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Abstract

Deep Neural Collapse (DNC) refers to the surprisingly rigid structure of the data
representations in the final layers of Deep Neural Networks (DNNs). Though the
phenomenon has been measured in a variety of settings, its emergence is typically
explained via data-agnostic approaches, such as the unconstrained features model.
In this work, we introduce a data-dependent setting where DNC forms due to
feature learning through the average gradient outer product (AGOP). The AGOP is
defined with respect to a learned predictor and is equal to the uncentered covariance
matrix of its input-output gradients averaged over the training dataset. The Deep
Recursive Feature Machine (Deep RFM) is a method that constructs a neural
network by iteratively mapping the data with the AGOP and applying an untrained
random feature map. We demonstrate empirically that DNC occurs in Deep RFM
across standard settings as a consequence of the projection with the AGOP matrix
computed at each layer. Further, we theoretically explain DNC in Deep RFM in
an asymptotic setting and as a result of kernel learning. We then provide evidence
that this mechanism holds for neural networks more generally. In particular, we
show that the right singular vectors and values of the weights can be responsible
for the majority of within-class variability collapse for DNNs trained in the feature
learning regime. As observed in recent work, this singular structure is highly
correlated with that of the AGOP.

1 Introduction

How Deep Neural Networks (DNNs) learn a transformation of the data to form a prediction and
what are the properties of this transformation constitute fundamental questions in the theory of deep
learning. A promising avenue to understand the hidden mechanisms of DNNs is Neural Collapse
(NC) [Papyan et al.}2020]. NC is a widely observed structural property of overparametrized DNNss,
occurring in the terminal phase of gradient descent training on classification tasks. This property is
linked with the performance of DNNs, such as generalization and robustness [Papyan et al.| {2020} |Su
et al.,[2023]]. NC is defined by four properties that describe the geometry of feature representations of
the training data in the last layer. Of these, in this paper we focus on the following two, because they
are relevant in the context of deeper layers. The within-class variability collapse (NC1) states that
feature vectors of the training samples within a single class collapse to the common class-mean. The
orthogonality or simplex equiangular tight frame property (NC2) states that these class-means form
an orthogonal or simplex equiangular tight frame. While initially observed in just the final hidden
layer, these properties were measured for the intermediate layers of DNNs as well [Rangamani et al.}
2023, |He and Sul [2022], indicating that NC progresses depth-wise. This has lead to the study of Deep
Neural Collapse (DNC), a direct depth-wise extension of standard NC [Sukenik et al., 2023].
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The theoretical explanations of the formation of (D)NC have mostly relied on a data-agnostic model,
known asunconstrained features mod@FM) [Mixon et all,[ 2020, Lu and Steinerberger, 2022].
This assumes that DNNSs are in nitely expressive and, thus, optimizes for the feature vectors in
the last layer directly. The deep UFM (DUFM) was then introduced to account for more layers
[Sukenik et al), 2023, Tirer and Bruna, 2022]. The (D)UFM has been identi ed as a useful analogy
for neural network collapse, as (D)NC emerges naturally in this setting for a variety of loss functions
and training regimes (see Sectjgn 2). However, (D)UFM discards the training data and most of the
network completely, thus ignoring also the role of learning in DNC formation. This is a serious gap
to fully understand the formation of DNC in the context of the full DNN pipeline.

In this paper, we introduce a setting where DNC forms through a learning algorithm that is highly
dependent on the training data and predictor - iterated linear mapping onto the average gradient outer
product (AGOP). The AGOP is the uncentered covariance matrix of the input-output gradients of a
predictor averaged over its training data. Recent work has utilized this object to understand various
surprising phenomena in neural networks including grokking, lottery tickets, simplicity bias, and
adversarial examples [Radhakrishnan éf al., 2024a]. Additional work incorporated layer-wise linear
transformation with the AGOP into kernel machines, to model the deep feature learning mechanism
of neural networkg [Beaglehole et|al., 2023]. The output of their backpropagation-free method, Deep
Recursive Feature Machines (Deep RFM), is a standard neural network at i.i.d. initialization, where
each random weight matrix is additionally right-multiplied by the AGOP of a kernel machine trained
on the input to that layer. Their method was shown to improve performance of convolutional kernels
on vision datasets and recreate the edge detection ability of convolutional neural networks.

Strikingly, we show that the neural network generated by this very same method, Deep RFM,
consistently exhibits standard DNC with little modi cation (Sectign 4). We establish in this setting
that projection onto the AGOP is responsible for DNC in Deep RFM both empirically and theoretically.
We verify these claims with an extensive experimental evaluation, which demonstrates a consistent
formation of DNC in Deep RFM across several vision datasets. We then provide theoretical analyses
that explain the mechanism for Deep RFM in the asymptotic high-dimensional regime and derive NC
formation as a consequence of kernel learning (Seftion 5). Our rst analysis is primarily based on the
approximate linearity of kernel matrices when the dimension and the number of data points are large
and proportional. Our second analysis demonstrates that DNC is an implicit bias of optimizing over
the choice of kernel and its regression coef cients.

We then give substantial evidence that projection onto the AGOP is closely related to DNC formation
in standard DNNs. In particular, we show that within-class variability for DNNs trained using SGD
with small initialization is primarily reduced by the application of the right singular vectors of the
weight matrix and the subsequent multiplication with its singular values (S¢gtion 6). These singular
structures of a weight matri¥/ are fully deducible from the Gram matrix of the weights at each layer,
W W: Radhakrishnan et a/. [20244a], Beaglehole et al. [2023] have identi ed that, in many settings
and across all layers of the netwoll,” W is highly correlated with the average gradient outer
product (AGOP) with respect to the inputs to that layer, in a statement termétethal Feature
Ansatz(NFA). Thus, the NFA suggests neural networks extract features from the data representations
at every layer by projection onto the AGOP with respect to that layer.

Our results demonstrate th@ AGOP is a mechanism for DNC in Deep RFM, iyl when the

NFA holds, i.e. with small initialization, the right singular structuré/éf and therefore the AGOP,
induces the majority of within-class variability collapse in DNNs. We thus establish projection onto
the AGOP as a setting for DNC formation that incorporates the data through feature learning.

2 Related work

Neural collapse (NC). Since the seminal paper py Papyan et al. [2020], the phenomenon of neural
collapse has attracted signi cant attentibn. Galanti et al. [2022] use NC to improve generalization
bounds for transfer learning, while Wang et al. [2023] discuss transferability capabilities of pre-trained
models based on their NC on the target distribution. Haas|et al. [[2022] argue that NC can lead to
improved OOD detection. Connections between robustness and NC are disclissed in Su et al. [2023].
For a survey, we refer the interested readér to Kothapalli [2023].

The main theoretical framework to study the NC is the Unconstrained Features Model (UFM) [Mixon

et all,[2020| Lu and Steinerberger, 2022]. Under this framework, many works have shown the
emergence of the NC, either via optimality and/or loss landscape analysis [Weinan and Wojtowytsch,
2022, Lu and Steinerberger, 2022, Zhou et al., 2022], or via the study of gradient-based optimization



[Ji et al., 2022, Han et al., 2022, Wang et al., 2022]. Some papers also focus on the generalized
class-imbalanced setting, where the NC does not emerge in its original formulation [Thrampoulidis
et al., 2022, Fang et al., 2021, Hong and Ling, 2023]. Deviating from the strong assumptions of the
UFM model, a line of work focuses on gradient descent in homogeneous networks [Poggio and Liao,
2020, Xu et al., 2023, Kunin et al., 2022], while others introduce perturbations [Tirer et al., 2022].

AGOP feature learning. The NFA was shown to capture many aspects of feature learning in neural
networks including improved performance and interesting structural properties. The initial work on
the NFA connects it to the emergence of spurious features and simplicity bias, why pruning DNNs
may increase performance, the “lottery ticket hypothesis”, and a mechanism for grokking in vision
settings [Radhakrishnan et al., 2024a]. Zhu et al. [2023] connect large learning rates and catapults in
neural network training to better alignment of the AGOP with the true features. Radhakrishnan et al.
[2024b] demonstrate that the AGOP recovers the implicit bias of deep linear networks toward low-
rank solutions in matrix completion. Beaglehole et al. [2024] identify that the NFA is characterized
by alignment of the weights to the pre-activation tangent kernel.

3 Background and de nitions
3.1 Notation

For simplicity of description, we assume a class-balanced setting, Wherekn is the total number

of training samples, witlK being the number of classes amdhe number of samples per class. Note
however that our experimental results and asymptotic theory hold in the general case that the classes
are of unequal size. We will in general order the training samples such that the samples of the same
class are grouped into blocks. With this ordering, the lap@RX N can be written asc b 17 ;

wherel ¢ denotes & K identity matrix,b denotes the Kronecker product ahg¢l a row vector of
all-ones of lengti.

For a matrixA PRY 9 and a column vector PR% 1, the operatiorA ¢ v, divides all elements
of each row ofA by the corresponding elementwfWe de ne the norm oA PRY " JA}PR" 1,
as the column-wis&-norm and not the matrix norm.

Both a DNN and Deep RFM of depth can be written as:

fxg me 1 pme pme g1 pmyXagiiqq
wherem, is an af ne map and is a non-linear activation function. For neural networks, the
linear map ofm, is the application of a single weight matn¥;, while for Deep RFM the linear

transformation is a product of a weight matrix and a feature matii’, written W, M. The

training dataX PRY% N s stacked into columns and we ki be the feature representations of the
training data aftel layers of a DNN or Deep RFM before the linear layerlifér 1, with X;  X.

3.2 Average gradient outer product

The AGOP operator acts with respect to a datAsét Rd N and any model, that accepts inputs from
the data domaif : R% 1 N RX ! whereK is the number of outputs. Writing the (transposed)

Jacobian of the model outputs with respect to its inpu g8 PR% K the AGOP is de ned as:

1 ’K ’N B p(cifo p(cqu
AGOP(H; X q N B B
c li 1
Note while the AGOP is stated such that the derivative is with respect to the immediate model
inputsx, we will also consider the AGOP where derivatives are taken with respect to intermediate
representations of the model. This object has important implications for learning because the AGOP
of a learned predictor will (with surprisingly few samples) resembleetkgectedgradient outer
product (EGOP) of the target function [Yuan et al., 2023]. While the AGOP is speci ¢ to a model
and training data, the EGOP is determined by the population data distribution and the function to
be estimated, and contains speci ¢ useful information such as low-rank structure, that improves
prediction [Trivedi et al., 2014].

Remarkably, it was identi ed in Radhakrishnan et al. [2024a], Beaglehole et al. [2023] that neural
networks will automatically contain AGOP structure in the Gram matrix of the weights in all layers
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of the neural network, where the AGOP at each layer acts on the sub-network and feature vectors at
that layer. Stated formally, the authors observe and pose the Neural Feature Ansatz (NFA):

Ansatz 3.1(Neural Feature Ansatz [Radhakrishnan et al., 2024ad)f be a depth: neural network
trained on dataX using stochastic gradient descent. Then, for all laydpsiL s,

15" B i gBf pei @
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The second argument is the AGOP of the neural network where the gradients are taken with respect
to the activations at laydrand not the initial inputs. The correlation functiomccepts two matrix

inputs of shapgp; aq and returns the cosine similarity of the matrices attened into vectors of
lengthpg, whose value isim 1; 1s Note Radhakrishnan et al. [2024a] formulates this similarity as
proportionality, which is equivalent to correlation exactly equdl.to

Crucially, the AGOP can be de ned for any differentiable estimator, not necessarily a neural network.

In Radhakrishnan et al. [2024a], the authors introduce a kernel learning algorithm, the Recursive
Feature Machine (RFM), that performs kernel regression and estimates the AGOP of the kernel
machine in an alternating fashion, enabling recursive feature learning and re nement through AGOP.

3.3 Deep RFM

Subsequent work introduced the Deep Recursive Feature Machine (Deep RFM) to model deep feature
learning in neural networks [Beaglehole et al., 2023]. Deep RFM iteratively generates representations
by mapping the input to that layer with the AGOP of the model w.r.t. this input, and then applying
an untrained random feature map. To de ne the Deep RFMKkiet ,' : RY 4 ¥ R be a set of
kernels. For the ease of notation, we will wrikgX % X qfor a matrix of kernel evaluations between
columns ofX tandX,: We then describe Deep RFM in Algorithm 1.

Algorithm 1 Deep Recursive Feature Machine (Deep RFM)

input Xl;Y;tkM- 11;L;t iU, {kernels:tk u, depth:L, feature mapst u, ridge: }
output [ 1;tMiU

Normalize the dataX; ® X, c} X}
Learn coefcients, |  YpgpX;;X;iq 1q?.
Construct predictof,pg 1 kpX;; g

. J
Compute AGOPM, K | BB aBfipe o™
Transform the datX, ; ® oM "*X,q
end for

Normalize thedataX, ;¥ X, 1¢} X, 1}
Learn coef cients,

L1 Ypke apXe X g gl

Note that the Deep RFM as de ned here considers only one AGOP estimation step in the inner-
optimization of RFM, while multiple iterations are used in Beaglehole et al. [2023]. The high-
dimensional feature maps p qare usually realized aspw, b g whereW, is a matrix with
standard Gaussian or uniform entribsis an optional bias term initialized uniformly at random, and

is the ReLU or cosine activation function. Thus, typically serves as a random features generator.

The single loop in the Deep RFM represents a reduced RFM learning process. The RFM itself is
based on kernel ridge regression, therefore we introduce the ridge parameter

3.4 Deep Neural Collapse

We de ne the feature vectors,; of thei-th sample of the-th class as the input t. For neural
networks, we de ne¢; as the feature vectors produced fram ; before the application of, where
| ¥ 2. For Deep RFM, we de ned,; as the feature vectors produced by the application of AGOP, i.e.



Figure 1: Neural collapse with Deep RFM on (A) CIFAR-10 and (B) MNIST. The matrix of inner
products of all pairs of points iX, extracted from layers P t1; 3; 7; 13; 19u of Deep RFM. The
columns show the Gram matrices of feature vectors transformed by the AGOP from Deep RFM,

X, r'G c} X, r'G}. The data are ordered so that points of the same class are adjacent to
one another, arranged from clasdde 10. Deep RFM uses non-linearityp q co9 qin (A) and
pqgq RelLUpqin (B).

o

*L Mq,l{2 xL;, again wheré ¥ 2. In both model types, we let} SLlet Lo xy,
~ 1 X+ 1% bethe corresponding class means, ahd! PR K the matrlces of class means.
NCl is de ned |n terms of thavithin-classandbetween-clasgariability at layen:
10 1 X
W PG K @5 B i Pc cdPc o
c li 1 c 1

De nition 3.2. In the context of this work, NC is achieved at layef the following two properties
are satis ed:

« DNC1: The within-class variability at laydris 0. This property can be stated for the features
either after or before the appl|cat|0n of the activation functiorn the former case, the condition
requiresx; g foralli;j PtL:::; rns(or, in matrix notationX 'b 1}); inthe

latter, X xJCJ for alli;j P ms(or, in matrlx notationX; ~'b 1}).
« DNC2: The class-means at theh layer form either an orthogonal basis or a simplex equiangular

tight frame (ETF). As for DNC1, this property can be stated for features after or before
We write the ETF class-mean covariancerr ~ pl  g25dk 51k 1% : In the former

case, the condition requires eithetq '91x orp ' '9 gre ;inthe lattep~'d ~9 1k or

p~d ~'9 g1 : In this work, we will measure this condition on the centered and normalized class
means, . We let b e o Lor! ot ry ¢ r' ry , depending on
whether we measure collapse Xnor X , respectively.

4 Average gradient outer product induces DNC in Deep RFM

We demonstrate that AGOP is a mechanism for DNC in the Deep RFM model. In this section, we
provide an extensive empirical demonstration that Deep RFM exhibits DNC - NC1 and NC2 - and
that the induction of neural collapse is due to the application of AGOP.

We visualize the formation of DNC in the input vectors of each layer of Deep RFML FoP,

let X, M,1{§x| 1 be the feature vectors at layler 1 projected onto the square root of the
AGOP,M |l{i, at that layer. Otherwise, we de n&; X as the untransformed representations.
In Figure 1, we show the Gram matriX,’ X, of centered and normalized feature vectérs

X, r'G c} X, r'G} extracted from several layers of Deep RFM, as presented in Algorithm 1,



trained on CIFAR-10 and MNIST (see Appendix E for similar results on SVHN). Here the global
meanr |5 is subtracted from each columnf. After 18 layers of DeepRFM, the nal Gram matrix is
approximately equal to that of collapsed data, in which all points are at exactly their class means, and
the centered class means form an ETF. Speci cally, all centered points of the same class have inner
productl, while pairs of different class have inner prodyztK  1q . Note that, like standard

neural networks, Deep RFM exhibits DNC even when the classes are highly imbalanced, such as for
the SVHN dataset (Figure 5B in Appendix E).

We show collapse occurring as a consequence of projection onto the AGOP, across all datasets and
across choices of feature map (Figures 3 and 4 in Appendix E). We observe that the improvement in

NC1 is entirely due tiv ,1{2, and the random feature map actually worsens the NC1 value. This result
is intuitive as Deep RFM deviates from a simple deep random feature model just by additionally
projecting onto the AGOP with respect to the input at each layer, and we do not expect random feature
maps to induce neural collapse on their own. In fact, the random feature map will provably separate
nearby datapoints, as this map is equivalent to applying a rapidly decaying non-linear function to the
inner products between pairs of points (described formally in Appendix A).

5 Theoretical explanations for DNC in Deep RFM

We have established empirically in a range of settings that Deep RFM induces DNC through AGOP.
We now prove that DNC in Deep RFM (1) occurs in an asymptotic setting, and (2) can be viewed as
an implicit bias of RFM as a kernel learning algorithm.

5.1 Asymptotic analysis

Many works have derived that, under mild conditions on the data and kernel, non-linear kernel matri-
ces of high dimensional data are well approximated by linear kernels with a non-linear perturbation
[Karoui, 2010, Adlam et al., 2019, Hu and Lu, 2022]. In this section, we provide a proof that Deep
RFM will induce DNC when the predictor kernelk, u and random feature maps |y satisfy this
property. In particular, in the high-dimensional setting in these works, non-linear kernel matrices,
writtenkpX g  kpX; X gfor simplicity, are well approximated by

keXgq 117 xXIx

where ¥ 0is theperturbationparameter. Following Adlam and Pennington [2020], for additional
simplicity we consider centered kernels, where 0. We associate with Deep RFM two separate
(unrestricted) centered kerndsandkpap , With perturbation parametePsand ap , corresponding

to the predictor kernels and random feature maps respectively.

We will show that Deep RFM exhibits exponential convergence to DNC, and the convergence rate

depends on the ratiB{ nap. These two parameters modulate the distance of non-linear ridge
regression with each kernel to linear regression, and therefore the extent of DNC with Deep RFM.
Namely, as we will show, iR is close to the linear kernel, i.e.,Rfis small, then the predictor in each
layer resembles interpolating linear regression, an ideal setting for collapse through the AGOP. On
the other hand, iknqp is close to the linear kernel, i.e., ifhap is small, then the data is neasily
linearly separable. In that case, the predictor will be signi cantly non-linear in order to interpolate

the labels, deviating from the ideal setting. We proceed by explaining speci cally vihenelkmap
appear in Deep RFM and why linear interpolation induces collapse. We then conclude with the
statement of our main theorem and an explanation of its proof.

We describe the Deep RFM iteration we analyze here, which has a slight modi cation. Instead
of normalizing the data at each iteration, we scale the data by a vafuat each iteration. This
modi cation is suf cient to control the norms of the data, and is easier to analyze. The recursive
procedure begins with a datasét at layerl in Deep RFM, and construck; from the AGOPM, of

the kernel ridgeless regression solution with kekgel R. After transforming with the AGOP and
scaling, the data Gram matrix at layés transformed to,

X7 X1 XD MX; 3)



for 1 2Pp mgp g Then, we will apply a non-linear feature map,s, corresponding to a
kernelkmap , and write the corresponding Gram matrix at delpthl as

X|J 1XI 1 mapr“I 1qJ map@cl 19 kmappxl 19 X~|J 1XI 1 mapl: (4)

Intuitively, the ratioP{ ms, determines how close to lineRris when applied to the dataset, and
therefore the rate of NC formation.

We now explain why Deep RFM with a linear kernel is ideal for NC, inducing NC in just one AGOP
application. To see this, note that ridgeless regression with a linear kernel is exactly least-squares
regression on one-hot encoded labels. In the high-dimensional setting we consider, should we
nd a linear solutionf xq J x that interpolates the labels, the AGOPfols 7. Since we
interpolate the data,” x y for all x; yginput/label pairs, applying the AGOP collapses the data

to Jx y.Therefore, NC will occur in a single layer of Deep RFM whegy, " P, in which

case the data Gram matrix has a large minimum eigenvalue relative to the identity perturbRtion to
so the kernel regression is effectively linear regression. Note that this theory offers an explanation
why a non-linear activation is needed for DNC in neural networkg,  Owhen 4, is linear,
preventing this ideal setting.

We prove that DNC occurs in the following full-rank, high-dimensional setting.
Assumption 5.1(Data is high dimensional)We assume that the data has dimensighn.

Assumption 5.2(Data is full rank) We assume that the initial data Gram ma¥i} X ; has minimum
eigenvalue at least | O.

The assumptions that the Gram matrix of the data is full-rank and high-dimensional is needed only if

one requires neural collapse in every layer of Deep RFM, starting from the very rst one. In contrast,

if we consider collapse starting at any given later layer of Deep RFM, then we only need that the

smallest eigenvalue of the corresponding feature map is bounded away from 0. This in turn requires
that the number of features at that layer is greater than the number of data points, a condition which
is routinely satis ed by the overparameterized neural networks used in practice.

We present our main theorem.

Theorem 5.3(Deep RFM exhibits neural collapse$uppose we apply Deep RFM on any dataset

with labelsY PRN K choosing allt ju andtk u as the feature map map and kerneR above,
with no ridge parameter ( 0). Then, there exists a universal const@nt 0, such that for any

0 a 1, providedP o ﬁpl g and for all layerd P t2;:::;Luof Deep RFM,
map

IXP X1 YPYrepl  gxiXxi Y'Y} op? Z.q

This theorem immediately implies exponential convergence to NC1 and NC2 up t@gtr8?¢ mgp o

a small value determined by the parameters of the problem. As a validation of our theory, we see
that this exponential improvement in the DNC metric occurs in all layers (see Figures 3 and 4). Note
the exponential rate predicted by Theorem 5.3 and observed empirically for Deep RFM is consistent
with the exponential rate observed in deep neural networks [He and Su, 2022].

The proof for this theorem is roughly as follows. Recall that, by our argument earlier in this section,
a linear kernel will cause collapse within just one layer of Deep RFM. However, in the more general

case we consider, a small non-linear deviation from a linear kdfpil introduced. Beginning with

the rst layer, partial collapse occurs if the raft§ m;p is suf ciently small. Following the partial
collapse, in subsequent layers, the data Gram matrix will suf ciently resemble the collapsed matrix,
so that the non-linear kernel solution on the collapsed data will behave like the linear solution, leading
to further convergence to the collapsed data Gram matrix, a xed point of the Deep RFM iteration
(Lemma C.2).

5.2 Connection to parametrized kernel ridge regression

Next, we demonstrate that DNC emerges in parameterized kernel ridge regression (KRR). In fact,
DNC arises as a natural consequence of minimizing the norm of the predictor jointly over the choice
of kernel function and the regression coef cients. This result proves that DNC is an implicit bias of



kernel learning. We connect this result to Deep RFM by providing intuition that the kernel learned
through RFM effectively minimizes the parametrized KRR objective and, as a consequence, RFM
learns a kernel matrix that is biased towards the collapsed Gram nvatiNk

We de ne the parametrized KRR problem. Consider positive sgmi-de nite kernels (pks,d.)

RY RIN Rofformkvp;zq — px  z}, G where}x z}, X zdMp zq isa

strictly decreasing, strictly positive univariate function sgog 1, andM is a p.s.d. matrix. This

class of kernels covers a wide range of kernels including the Gaussian and Laplace we use in our
experiments. Leiy, be the Reproducing Kernel Hilbert Space (RKHS) corresponding to our chosen
kernelky, where functions P H)y map to a single output class. The parametrized kernel ridge
regression for a single output class (1) with ridge parameter corresponds to the following
optimization problem over sudhandM on dataseX and labelsy PRX N:

L1 2 2 .
fl;pﬂfé}f@(q Y} E}f}HM' (5)

When we predict outputs ové | 1 classes, we jointly optimize ové& independent scalar-valued

f , one for each output class, and, again, a single choice of mdtriXhe objective function is

then sum the individual objective values over all classes. Our modi cation for multiple outputs
corresponds to how Deep RFM and kernel ridge regression, more generally, are solved in practice - a
single kernel matrix is used across all classes while kernel coef cients are computed for each class
independently. Note this modi cation for multiple classes is also equivalent to optimizing over a
single vector-valued function where the function spigg is a particular vector-valued RKHS (see
Appendix B for more details).

Parameterized KRR differs from standard KRR by additionally optimizing over the choice of the
kernel through the matri¥ . For all M, including the optimal one for Proble(®), an analog
of the representer theorem for vector-valued RKHS can be shown [Micchelli and Pontil, 2004]

and the optimal solution (5) can be written abeq " 1., cikm Xci;2G where g is aK -
dimensional vector. Let us therefore denatéhe matrix of stacked columns; : We can re-formulate
Problem (5) as the following nite-dimensional optimization problem:

jnfotropY Akwap Ak q trpky ATAG (6)

where, abusing notatioky : ky pX; X gis the matrix of pair-wise kernel evaluations on the data.

We now relax the optimization over matrickf by optimizing over all p.s.d., entry-wise non-negative
kernel matricek P R"®  R"€ with ones on diagonal and compute the optimal value of the
following relaxed parametrized KRR minimization:

iAnkf tr py Akgy) Akd trpkAT Ag (7)

Optimizing over all p.s.d., entry-wise non-negativavith ones on diagonal is not always equivalent

to optimizing over alM . Thus, in general, this provides only a relaxation. However, if the Hais

full column rank (as in our asymptotic analysis), then the optimizat{6hand(7) have the same
solution and, thus, the relaxation is without loss of generality. We establish this equivalence formally
in Appendix B.

We are now ready to state our optimality theorem. The proof is deferred to Appendix C.

Theorem 5.4. The unique optimal solution to the (relaxed) parametrized kernel ridge regression
objective (Problem 7) is the kernel matkix exhibiting neural collapsek lk bpla1lg YV

Finally, we informally connect this result to RFM. We argue that RFM naturally minimizes the
parametrized kernel ridge regression objective (Problem 5) through learning the Matfixis

claim is natural since the RFM is a parametrized kernel regression model, WMhé&eet to be

the AGOP. This choice of Mahalanobis matrix should minimize (5) as AGOP captures task-speci ¢
low-rank structure, reducing unnecessary variations of the predictor in irrelevant directions Chen et al.
[2023]. Then, given any setting M , RFM is conditionally optimal w.r.t. the parameteras this
method simply solves the original kernel regression problem for eachMedFurther, as argued in
Section 5.1, choosink to be a dot product kernel amd to be the AGOP of an interpolating linear
classi er implies thakyy  k , the optimal solution outlined in Theorem 5.4.



Figure 2: Feature variability collapse from different singular value decomposition components in (A)
an MLP on MNIST, and (B) a ResNet on CIFAR-10. We measure the reduction in the NC1 metric
throughout training at each of ve fully-connected layers. Each layer is decomposed into its input,

pX g the projection onto the right singular spac&/®f SV? pX g and therlJ, the left singular
vectors ofW, and the application of the non-linearity.

6 Within-class variability collapse through AGOP in neural networks

Thus far, we have demonstrated that Deep RFM exhibits DNC empirically, and have given theoretical
explanations for this phenomenon. Here, we provide evidence that the DNC mechanism of Deep
RFM, i.e., the projection onto the AGOP, is responsible for DNC formation in typical neural networks,
such as MLPs, VGG, and ResNet trained by SGD with small initialization. We do so by demonstrating
that within-class variability collapse occurs predominantly through the multiplication by the right
singular structure of the weights. As the NFM, which is determined by the right singular structure of
each weight matrix, is highly correlated with the AGOP, our results imply the AGOP is responsible
for NC1 progression.

A fully-connected layel of a neural network consists of two components: multiplication by a weight
matrix W), followed by the application of an element-wise non-linear activation functi¢termed

the non-linearity). Both components of the layer crucially contribute to the inference and training
processes of a neural network. The question we address in this section is whether the non-linearity or
the weight matrix is primarily responsible for the improvement in DNC1 metrics.

We additionally decompose the weight matrix into its singular value decompo¥gition U, SV,7 ,
viewing a fully-connected layer as rst applyir§V,” , then applying the composition ofwith Uy,

pJ; ¢ This decomposition allows us to directly consider the effect of the NBMW, Vi S2V,?,
and therefore the AGOP, on DNC formation.

The grouping of a layer into the right singular structure and the non-linearity with the left
singular vectors is natural, as DNC1 metrics computed on this decomposition are identi-
cal to the metrics computed using the whdé and then the non-linearity. We see this
fact by considering the standard DNC1 metti@ qtrp gq * [Tirer et al., 2023, Ranga-
mani et al., 2023]. A simple computation using the cyclic property of the trace gives
trp"watrp sq ! trpy wUlqtrpd gU?q ! trp watrp sq &, where matrices refer to

the within-class variability after the application 8% ; while the ™ matrices correspond to the
output of the full weight matrix.

While both the non-linearity ang§,V,? , and only these two components, can in uence the DNC1

metric, we demonstrate th&tV,? is responsible for directly inducing the majority of within-class
variability collapse in neural networks trained by SGD with small initialization. We verify this claim



by plotting the DNC1 metrics of all layers of an MLP and ResNet network trained on MNIST and
CIFAR-10, respectively (Figure 2), where each layer is decomposed into its different parts — (1) the
input to that layer, (2) the embedding after multiplication wiW,’ , and (3) the embedding after
multiplication with the left singular vectotd, and application of the non-linearity.

We see that the ratio of within-class to between-class variability decreases mostly between steps
(1) and (2), due to the application of the right singular structure. Similar results are in Appendix E
for all combinations of datasets (MNIST, CIFAR-10, SVHN) and architectures (MLP, VGG, and
ResNet). This is a profound insight into the underlying mechanisms for DNC that is of independent
interest, especially given we train with a standard algorithm across many combinations of datasets
and models.

We note that, while in this setting the ReLU does not directly reduce NC1, the ReLU is still crucial
for ensuring the expressivity of the feature vectors. Without non-linearity, the neural network cannot
interpolate the data or perform proper feature learning, necessary conditions for DNC to occur at all.

These results are in a regime where the NFA holds with high correlation, with ResNet and MLP
having NFA correlations at the end of training (averaged over all layers and se€d#} of 0:17 and

0:74 0:13o0n CIFAR-10 and MNIST, respectively (see Appendix E for values across all architectures
and datasets). Therefore, @8’ W,  ViS?V,’, SV}’ should project into a similar space as the
AGOP. We note that the matrix quantities involved are high-dimensional, and the trivial correlation
between two i.i.d. uniform eigenvectors of dimensibooncentrates within Opd 2q For the

width 512weight matrices considered here, this correlation would be approximately (atOrist)
Therefore, we conclude that the AGOP structure can decrease within-class variability in DNNs.

Unlike DNC1, we have observed a strong DNC2 progression only in the very last layer. This is
due to the fact that DNC2 was observed in the related work Rangamani et al. [2023], Parker et al.
[2023] in a regime of large initialization. In contrast, the NFA holds most consistently with small
initialization [Radhakrishnan et al., 2024a, Beaglehole et al., 2024], and in this feature learning
regime, the low-rank bias prevents DNC2 [Li et al., 2020, Sukenik et al., 2024].

7 Conclusion

This work establishes that deep neural collapse can occur through feature learning with the AGOP. We
bridge the unsatisfactory gap between DNC and the data — with previous work mostly only focusing
on the very end of the network and ignoring the training data.

We demonstrate that projection onto the AGOP induces deep neural collapse in Deep RFM. We
validate that AGOP induces NC in Deep RFM both empirically and theoretically through asymptotic
and kernel learning analyses.

We then provide evidence that the AGOP mechanism of Deep RFM induces DNC in general neural
networks. We experimentally show that the DNC1 metric progression through the layers can be
mostly due to the linear denoising via the application of the center-right singular structure. Through
the NFA, the application of this structure is approximately equivalent to projection onto the AGOP,

suggesting that the AGOP directly induces within-class variability collapse in DNNs.
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A Random features cannot signi cantly reduce within-class variability

We state the following proposition ( rst appearing in Cho and Saul [2009]) that random features
mapping with ReLU will separate distinct data points, especially nearby ones. Therefore, we expect
theoretically that NC1 metrics will not improve due to this random feature map.

Proposition A.1. [Cho and Saul [2009]] Letx;y P RY be two xed vectors of unit length. Let
W PRP 9 pe aweight matrix whose entries are initialized i.i.d. frohp0; 2{D ¢ Assume’ y
Then,for pg RelLUpq

1 .
Ep pVxqd pNyqq =psin p qcos q; 8

where  cos !r. Moreover, the variance of this dot product scales viif®; and the product is
sub-exponential, making it well-concentrated.

This proposition gives a relationship between the dot protigtof two vectors and the dot product
of the outputs of their corresponding random feature map¥xq® pwWygq This is relevant because
for unit vectors, the dot product is a direct indication of the distance between the two vectors.

This means that the distances between data points generally increase, but not drastically. They
increase irrespective of the angle between data points, however they tend to expand relatively more,
if the angle is close td0. Therefore, the DNC1 metric should on average marginally increase or
stay constant. This is in agreement with our Deep RFM measurements on all datasets we consider
(Appendix E), for both ReLU and cosine activations. Importantly, this also supports the connection
between neural networks and Deep RFM, since in DNNs the DNC1 metric did not signi cantly
change after applying the ReLU in our setting (e.g. Figure 2).

B Additional results on parametrized kernel ridge regression

Vector-valued Reproducing Kernel Hilbert Spaces Since we consider multi-class classi cation,
the function we learn is multi-output and therefore we have to use vector-valued kernel ridge
regression in the most general case. Similar to kernel ridge regression with a single output, its
multi-dimensional generalization also has interpretation through minimization in an RKHS function
space, just with functions of a vector-valued RKHS. The vector-valued RKHS is a Hilbertldpafce
vector-valued functions on a domafnsuch that there exists a positive-de nite matrix-valued function

: X XN RX X such that for anx P X and any probe vectarP RX 1; the function px; oc
isinH and a reproducing property similar to scalar valued RKHS hdigsg’ ¢ x f; px; ooy ¢
For more on vector-valued RKHS see e.g. Ciliberto et al. [2015].

In our setting, we only consider a subclass of vector-valued RKHS in which the matrix valued function

can be decomposed agx;zq Kkp;zq Ik for some scalar-valued kerrlel: X X N R: This
particular type of RKHS is referred to as separable and is the parametrization used for Deep RFM
and kernel ridge regression in practice.

Now we formally connect the Problersand7 under the assumption that the dtahas full column
rank.

Proposition B.1. When the data Gram matriX has minimum eigenvaluej O (otherwise assuming
the same setup as Section 5.2), the relaxation in Prol§i§ras the same solution as Probl€6).

Proof of Proposition B.1We rst show anyk realizable (as applied to the Euclidean distance
on some datas®) can be constructed by applyikg to our dataX under Mahalanobis distance
with appropriately chosell matrix. Letk be a realizable matrix - i.e. any desired positive semi-
de nite kernel matrix for which there exists a datagtthat satis esk pdpRY; R'gq where
d:R" ¢ R" ¢ R" " denotes the matrix of Euclidean distances between all pairs of points
in the rst and second argument. Our construction rst takes the entry-wise inverse *pkqg
Sincek is realizable, this must be a matrix of Euclidean distances between columns of a data matrix
R of the same dimensions &s. Assuming the gram matrix of is invertible, we simply solve
the systenR  NX fora matrixN and seM NN which yieldsk prg pdpR; Raq

pdv PX; X qowheredy p; gdenotes the operation that produces a Mahalanobis distance matrix for
the Mahalanobis matrii .
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We now give a construction demonstrating that the solutioto Problem(7) is realizable up to
arbitrarily small error using our parametrized kernel on a dafsetder Euclidean distance. We
can realize the ideal kernel matrix that soly&% Y~ Y, up to arbitrarily small error by choosirig
according to a parameter; 0, such that pdpR; Rqq NY?Y as N 0. In particular, for feature
vectorsx;; X; of the same label in columnyg of X, we set the feature vectoRs; R; for columns
i;j inRtohavelR; R;} 0. Then, forx;;x; in X of different class, we s&;; R; as columns
of RsuchthatR; R;}i 1. ThenkpRi;R;qisidentically 1 forR;;R; from the same class and
converges to 0 for points from different classes, & 0, giving thatk pgqN YIY.

For any choice of | 0, we can apply the procedure described two paragraphs above to coitruct
that realizes the sankeas applyingky to our dataset under the Mahalanobis distance. Therefore,
the solution tq(7) can be constructed as the in mum over feasible solutior(®)}ocompleting the
proof. O

C Additional proofs

C.1 Asymptotic results

Lemma C.1(Woodbury Inverse Formula [Woodbury, 1950])

1

P UV’ P plyl VP U "Vp L

Lemma C.2 (Fixed point of collapse)LetA YJy map | , the collapsed data gram matrix
following an application of the non-linear random feature map,, . Then,

1
P g miol  mapPmap NG TYTY:

Proof of Lemma C.2We writeY?Y  nUUY, whereU P R" K s the matrix of normalized
eigenvectors o¥ Y Y. By Lemma C.1 and that’ U |,

Mg’ mpl nUU

n 1
1 1 J J
mpl U n 2U'U U
map
n 1
map | > —Uu’
map 1 n map
n
mapl  —————Uuu’
mapp map nq
1
1 map J .

O

Proof of Proposition 5.3.We have solved the kernel ridgeless regression problem to get coef cients

1
X\ X7 R y. Then, the predictor at layérevaluated on the training data is,

filXig pXP’X, Rq:
As in Deep RFM, leM be theAGOP. Then,

n
M T oY fxPYqd X X
i1
We drop the subscriptfor simplicity. Therefore,

1 1
XIMX  XIX xX'x R Y'Yy XX R XI X
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LetA X7 X. Applying Lemma C.1,
1
A R Al Mt R toAlL:

Therefore,
1 1

XIMX P MY ArtYY T O PT O RAY oAl
Applying that, by assumptior®, m;p is a small valueji, , and as map is the minimum eigenvalue of
1 2
A,wehavethaP}A }o P 2y, Therefore, | B * B T B T @A !

M 1 Op2z g whereOp 2z qgrefers to some matrix of spectral norm at m@sg, for some
constanC j 0. Then,

X I MX I M * opZqY'Y |l B ' op2qg Y'Y R Y'Y H'YA' Opiq:

LetA }ﬁ A ;,and o} A A} Then, applying Lemma C.1,

1 1 1 1 1 1 1 1 1
A A INAY I APAQ°A PAg pAQ APA QT | AAPAQ APA q
1
Let ~ I ARPA g v Assuming partial collapse has already occurred, ipe.m;p
12,

~ 1
}}n 1 Am;p g 2:

In this case, usingthat’YpA q* pA q'Y’Y p1 _Ladr’Y (LemmaC.2),
xIMx vy ®m Yy WIYA! Opiq
Y'Y PpAqlY’Y WIvpagl Opq
Papd g’ ApA g Y'Y PAY'YpAq'A PG’
Y'Y 2P a,dv’Y Opfig
Papl  nipaph g ' TAYYY Papl LdvIYATPA g
Therefore, where 1 2Ppl 2 qj 1{2bychoiceof® 2 I pl  2on 1
IXP X1 A} OXTMX YY)
Opfha A P2 'm  lam q'~AYYY
@ 0pfhg A P2 5p  gm
Opfhd apl g
opfa Pl aXiX] A}:
It remains to show that partial collapse, m;p 1{2, happens in the rstiteration. To ensure this
condition, recall,
XIMX Yy ROy WIvYAl Opga:
Therefore, becaug '} o m‘,}m,where is some error matrix with norr,
XIMX Y'Yy P tn o OpP? Zq:
Therefore,
XIMX o Ylyyr  12;

providedP m;p n C;{2, for some universal constag}. O
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C.2 Non-asymptotic results

Theorem. The unique optimal solution to the (relaxed) parametrized kernel ridge regression objective
(Problem 7) is the kernel matrix exhibiting neural collapsek lk bpla1lg YV

Proof of Theorem 5.4DenoteL pA; kg tr Apk? k gAT  2trpAKY T g Note that this prob-
lem is separable in the rows Af If we only look at one row ofA at a time, we can solve this problem
explicitly for that row if we assume th&tis xed and positive de nite, simply by solving solving
for the zero gradient. Doing this for every rowAfand summing up, we get that Problem 6 can be
reduced to the following problem:

K
sup Yok | og kY
k¢

whereY, PRN 1 s the vector of labels for class After writing the eigenvalue decomposition lof
asVSVT andusingk 1 gk VpS | qlvTVSVT;thissupremum is equivalent to:

K Kn )
s T i
sup pY, Vi ef ——;
K ¢ 1i 1 i

where ;;v; are thei-th eigenvalue and eigenvector, respectively. By continuity of the Problem 6 in
both variables, we can without loss of generality pkuginto this despite being low-rank. This can
be seen by contradiction — if thepA ; k qwould not be equal to 'c< AN I gtk Y, we

can nd a converging sequeng&e of symmetric PD kernel matrices that convergek tdor which

the two objectives are equal and by continuity they converge to the objectives evaluated at

thus they must be equal as well. After a simple computation we get:

LA Kk g Knnn :

With slight abuse of notation let us now re-scgleso that each row is unit norm and divide the loss
L by K: Then we get (abusing the notation):

LPA Jk g

n

Now, iKnle vi¢  1sincepsid"; forms an orthogonal basis and therefore a tight frame with
constantl: Therefore the expression

K Kn
A T
sup - pY. Vi cf —
k c 1i 1 i

can be viewed as a weighted average of-the- terms. To simplify the expression, dendte:

Ki E 1PY Vi 1 Using Cauchy-Schwarz inequality on each individual summand, we see that

ARV Pyg 1 v and the equality is only achieved if all the entriessotorresponding to

entries ofY, equal tol are the same. Thus, we gef PYSViF B}y }2 1 with the equality if
and only if, for eaclt; all the entries ofy corresponding to the entries ¥§ equal tol are the same.
This gives that j & >

Now, take any feasiblk: Then,

L, q = li——o=

Kn K 1
i 1. i i1 n
i1 ! Ki

. 1 .
1! K i1

The rstinequality is due to the monotonicity of the functignxq . *— and! ; Ki; the second
strict inequality is due to Jensen after noting th# strictly convex and using the Perron-Frobenius

theorem which says that has multiplicity1; and the last inequality is due toiK”1 i Kn,which
follows from the well-known trace inequality and the fact tkahust have all the diagonal elements
equall: This concludes the proof. O
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D Experimental details

In both Deep RFM and neural networks, we one hot encode labels andlufse within/outside of
each class.

For the neural network experiments, we use 5 hidden layer MLP networks with no biases and ReLU
activation function. All experiments use SGD with batch size 128. We use default initialization for
the linear readout layer. The layers all use widlfl2 in all experiments. All models are trained

with MSE loss. We measure the AGOP and NC metrics every 10 epochs. VGG was trained for 600
epochs with 0.9 momentum, learning rate 0.01, and initialization 0.3 in the intermediate layers (0.2
for MNIST). ResNet was trained for 300 epochs, no momentum, 0.2 init. scale in the intermediate
layers, and learning rate 0.05. MLPs were trained for 500 epochs, no momentum, 0.3 init. scale (0.2
for MNIST), and learning rate 0.05.

We use the standard ResNet18 architecture (from the Pytorchvision library), where we
replace the classi er (a fully-connected network) at the end with 5 MLP layers (each layer containing
a linear layer followed by a RelLU, without any biases). We truncate the VGG-11, as de ned in
torchvision.models , to the ReLU just before the nal two pooling layers, so that the pooling
sizes matches MNIST, which contains 28x28 images, then attach at the end a 5-layer MLP as the
classi er.

For the Deep RFM experiments, we generally use the Laplace Kemwich evaluates two datapoints
x;z PRY askpx;zq expp} x z}»{Lqg whereL is a bandwidth parameter. For the experiments
with ReLU on MNIST, we use the Gaussian kernel with bandwidihstead. In these experiments,
we setl  2:0. We perform ridgeless regression to interpolate the data, i.e 0: We use width
1024for the random feature map in Deep RFM with ReLU activation function. For experiments with
the cosine activation, we used Random Fourier Features corresponding el #yglacian kernel
with bandwidth 0:05and 4096 total features.

Unless otherwise speci ed, we perform experiments using the rst 50,000 points from each of
MNIST, SVHN, and CIFAR-10 loaded wittorchvision  datasets.

For neural network experiments, we averaged over 3 seeds and report 1 standard deviation error bars,
truncating the lower interval t8:01 the mean value. We report Pearson correlation for the NFA
values (where each matrix is subtracted by its mean value). As noted in the main text, we compute
correlation of the NFM with the square root of the AGOP as in Radhakrishnan et al. [20244a].

Each experiment was performed on a single NVIDIA A100 GPU. Each experiment was completed in
under 1.5 GPU hours.

All code is available at this linkhttps://github.com/dmbeaglehole/neural_collapse_rfm
See in particulanc_nn.py anddeep_rfm.py for NN and Deep RFM code.

The code for Random Fourier Features (used in Deep RFM with cosine activation function) was
adapted fromhttps://github.com/hichamjanati/srf.git

E Additional plots

In this section, we give the full set of results for all combinations of datasets and neural network
architectures for Deep RFM and standard DNNs (VGG, ResNet, and MLPSs). In Figures 3 and 5, we
plot the NC1 and NC2 metrics for Deep RFM as a function of the layeR&ltU andcosactivation
functions. In Figures 4 and 6, we visualize the formation of DNC in Deep RFM as in the main text.
In Figures 7, 8, and 9, we demonstrate that the right singular structure can reduce the majority of
NC1 reduction in MLPs, ResNet, and VGG, respectively. In Figures 10, 11, and 12, we verify the
NFA, DNC, and plot the training loss.
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Figure 3: Neural collapse with Deep RFM on additional datasets with RelLUp q We show

tr w{tr g,our NC1 metric on the left, and-~’ ETF , our NC2 metric, on the right. The
rst row is CIFAR-10, second is MNIST, third is SVHN. We plot these metrics as a function of depth
of Deep RFM for the original datd (green), the data after applying the square root of the AGOP

M |1{2x (orange), and the data after the AGOP and non-linearity (blue).
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Figure 4: Neural collapse with Deep RFM on additional datasets with cog q We show
tr w{tr g,our NC1 metric on the left, and~~’ eTe , our NC2 metric, on the right. he rst
row is CIFAR-10, second is MNIST, third is SVHN. We plot these metrics as a function of depth
of Deep RFM for the original datd (green), the data after applying the square root of the AGOP

M |l{2x (orange), and the data after the AGOP and non-linearity (blue).
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Figure 5: Visualization of neural collapse for Deep RFM on additional datasets with co9 q

As in the main text, we plot the Gram matrix of the centered and normalized feature VEctone
see the data form the ETF in the nal column. (A) corresponds to CIFAR-10, (B) SVHN, and (C)
MNIST.

Figure 6: Visualization of neural collapse for Deep RFM on additional datasets with ReLUp q

As in the main text, we plot the Gram matrix of the centered and normalized feature ¢tarke

rst column displays the Gram matrix of the untransformed (but normalized and centered) data. We
see the data form the ETF in the nal column. (A) corresponds to CIFAR-10, (B) SVHN, and (C)
MNIST.
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Figure 7: Feature variability collapse (NC1) from different singular value decomposition components
on an MLP. The rstrow (A) is MNIST, second (B) is CIFAR-10, third (C) is SVHN. As in the main
text, we plot the NC1 metrics, for the original feature vectopX q(blue), the data after applying

the right singular structure (green), and the data after the full layer application (red).
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Figure 8: Feature variability collapse (NC1) from different singular value decomposition components
on ResNet. The rst row (A) is MNIST, second (B) is CIFAR-10, third (C) is SVHN. As in the main
text, we plot the NC1 metrics, for the original feature vectopX q(blue), the data after applying

the right singular structure (green), and the data after the full layer application (red).
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Figure 9: Feature variability collapse (NC1) from different singular value decomposition components
on VGG. The rstrow (A) is MNIST, second (B) is CIFAR-10, third (C) is SVHN. As in the main
text, we plot the NC1 metrics, for the original feature vectopX q(blue), the data after applying

the right singular structure (green), and the data after the full layer application (red).
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Figure 10: Train loss and NFA correlations for MLPs. The rst row (A) is MNIST, second (B)

is CIFAR-10, third (C) is SVHN. In the rst column, we plot the evolutiontof w {tr + and
tr g{tr t,where ¢ W g . In the second column we plot the development of the NFA,

where correlation is measured betwa#d W, and the square root of the AGOP with respect to the
inputs at layef, X,. The third column is the train loss of the neural network.
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