whereh : T,M  T,M is the metric on the input manifold. That is, some inputs are more heavily
weighted in the loss if space is more spread around them. For example, in a probabilistic setting where
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instead of integrating over all possible inputs only a nite sample of them is drawn at each iterations,

det(h) can be seen as a probability distribution (up to normalisation) on the input manifold — so
that some input-output pairs are drawn more frequently than others. In our case all angles were equal,
so the input metric was uniform:

Z
I=c JJl I( ( )) ytarget jjzd
M

for somec 2 R, . But more generally non-uniform metrics on the manifold of input will lead to
different learned representations since the loss is different. For example, a class being more frequent
in a binary classi cation task may change the representation: if in gure 2 we had sampled more
frequently angle§0; ) than(; 2 ), it would have led to an asymmetric stretching of space on each
side of the class boundaries.

Thus, the pullback metrig gives insights into the learned representation, but the learned representa-
tion is dependent on the metric of the input manifbldJsing the de nition of geodesic distance,
bothg andh can be used to measure the distance between points on the manifold. But what points to
choose to measure the distance between? In 2, 4 and 6 we showed that an insightful re ection of
the computations done by the network was provided by the computing the geodesic distance using
g between points that were evenly apart underttmetric. That is de ne pointg;; p, such that

d"(p1; p2) = 1 and studydd(py; p2) whered andd? are the geodesic distance functions under the

h andg metric respectively.

Coordinates on the input manifold provide a natural input metric. So far our treatment of the
topology, smooth structure and geometry of deep neural networks has been relatively free of a choice
of a coordinate system fo . An m-dimensional manifold is de ned as a collection of pieces of

R™ glued together via the so-called transition functions. However, different choices of pieR&s of

can give rise to the same manifold. A trivial example is that of a line manifold: the open interval
(0; 3) and(10; 16) are the same manifold, but endowed with different coordinates; there is an explicit
diffeomorphism between them given By(p) = 10 + 2 p.

In many cases, there is a meaningful coordinate system — at least around a point — on the input
manifold. A manifold of images may for example be characterised by the position of an object in the
image or its orientatiof.It is insightful to understand how a neural network represents these different
features. When a speci ¢ coordinate system is given, a natural matrix representation of the metric
can be de ned.

De nition S7.4. A given coordinate systetix(p) = ( X1; X2; ;X ) Wherex : M!  R™ induces
a natural basis of the tangent space suchuhatT,M can be written as a linear combination of
them?

X"i@
Y ex

In this coordinate system inner products are given by:

VvV =

x .
g(vi;va) = v1Gij V3
i =1

This higlights that the metric in a particular coordinate system can also be written as a matrix
G2R™ M™andG;; = g(@—%; &) are its entries. Furthermore, if the manifold is embedded in the
Euclidean space:
G:JTJZRm m. J= @pgp ZRmm
’ @p ' @p

Back to our deep neural network, the pullback metric changes from layer to layer as:

Ge=d (vV)TIlJd (v)=d (v)TI{ 3] Js, 3, 2R™

2The reader may be more familiar with the notat{ah ' ) for a chart, here we've simply writtex =
3This notation de nesg, - @f = (f ) o, for the smooth curve (t) de ned such thatxi( ) =
(X1(p); i xi(p) + t; o m(p)) and a smooth functioh : M! R.
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whereJs, 2 R" " 1 jsthe Jacobian df;. This means that:
Gk =d(* )W'dC )v)2R™ ™
Integrating along a curve on the manifold under the pullback metric in coordinates thus gives:
L= g0 de= o J(D)TGd( )(_(t) "dt

Where nowd(' )(_(t)) is a usual derivative of a real function, a@g a real matrix, which can
both be obtained using standard calculus tools (e.g. auto-differentiation).

S7.2 Dynamical systems' topology

We now generalise the theory of the previous subsection to dynamical systems, where the inputs are
time-varying functions. As we shall see, a manifold of functions naturally gives rise to a manifold

of functions that are solutions to the dynamical system. Much of the work will lie in viewing this
manifold of solutions as a submanifold of the state space.

The topology of the input manifold constrains the topology of the solution to a dynamical system.
Here we consider a more general setting than in the main manuscript where the dynamical system is
de ned on a manifold. That is:

Xt) = f(x(t);u(t); x(t) 2R";u(t) 2 ud

Furthermore, consider a manifol of input functions. Thatisi 2 M andu(t) 2 U whereU
is the ambient space in which the input is embedded at any particular time point. To de ne such a
manifold of functiongor more precisely of curves) we rely on the following construction:

De nition S7.5. A manifold of real curvess a manifoldM such tha(u;t) 2M  Rforu(t) 2 U,
andu 2M isu = (u;t)for the projection map.

On a particular chart, the function can be parametrised:
u (t); 2R"

For example, in section 4 of the main manuscript we've considerdt) =[ 1; 2; lowxe1; Lexe2 ]
where 1; » were the levels motion and colour evidence. This input, xing one of the two discrete
contexts, indeed lies on2zadimensional manifold with planar topology as2 R?. We formulate a
stronger version of the theorem of the main text:

Theorem S7.3.Consider the dynamical system:
Xt) = f(x(t);u(t)); x(t)2R"ut)2U%u2m ™

wheref is at least once differentiable in its arguments, tlxe N ™*1 (the curve) andN ™*! has
the topologyoM ™  R.

where the superscripts indicate the dimensionality of the manifold. Theorem 3.2 of the main text is
therefore just a special case of this theorem as the dimensionality of the dynamical system is directly
de ned by the manifold topology. To prove this theorem we need the following lemma:

R
Lemma S7.4.1 Let y= g(y),y(0) = yo with' (t;yo) = Yo + S g(y( ))d the solution of the
dynamical system at tintestarting atyo, then ifg is smooth; is a diffeomorphism.

We can now prove the main theorem:
Proof of theorem S7.3We prove this in a particular coordinate chartMf andR. Then, the
dynamical system can be reformulated as (by abuse of notation):
Xt) = f(x(t);u (1); x()2R"; 2R"™
We can augment this dynamical system by introducing the vanaBld&R® R™ R de ned as:
)=y =[xt ]

then:
Y=[XL0]=[f(YrniUy s numa (Yn+1)); L0l y(0) =[X0;0; ]
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which is an autonomous dynamical system. By the theorem on solution of ODE, if the r.h.s. is
at least once differentiable in its argument (which it is sihds), there exists a unique solution

to this dynamical system. Furthermore, by lemma S7.%, a diffeomorphism and sinceis on
anm-dimensional space artdn a 1-dimensionaly(t) is in anm + 1-dimensional space. More
generallyy is anm + 1-dimensional space of curves of topoloBYy’ R. Finally, x andy are
simply related by a projection(t) = P(y(t)) = Y1n.

For the sake of completeness we also show that this holds not only over a single chart but over
the whole manifold. Consider a smooth transition functgn : R™ ! R™ from coordinates of

charti to coordinates of chajtof M , and' (t; 1) the solution to the dynamical system on chart

i. Then'J(t; V)= "J(t;Jg,; ')whereJg,; isthe Jacobian df;; . Since' is a composition of
diffeomorphisms it is a diffeomorphism. O

Different conditions on the projectioR will give different properties tx, for example ifP is
homeomorphic then its preserves the topology of the manifoli? ifs surjective thex isonM R
an immersed submanifold &".

We stop to address two natural questions regarding edge-cases of this resitmptotic Regimes.

Our result assumes tha2 R (transient dynamics) rather than the asymptotic limit] ). While

the input-driven manifold usually matches the input dimensionality during transients, the geometry
of the asymptotic invariant set can be fundamentally different. For instance, the mapping from inputs
to steady-states may not be a diffeomorphism due to bifurcations, and in chaotic regimes, the system
may settle onto strange attractors with fractal dimensionayChaos.A chaotic system affects the
geometry of the manifold, not its topology. To see this, consider pulse inputs of varying magnitude
u(t) = (). Attimet = to + t, the state lies on a 1-dimensional manifold parametrised
by , after what it evolves autonomously. If the system has a positive Lyapunov exponent, small
perturbations in result in exponentially diverging trajectorig$t). Consequently, the tangent vector

@x will grow rapidly, and the associated metric tensor ent@es andG . will diverge. However,
despite this warping, the topological result holds.

So far — and in the main text — we have mainly considered xed initial conditions of the dynamical
system but the previous proof naturally gives the following corollary.

Corollary S7.5. If xo 2 Q9 andu 2 M ™ theny(t) 2 N™*@*1 = M™ R Q 9 with
x(t) = P(y(t)) so that varying the initial state only adds extra dimensionalities.

Proof. The proof follows mutatis mutandis from that of theorem S7.3 additionally noticing that if
Xo 2 QYthenyg2QY f Og R™. O

The effect of noise can also be studied from theorem S7.3. In general, noise processes driving
differential equations are sampled from an in nite-dimensional manifold of functionsi(&)y.Thus,

the manifold of states taken by the system uraderealisations of the noise may in general be the
entirety of the state space. However, the following corollary states that xing the noise realisation
generates a manifold:

Corollary S7.6. Consider the stochastic differential equatidx = f(x; u(t))dt + g(x)dw, xq =
x(0) whereg(x) 2 R" 9is at least once differentiable im anddW 2 RY are the increments
of a Wiener process. Thenudf2 M thenx(t) = P(y(t)) whereP is a projection matrix and
yt)2M R:.

Proof. The proof follows a similar construction as the deterministic case. As in STyJtlet

[x(t);t; ], nowdy = f(x;u (t))dt+g (x;u (t))dW wheref =[f;1;0],g =[g";0]". Thusy

follows an SDE driven by the same noise realisation. Then, using the smoothness of the solution of
an SDE with respect to its initial statehe rest of the proof follow the same steps as that of S7.3.

This shows that under a xed noise realisation the state of the system lies on a manifold. In general,
for different noise realisatior® may yield a submanifold an immersion or an embeddinglof R. .

Future work could study the distribution of such objects under the noise, for example characterising
the measure of the solutions for which it is a proper embedding or an immersion.
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S7.3 Geometry as input-manifold transformations

Having characterised the geometry and differentiable structure of the manifold of dynamical systems,
we next turn to their Riemannian geometry. The main insight will be that the metric on the manifold
can be de ned in terms of the solution to an adjoint dynamical system. This will provide both
theoretical insights and a practical way to obtain the matrix representation of a metric.

Proof of theorem 3.4The Jacobian of is given by (ignoring t|me dependencies):
3 2

:1%5

0

2 o
Jy =4

.

Golsol®
SR

‘@t
where the submatrices are concatenated along their appropriate dimensions. Thistsimply the

r.h.s. of the dynamical system, so it remains to compute the term in blue. Each column of this term is
of the form g‘ which describes how the state of the system at a particular time point changes for an
in nitesimal change in one of the input variables on a particular chart. These are given by:

Z
& _ @ ! ..
@ @ ©F ,fxOiu)d
Zt @
= @If(x(t), ;u ()d

Now: .
@ t@@1 df@

@ o @ @| dx @.
where we have omitted the arguments of each function for notational clarity. Taking the time

derivative on both sides and noticing thgiL " = 0 this de nes a new dynamical system:
d@& _d @&, @ @ @
dt@l dx@l @@I @i t=0

note that this is a form of adjoint dynamics. Indeed if we deajét) = %(t) andh(x;t; )=
g &, then we obtain the nal equation:

=0

a=Jia+ h(x;t; )
This is a controlled dynamical system, where the control terdepends on the solution of the
original dynamical system(t) and the inputi(t).
O

S7.4 Some practical considerations

In this section we brie y discuss how this framework can be concretely implemented in an auto-
differentiation framework such as Jax or Pytorch. The numerical solution of a dynamical system
obtained with, say, an Euler solver, is differentiable with respect to the input to the dynamical system
at any time point. In our work, we compute these derivatives in different ways that differ in their
computational cost and accuracy:

Adjoint dynamics  Auto-differentiation  Finite difference

Time complexity O(n?t) O(nt) O(nt)
Memory complexity O(n) O(nt) O(nt)
Easy implementation X X
Accurate X X

In gure 3 we studied the adjoint analytically, in gures 4 and-é we used auto-differentiation and
in gures 6¢cand S@,b nite difference.
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