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Abstract

Federated Learning (FL) has emerged as a promising paradigm for collabora-
tive machine learning, while preserving user data privacy. Despite its potential,
standard FL algorithms lack support for diverse heterogeneous device prototypes,
which vary significantly in model and dataset sizes—from small IoT devices to
large workstations. This limitation is only partially addressed by existing knowl-
edge distillation (KD) techniques, which often fail to transfer knowledge effec-
tively across a broad spectrum of device prototypes with varied capabilities. This
failure primarily stems from two issues: the dilution of informative logits from
more capable devices by those from less capable ones, and the use of a single
integrated logits as the distillation target across all devices, which neglects their
individual learning capacities and and the unique contributions of each device.
To address these challenges, we introduce TAKFL, a novel KD-based frame-
work that treats the knowledge transfer from each device prototype’s ensemble
as a separate task, independently distilling each to preserve its unique contribu-
tions and avoid dilution. TAKFL also incorporates a KD-based self-regularization
technique to mitigate the issues related to the noisy and unsupervised ensemble
distillation process. To integrate the separately distilled knowledge, we intro-
duce an adaptive task arithmetic knowledge integration process, allowing each
student model to customize the knowledge integration for optimal performance.
Additionally, we present theoretical results demonstrating the effectiveness of
task arithmetic in transferring knowledge across heterogeneous device prototypes
with varying capacities. Comprehensive evaluations of our method across both
computer vision (CV) and natural language processing (NLP) tasks demonstrate
that TAKFL achieves state-of-the-art results in a variety of datasets and settings,
significantly outperforming existing KD-based methods. Our code is released
athttps://github.com/MMorafah/TAKFL.

1 Introduction

Federated Learning (FL) has rapidly gained traction as a promising approach to train machine learn-
ing models collaboratively across multiple devices, while preserving the privacy of user data. Stan-
dard federated learning methods, such as FedAvg [33], however, are primarily designed for un-
realistic device-homogeneous scenarios, where all devices are assumed to have identical compute
resource and can train the same neural network architecture [28, 33, 49, 21, 27, 48, 31]. Therefore,
standard FL cannot support the participation of heterogeneous devices, all of which could signif-
icantly contribute to model training due to their unique and invaluable local datasets. To address
this gap, knowledge distillation (KD) techniques have emerged as a promising approach to establish
federation among heterogeneous device prototypes and facilitate knowledge transfer between them.
In this approach, locally updated client models from different device prototypes, collectively termed
as ensembles, serve as teachers to distill their knowledge into each device prototype’s server student
model using an unlabeled public dataset.
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Despite their success, however, existing KD-based methods for device heterogeneous FL are primar-
ily designed for scenarios where device prototypes are in the same-size with similar capabilities, i.e.
same model and dataset sizes. However, in practice, device capabilities vary widely, ranging from
small devices like IoTs with small models and small datasets to large devices like workstations with
large models and large datasets. This diversity, often overlooked in the existing literature, results in
device prototypes with varying strengths and information qualities. Unfortunately, existing methods
struggle to establish effective knowledge transfer in these challenging, real-world device heteroge-
neous settings, primarily due to two reasons: (D Existing methods often disregard the individual
strengths and information quality of each device prototype’s ensembles and integrate their logits
into a single distillation target. This approach dilutes the richer, more informative logits from larger,
more capable devices with less informative logits from smaller, less capable ones. (2) Additionally,
these methods employ this single integrated distillation target to transfer knowledge across all dif-
ferent size student models. This one-size-fits-all approach fails to provide customized knowledge
integration based on the unique learning capacities of each student and the specific helpfulness of
each device prototype’s ensembles.

Moreover, the heterogeneous ensemble distillation process can inadvertently lead student models
into erroneous learning directions, causing them to forget their self-knowledge acquired through
averaged locally updated parameters. This issue arises primarily due to two reasons: (D The distilla-
tion process introduces noise, as the ensembles’ logits are inferred on an unfamiliar public dataset,
distinct from their original training data. Additionally, the presence of data heterogeneity and the
insufficient training of some ensembles, due to computational constraints, can further exacerbate
this noise. ) The distillation process lacks supervision from the actual private datasets, which are
the ultimate learning objectives. Consequently, these factors, combined with the limitations outlined
earlier, result in suboptimal knowledge transfer in device heterogeneous settings. This underscores
the urgent need for a more effective knowledge transfer framework.

In this paper, we introduce TAKFL, a novel “Task Arithmetic Knowledge Transfer Integration for
Federated Learning” framework, designed to overcome the fundamental limitations in the existing
methods and improve knowledge transfer in scenarios where device prototypes vary in size—both
model and dataset—and consequently, in strength. TAKFL treats knowledge transfer from each
device prototype’s ensembles as separate tasks, distilling them independently to ensure that each
prototype’s unique contributions are accurately distilled without interference. To tackle the chal-
lenges associated with noisy and unsupervised ensemble distillation, we incorporate a KD-based
self-regularization technique into this individual knowledge transfer process. Subsequently, to se-
lectively integrate the separately distilled knowledge from heterogeneous prototypes’ ensembles, we
introduce an adaptive task arithmetic knowledge integration method by extending the notion of task
vectors from centralized learning to federated learning. Our approach enables the student model
to strategically customize the knowledge integration process based on the quality of knowledge
from each prototype’s ensembles and its intrinsic capacity, aiming to achieve optimal performance.
We present theoretical results, grounded on the established theoretical learning properties of over-
parametrized neural networks, that conceptualize knowledge distillation as the allocation of device
prototypes’ capacities to accurately fit the chosen logits. These results demonstrate the advantages
of employing task arithmetic for knowledge transfer in terms of overall accuracy, coverage, and effi-
ciency, as well as the adaptive knowledge integration based on the capacity of the student prototype.
Furthermore, we comprehensively evaluate our method across both computer vision (CV) and nat-
ural language processing (NLP) tasks, utilizing various datasets and architectures, and demonstrate
that TAKFL consistently achieves state-of-the-art (SOTA) performance.

The contribution of our paper is as follows:

1. We formalize and review the important considerations of the problem statement of federated
learning with heterogeneous device prototypes.

2. We introduce TAKFL, a novel KD-based method designed to overcome the fundamental limita-
tions of existing approaches, effectively facilitating knowledge transfer across diverse heteroge-
neous device prototypes with varying capabilities.

3. We present the first theoretical model for device heterogeneous KD, and demonstrate the effec-
tiveness and efficiency of TAKFL compared to the standard alternatives that do not adapt to the
student’s self-knowledge quality and available learning capacity.

4. Our comprehensive experimental evaluations on both CV and NLP tasks, spanning various
datasets and architectures, reveal that TAKFL consistently achieves SOTA performance, out-
performing existing KD-based methods.
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Figure 1: Overview of our approach and its distinction from prior works. (a) This figure il-
lustrates the vanilla ensemble distillation process, where logits from ensembles of various sizes are
averaged and used as the distillation target across all prototypes. This approach leads to the dilution
of information and suboptimal knowledge transfer (refer to Sections 6 and 7 for details). (b) This
figure depicts our approach, TAKFL, which treats knowledge transfer from each prototype’s ensem-
ble as a separate task and distills them independently. Additionally, a KD-based self-regularization
technique is introduced to mitigate issues related to the noisy and unsupervised ensemble distilla-
tion. Finally, the heterogeneously distilled knowledge is strategically integrated using an adaptive
task arithmetic operation, allowing for customized knowledge integration based on each student pro-
totype’s needs.

2 Related Works

Device Heterogeneous FL. Prior works on device heterogeneous FL have considered two distinct
approaches with different objectives and settings. The first array of studies focuses on accommo-
dating devices with varying compute resources, aiming to train a single global model. Techniques
such as static and rolling-based partial model training allow devices to train a sub-model of the
global model tailored to their compute resources [11, 18, 3, 1]. However, this approach does not
fully reflect real-world scenarios. In practice, device prototypes such as [oTs and smartphones have
unique neural network architectures designed for their specific configurations and underlying tasks,
which may not support training varying neural architectures. This highlights a significant limitation
in accommodating the full spectrum of device heterogeneity in this approach. The second array of
studies addresses a more practical scenario where device prototypes with heterogeneous model ar-
chitectures participate in FL to enhance their global model performance through mutual knowledge
sharing [30, 43, 6]. In this context, KD techniques are used to transfer knowledge among prototypes,
where locally updated client models, termed as ensembles, serve as teachers to distill their knowl-
edge into each server’s student model using an unlabeled public dataset. For example, FedDF [30]
uses vanilla logit averaging, while Fed-ET [6] applies an uncertainty-weighted logit averaging, en-
hanced by a diversity regularization technique. However, existing works typically focus on settings
where prototypes have similar capabilities—both model and dataset sizes—and thus neglecting the
challenges in more diverse settings with varying capabilities. This oversight leaves their effective-
ness in such settings largely unexplored. In this paper, we aim to study the underexplored diverse
heterogeneous device settings. See Appendix A for a more detailed discussion on the related works.

Model Editing via Task Arithmetic. Traditional methods for model editing often involve expen-
sive joint fine-tuning across multiple tasks, which can limit scalability and democratization [62].
Recently, a promising technique called task arithmetic has emerged as a cost-effective and scal-
able method for updating pre-trained models with new information or refining undesired behav-
ior [53, 37, 32]. The concept of “task vectors” introduced by Wortsman et al. [53] plays a pivotal
role in these techniques. For any given task t, a task vector is derived by subtracting the model’s
pre-trained weights pre from its fine-tuned weights }t ontaskt,ie. ¢ = ¢ pre. These task
vectors act as unique representations for specific tasks. Furthermore, researchers have demonstrated
that by sumn]i_l;g multiple task vectors f ¢g{_;, and integrating them into a pre-trained model via
T

= pret t—1 t one can effectively create a model capable of handling multiple tasks [53, 57].
To the best of our knowledge, this work is the first to extend the notion of task vectors to the federated
learning setting, introducing a task arithmetic for knowledge distillation across diverse heteroge-
neous device prototypes.



3 Problem Statement: FL with Heterogeneous Device Prototypes

Consider a cross-device FL setup with a set of M distinct device prototypes M, i.e., M = jMj.
Each device prototype m;j 2 M has a distinct neural network architecture f1(; 1) parameterized
by J 2 R™ and a set of clients CJ, w1th NJ = jClj clients in total. Each client ¢, 2 CJ has a
local private dataset DJ = f(x;; y.)gI , where Nj.x = ij(J and locally trains the parameters J
of the neural network architecture 1 on its local dataset. Furthermore, denote DJ = [cci DJ to be
the union of the private datasets for device prototype j. We assume DI D, thatisa subsample
from %e population distribution DJ and similarly DJ DJ The union of the private datasets, i.e.
D= jem DJ, is sampled from the entire populatlon D, Wthh is defined as an unknown mixture
of the dlstrlbutlons each device prototype sampled its data from, 1I§, generlcallbno'g,l i d We
formalize this as a mlxturﬁ.,of local clients data population, i.e., D = j:DI = i okl ka,
where 0 lj  land j, lj =1, and B is unknown.

The ultimate objective is to minimize the test error and thus enable accurate inference for each device
prototype J, aiming to obtain the optimal parameters for the population dataset:

_ - S -
argmin E py)~ol (F (<; 1);y)] = argmin HcE eyt (O YY) (1)
! 1 j=1k=1
where “(; ) is the sample-wise loss function (e.g. cross entropy for image classification) and we

decompose by total population loss with the linearity of expectation in the mixture. See Fig 4b for a
visual illustration of heterogeneous device prototype FL.

4 Background: Federated Ensemble Distillation

To address the limitations of standard FL in device heterogeneous settings, Lin et al. [30] proposed
ensemble knowledge distillation to transfer knowledge between heterogeneous device prototypes in
FL. This procedure consists of two stages: (1) local per-prototype FL, and (2) server-side vanilla
ensemble distillation. The details of each stage discussed in the following paragraphs.

Local Per-Prototype FL. In this context, at each round r a subset of clients Cl from each device
prototype j 2 M is randomly selected by the server and download their corresponding model ini-
tialization 1. Each client CJ 2 Cl, starting from this model initialization, locally train the model f
on its local prlvate data DJ by taklng multiple steps of stochastic gradient descent. Then, they send
back their updated parameters £ kg#fcj to the server. The server aggregates the received clients

parameters, and computes g“,g = ech % b,’( In classic federated learning formalism,
" kact
the parameters 1,4 satisfy, _
X :
vg 2 argrjnln E xy)~pl “(Fx T)y) (2)
k=1

Vanilla Ensemble Distillation. In this stage, each server model 1 gets initialized with 1, and
undergoes updates using ensemble knowledge distillation. Here, heterogeneous client models from
heterogeneous device prototypes, collectively termed as ensembles, serve as teachers, i.e. T =
£fi(; b)ji 2 M;k 2 C'g, transferring their knowledge to each server student model, i.e. S :=
fi(; 1. For simplicity, we drop the index for each server student model, denoting it as S. The
ensemble distillation loss using a mini-batch of data from an unlabeled public dataset, i.e X 2
DPUblic can be defined by the following equation:

1 X
Lgp = KL — F(xX) ; (5(X) ; (AvgLogits) 3)
JT ] FeT

where () is the softmax function. As illustrated in Eq. 3, vanilla ensemble distillation treats all
heterogeneous device prototypes’ ensembles equally by uniformly averaging their logits. This way
of knowledge integration overlooks the individual strengths and informational value of each pro-
totype’s ensembles. As a result, the richer, more informative logits from stronger ensembles are
diluted by less informative logits from weaker ensembles, leading to information loss. Furthermore,



this averaged logits is used as the distillation target across different-sized student models, irrespec-
tive of their intrinsic capacity and the helpfulness of each prototype’s ensembles. Consequently, this
leads to suboptimal knowledge transfer in device heterogeneous FL. See Section 6 for theoretical
analysis and Section 7 for experimental observations.

5 Task Arithmetic Knowledge Transfer and Integration

In this section, we introduce TAKFL, designed to overcome the fundamental limitations of previous
approaches and enhance knowledge transfer across diverse heterogeneous device prototypes, which
vary in size—in terms of both model and dataset size. TAKFL consists of two main components:
(1) individually transferring knowledge from each device prototype’s ensembles, and (2) adaptively
integrating knowledge via task arithmetic. Detailed descriptions of each component are provided in
Section 5.1 and 5.2, respectively. An illustrative overview of TAKFL is presented in Figure 1b, and
the full algorithm is detailed in Appendix B, Algorithm 1.

5.1 Knowledge Transfer from Individual Device Prototype

We begin by discussing our proposed knowledge transfer framework from each individual device
prototype’s ensembles. This process consists of two main components: ensemble knowledge trans-
fer and self-regularization, each detailed in the subsequent paragraphs.

Ensemble Knowledge Transfer. Vanilla ensemble distillation integrates the knowledge of vary-
ing strength ensembles by uniformly averaging their logits. This approach can potentially trans-
form or even degrade the overall quality of the knowledge being transferred, leading to suboptimal
knowledge transfer. To effectively distill the unique knowledge and contributions of each proto-
type’s ensembles, and to avoid dilution, information loss, and interference from other prototypes’
ensembles, we propose transferring the knowledge from each prototype’s ensembles separately and
independently.

Specifically, let’s consider T; := FF'(; b|'()j k 2 C'g denotes the ensembles of device prototype
i as teacher and Sj denotes the server student model of the device prototype j. Without loss of
generality, we refer to each device prototype’s server student model as just student denoted as S.
Therefore, the knowledge distillation loss between the teacher ensembles T; and server student S
(T; ¥ S)is defined below: >
LE =KL = F(0 5 (SG) ¢ @)
KD iTii ; :
FeTi

Scaffolding Student from Noisy Ensemble Distillation. The ensemble distillation process may
adversely impact the student, causing it to forget its own knowledge acquired through averaged
locally updated parameters and be drifted into erroneous directions. This is primarily due to two
key factors: (1) The ensemble distillation process introduces noise, mainly because the ensembles’
logits are inferred on an unfamiliar public dataset they have not been trained on. These ensembles
are originally trained on local private datasets, which usually differ from the unlabeled public dataset
used for distillation. Moreover, other factors such as the presence of data heterogeneity within FL
and insufficient training of some ensembles due to limited computational resources can exacerbate
this noise, particularly in the initial rounds of federation. (2) The ensemble distillation process lacks
supervision from the actual private datasets, which is the ultimate learning objective.

To scaffold the student models from the noisy and unsupervised distillation process, which may
cause them to drift into erroneous directions and forget their invaluable self-knowledge, we introduce
a KD-based self-regularization technique. Our self-regularization technique mitigates these issues
by enforcing similarity between the logits of the student and its initial logits (when the student is
initialized with averaged parameters) using KL divergence loss defined below:

LS =KL (S(X av)); (S() : ®)

Overall Knowledge Transfer Objective. The overall knowledge transfer objective from teacher
ensembles T; of device prototype i to the student S is the combination of the ensemble knowledge

distillation loss L7K—‘DS (Eq. 4) and the self-regularization loss L' (Eq. 5) defined in the following:
Ti — Ti9)S self.
L =L+ Lg: (6)
Here, is a hyperparameter controlling the effect of self-regularization term. We associate the
knowledge transfer from each device prototype i to a task T; with the loss L?.



5.2 Task Arithmetic Knowledge Integration

Herein, we delve into the details of our proposed method for

customized integration of the separately distilled knowledge

from heterogeneous ensembles. Drawing inspiration from

recent advances in model editing via task arithmetic [53],

where a pre-trained model's knowledge can be edited via task-

speci ¢ vectors using arithmetic operation, we propose a novel

customizable knowledge integration method via task arith-

metic. To do so we extend the notion of task vector fro

centralized learning to federated learning. We conceptual@@ure 2: Analogy between task
the averaged locally updated parameters, ig,, as a “pre- VECIOr in centralized -leaming
trained”, similar to those in centralized learning, and the p&Pd federated leaming.

rameters of the distilled model via knowledge transfer objective (Eq. 4), denotegigss , as a
“ne-tuned” version of the model (see Fig. 2). Consequently, the task vegtassociated with the
knowledge transfer taslk;‘ can be de ned by subtracting the distilled parameters from the averaged
locally updated parameters as follows:

i = disled avg (7
Essentially, task vectors serve as unique representations for the transferred knowledge from each
prototype's ensembles to the student and encapsulate the distinct contributions of each prototype's
ensembles to the student model. To selectively merge the knowledge of each prototype' ensembles
into the student, we employ an adaptive task arithmetic operation as follows:
X
merged = avg T i (8)
i2M
phere ; denotes the merging coef cient associated with task vectoand they sum to one, i.e.

i»m i = 1. The merging coef cients determine the extent of knowledge integration from each
prototype's ensembles. Essentially, they enable the student to have customized knowledge inte-
gration to achieve maximum performance. The student can determine these merging coef cients
based on its own learning capacity and the relative knowledge and helpfulness of other device proto-
types' ensembles. This approach provides an effective, low-cost, and scalable knowledge integration
strategy in settings with diverse device heterogeneity. In our experiments, we considered this as a
hyperparameter and tuned it manually or determined it using held-out validation sets which achieves
similar results. More details can be found in Appendix F.3.

6 Theoretical Results

We present a theoretical understanding on the ef cacy of knowledge distillation in device heteroge-
neous FL. We argue that vanilla ensemble distillation (VED) diffuses the information from logits,
which presents a notable disadvantage for solving (1). This effect is particularly pronounced when
the teacher ensembles are from a device prototype of small capacity, and the student model is from a
device prototype of large capacity. By contrast, our proposed method of task arithmetic knowledge
integration, mitigates the drawbacks of VED and is able to simultaneously incorporate information
from differently sized heterogeneous ensembles, ef ciently lling up the capacity of each student
with the most informative knowledge, achieving optimal knowledge transfer.

Assumptions and Preliminaries. Standard practice, including the setting in consideration as well
as the numerical experiments here, involeegrparametrizecheural networks, that is, the total
number of weights far exceeds the training sample size. This implies that the set of weights that
minimize the loss is non-unique, and moreover, it has been argued that they form a submanifold [8].
This submanifold structure of solution sets will provide the critical source of understanding the
subsequent results. In particular, we shall consider knowledge distillation as lling up the capacity
of device prototypes' models with basis vectors corresponding to submanifolds that minimize as
many device prototypes' data distributions as possible.

Since we are interested in server-side distillation across heterogeneous device prototypes, we assume
optimal conditions at the local per-prototype FL level, meaning that the perfect solution for local
per-prototype FL is achieved. The formal details of the assumptions and statements are presented
in Appendix C. In these Propositions we assume that the prototgpdj datasets are disjoint, i.e.
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DI\DJ = ;,and” |*, D' = D. We show that the other cases are trivial and uninteresting in the
appendix.

Proposition 1. (information loss in VED, informal). Consider the VED procedure in the form of
solving(3). Consider two device prototypes with a device capacity and solution dimensinQf
andW1; W2, respectively, and with associated eigenba®&3N'. DenoteW ' ;i;j = 1;2 asthe
capacity allocated by studehtn order to distill knowledge from teachgls logits.

1. Case 1:When the capacities are the same, thais= Q% andW?! = W2 = Wk2 = W21
then with VED, there will be some capacity, in the sense of eigenspace, of student prototypes that
will be allocated with parameters that do not minimize the student's its own data distribution.

2. Case 2:Assume tha@Q! > Q2 andW?! = W%2 > W 2. Then the phenomenon as for Case
1 holds. Moreover, there will be some capacity of student 1's model that will be allocated with
parameters that do not minimize either of the teacher or student prototype's data distribution.

An interesting key mechanism of the proof is that when VED is applied in distilling logits from a
small device prototype to a large one, the modeling capacity 6 is structurally reduced to that
of W2 <W 12 j.e., itis an operation wasteful of the potential model capacity.

Remark 1. This proposition proves that in general, VED is prone to diffuse knowledge already
present in students, and leads to inef cient and inaccurate use of model capacity. Furthermore,
under the case that device prototypes have different capacities, VED ends up leading to more er-
ronous models entirely as the small information within the small teacher is transferred onto a larger
capacity target.

Proposition 2. (improve knowledge transfer with task arithmetic, informalfonsider the TAKFL
procedure as in the form of computiri§). Consider two device prototypes with a device capac-
ity and solution dimension d®*; Q% and W1; W2, respectively, and with associated eigenbases
Q'; W',

1. Case 1:In the case that tha®* Q2 andW?! W?2, it holds that the TAKFL with prototype

1 ?s student preserves the eigenbasis associated to the parameters used to accurately t the data

D-.

2. Case 2:Assume thaQ! = Q2 andW?! = W?2. TAKFL yields a solution for the student that is
at the intersection of the subspaces corresponding to minimizing the two data distributions.

3. Case 3:Assume thaQ! > Q2 andW?! > W 2. In the case of prototyp& being the student,
TAKFL yields a solution that:

(a) retains the approximation accuracy on device 1's data distribution,

(b) ensures approximation accuracy to the level of deficeelative capacity

(c) lIs the remaining local capacity devick has allocated for devic@'s logits with no infor-
mative new knowledge, unless enforced otherwise.

Remark 2. This proposition proves that in general, TAKFL promotes the most ef cient allocation

of the devices' capacity in order to accurately t a diverse set of data distributions. With TAKFL,
the previously acquired knowledge is entirely preserved. Even under the case that device prototypes
have different capacities, TAKFL smartly transfers the most informative knowledge to each proto-
type's student model based on its own intrinsic capacity. Still, the nal statement indicates that in
the case that there are many different teachers, while a small device prototype serving as teacher
will not be necessarily compromise information, it would still be preferable to allocate that capacity

to a more informative, larger, teacher model.

Comments.We comment on the complexity and convergence aspects of TAKFL brie y:

1. Computation Time: TAKFL's computation time i<0(1) (constant) due to parallelization, as all
distillation processes occur simultaneously.

2. Computation Load: The overall computational load scales@gM ) (linear) since the distil-
lation tasks are performed independently for each prototype in parallel and merged into a singe
task arithmetic operation (Eq. 8).

3. Resource Usage (Memory) The resource usage scales@@vl ?) (quadratic) because of the
need to store and process multiple task vectors concurrently.

4. Optimization Convergence Rate The convergence rate of the Knowledge Distillation proce-
dure is as standard for training a nonconvex loss function, e.g. [42].



7 Experiments

7.1 Main Experimental Setup

Dataset and Architecture. We evaluate our method on computer vision (CV) and natural language
processing (NLP) tasks. For CV, we train image classi cation using CIFAR10/100 [24], CINIC-
10 [9], and Tinylmagenet [25]. For NLP, we ne-tune pre-trained models for text classi cation on
MNLI [52], SST-2 [45], MARC [22], and AG News [60]. Our architectures include ResNet [17],
VGG [44], and VIT [12] for CV, and small BERT variants [47] (-Tiny, -Mini, -Small) for NLP.
We simulate a federated non-i.i.d setting using a Dirichlet distribuflm( ), where a lower
indicates higher heterogeneity [27, 36]. Further details can be found in Appendix F.1 and F.2.

Implementation Details. We use the Adam optimizer for both CV and NLP tasks. For CV, local
training involves 20 epochs with a learning rate of 0.001, weight decay of 5e-5, and a batch size
of 64. NLP training is conducted over 1 epoch with a learning rate of 3e-5, no weight decay, and
a batch size of 32. For distillation, Adam is used with a learning rate of 1e-5 and weight decay of
5e-4 for CV, and 3e-5 with no weight decay for NLP. Batch sizes for distillation are 128 for CV
and 32 for NLP. The softmax temperature is set at 3 for both tasks, with a temperature of 20 for
self-regularization. Further details are provided in Appendix F.1 and F.2.

Baselines and Evaluation Metric. We compare our method against standard FL, i.e. Fe-
dAvg [33] and SOTA KD-based methods designed for heterogeneous device prototypes FL, includ-
ing FedDF [30] and FedET [6]. The evaluation metric is the nal top-1 classi cation accuracy of
each device prototype's global model on the test dataset, as per the methodology described in [36].
We report the average results and the standard deviation over three independent runs, each with a
different random seed.

A more detailed version of the experiments, alongside additional experiments and ablation studies,
is presented in Appendix D and E.

7.2 Main Experimental Results

In this section, we evaluate the performance of our method, TAKFL, in a federated learning environ-
ment that mirrors real-world scenarios with diverse, heterogeneous device prototypes, as illustrated
in Fig. 4b. Our experimental setup includes three different device prototype sizes: Small (S) with a
small model and small dataset, Medium (M) with a medium-sized model and medium-sized dataset,
and large (L) with a large model and large dataset.

Performance on CV Task. Table 1 presents the performance of TAKFL in the homo-family ar-
chitecture setting on the CIFAR-10 and CIFAR-100 [24] datasets (for hetero-family architecture
results, see Appendix D.1, Table 4). TAKFL consistently enhances performance across all device
prototypes in various scenarios, achieving SOTA results. Notably, in the Dir(0.3) setting on CIFAR-
10, TAKFL improves average performance across all prototypes by 8%, and by 4% on CIFAR-100.
From Table 1, inconsistent performance improvements are observed with prior KD-based methods,
especially for the L prototype. While S and M prototypes achieve gains, the L prototype suffers up
to a 10% degradation compared to vanilla FedAvg, highlighting the dilution issue where valuable
information from larger, more capable device prototypes is diluted by less informative outputs from
smaller devices. Moreover, the signi cant performance improvements TAKFL achieves for each
device prototype, particularly for S and M prototypes, illustrate the ineffectiveness of the one-size-
ts-all approach used in the existing KD methods. These observations con rm the shortcomings
of vanilla ensemble distillation and corroborate our theoretical ndings in Remark 1 and 2. The
effectiveness of our self-regularization technique is further supported by these experimental results.
For more detailed and insightful analysis see Appendix D.1.1.

Performance on NLP Task.Table 2 presents the results on MNLI [52] and SST-2 [45] datasets (see
Appendix D.3 for further experiments). Similar to the CV task, TAKFL has consistently improved
performance across all device prototypes of varying sizes, achieving SOTA results: a 3% average
increase on MNLI and 2% on SST-2. The suboptimality of existing KD methods, is evident from the
results presented here as well. Notably, FedET suffers from a signi cant performance degradation
compared to vanilla FedAvg. This issue stems from FedET's reliance on the con dence scores of
neural networks for uncertainty estimates. However, neural networks, especially pretrained language



Table 1: Performance Results for CV task on CIFAR-10 and CIFAR-100. Training data is distributed
among S, M, and L device prototypes in a 1:3:6 ratio, subdivided among clients using Dirichlet distribution.
Public datasets are CIFAR-100 [24] for CIFAR-10 [24] and ImageNet-100 [10] for CIFAR-100. Client con g-
urations include 100, 20, and 4 clients for S, M, and L, with sampling rates of 0.1, 0.2, and 0.5. Architectures
are ResNet-8, ResNet-14, and ResNet-18 [17] for S, M and L, respectively. All models are trained from scratch
for 60 rounds. See Appendix D.1 for additional experiments using hetero-family architecture and more details.

. Low Data Heterogeneity (Dir(0.3)) High Data Heterogeneity (Dir(0.1))
Dataset Baseline S M L Average S M L Average
FedAvg 36:21 2:24 4641 2:33 5946 6:17 47:36 22:01 0:78 2526 3:89 51:51 3:52 3293
FedDF 4931 0:15 50:63 0:73 49:82 0:98 49:92 3471 1:48 3527 4:74 51:.08 4:04 40:35
CIFAR-10  FedET 4921 o72 5501 181 5360 g47 5260 2958 300 30:96 470 4553 g4 3536
TAKFL 5590 170 57:93 349 6058 35 5814 | 3740 1.5 3896 g17 5149 gq5 4262
TAKFL+Reg 56:37 0:46 58:60 0:43 65:69 1:28 60:22 40:51 1:05 40:12 1:24 53:24 2:51 44:62
FedAvg 13.22 0:14 21:39 1:11 2947 0:86 21:36 11:86 0:08 14:63 0:65 26:25 1:64 17:58
FedDF 19.54 0:20 24:32 0:45 2929 1:45 24:38 16:.09 0:32 19.80 0:17 26:59 0:25 20:83
CIFAR-100 FedET 1967 935 2527 g6 3L10 153 2535 11118 168 1822 .35 2640 g5 1860
TAKFL 2448 44 2760 g25 2984 gos 2731 | 22:90 .15 2363 g7z 2698 13 2450
TAKFL+Reg 27:18 .27 29:14 .50 31:15 .97 29:15 22:88 .37 23:92 o957 28:01 .34 24:94

Table 2:Performance Results for NLP Task on MNLI and SST-2 Training data distribution is similar to

the CV task using only Dir(0.5) here. Public datasets are SNLI [2] for MNLI [52] and Sentiment140 [14] for
SST-2 [45]. Client con gurations are 8, 4, and 2 clients for S, M, and L, with sample rates of 0.3, 0.5, and 1.0,
respectively. Architectures include Bert-Tiny, Bert-Mini, and Bert-Small [47] for S, M, and L, initialized from
pre-trained parameters and ne-tuned for 20 communication rounds. See Appendix F.2 for more details.

. MNLI SST-2
Baseline S M L Average S M L Average
FedAvg 36:15 0:46 54:.47 2:48 57:51 2:79 49:37 54:98 1:81 7471 8:22 86:69 0:06 72:13
FedDF 54:21 o015 60:44 1.91 66:71 1.09 60:45 7441 7.6 80:71 1.63 84:35 166 79:82
FedET 4803 4:32 50:33 7:87 53:80 618 50:72 66:63 9:14 65:89 16:35 70:.05 15:83 67:52
TAKFL 57:43 0:21 63:58 0:31 68:74 0:12 63:25 7473 0:55 82:17 0:31 86:93 0:42 81:28
TAKFL+Reg 57:61 0.9 63:91 105 68:96 1.10 63:49 74:88 043 82:40 .83 87:33 063 81:54

models (PLMs), tend to be poorly calibrated and overcon dent, undermining reliable uncertainty
estimates [50, 15, 5, 55].

7.3 Scalability Evaluation

We evaluate the scalability of TAKFL across a spectrum of device prototypes, from extremely small
(XXS) to extremely large (XXL), to see how well our method adapts from a uniform array of small-
size prototypes to a diverse mix of sizes. Each prototype is equipped with appropriately scaled
model and dataset sizes, simulating real-world variations in device capabilities.

Figure 3 illustrates TAKFL's ability to effectively scale from 3 to 7 device prototypes. In scenarios
where all devices are similarly small, i.e. 3-device setup, TAKFL's performance is slightly better
than FedDF. This is because when devices are homogeneously small and similar in capability, they

Figure 3:Scalability Evaluation of TAKFL. Image classi cation on CINIC-10 [9] dataset is used to evaluate
TAKFL's scalability across device prototypes ranging from XXS to XXL. Training data is distributed among
prototypes in a 1:2:3:4:5:6:7 ratio, further subdivided using Dir(0.5). Client con gurations range from 35 for
XXS to 5 for XXL. Architectures span from ResNet10-XXS for XXS to ResNet50 for XXL prototype, all
initialized from scratch and trained over 30 communication rounds. The public dataset is CIFAR-100 [24]. See
Appendix D.4 for more details.



do not offer unique contributions that could bene t from more complex distillation strategies. How-
ever, as the scenario expands to include larger devices like XL and XXL in the 5- and 7-device
con gurations, TAKFL signi cantly outperforms existing KD-based methods. This improvement is
driven by the larger devices' ability to offer more signi cant and higher-quality knowledge, which
TAKFL effectively distills across all prototypes, contrasting sharply with existing methods that fail
to utilize this potential. These experimental observations, corroborated by our theoretical insights in
Remark 2, demonstrate TAKFL's superior scalability and effectiveness.

8 Conclusion and Discussion

In this work, we addressed a fundamental issue in standard federated learning: the lack of support for
heterogeneous device prototypes. Existing KD-based methods often fall short in real-world scenar-
ios, where device capabilities vary widely. To address this, we introduced TAKFL, a novel KD-based
method that treats knowledge transfer from each prototype's ensembles as separate tasks and distills
them independently. TAKFL susequently integrates the knowledge using an adaptive task arithmetic
technique for optimized performance. We also introduced a KD-based self-regulation technique to
mitigate issues arising from noisy and unsupervised ensemble distillation. The effectiveness of our
method is substantiated by both theoretical results and extensive experimentation across CV and
NLP tasks, using various datasets and models.

Limitations remain, notably in real-world applicability. While TAKFL's effectiveness in an approx-
imated real-world setup has been demonstrated, actual deployment on physical devices and in envi-
ronments with extremely large models remains untested due to resource constraints. Experiencing
TAKFL in genuine real-world settings could unveil additional challenges or limitations, providing
further insights into its scalability and ef ciency.
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Appendix

The supplementary materials are organized as follows:

» Appendix A: Provides more details on related works.
» Appendix B: Presents the full algorithm description of TAKFL.

» Appendix C: Presents formal theoretical statements, assumptions, and proofs supporting
our method.

Appendix D: Presents detailed experimental results including some additional experiments.

Appendix E: Presents the ablation studies experiments.

Appendix F: Presents hyper-parameters and implementation details.

A More Detailed Related Works

(a) Partial Model Training (b) Heterogeneous Device Prototypes

Figure 4:Overview of Two Different Device Heterogeneous FL Settingqa) In the partial model
training setting, the objective is to train a single global model where heterogeneous devices train
a speci ¢ sub-model based on their computational resources. This approach necessitates device
support for varying neural network architectures, which is impractical as devices typically have spe-
cialized architectures designed to match their hardware, software con gurations, and underlying
machine learning tasks. (b) In the heterogeneous device prototypes setting, device prototypes par-
ticipate in FL to enhance the performance of their global model by transferring knowledge across
prototypes. This setting is more feasible as it accommodates diverse device prototypes with their
own speci ¢ con gurations, including neural network architecture and dataset. However, establish-
ing effective knowledge transfer between differently sized prototypes (like I0Ts and workstations)
and diverse con gurations is challenging. In this paper, we address this issue.

Prior works on device heterogeneous FL have considered two distinct approaches with different ob-
jectives and settings. The rst group of studies focuses on accommodating devices with varying
compute resources, aiming to train a single global model [11, 3, 58, 54, 56]. Various partial model
training techniques have been proposed for this setting, where devices are tasked with training a sub-
model of a global model according to their compute resources. These include dropout-based [3],
static [11, 18], and rolling-based sub-model extraction techniques [1]. Federated Dropout builds
upon the concept of dropout [46] to extract smaller sub-models. Static sub-model extraction tech-
niques like in HeteroFL [11] and FjORD [18] consistently extract designated portions of the global
model, whereas FedRolex [1] introduces a more exible rolling method for sub-model extraction.
However, these approaches assume that devices can support various sub-model architectures for
training, which does not fully re ect the real-world scenario. In practice, there exist a diverse spec-
trum of device prototypes such as loT devices and smartphones each have unique and unhashable
neural network architectures tailored to their speci ¢ hardware and software con gurations and un-
derlying machine learning tasks. Consequently, these device prototypes may not support training
various neural network architectures, highlighting a signi cant limitation in accommodating the full
spectrum of device heterogeneity in this setting.

The second array of studies tackles a more practical scenario where device prototypes with heteroge-
neous model architectures participate in FL to enhance their global model performance through mu-
tual knowledge sharing. In this context, knowledge distillation techniques are employed to transfer
knowledge among device prototypes [30, 6, 43]. Here, locally updated client models from various



device prototypes, collectively referred to as ensembles, serve as teachers to distill their knowl-
edge into each server's student model using an unlabeled public dataset. For instance, FedDF [30]
utilizes vanilla averaging of all ensemble logits as the distillation target for all server student mod-
els. In contrast, FedET [6] employs an uncertainty-weighted average of ensembles’ logits as the
distillation target for all server student models, complemented by a diversity regularization tech-
nique. However, methods like FedET rely on the neural networks' con dence scores for uncertainty
estimates, overlooking the fact that neural networks are often poorly calibrated and prone to over-
con dence, which compromises their ability to provide reliable uncertainty estimates [50, 15, 5, 55].
These existing works typically focus on settings where device prototypes have similar capabilities,
i.e. similar model and dataset sizehus neglecting the challenges presented in more diverse set-
tings where device prototypes vary signi cantly in terms of model and dataset size. This oversight
limits the effectiveness of these methods in truly diverse and heterogeneous environments. In this pa-
per, we introduce TAKFL, which is designed to address the limitations of existing methods in these
underexplored diverse device heterogeneous settings.

Figure 1 illustrates the distinctions between these two different settings studied in the literature. For
more information, we refer the reader to recent surveys [35, 26, 39, 4].



B Full Algorithm Description of TAKFL

The full algorithm description of TAKFL is presented in Algorithm 1.

Algorithm 1 TAKFL Algorithm

Require: number of communication roundR), public unlabeled datas&“°', server training
iterationsl , heterogeneous device prototypief (M) with their associated client€() and local
datasetsf(D, g, , i ), model architecturef (), local training iterationsl (ocal ), local learning rate
( 10cal ), server distillation iterationd §issin ), and server distillation learning rateyfsi ).

1. Server Executes: _
2: Randomly initialize all device prototype's server motlehg;, \,
3: for eachround =0;1;:::;R 1do
4: C, (randomly select clients from each device prototy@ie M
5. for each clienk 2 C;; 8i 2 M in parallel do
6: b ClientUpdate (k; 1)
7. end for .
8: Iavg = k2c kiziijlej b|k
9: for each device pro{otype‘s server studentl;2;:::; M in parallel do
10: for each device prototype's teacher ensemplesl; 2;:::; M in parallel do
11 v
12: for eachgserver distillation iteratidn= 0; 1;2;:: :; | gisit  dO
13: x  sample a mini-batch of data from public dataBetv'c
14: t+1 ' gsa rL & denedinEq.6.
15: end for _
16: i | distil Iavg
17: end for =)
. i i M
18: r+l ag T oj=1 i
19: endfor
20: Ir+1 I
21: end for
22: function ClientUpdate (k; |)
23: '
24: for each local update iteratidn= 0;1;:::;ljocas 1dO .
25: fx;yg sample a mini-batch of data from local dataBgt
26: t+l t local T \(fi(X; t);Y)
27:  end for
28: bi local

k
29: end function




C Theoretical Results

C.1 Proofs of the Main Propositions

First we present the formal assumptions associated with our theoretical derivations.
Assumption 1. Local federated averaging is performed with perfect test accuracy, i.e.,

X X o .
argmin Exyy o (P10 1)iy) =argmin Eeyypo 0 (P16 )y 9)
i=1 k=1

That is, the training error on the datasblri(g for the computed{a\,g is We same as the test ?rror on

the population distributio®! . Moreover assume that we can wrlie= fi(; k2 cC =
=1

ff1(; Lvg)g. Finally, we assume that the same population distributign! ; D! is the same that

the clients perform their testing on as the server performs distillation on.

These assumptions are made for mathematical practicality while at the same time not starkly unrea-
sonable. The local FL the device prototypes perform is generically prone to imprecision, especially
as the clients' data varies, but this discrepancy is bounded [16]. Similarly the difference in the aver-
age of logits and the logit of averages has a bounded difference norm [53]. Thus, violations of the
Assumption add additional perturbations to quantities derived in the Theoretical analysis without
having structural/qualitative effects, and thus would only present clutter in the presentation.

Notations. Now we present the notation de ning the speci ¢ quantities we refer to in the derivations
below. The set of important quantities is given in Table 3. Note that the formal de nitions of the
rst two quantities are,

ik

Ji=argmin Egyyp 1 (1 (x5 )iy s =argmin Eyyo o+ (F (X )iy

Table 3: Notation and De nitions

Notation De nition
) Parameters ip's device model that minimize the loss on its population distribution
TX Parameters ip's device model that minimize the loss oth population distribution
Q =dim( !) The total capacity of device prototype
Q = felgy= o) Eigenbasis for the model of device prototyjpe
Wl =dim( ) Dimension of the solution submanifold’
WIK =dim( ) Dimension of the solution submanifold’™®
Wi = fel gt ow Eigenbasis the solution submanifold
Wik = fel*g_;...w x| Eigenbasis the solution submanifold*

We shall make use of the “Choose” combinatorial operator, de ned ©Gl@; p) = ﬁ The
standardO( ) notation indicatesx = O(b¢) to mean there exist§ andC such that fok K,

ak CbK.

A recent nding that inspired the methodology in this work is the discovery of the weight disentan-
glement phenomenon underlying task arithmetic [37]. Indeedatsiearithmetic propertprovides

the ideal circumstance for federated knowledge transfer as we shall see below. Formally, adapting
their de nition to our notation:

(Task Arithmetic Property ) holds for a set of vectorfs j g if for all j it holds that,
0 1

- » X fFIx; L+ i) x 2D!
i c A = S\ avg b . .
fl@x; L+ N - f(x: b X 2Din[is;D! (10)

Let us de ne an important property of task arithmetic that we shall use in the sequel.



(Weight disentanglement)[37] A parametric functiorf : X 1Y is weight disentangled with
respect to a set of task vectdfs= f jg;»7 and the corresponding suppoBs := fD g2t if

X X
f(x; o+ i )= g% i i) * Go(X);

i2T i2T s
wheregi(x; i i) =0 forx 62 Dandi 2 T, andgy(x)=0 forx 2 ,,; D;.
We now present the formal statements as well as the proofs of the main propositions.
Proposition 1. (Irgormation Loss in VED). Let the prototypé andj datasets be disjoint, i.e.
D'\D! =;,and” ), D' = D. Note that this implies the weight disentanglement property. Con-
sider the VED procedure in the form of solvif®). Consider two device prototypes with a device ca-
pacity and solution dimension @f*; Q* andW*; W2, respectively, and with associated eigenbases
Q';W'. Let the solution set of VED with prototypas student bé |, z, withdim("}, g5 ) = WY
with eigenbasisVVi . In addition, denotéVst; s;t 2 f 1; 2g the dimension of the solution set for

the student model trained on the data from the teacher device's ensembles. We assume that self-
distillation is executed appropriately, e.qy 11 = W1 andw?2 = W2,

1. Case 1: Assume thaQ! = Q2 andW?! = W2 = W2 = W21 Then it holds that, in
expectation,
Q' WHWHIQ' W)
QUWDHI(QT Wi+ QUWLZ(QL  W12)!
This corresponds to the expected capacity of prototype 1 that is taken up for tting logits that are not in the
span ofW 1, that is, that do not t the data corresponding to prototyhe

2. Case 2:Assume thaQ® > Q2 andwW?! = W2 > W 2, Then the same quantity as for Case 1 holds.
Moreover,

dm "“{epp V Q'nw! =0

QY whHwiwhz w2
QUWII(QT WD)+ QUIW2I(WL2  W?2)l
This corresponds to capacity of cliehthat has been allocated but ts, in the model of prototype 1, neither
the data of prototype 1, nor of the data of prototype 2.

dm "“veo \ Q'nwi[w ¥? =0

Proof. Formally,
X ) .
"vEp :=argmin Lgp = argmin KL f1x; hg) 5 (S(X))
Q1 i=1;2

Since by as:sumptionj,,Ivg solves the training problem on the data associated with device prototype

i, the logit is accurate, and thus there isamx(@j ) : Ti !' T ij W | The self distillation, that
is, §; de nes a bijective map froriv! to W! and thus does not affect the capacity allocation.

Case 1: In this case, generically (that is, measure zero on some non-atomic sampling on a dis-
tribution of operatorsO(i;j ) is bijective. Now let us compute the expectation of the number of
eigenvectors of, e.gV 12 that are in the complement of the sparVéf. Assuming, for simplic-

ity, independence, this would correspond to counting the possible choices within the capacity of
Q! nW! over the range of possible choices of lling the capacityQdfwith vectors inW?* together

with choices of lling it with vectors inW1:2:

exw’ Ch(Q! Wi
' Ch(QT, W) + Ch(Ql; W1?)

i=1
For,e.9.Q* =4 andW! = W¥2 = 2 thisis 3.
To derive a scaling rate we can write:
1 1y
P HOT W o Q. WhHwhi(QL wzy

PLT Q1 - TwDHI(QT wh+ QliwTizi(Q1 wIZ)
WO w T T W T QHI(WHI(Q M Q (Q )

Case 2:In this case, it must be that, at best almost sui®l{g; 1) is injective, but not surjective.
This means that distilling frord to 1 does not |l the capacity oV 12, and is thus a fundamentally



wasteful operation, that J;! d = W2 < W %2, Now let us compute the expectation of the number
of eigenvectors of, e.gV 1'? that are in the complement of the sparMét. Sincew 2 are being
structurally allocated for tting, the combinatorial expression is the same:

QJXWI Ch(Q! Wi
' Ch(QL; W1) + Ch(QL, Wi?)

i=1
Thus for, e.9.Q! =4 andW?! = W2 = 2 this is, again. The scaling in this case is

Q' whHwi)Qt wh)

© QUIWINQT W)+ QUIW2I(QT  W?)!

However, we observe that there are vectors in the rang& bf n O(2;1)(W?) that have been
allocated by the VED but lie in neith&v/ ! nor inW %2, that is, are garbage. We can compute those
as the expected number of eigenvectors arising from allocatihg n O(2; 1)(W?) that intersect
with Q! n W (that is, the spare capacity not used for tting d&@a). This is, using similar
principles:

WIX W Ch(Q Wi
QL WD) + Ch(QLWEZ W2)

i=1
This is for, .9.Q' =4, W2 = 2 andw? = 1, this would be,
The scaling here is
(@ whwinwiz w2)
QLIWIN(QT W)+ QLIW2I(WL2 W2)!

Proposition 2. (Improve knowledge transfer with task arithmeticConsider the TAKFL procedure

as in the form of computing). Consider two device prototypes with a device capacity and solution
dimension oQ'; Q2 and W1; W2, respectively, and with associated eigenba@esW'. Let the
solution set of TAKFL with prototypieas student bé'i , with dim("},) = W" with eigenbasis
WYVY. In addition, denoteVst; s;t 2 f 1;2g dimension of the solution set for the student model
trained on the data from the teacher device's ensembles. . The following statements hold:

In the case that thaQ! Q% andW!  W?, it holds that the TAKFL preserves that the
eigenbasis used to model the d&t&'s accuracy for device prototype 1, that is for studént

dim wY\ Q'nw! =0
Case 1:Assume tha®® = Q2 andW?! = W2, Then it holds that,
dim W'\ Q'nw![w ¥ =0

Moreover, it holds that,
“ra 2 Span(W!\w *?)

Thus, with equal capacity, no information is lost in Task Arithmetic aided knowledge ensemble distillation
and capacity is ef ciently used to model the data from both prototype 1 and prototype 2.
Case 2:Assume tha®® > Q 2 andW ! > W 2. Then it again holds that,

dim WY\ Q'n(w?![w *? =0
However, while" 1o 2 Span(W?1), it holds thatdim WY \W 2 = w2 <w %2,

groof We consider the case that the prototymnd] datasets be disjoint, i.d' \D 1 = ;, and
iz1 D' = D. We shall see how the other cases are easier and the result remain the same.

We can see immediately from the weight disentanglement property of Task Arithmetic that,

FI ag t 11+ 22)= @M 1 )+ 20X 25 2)+ g0(%)



with gbt(x; 1 1) forx 2D, g2(x; » »)forx 2D? andg®(x) =0 forx 2D [D 2. From
this, we can immediately conclude the rst statement of the Proposition as well as the expression

dim WY\ Qin(w![w ¥2 =0
and also, in the case ¥¥* = W12 = W2 implies
"1a 2 Span(W\w %2)

For the last statement we observe again as in the second Case in the Proposition describing VED,
dim O(2;1)(W?) < W %2 from which we can conclude that, generically

dim v:iv20(21)(W?) W Y;Enyp 2l(f1(X;v);y) >0 = wh2 w2
proving the nal statement.

We observe that a key mechanism of the proof is the dimension of the target space of the teaching
operatorO(i;j ). As an informative model, we can consider coef cienisof task vectors as re-
stricting the rank, relative to other teachers. For instance, in the previous Propositioh?if 2

andW? = 1, then , = 1=2, so as to enforce one vector Wf'? is a target for the ma@(2; 1),

would be appropriately sensible.

The prototype andj datasets are fully overlapping, iB! D I, meaning that the two prototypes
have the same classBg; 8c 2 D, then these are the changes to the the proposition 1 and 2 in our
theory.

Consider that in this case, the logits correspondingy/fe' andw 2 are the same. As suthi 1’2 2
Q?, and so the propositions change to, trivially:

Proposition 3. (Information Loss in VED).Consider the VED procedure. Consider two device
prototypes with a device capacity and solution dimensio@9fQ? andW*; W2, respectively, and

with associated eigenbas€¥ ;W'. Let the solution set of VED with prototypeas student be

"ep withdim(™, 25 ) = WY with eigenbasidV¥i. In addition, denotéVst; s;t 2 f 1;2g

the dimension of the solution set for the student model trained on the data from the teacher device's
engembles. We assume that self-distillation is executed appropriatelyVé:§. W andw?2?2 =

W<,

1. Case 1:Assume thaQ! = Q% andW?! = W2 = W12 = W21 Then it holds that, in
expectation,
dm "“igp \ Q'nw! =0
This corresponds to the expected capacity of prototype 1 that is taken up for tting logits that do not
t the data corresponding to prototypk

2. Case 2:Assume tha®! > Q2 andW?! = W2 > W 2, Then the same quantity as for Case 1
holds. Moreover,

dim “veo \ Q'n(wWl[w *? =0

This corresponds to capacity of cliehthat has been allocated but ts, in the model of prototype 1,
neither the data of prototype 1, nor of the data of prototype 2.

Now consider that the prototyp@nd;j datasets are partially overlapping, i.\D | 6 ;, meaning
that the two prototypes have the overlap over some of the cl&ksdben these are the changes to
the the proposition 1 and 2 in our theory.

In this caseW 12 = Wll;2 [W 21;2, that is, the class labels across data prototypes partially overlap
(with Wll:2 the overlapping dimensionality), the Proposition for VED changes to:

Proposition 4. (Information Loss in VED).Consider the VED procedure. Consider two device
prototypes with a device capacity and solution dimensio@9fQ? andW*; W2, respectively, and

with associated eigenbas€¥ ;W'. Let the solution set of VED with prototypeas student be

"ep with dim(™ cp) = WY with eigenbasidVVi. In addition, denotéVst; s;t 2 f 1;2g

the dimension of the solution set for the student model trained on the data from the teacher device's
enzsembles. We assume that self-distillation is executed appropriatelyVé:§. W andw?2?2 =

W=,



Figure 5:lllustration of Geometric Intuition . Each panel presents a different case example. The

left and center panels present the geometric intuition of KD for vanilla ensemble distillation (VED)
and TAKFL in the case where two different large device prototypes performing knowledge transfer.
The planes represent the solution subspaces. The right panel presents a circumstance by which two
small device prototypes (2, and 3) serve as teacher for transferring knowledge to a larger device
prototype 1.

1. Case 1:Assume thaQ® = Q? andW?! = W2 = W%2 = W21 Then it holds that, in
expectation,
Q" whHwhHrQ'  w,?)
QU(WHI(QT  W1l+ QUW;ZI(Q W, )l

dm "“i{spp )V QO'nw! =0

This corresponds to the expected capacity of prototype 1 that is taken up for tting logits that do not
t the data corresponding to prototypk

2. Case 2:Assume thaQ! > Q2 andW?! = W2 > W 2, Then the same quantity as for Case 1
holds. Moreover,

Q" WH(W (W2 w2

. N 1 1 1;2 —
dim “veo QU (WHW =0 QUWI(QL WI)l+ QUW2(WS2Z w2l

This corresponds to capacity of cliehthat has been allocated but ts, in the model of prototype 1,
neither the data of prototype 1, nor of the data of prototype 2.

Note that the presence of overlapping Iogﬁ@;z do not appear in the result, it is exactly the same
as the original Proposition 1 in the original paper just WitH2 in place ofw 2.

The Propositions for TAKFL remain the same.

C.2 Geometric Intuition

In this section we aim to provide geometric intuition for the mechanism of VED and Task Arithmetic
KD on three different cases. Figure 5 presents the geometry illustration for three different cases. We
discuss each case in the following.

Case I: KD between two large prototypes with different data distributions. Consider Figure 5
left panel. This panel corresponds to a setting where two large device prototypes with similar total
capacity, i.e.Q' = Q? = 3 perform knowledge transfer. We consider the solution dimensions of
both prototypes to be the same, i¥* = W? = 2. These would correspond to planes in the
ambient space. Therefore, one plane corresponds to the solution subspace of the prototype 1 trained
on its own data, i.e. ! subspace in the panel, and the other corresponds to the (theoretical) solution
subspace of this prototype trained on prototype 2's data, i©¢:? in the panel. In this case, since
the data distributions of the prototypes are fairly disparate, this has resulted into near orthogonal
subspaces corresponding to these solutions. As we can see from the panel, VED will lead to point
which is far away from either of the planes corresponding to optimal solution subspaces, and far
from the optimal set of parameters, which is their intersection, suggesting a loss of knowledge. By
contrast, the TAKFL approach, by customizing the merging coef cients and putting each to half, i.e.
1.1 1.2 = 0:5, can traverse in the tangent space of zero loss surface and get into the intersection
subspace which is exactly the optimal solutioql(grged = ;\,g + 11 11t 12 12).
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Case Il: KD between two large prototypes with similar data distributions. Consider Figure 5

center panel. Similar to Case |, this panel corresponds to a setting where two large device prototypes
with similar total capacity, i.e Q' = Q? = 3 performing knowledge transfer. We consider the
solution dimensions of both prototypes to be the sameW.&= W?2 = 2. These would correspond

to planes in the ambient space. Therefore, one plane corresponds to the solution subspace of the
prototype 1 trained on its own data, i.e! subspace in the panel, and the other corresponds to the
(theoretical) solution subspace of this prototype trained on prototype 2's data(}:&. in the panel.

In this case, since the data distributions of the prototypes are fairly close, this has resulted into non-
orthogonal solution subspaces. As we can see from the panel, while VED could still lead to some
information loss, by and large we expect straightforward KD. Our task arithmetic (TA) approach,
again by customizing the merging coef cients.; 1., = 0:5, can traverse in the tangent space of

zero loss surface on each plane and get into the intersection subspace, corresponding to the most
ef cient allocation of device prototype capacity for tting simultaneously the logits corresponding

to accurate modeling of device prototype 1 as well as device prototype 2's data distribution.

Case lll: KD between two small prototypes and one large prototype.Now consider the right
panel in Figure 5. This panel corresponds to a setting where two small prototypes serve as teachers
and one large prototype is the student. Tlé% plane corresponds to the solution subspace of the

large prototype 1 on its own datd!. The line ;\,% line corresponds to the subspace of solutions in
prototype 1's parameter space projected into the capacity of the information transferred from device
prototype 2. Finally, the line labelled corresponds to the subspace of solutions in prototype 1's
parameter space projected into the capacity of the information transferred from device prototype 3.
Here, we can see from the relative angle of the lines with respect to the plane that the distribution
D* is closer to the distributio? than toD®. Comparing this case to the previous cases;,

is like case | and ;{,zg is like case Il. We can apply the same conclusions here as well regarding
the performance of vanilla ensemble distillation and our adaptive task arithmetic approach. We
can see from the geometric visualization that knowledge distillation tow%@shas more margin

of error for prototype 1. Therefore, with the TAKFL approach large prototype 1 can strategically
select which prototype to learn more from, and singg has closer data distribution to prototype

1, TAKFL will prioritizes this by putting a larger merging coef cient, i.e., > 1.3. By contrast,

VED lacks this customization and results in sub-optimal knowledge distillation.

The geometric intuition discussed here is consistent with our detailed experimental analysisin D.1.1.

C.3 Analytical Properties of Learning Dynamics

Here we provide additional insights from the literature as to the nature and properties of learning
as it takes place on overparametrized models. Speci cally, we comment on literature in the area
of Stochastic Differential Equation (SDE) models for SGD training dynamics, and its correspon-
dence to the results above. Overparametrization has been conjectured to be a signi cant factor in
contributing to the (unexpected, by classical bias-variance tradeoffs) generalization ability of deep
neural networks, from a number of perspectives [13].

Consider the diffusion model of SGD training for overparametrized NNs provided in [29]. Their
analysis relies on thg following two assumptions. For our purpaseés shorthand for a client

group'slossL( )= Exy) Dl “(fi(x; );y) forsomej, which will be identi ed from the
k2Ci '
context.

Assumption 2. L : R? I R is C? and the solution set is aW -dimensionalC2-submanifold of
RP for0 W Dandrankr °L( ))= Q W

Assumption 3. Assume thatJ is an open neighborhood of satisfying that gradient ow starting
in U converges to some point in

From these, [29] derives Theorem 4.6. This Theorem decomposes the random process of the pa-
rameter weights driven by SGD after it has reached the solution manifold, e.qg., the diffusive random
walk of ;Vg in Figure 5 along its respective solution manifold.

Theorem 1. GivenL, and (0) = (0) 2 U as by Assumptions 2 and 3 the SDE modeling
the optimization of by SGD, that is, de ning( X) to be the gradient ow applied to the state
random variableX , then forT as longasP[Y (1) 2 U;80 t T]=1, (bT= 2cconvergesin



distribution to the stochastic proce¥q{T) as ! 0, with Y (t) given as,

dY(t) = JAY)AW(t) i 2L(Y)Y@(r L)(Y)[ «(Y)ldt

L@ Y) 26(r LYY) 1 2L(Y)Y 5(Y) + @¢ L)(Y) LA (2 (v) dt D
where Tand , i, « aregiven as,
=@ @; »=(! @ ( | @ ;
@ (o @ ° (12)

This theorem indicates that the asymptotic ow of SGD on the client training can be decomposed
into a covariance-driven random walk in the tangent space, drift to preserve the ow into the tangent
plane, the tangent-normal portion of the noise covariance and noise in the normal direction.

This analytical expression provides the probabilistic foundations for the more higher level theoretical
results above. In particular, local gradient dynamics, as employed by individual device prototypes
j using FedAvg on its local clients, yields a ow for the stochastic process de ned by the weights.
At this point of learning, the weights are traversing the solution set, with noise predominantly in the
tangent directions. Thus knowledge distillation which preserves this noise structure is going to be
more effective as far as preserving accuracy across data.

D Detailed Experimental Results

In this section we present a more detailed version of experimental results presented in the main paper
Section 7. Additional experimental results are also presented here.

D.1 Main Experimental Results on Computer Vision (CV) Task

The experiments in this section complements the main experimental results in the main paper
Section 7.2.

Experimental Setup. For the evaluation on CV task, we employ CIFAR-10 and CIFAR-100 [24]
datasets. For CIFAR-10, we use CIFAR-100 as the unlabeled public dataset, while ImageNet-100,
a subset of ImageNet [10] with 100 classes (see Appendix F.1.1), is used for CIFAR-100. We
distribute the training dataset among the device prototypes in a ratio of 1:3:6 for S, M, and L,
respectively. Each device prototype's data portion is further distributed among its clients using a
Dirichlet distribution. We apply two levels of data heterogeneity for a comprehensive evaluation:
low heterogeneity, i.e. Dir(0.3), and high heterogeneity, i.e. Dir(0.1). Additionally, we con gure the
number of clients and their sampling rates as follows: 100 clients for S, 20 for M, and 4 for L, with
sampling rates setat 0.1, 0.2, and 0.5 respectively. To comprehensively evaluate, we use two distinct
architectural settings: thomo-family” setting, where all device prototypes' architectures are from
the same family—employing ResNet8, ResNet14, and ResNet18 [17] for S, M, and L, respectively;
and the*hetero-family” setting, which diverse architectures are used—WViT-S [12] for S, ResNet14
for M, and VGG-16 [44] for L. All models are initialized from scratch, and the communication
round is set at 60 rounds. Further details regarding hyper-parameters can be found in Table 13.

Overview of Performance Results. Table 4 presents the performance of TAKFL across diverse
architecture settings on the CIFAR-10 and CIFAR-100 datasets. TAKFL consistently improves all
device prototypes of different sizes in various cases by a signi cant margin compared to the base-
lines, achieving SOTA performance. Notably, in the homo-family architecture setting with Dir(0.3)
on CIFAR-10, TAKFL improves average performance across all prototypes by 8%, and by 4% on
CIFAR-100. In the hetero-family settings with Dir(0.1) on CIFAR-10 and Dir(0.3) on CIFAR-100,
TAKFL enhances performance by3% and 1%, respectively. Furthermore, we observe that our
self-regularization technique has successfully mitigated issues associated with the noisy and unsu-
pervised ensemble distillation process, thereby enhancing performance. Generally, the performance
gains from self-regularization are more pronounced in low data heterogeneity cases, where proto-
types' models perform better and possess higher quality self-knowledge. Thus, self-regularization
proves more effective as it preserves this higher quality self-knowledge.

10



Table 4: Performance Results for CV task on CIFAR-10 and CIFAR-100. Training data is
distributed among S, M, and L device prototypes in a 1:3:6 ratio, subdivided among clients using
Dirichlet distribution. Public datasets are CIFAR-100 for CIFAR-10 and ImageNet-100 for CIFAR-
100. Client con gurations include 100, 20, and 4 clients for S, M, and L, with sampling rates of
0.1, 0.2, and 0.5. In homo-family settings, architectures are ResNet8, ResNetl14, and ResNet18; in
hetero-family settings, they are ViT-S, ResNet14, and VGG-16. All models are trained from scratch
for 60 rounds. See Appendix F.1 for more details.

Homo-family Architecture Setting

Dataset Baseline Low Data Heterogeneity High Data Heterogeneity
S M L Average S M L Average

FedAvg 36:21 2:24 4641 2:33 5946 6:17 47:36 22.01 0:78 2526 3:89 51:51 3:52 3293
FedDF 4931 g15  50:63 073 4982 g9z 4992 3471 148 3527 474 5108 404 4035

CIFAR-10  FedET 4921 o7 5501 181 5360 47 5261 2958 300 3096 470 4553 646 3536
TAKFL 5590 1:70 57.93 3:49 60:58 2:35 5814 3740 1:68 3896 0:17 51:49 6:15 42:61
TAKFL+Reg 56:37 046 58:60 043 65:69 108 60:22 40:51 1.05 40:12 104 5324 5551 44:62
FedAvg 13.22 0:14 21:39 1:11 2947 0:86 21:36 11.86 0:08 14:63 0:65 26:25 1:64 17:58
FedDF 1954 g0 2432 g45 2929 145 2438 16:.09 o:32 1980 o017 2659 g5  20:83

CIFAR-100 FedET 19.67 0:35 2527 0:66 3110 1:53 2535 11:18 1:68 1822 0:35 26:40 0:65 18:60
TAKFL 2448 0:42 27:60 0:25 29.84 0:94 27:31 22:90 0:18 2363 0:72 26:98 0:13 24:50

TAKFL+Reg 27:18 ¢.27 29:14 g0 31:15 g7 29:16 | 22:88 37 23:92 o557 28:01 g.3q 24:94
Hetero-family Architecture Setting

Dataset Baseline Low Data Heterogeneity High Data Heterogeneity
S M L Average S M L Average

FedAvg 2753 o83 4730 317 5510 g0 4331 2093 154 2562 604 36:80 s5.47 27.78
FedDF 3415 0:87 54:06 1:06 69.07 4:99 52:43 24:20 0:74 34.07 3:08 3981 5:45 3269

CIFAR-10  FedET 3324 157 5886 g.oa 6556 349 5255 2437 126 3777 471 4364 33 3526
TAKFL 3329 915 5764 019 6844 g 5312 2492 13 3807 319 4801 399  37:.00
TAKFL+Reg 33:34 3.35 59:01 3.2 70:22 449 54:19 25:10 1.57 38:81 s5.35 50:26 42 38:06
FedAvg 851 .37 22:11 o:58 3791 ,.60 22:84 7:01 .47 14:94 (.96 2851 1.46 16:82
FedDF 10:46 0:17 2346 0:65 36:81 0:82 2358 7:76 0:40 1892 0:39 2981 1:09 1883

CIFAR-100 FedET 1116 o018 2540 930 37:38 g0 2465 8:20 ¢:54 2066 50 2895 179 1927
TAKFL 1029 011 2714 g9 39:15 .33 2553 7:88 o068 2141 937 3131 g 20:20

TAKFL+Reg 11:25 .37 27:86 .35 3868 (.45 25:93 8:45 .20 22:16 ¢.g7 31:95 ;.;3 20:85

D.1.1 Consistency Analysis: Experimental and Theoretical Correlations

In this part, we elaborate on our key experimental observations and their alignment with our theo-
retical ndings.

Insight 1: From Table 4, it is evident that prior KD-based methods show inconsistent performance
across various device prototypes, particularly for the large (L) prototype. For instance, in the CIFAR-
10 homo-family setting with Dir(0.3), while small (S) and medium (M) prototypes see performance
gains, the L prototype experiences up to 80% performance decline compared to vanilla FedAvg,
which lacks server-side knowledge distillation. This trend is consistent across other settings, such as
CIFAR-10 Dir(0.1) homo-family and CIFAR-100 Dir(0.3) homo-family. These outcomes underline
the dilution problem inherent in existing methods, where the valuable insights from larger, more ca-
pable device prototypes are overshadowed by less informative outputs from smaller devices, thereby
degrading the performance of L prototypes. These empirical ndings are supported by our theoret-
ical insights as discussed in Remark 1. Speci cally, Proposition 1 illustrates that vanilla ensemble
distillation (VED) leads to knowledge dilution and inaccuracies due to misaligned device capacity
allocations. Moreover, this issue becomes more signi cant when the smaller device prototype serve
as teacher.

Insight 2: From Table 4, the suboptimality of existing KD-based methods is evident from the sig-

ni cant performance improvements of our method, especially for S and M prototypes across various
settings. This underscores the ineffectiveness of the one-size- ts-all approach these methods em-
ploy, where a single averaged logits distillation target is used for all device sizes, proving to be sub-
optimal. Our experimental observations regarding the shortcomings of vanilla ensemble distillation
methods align with our theoretical ndings, as substantiated in Remark 1 and 2. It becomes evident
that an ef cient knowledge distillation process must allocate capacity in a manner that appropriately
corresponds to the information value of the teacher ensemble prototypes.

Insight 3: Our experiments, detailed in Table 4, demonstrate TAKFL's adept handling of knowl-

edge from various device prototypes under different data heterogeneity conditions. We observed
consistent performance gains for small (S) and medium (M) prototypes across both low and high
data heterogeneity, compared to vanilla FedAvg. However, in high heterogeneity settings, large (L)
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