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1 Abstract

Ongoing efforts that span over decades show a rise of Al methods for accelerating scientific discovery
[Fajtlowiczl [1988| [Petkovsek et al.l [1996] [Wolfram et al.l 2002 Buchberger et al., [2006, [Bailey
et al.| 2007, Raayoni et al., 2021} Davies et al., 2021} [Fawzi et al.,|2022]], yet accelerating discovery
in mathematics remains a persistent challenge for Al. Specifically, AI methods were not effective
in creation of formulas for mathematical constants because each such formula must be correct for
infinite digits of precision, with “near-true” formulas providing no insight toward the correct ones.
Consequently, formula discovery lacks a clear distance metric needed to guide automated discovery
in this realm. In this work, we propose a systematic methodology for categorization, characterization,
and pattern identification of such formulas. The key to our methodology is introducing metrics based
on the convergence dynamics of the formulas, rather than on the numerical value of the formula.
These metrics enable the first automated clustering of mathematical formulas. We demonstrate this
methodology on Polynomial Continued Fraction formulas, which are ubiquitous in their intrinsic
connections to mathematical constants [[Lagarias), [2013} [ Bowman and McLaughlin, 2002} [Laughlin
and Wyshinski, 2004]], and generalize many mathematical functions and structures. We test our
methodology on a set of 1,768,900 such formulas, identifying many known formulas for mathemat-
ical constants, and discover previously unknown formulas for 7, In(2), Gauss’, and Lemniscate’s
constants. The uncovered patterns enable a direct generalization of individual formulas to infinite
families, unveiling rich mathematical structures. This success paves the way towards a generative
model that creates formulas fulfilling specified mathematical properties, accelerating the rate of
discovery of useful formulas.

2 Introduction

Historically, formulas of mathematical constants were a symbol of aesthetics and beauty. Continued
fraction formulas such as those for the golden ratio ¢ and for tan(x)
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enable calculating infinitely many digits for these constants. Discovering such formulas often
leads to profound revelations regarding the properties and underlying structure of fundamental
constants. For example, the continued fraction formula for tan(z), shown in Eq. |1} was used by
Johann Heinrich Lambert in the first proof of the irrationality of Pi [Lambert, |1768[|[Berggren et al.,
2004]. Unfortunately, such formulas are notoriously hard to find on-demand, often relying on a
mathematician’s profound intuition. Part of the challenge is the lack of a well-defined ‘distance’, or a
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metric, between a formula and a given constant. i.e., there is no known way to tell whether a formula
is nearly accurate. The formula either works, or it does not. In other fields of science, a prediction
accurate to 1000 digits is precise enough for any practical need. However, in mathematics, if the
1001% digit is wrong, the formula is incorrect and gives no insight regarding a correct formula. This
lack of a metric is a substantial hurdle both for human efforts and for automated analysis, as many
methods for optimization such as gradient descent become unsuitable.

Recent efforts developed computer algorithms to discover a multitude of formula hypotheses for
mathematical constants [Raayoni et al., [2021]], even implementing the first large-scale distributed
computation for such discoveries [Elimelech et al.l 2023]], but they relied mostly on exhaustive
search methods. These approaches complements earlier applications of algorithms for automated
theorem proving (ATP) (such as computer proofs of hypergeometric identities [Petkovsek et al.|
1996, Malarea [Urban, 2007]], and Flyspeck [Kaliszyk and Urban, [2012]), and automated conjecture
generation (ACG) (such as mechanical mathematics [Wang}, [1960], the Automated Mathematician
[Lenat, |1982]], EURISKO [Lenat and Brown, |1984} Davis and Lenat, |1982], and Graffiti [Fajtlowicz,
1988])).

Here we propose a fundamentally new methodology for automated investigation and discovery of
formulas for mathematical constants. We constructed a large dataset of continued fractions, and en-
riched it with metrics based on their convergence dynamics, which are found to embody fundamental
information about each continued fraction. These dynamical metrics enable the identification and
generalization of patterns within the dataset. Using the metrics, we develop a process of categorization
and clustering (Fig. [I) of continued fractions that share similar values of their dynamical metrics.
Analyzing each automatically identified cluster of formulas, we find that all its members often relate
to the same mathematical constant, showing the value of the dynamical metrics for the discovery of
new formulas and the internal structure of families of such formulas. This novel method of formula
discovery allowed us to identify both previously known and completely new formulas for constants
such as 7, In(2), cot(1), the golden ratio, square roots of multiple integers, the Gauss constant, and
the Lemniscate constant.
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Figure 1: Systematic clustering and labeling of formulas by dynamical metrics. Our methodology
analyzes Polynomial Continued Fractions (PCFs) in two main stages. Clustering: (a) Filter degener-
ate PCFs. (b) Evaluate PCFs and extract their dynamics-based metrics (section[3)). (¢) Choose the
best few metrics and use them to cluster the data. Labeling: In every cluster, look for PCFs known in
the literature and use them as anchors. (d) If anchors are found in the cluster, validate that they do not
contradict, i.e., relate to different constants. (d.1) If all anchors are in agreement, choose a random
subset of other points in the cluster and use PSLQ to validate that they also relate to the same constant.
If the validation is successful, the cluster is labeled. If not, the cluster should be split. (d.2) If the
anchors relate to different constants, the cluster should be split — return to step c for finer clustering
of the data. When focusing on a specific cluster, the best metrics could be different than those for
the full dataset. (e) If no anchor is found in a certain cluster, attempt to label by (e.1) choosing a
small subset of PCFs in the cluster and running a PSLQ search for each of them against a large set of
potential constants. If a connection is found, the cluster now has an anchor — return to step d. (e.2) If
an anchor is still not found, attempt to connect a sample of data points within the cluster using PSLQ.
If successful, conclude that the cluster is correct, but has no identified constant. Define a new label
for that cluster. If PSLQ failed to connect points within the cluster, return to step c for finer clustering.
If no further refinement is appropriate, flag the cluster for further analytical investigation.
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As part of our analysis of metrics of continued fractions, we developed and applied the most
complete classification of polynomial continued fractions known to date, detailed in Appendix
This classification includes the prediction of whether the continued fraction converges directly based
on its defining polynomials.

Traditional clustering methods attempt to relate data points by calculating distance metrics based
on the parameters of these data points, e.g., the coefficients of the defining polynomials. The most
common approaches (like SVM) rely on linear classification, while more advanced methods rely on
non-linear kernel transformations - but usually use various functions calculated directly on the data
parameters. In our dataset, each point is a continued fraction formula defined by the polynomials
used to construct it. However, we find that it is not sufficient to use the parameters of the polynomials,
and not even the numerical limit of the continued fraction. Instead, we find that it is the dynamics
of the continued fraction generated by these polynomials, rather than any direct function on their
coefficients, which provides the most useful metrics for analysis. In other words, we find that
the useful underlying metrics to extract from each data point are embedded within the intricate
progression of the sequence created by the formula, rather than the explicit numerical value (limit)
of that formula, or the coefficients defining it. Thus, in order to assess the distance between two
polynomial continued fractions, and identify relations between such formulas, it is imperative to
characterize the nuanced behavior of their sequences, analyzing trends in the convergence process of
these sequences, spanning over numerous terms.

Some of the metrics we extract, such as the irrationality measure, are well-known in the mathematical
community, yet were never considered for a large-scale classification effort. The evaluation of the
irrationality measure is technically challenging for formulas whose limit is not known in advance
(which is the vast majority). This challenge made it impossible to extract the irrationality of formulas
for a large dataset. Consequently, we develop a new algorithm — the Blind-d algorithm (Section |3.4) —
to enable the extraction of the irrationality measure of a continued fraction without prior knowledge
of its limit. This algorithm allowed us to extract the irrationality measure for the entire dataset.

These advances provide the building blocks for our novel methodology for formula discovery. We
cluster formulas by their ‘closeness’ to other formulas according to these new metrics, thus identifying
promising formulas regardless of their numerical value (Fig. [[left). Once a candidate formula is
found, we numerically validate it by calculating its value to a large precision and then identifying
its relation to a mathematical constant. The “generate = validate” approach is inspired by works in
Al-driven code generation [Ridnik et al.,2024] and problem solving in geometry [Trinh et al.; 2024]].

3 Methodology for Data-Driven Discovery

3.1 Definitions

Polynomial Continued Fractions

In this work we chose to focus on polynomial continued fraction (PCF) formulas as our test case
due to the combination of their simplicity and expressive power. PCFs relate to a wide range of
mathematical fields, represent a variety of constants, are equivalent to infinite sums [Euler; |1748]],
and cover mathematical functions such as Bessel functions, trigonometric functions, integral families,
widely used Taylor series, and generalized hypergeometric functions [Cuyt et al., 2008|]. Thus,
studying PCFs can provide insight into a plethora of mathematical objects and applications.

A PCF at depth n is defined as:
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where a,, = a(n) and b,, = b(n) are evaluations of polynomials with integer coefficients. The PCF

value is the limit L = lim = (when it exists). The converging sequence of rational numbers %
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provides an approximation of L, which is known as a Diophantine approximation.

The Irrationality Measure of a Number



While irrational numbers cannot be expressed using a simple quotient of integers, they can be
approximated by them. Moreover, some approximations are “better” than others, and one way to
evaluate their quality is by a quantity called the irrationality measure [Hardy et al.l[1979].

We define the irrationality measure of a sequence % — L as the limit §,, — §, with
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For every L € R, the irrationality measure of L is defined as the supremum of all possible § for
which there is a sequence of distinct rational numbers %:, — L; % = L that satisfies
- %é o
dn 4n
It is known that for irrational numbers this measure is > 1 (Dirichlet theorem for Diophantine
approximations), and for rationals it is 0.

Note that the irrationality measure of L is greater or equal to the irrationality measure of any specific
sequence converging to the same L. While the irrationality measure of a sequence can be any number
> -1, the irrationality measure of its limit L is always either 0 or > 1 [Churchl 2019].

3.2 J$-Predictor Formula

The classification of a large number of continued fraction formulas requires an efficient and accurate
calculation of the irrationality measure § for each formula. This calculation is challenging because
it depends on the asymptotic behavior of the converging sequence, and because J appears as an
exponent of a large basis number. The J-Predictor formula that we present here provides a way
around this challenge - requiring no specific knowledge about the convergence rate and trajectory, or
even about the sequence limit itself:
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where A1(n) and Ay (n) are the eigenvalues of the matrix (1) 2” A1 ()] > |A2(n)].

This formula extends a hypothesis made in a previous work [David et al.,[2021]], which was limited to
PCFs with deg(B) = 2deg(A) and with a ¢,, that grows exponentially. As we found in this work, Eq
works for any converging PCF. It was validated numerically and proven for the deg(B) = 2deg(A
case in Appendix [} This formula helps estimate the irrationality measure, a critical dynamical metric
for our work. Specifically, the asymptotic behavior of g, and A1/, are still required for finding
Opredicted, bUt they are usually easier to derive.

3.3 Discovery of Formulas by Unsupervised Learning

Each PCF formula is defined by the polynomials that generate it. This work focuses on polynomials
up to 2nd degree: a,, = Aon? + Ayn + Ag, b, = Ban? + Bin + By, with integer coefficients in
the domain —5 < A; < 5, =5 < B; < 5. We removed the a = 0 and b = 0 cases, as they break
the PCF structure, leaving us with 1,768,900 formulas. Some of these PCFs do not converge to a
single limit, rendering their measured metrics meaningless (see Appendix [B|for the classification
method we developed to predict PCF convergence). We filtered out all formulas that do not converge,
providing the final filtered dataset of 1,543,926 formulas.

The conventional classification of the PCFs is by the coefficients of their polynomials a.,, by,
(Az, A1, Ay, Ba, By, By), and by their numerical limit L, which we evaluate here at depth n = 2000.

Going beyond these conventional classification, our methodology relies on dynamics-based metrics
calculated for each formula:

* The irrationality measure: for each PCF, we calculate dprcdicted (Eq@) and compute §
directly using the Blind-6 algorithm (presented in section at depth n = 1000. Fig[2h
presents example § evaluations.



» The convergence rate dynamics, comprised of three parameters: for each PCF, we t the

approximation error(n) := Z—: L , which scalesagn) n! e" n forlargen.

We store the tted (factorial coef cient), (exponential coef cient), and (polynomial
coef cient). The process is detailed in Appendix A.

» The growth rate o&,, comprised of three parameters: For each PCF, we t the denominator
0 0 0
tog, n! e " n forlargen. We store the tted parameters; ¢ ©.

Based on this set of metrics, we applied unsupervised clustering for unlabeled data (using the
hierarchical density-based HDBSCAN algorithm [Mclnnes et al., 2017]). The clustering is the key
component in the algorithm we developed (Fig.1), leading to the discovery of a variety of formulas
and data patterns that exposed formula families (see sections 4.1, 4.2, 4.3, and 4.4 for selected results).

Figure 2: Dynamics-based metrics for formulas of mathematical constantsAnalysing the
convergence of polynomial continued fraction (PCF) formulas prodidemical metricshat prove
useful for their automated clustering and identi cation. (a) Irrationality measwuse PCF depth,
for two example formulas of the constact#(1) and the Silver Ratio. The of these constants is
known to bel (green dashed lines). The blue dots show the numerical convergen¢E@f3) to the
correct value. The red dots show the evaluatd&tedictor formula (Eq.5), following the numerical

very closely in the Silver Ratio formula, while taking a completely different (and much slower)
trajectory in thecot(1) formula; yet both converge to the correct value 1. For the purposes
of clustering, predicted Was evaluated at = 10°, providing an accurate estimation far (b) n
(n = 1000) vs. the limit value for PCFs in our dataset. Whilgalues seem to follow a pattern, the
limit value distribution does not contain relevant information (the higher density of PCFs near the
Y axis arises from the small coef cients of the polynomials in our dataset). Our dataset contains
913 056 irrationality-proving formulas, most of which are not yet linked to any known constant.
(c) Exponential growth coef cients af, and of (n) for PCFs withdeg(B) = 2deg(A). Note the
surprising “band-structures” that this view reveals. A few of the clusters have been identi ed, but
the reason for the appearance of these “bands” and the properties of most clusters remain as open
questions. (d) Example PCFs in the dataset that converge to a value close to the amtétant
(' 10 ®) and yet are not related to it, showcasing the challenge of mathematical formula discovery.
For visual clarity, error bars not shown. See Appendix A for a discussion regarding measurement
errors.

3.4 The Blind- Algorithm

The irrationality measure of a PCF is of mathematical interest, and (as we will see in section 4) is a
powerful dynamical metric. Unfortunately, evaluatingsing Eq.3 requires knowing the series limit
L, making its estimation for a large set of unlabeled PCFs impractical.

The Blind- algorithm was created in order to circumvent this limitation. Instead of inspecting the
convergence behavior (%f I L, we inspect the convergence behavio%’pf! % for speci c
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