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Abstract

Districting is a complex combinatorial problem that consists in partitioning a ge-
ographical area into small districts. In logistics, it is a major strategic decision
determining operating costs for several years. Solving districting problems using
traditional methods is intractable even for small geographical areas and existing
heuristics often provide sub-optimal results. We present a structured learning
approach to find high-quality solutions to real-world districting problems in a few
minutes. It is based on integrating a combinatorial optimization layer, the capaci-
tated minimum spanning tree problem, into a graph neural network architecture.
To train this pipeline in a decision-aware fashion, we show how to construct target
solutions embedded in a suitable space and learn from target solutions. Experi-
ments show that our approach outperforms existing methods as it can significantly
reduce costs on real-world cities.

1 Introduction

Districting aims to partition a geographical area made of several basic units (BUs) into small,
balanced, and connected areas known as districts. Districting has a wide array of applications in many
areas such as electoral politics (Williams, 1995; Webster, 2013; Ricca et al., 2013), sales territory
design (Lopez-Pérez and Rios-Mercado, 2013; Zoltners and Sinha, 2005), school zoning (Ferland
and Guénette, 1990), and distribution (Zhou et al., 2002; Zhong et al., 2007). These problems are
challenging because of the combinatorial complexity of assigning BUs to districts.

In this paper, we focus on districting and routing, one of the more complex forms of districting. In that
case, the goal is to minimize the routing costs over all districts, where each district is serviced by a
vehicle starting from a common depot. Since districting is a long-term strategic decision, the delivery
requests in each district are unknown and modeled as a point process. As a two-stage stochastic
and combinatorial problem, districting and routing can be solved to optimality only on very small
instances. For example, in our experiments, finding the optimal solution of a districting problem with
60 BUs and 10 districts required around 400 CPU-core days. Further, while several heuristic methods
have been proposed based on estimating district costs (Daganzo, 1984; Figliozzi, 2007), they tend to
lead the search towards low-quality solutions on large instances (Ferraz et al., 2024).

In this study, we present a structured-learning approach called DISTRICTNET that integrates an
optimization layer in a deep learning architecture, as shown in Figure 1. DISTRICTNET learns to
approximate districting problems with a simpler one: the capacitated minimum spanning tree (CMST).
DISTRICTNET predicts the cost of each arc of the CMST graph using a graph neural network (GNN)
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trained in a decision-aware fashion. This surrogate optimization model captures the structure of
districting problems while being much more tractable. Using the CMST as a surrogate model is
especially relevant because there is a surjection from the space of districting solutions to the space of
CMST solutions. In other words, there always exists a CMST solution that is optimal for the original
problem. The main challenge is to train a model that can find it.
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Figure 1: DISTRICTNET solves a complex districting problem by parameterizing and solving a
CMST. The GNN predicts a vector of edge weights based on the covariates of the instance X.
These edge weights parameterize a CMST, which is solved using a black-box combinatorial solver.
The CMST solution Y is finally converted into a districting solution B Training this pipeline in a
decision-aware manner requires propagating a loss gradient back to the GNN.

DISTRICTNET is trained to imitate a few optimal solutions obtained on small instances. We show
that it leads to high-quality solutions for large districting problems and great out-of-distribution
generalization. Further, our approach is robust to changes in the problem parameters such as a varying
number of districts. This is valuable for practitioners, who usually evaluate a family of problems
before picking a solution.

Our contributions. We present a structured learning approach to obtain high-quality solutions to
large districting problems. The main component of our pipeline is a combinatorial optimization
layer, a parameterized CMST, that acts as a surrogate to the original districting problem. We show
how to learn from districting solutions by embedding CMST solutions into a suitable space and
constructing target CMST solutions from districting ones. This allows training DISTRICTNET by
imitation, minimizing a Fenchel-Young loss on a set of target solutions obtained on small instances.
The value of our approach is demonstrated on real-world problems as DISTRICTNET generalizes to
large problems and outperforms existing benchmarks by a large margin thanks to the combination of
GNN and structured learning. While we focus our experiments on districting and routing, the method
presented is not tailored to this specific application. DISTRICTNET is generic and could be applied to
any geographical districting problem.

2 Problem statement

We model a geographical area as an undirected graph G = (V;E), where V is a set of vertices
representing the BUs and E is a set of edges representing the connections between them. A district
d V is asubset of BUs. We say that a district d is connected if its graph is connected. Let ( ) be
the indicator function that returns one if its argument is true and zero otherwise. We denote by D the
set of connected districts and N = jV j the number of BUs.

Routing costs. Let d 2 D be a connected district. In districting and routing, the cost of a district
is the expected distance of the smallest route that satisfies the demand requests. Hence, it is the
expected cost of a traveling salesman problem Cysp(d) = E [TSP(d; )], where is the collection
of demand requests in a district d.

Since the demand is not known a priori, it is modeled as a random variable. We assume that an
average demand-generating distribution exists for each basic unit over the planning horizon so that
i ®y; 8v 2 V. Let Vg be an additional vertex that represents the depot and is connected to all
other nodes. Let also II( ) be the set of all routes that satisfy the demand requests of a district d
while starting and finishing at the depot, and denote by dist( ) the total travel distance of a route
2 II. Given a set of demand requests , the minimum transportation costs are achieved by the route
that visits all demand locations with minimum distance starting and ending at the depot so that

TSP(d; )= min dist( ):
(d; ) rznl?)ls()



The district cost can be computed through a Monte Carlo evaluation by sampling a large set of
demand scenarios and solving multiple independent TSPs. This evaluation is costly for large cities
and districts. Therefore, evaluating the cost of a districting solution is hard even if districts can be
evaluated in parallel.

Districting. The districting and routing problem minimizes the sum of all district costs. Let
Crsp (d) denote the cost of a distridt A districting problem can be formulated in a general form as
X
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where 4 is a binary variable that tracks whether a district is selected. Consttdipstates that each
BU is selected in exactly one district of the solution. Constrélin) speci es that exactlk districts
are selected.

Additional constraints on the districts can be readily added to the problem. For instance, districting
and routing typically aim to obtain districts close to a target siaad include constraints on the
minimum and maximum size of a district. Probléfr) can be formulated over a restricted set of
districtsD" D that satisfy the minimum and maximum size constraints. Formally, it ensures that
8d2D";d j dj d,where(d;d) are user-speci ed upper and lower bounds on the district size.

Although seemingly simple, Formulatigh) has an exponential number of variables. The number of
feasible connected districts of sizevithin a geographical area comprisihgBUs is on the order of
Oo((e( 1) 1:%) where is the maximum number of neighbors for a given BU (Komusiewicz
and Sommer, 2021). For instance, a cityNof= 120 BUs and a target size of= 20 with =13

has on the order df0?® possible connected districts. The districting-and-routing problem has also
been shown to be NP-hard by Ferraz et al. (2024). Hence, solving Pr¢bjéooptimality is only
possible for small problem sizes.

Existing approaches. For real-world cities, evaluating a district's cost is too computationally
demanding to be performed at each step of a search algorithm. Existing methods replace the
cost Crsp (d) with a surrogate cost estimator. The de ning aspect of existing methods is the
speci ¢ model used to estimate the routing costs. Most approaches are based on the formula
of Beardwood—Halton—Hammersley (BHH), which estimates the distance to connect randomly
distributed points (Beardwood et al., 1959). This formula has been embedded into a hybrid search
method combining a gradient method and a genetic algorithm (Novaes et al., 2000) and an adaptive
large neighborhood search metaheuristic (Lei et al., 2015). Extensions of the BHH formula include
Daganzo (1984), who adapted it for routing problems, and Figliozzi (2007) who extended it further
for non-uniformly distributed demand requests. Recent works have shown that the BHH formula
estimates stochastic TPS costs remarkably well empirically against more sophisticated regression
functions for uniform distributions (see, e.g., Kou et al., 2022). Most closely related to our work,
Ferraz et al. (2024) trained a GNN to predict district costs and embedded it in an iterative local
search algorithm. They focused on solving single districting instances but did not investigate the
generalization capabilities of their approach.

In contrast to the literature, we learn to approximate districting problems by using a surrogate
optimization problem trained in a decision-aware fashion. An advantage of this framework is that it
applies to a wide range of constrained partitioning problems: it can work with any general districting
cost functionC(d). Hence, it could readily consider other metrics such as fairness, balancing and
compactness of the district.

Multi-instance learning and generalization. Often, practitioners do not solve a single districting
problem but study a family of problems with varying settings and parameters. Because there is a
substantial effort needed to train a model, our goal is to obtain a pipeline able to solve multiple
instances of districting. In our setting, generalizing over multiple instances means being able to
generalize across:

« Cities each city has unique geographical and social characteristics, which affect the optimal
districting solution. Our model should be able to identify the impact of these differences on districting
and provide high-quality solutions for different cities.



« Instance sizeshe model should be able to handle instances with a different (typically larger)
number of BUs than it was trained on. Since the training effort increases with the number of BUs,
this allows solving large instances with a small training budget.

« Problem parameterghe model should be able to generalize to slight variations in the problem
parameters, such as the minimum and maximum size of districts.

3 DisTRICT NET: From CMST to Districting

DiISTRICTNET takes as input a labeled graph containing all the data of an instance. A graph neural
network , turns this labeled graph into edge weights. These weights parameterize a CMST instance,
which is then solved using a dedicated algorithm. The CMST solution is then converted into a
districting solution.

The rst component oDISTRICTNET is a GNN , : R% | R that assigns a weight to an edge
depending on its feature vector. Applying this model to all edges of an instance returns a vector of
edge weights 2 RIBI. Our model is made of two components: graph convolution layers that learn
latent representations of graph edge features, and a deep neural network that converts these latent
representations into edge weights.

The GNN is made ofE graph convolutional layers that update the features of edges through message
passing. Following Morris et al. (2019), the update rule at ttrelayer is given by

1 X
h(|+1) - W(|)h(|) + - i W(I)h(l) . 2
e 0 e JN (e)] i2N (e) 1 | ’ ( )

whereh{’ is the feature vector of edgeat thel-th layer, is a non-linear activation function,

W, andW; are learnable weight matrices, aNde) is the set of neighboring edges of an edge
Convolutional layers allow to capture the structure of the graph while being able to apply the
prediction model to any graph size and connectivity structure. After the convolutional layers, a fully
connected deep neural network transforms the latent representation produced by the GNN into an
edge weight.

3.1 Combinatorial Optimization Layer

The second component BfisTRICTNET is the CMST layer parameterized by the vector of edge
weights . This layer acts as a surrogate for the original districting problem. The CMST is a well-
studied graph optimization problem based on the minimum spanning tree problem. A minimum
spanning tree is the subset of edges of a weighted graph that spans all vertices of the graph while
minimizing the sum of the weight of its edges. Classically, the CMST extends this problem with the
constraint that the number of vertices in each subtree does not exceed a predetermined capacity.

LetT be the set of connected subtrees with minimum and maximun{dijz8. We consider that an
edgeeis in a subtree if both its extreme points are inside the subtree. The CMST problem with a
target number of subtrees is then given by

_ X X
anc?:llrém or S e (3a)
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st S k: (3c)

Formulation(3) highlights the strong link between the CMST and the districting problef)in

Both problems partition a graph into connected components with cardinality constraints. Any CMST
solution can be converted into a districting solution by collecting all the nodes of a subtree into a
district. Since several subtrees lead to the same district, this is a surjective mapping from the space
of subtreed to the space of district®. This also implies that, for any districting problem, there
always exists a CMST problem such that their optimal solutions coincide.

Solving the CMST. Solving CMST problems is much more amenable than solving districting
problems since it is a single-stage optimization problem with a linear objective. However, it remains



a combinatorial problem. Several methods have been proposed to solve it, ranging from expensive
exact methods to quick heuristics.

DisTRICTNET is agnostic to the choice of CMST solver. In our experiments, we use the exact
formulation in(3) to solve small instances to optimality, and we apply an iterated local search (ILS)
heuristic for large instances. ILS alternates between two steps: (i) a local improvement step that
guides to a local minimum, and (ii) a perturbation step to diversify the search. A key component of
the algorithm is the initial solution. Randomly allocating BUs to districts is unlikely to return feasible
solutions and, even when it does, it often leads to very poor solutions. Here, we use a modi ed
Kruskal algorithm to exploit the structure of the CMST and quickly nd a good initial solution. The
details of our implementation of the ILS are given in Appendix A.

4 Training DISTRICT NET by imitation

DIsTRICTNET is trained to imitate the solutions of a training set; | in=1' Each instance; =

(Gi;fi) is a labeled graph witks; = (V;; E;) the instance graph arfigd = €2 R% ; 8e2 E;
the set of edge feature vectors. A target districting solutiois associated with each instange
Since producing optimal or near-optimal districting problems is hard, building this training set is
expensive. Thus, we train our model on a dataset of small instances with the hope that it generalizes
well on large instances. Trainingi®rrICTNET by imitation amounts to solving

n’ L w(xi)

min wiXi)VYi s
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whereL : (;y) 7'L (; y) is aloss function that quanti es the distance between a CMST solution
corresponding to the edge weightwiith a target CMST solutioy. However, our training set does
not contain any CMST targets but only districting targets. TraifdngTRICTNET is thus achieved
by three main steps: (i) introducing a new embedding of CMST solutions, (ii) converting districting
targets ; into CMST targety;, and (iii) de ning a suitable loss function with desirable properties
and deriving its gradient.

4.1 Embedding and target solutions

A CMST solution is entirely characterized by its edges. We can therefore build an emb&dding
the setV of solutions of the CMST problem given if3) in RIEl asY = y( ): 2 Vgwhere

Y( )= Vel ) g @ndye( )= 1 s1(e2s). We can then reformulate Problem (3) as
max ~y; 4)

where, with a slight abuse of notation, we changed the problemifingnto max, which is without
loss of generality. Sinc¥ is nite, its convex hullCis a polytope. Therefore, the linear program
given bymax ,c > is equivalent to Problertd). The change of notation from a vertgxo a
moment emphasizes that takes values inside the convex h@l We now use the shorthand
notation ( ) to denote an optimal solution Brgmax ,¢

From Districting to CMST. As discussed previously, there is a surjection from the space of CMST
solutions to the space of districting solutions. Given a target districting solutiase denote by ( )
the set of feasible CMST solutions that lead to

To recover a target CMST solution, we introduce the constructor algoAthm 7! y that maps a
districting solution to a CMST solutiory 2 Y ( ). This algorithm can be randomized. For instance,
Di1sTRICTNET constructs districting solutions by solving a minimum spanning tree problem with
random edge weights for each distric . This can be ef ciently done by applying Kruskal's
algorithm in parallel for all the selected districts.

Finally, we de ne our target CMST solution2 C as

= Elyj; Al ®)
which is taken as an expectation over the realizations of the randomized algéritfihis allows

us to convert our training sei;; | into fx;; iginzl and enables traininBISTRICTNET by

n
S i=1
Imitation.



4.2 Fenchel-Young loss and stochastic gradient

Let be atarget CMST solution. We wabtSTRICTNET to minimize the non-optimality of ( )
compared to the target, that is, minimizing the losmax ,c ~ > . Minimizing this loss
directly does not work because= 0 is a trivial optimal solution. However, given a smooth strictly
convex regularization functiorf y), we can de ne the regularized problem (Blondel et al., 2020)

max () ©)
and the smoothed version of the non-optimality loss as:
Lev(5 ) =max ~ () ¢ () (1)

Denote by () the Fenchel conjugate of, the regularized loss in Equation (7) is equal to
Lev(; )= ()+( ) > (Dalleetal., 2022), which we recognize as the Fenchel-Young
inequality (Blondel et al., 2020). Fenchel's duality theory then ensures that this loss has desirable
properties. Notably, it is convex in non-negative, equal @only if y is the optimal solution of6),

and its gradient can be expressed a& (; ) =argmax ,c () .

Practically, it remains to choose a suitable regularization functionVhen using a black-box
oracle, a convenient choice that exploits the link between perturbation and regularization (Berthet
et al., 2020; Dalle et al., 2022) is to de né ) as the Fenchel dual of the perturbed objective
F()= E max oc ( +Z)> , whereZ is a random variable with positive and differentiable

density onRI®I. In that case, the gradient of the Fenchel Young loss with respectém be
computed as (Berthet et al., 2020)

rLe(; )=Ez[ ( +2)] (8)

A s&pchastlc gradient can therefore be conveniently computed usmg the Monte Carlo approximation

= -, argmax ,c( + Zp)~ for the expectation, Wherfimgm -, are sampled perturbations.
If Alis randomlzed we also use a Monte Carlo approximation to estimate

Summary. The novelty of our approach lies in our reconstruction of a CMST momdram a
districting solution , which can be seen as a partially speci ed targeflternatives in the literature
generally consider completing the partially speci ed solution into the fully speci ed solution that
minimizes the Fenchel Young loss (Cabannnes et al., 2020; Stewart et al., 2023). Our approach has
the advantage of leading to the classic Fenchel Young loss, which is convex, whereas the in num loss
of Stewart et al. (2023) is only a difference of convex functions.

5 Numerical Study

We now evaluate the performance®iSTRICTNET on real-world districting and routing problems.

We run repeated experiments and compare our approach to other learning-based benchmarks. We
investigate the following aspects &fisTRICTNET: (i) its ability to generalize to large out-of-
distribution instances from training on a few small instances, (ii) to variations in the instance
parameters such as the district sizes, (iii) the role of the CMST surrogate model to allow this
generalization.

Our experiments are implemented in Julia (Bezanson et al., 2017) except for the district evaluation
methods, which are taken from Ferraz et al. (2024) and implemente#+nAll experiments are run

on a computing grid. Each experiment is run on two cores of an AMD Rome 7532itAHz and

is allocatedl6 GB RAM. The code to reproduce all experiments presented in this paper is publicly
available atttps://github.com/cheikh025/DistrictNet under an MIT license.

5.1 Experimental Setting

Our instances include all the real-world cities in the United Kingdom used by Ferraz et al. (2024) and
we extend it with additional cities in France. Hence, our test set contains seven real-world cities in
the United Kingdom and France (Bristol, Leeds, London, Lyon, Manchester, Marseilles, and Paris),
which contain betweeh20and983BUs. Our goal is to provide high-quality solutions for several



values of the target district size This target size sets the bour(dsd) on the district sizé¢ 20%
and the target number of districtslas bN=tc.

Features.Each BU is summarized by a set of characteristics including its population, density, area,
perimeter, compactness, and distance to the depot. For test instances, these summarizing statistics are
taken from real-world data. The edge feature vector is constructed by averaging the feature vectors
of the two BUs it connects. Additionally, we include the distance between the center of the two
connecting BU into the edge feature vector. Thus, an instance is fully described by its geographical
and population data.

Training set. To assemble a large and diverse training set, we generate new cities by perturbing
real-world ones. First, we read the geographical dagra€al-world cities in England (excluding the
ones from the test set). From these initial cities, we generatd 00 random connected subgraphs

of sizeN = 30 BUs and sample the population of each BU according to a hormal distribution
N (8 000, 2 000)truncated betweeh000and20 00Q For each instance , we compute its optimal
solution for the target size= 3 by fully enumerating the possible districting solutions and evaluating
their costs. This procedure generates our training set=ofL00 instances and associated solutions.

Benchmarks. We evaluate our method against four benchmark approaches that are based on learning
estimators of district cost€tsp (d). They can be combined with any search method. In these
experiments, they are also integrated within an ILS with a time lim&Gofin.

We include (i) the method of Daganzo (198BX), (ii) the method of Figliozzi (2007)KIG), (iii) the
method of Ferraz et al. (2024PReEDGNN), and (iv) a deterministic approximation of the stochastic
districting problem calledA\vGTSP. The rst two approaches are extensions of BHH's formula and
therefore are simple linear regression models. The third benchmark is based on training graph neural
networks to estimate the district costs. Ferraz et al. (2024) train a GNN model to predict district costs
for a xed city and set of problem parameters and show that this approach outpeB@rasdFIG.

Since our focus is on generalization to multiple cities and problem parameters, our implementation
extends the one of Ferraz et al. (2024): we train a single GNN using data from multiple small cities
and evaluate its ability to generalize out-of-distribution. In contrAstG TSP estimates district

costs by solving a TSP over the barycentres of all BUs within a district. This is a single-scenario
approximation of the original stochastic districting problem that considers the expected demand
realization in each BU.

The above benchmarks do not use a surrogate optimization model. Instead, they are trained in a
traditional supervised learning fashion: to minimize the cost-estimation error on a training set of
10 000districts and true costs taken from the same training instancessaR @ TNET.

The details of our simulation setting, implementation, and additional experimental results are provided
in the appendix.

5.2 Main results

We evaluate the ability of the different methods to generate good solutions on a diverse set of out-
of-distribution instances. All methods are evaluated using the same performance metric: the total
districting costCrsp (d) of a districting solution as presented in Problél)) where the expected

costs are evaluated using a Monte Carlo approximation. We restrict the cibes 20 BUs and

vary the target district size2 f 3; 6; 12; 20; 30g for each of our seven test cities. This provides a set

of 35test instances, completely independent of the training data. The results are presented in Table 1
in the form of an ablation study. The table shows the relative difference in average costs achieved
by each method on the test instances and the statistical signi cance is assessed using a one-sided
Wilcoxon test. Example districting solutions are also given in Figure 2.

Table 1 shows thdDISTRICTNET consistently outperforms the benchmarks as it produces districting
solutions with signi cant cost reductions of aroui®% compared to all other methods. The
benchmarks all provide similar performance, eRREDGNN, which uses a graph neural network

but does not use structured learning. This highlights the abiliisfrRICTNET to generalize across
various city structures and for larger instances thanks to the combination of a graph neural network
and a differentiable optimization layer.

Result 1. DISTRICTNET can solve a large family of districting problems with varying geographical
and population data as well as varying problem parameters.
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