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Abstract

Over the several recent years, there has been a boom in development of Flow
Matching (FM) methods for generative modeling. One intriguing property pursued
by the community is the ability to learn flows with straight trajectories which
realize the Optimal Transport (OT) displacements. Straightness is crucial for the
fast integration (inference) of the learned flow’s paths. Unfortunately, most existing
flow straightening methods are based on non-trivial iterative FM procedures which
accumulate the error during training or exploit heuristics based on minibatch OT. To
address these issues, we develop and theoretically justify the novel Optimal Flow
Matching (OFM) approach which allows recovering the straight OT displacement
for the quadratic transport in just one FM step. The main idea of our approach is the
employment of vector field for FM which are parameterized by convex functions.
The code of our OFM implementation and the conducted experiments is available
athttps://github.com/Jhomanik/Optimal-Flow-Matching.

1 Introduction

Recent success in generative modeling [41, 17, 9] is mostly driven by Flow Matching (FM) [38]
models. These models move a known distribution to a target one via ordinary differential equations
(ODE) describing the mass movement. However, such processes usually have curved trajectories,
resulting in time-consuming ODE integration for sampling. To overcome this issue, researches
developed several improvements of the FM [39, 40, 48], which aim to recover more straight paths.

Rectified Flow (RF) method [39, 40] iteratively solves FM and gradually rectifies trajectories.
Unfortunately, in each FM iteration, it accumulates the error, see [40, §2.2] and [39, §6]. This
may spoil the performance of the method. The other popular branch of approaches to straighten
trajectories is based on the connection between straight paths and Optimal Transport (OT) [60]. The
main goal of OT is to find the way to move one probability distribution to another with the minimal
effort. Such OT maps are usually described by ODEs with straight trajectories. In OT Conditional
Flow Matching (OT-CFM) [48, 55], the authors propose to apply FM on top of OT solution between
batches from considered distributions. Unfortunately, such a heuristic does not guarantee straight
paths because of minibatch OT biases, see, e.g., [55, Figure 1, right] for the practical illustration.
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Contributions. In this paper, we x the above-mentioned problems of the straightening meth-
ods. We propose a novel Optimal Flow Matching (OFM) approa&h {hat after asingle FM
iteration obtains straight trajectories which can be simulated without ODE solving. It recovers
OT ow for the quadratic transport cost function, i.e., it solves the Benamou—Brenier problem
(Figure 1). We demonstrate the potential of OFM in the series of experiments and benchaparks (
The main idea of our OFM is to consider during FM only speci ¢

vector elds which yield straight paths by design. These vector

elds are the gradients of convex functions, which in practice are

parametrized by Input Convex Neural NetworRE [n OFM, one

can optionally use minibatch OT or any other transport plan as the

input, and this is completely theoretically justi ed.

2 Background and Related Works

In this section, we provide all necessary backgrounds for the theory.

First, we recall staticx2.1) and dynamicx@.2) formulations of

Optimal Transport and solvergd.3) for them. Then, we recall Flow

Matching &2.4.1) and ow straightening approaches: OT-CFNgigure 1: Our Optimal Flow
(x2.4.2) and Recti ed Flowx2.4.3). Matching (OFM). Foranyini-

. ) b . tial transport plan between
Notations. For vectorsx;y 2 R”, we denote theplnner producb0 and p;, OFM obtainsex-

by hx;yi and the corresponding norm bykxk := = hx;xi. We actly straighttrajectories (in
useP2.5c (RP) to refer to the set of absolute continuous probabilifyst a single FM loss min-
distributions with the nite second moment. For vecioR R® and imization) which carry out
distributionp 2 P 5.5 (RP), notationx ~ p means thax is sampled the OT displacement for the
from p. For the push-forward operator, we use syn¥ol quadratic cost function.

2.1 Static Optimal Transport

Monge's and Kantorovich's formulations. Consider two distributionpy; p1 2 P 2:ac(RP) and a
cost functionc: R® RP ! R. Mon%e‘s Optimal Transport formulation is given by

inf ¢(Xo; T (X0)) Po(X0)dXo; 1)
T#po=p1 RO

where the in mum is taken over measurable functidhs RP ! RP which satisfy the mass-

preserving constraint# pp = p1. Such functions are called transport maps. If there exists a

transport maf@ that achieves the in mum, then it is called the optimal transport map.

Since the optimal transport mdp in Monge's formulation may not exist, there is Kantorovich's
relaxation for problengl) which addresses this issue. Consider the set of transport plggsp:),
i.e., the set of joint distributions dR®  RP which marginals are equal [ andp;, respectively.
Kantorovich's Optimal Transport f%rmulation is

' C(Xo0;X1) (Xo;X1)dXodX: (2)
2 ( poip1) RD RD
With mild assumptions opo; p1, the in mum is always achieved (possibly not uniquely). An optimal
plan 2 ( po;py) is called an optimal transport plan. If optimal has the fornfid; T 1# po, then
T is the solution of Monge's formulation (1).

Quadratic cost function. In our paper, we mostly consider the quadratic cost funat{@g; x1) =

M. In this case, in mums in both Monge's and Kantorovich's OT are always uniquely attained
[60, Brenier's Theoren2:12]. They are related by =[id; T J# po. Moreover, the optimal values

of (1) and(2) are equal to each other. The square root of the optimal value is called the Wasserstein-2
distanceW,(po; p1) between distributionpy andp, i.e.,

. kx:  Xok?
Wi(po;p) = min o (XoiXa)dxodx,
o 1RD RD
. kXO T(Xo)k2
= _— dxg: 3
T#;[ryon: P1 RD 2 pO(XO) %o ( )



Dual formulation. For the quadratic cost, problem (3) has the equi\éalent dual form [60]:

W3(po;p1) = CONST(po;p1) _min " ( Xo)Po(Xo)dxo + ( xa)pu(xa)dxs ;(4)

{z2 }
=Lor ()
where the minimum is taken over convex functiofsx) : RP ! R. Here ( x1)

sup,,2ro [Xo;X1i  ( Xo)] is the convex (Fenchel) conjugate function oflt is also convex.

The termCONST(pg; p1) does not depend on. Therefore, the minimizatio(8) over transport plans
is equivalent to the minimization dfor () from (4) over convex functions . Moreover, the
optimal transport mafd can be expressed via an optimal (the Brenier potentia[60]), namely,

T =r (5)

2.2 Dynamic Optimal Transport
In [5], the authors show that the calculation of Optimal Transport m#p)ifor the quadratic cost

can be equivalently reformulated in a dynamic form. This form operates with a vector elds de ning
time-dependent mass transport instead of just static transport maps.

Preliminaries. We consider the xed time intervd0; 1]. Letu(t; ) u¢():[0;1] RP ! RP
be a vector eld andf z g, ;19 be the set of random trajectories such that for each trajectory
fz:0i2[0;1) the starting poingg is sampled fronpg andz; satis es the differential equation:

dzz = u(z)dt; zo po: (6)

In other words, the trajectorfyz; g;» [0.1) is de ned by its initial pointzo  pp and goes along the
speed vectou, (z;). Under mild assumptions an for each initialzg, the trajectory is unique.

Let Y(t; ) Y():[0;1] RP ! RP denotethe ow map, i.e., it is the function that maps the
initial zg to its position at moment of timeaccording to the ODE (6), i.e.,

d '(z0) = uw( {(20)); 0o(20)= 20: (7)

If initial points zy of trajectories are distributed accordingpg then(6) de nes a distributiorp; of
z; at timet, which can be expressed via with the push-forward operatorpf.es  {'# po.
Benamou—Brenier problem.Dynamic OT is the following minimization problem:
212 (x¢)k3
W3(po; p1) = inf g | 1 plxdxdt ®)

0 RP
= p[ (Xt)

sit: 1#po = pa:
In (8), we look for the vector eldsu that de ne the ows which start by and end ap;. Among
such ows, we seek for the one which has the minimal kinetic energy over the entire time interval.

There is a connection between the static OT map= r and the dynamic OT solution .
Namely, for every initial poinko, the vector eldu de nes a linear trajectoryz; g o;1):

z=tr (0)+(1 t)zo; 8t2][0;1]: (9)

2.3 Continuous Optimal Transport Solvers

There exist a variety of continuous OT solve?4,[52, 54, 43, 19, 14, 59, 15, 34, 51, 40, 36, 35, 13,

18,57, 2,55, 23, 44, 4, 20]. For a survey of solvers designed for OT with quadratic cost, 38e In

this paper, we focus only on the most relevant ones, called the ICNN-based sbl{/&3 (43, 2].

These solvers directly minimize objectilzeyr from (4) parametrizing a class of convex functions

with convex in input neural networks called ICNNg [for more details, see “Parametrization of

in x3.2). Solvers details may differ, but the main idea remains the same. To calculate the conjugate
function ( x1) at the pointx1, they solve the convex optimization problem from conjugate de nition.
Envelope Theorem [1] allows obtaining closed-form formula for the gradient of the loss.

2.4  Flow Matching Framework

In this section, we recall popular approaché8 B9, 48] to nd elds u which transport a given
probability distributionpg to a targep; and their relation to OT.
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2.4.1 Flow Matching (FM)

To nd such a eld, one samples pointsy; x; from a transport plan 2 ( po;p1), €.0., the
independent plap,  p:. The vector eldu is encouraged to follow the direction X of the
linear interpolatiorx; = (1  t)Xp + tx; at any moment 2 [0; 1], i.e., one solves:
8 9
Z,2 Z 2
muin Leyw (u)= S Kug(xy) (X1 Xo)k? (xo;xl)dxodx1>dt;xt =(1 t)xp+ txg:
0

"RD RD
(10)
We denote the solution ¢10)and the ow map(7)byu and
respectively. The concept of FM is depicted in Figure 2.

The intuition of this procedure is as follows: linear interpolation
Xt = (1 t)xp + tx is an intuitive way to movey to p;, but it
requires knowing; . By tting u with the directionx;  Xo, one
yields the vector eld that can construct this interpolation without
any information about .

The set of trajectorief z;g;, 0,10 generated by, (with zo  po)

has a useful property: the ow map; transforms distribution

po to distributionp, for any initial transport plan . Moreover,

marginal distributiornp; = | # po is equal to the distribution of

linear interpolatiork; = (1 t)Xxo + tx for anyt andxg; X1 . i

This feature is called the marginal preserving property. Figure 2: Flow Matching (FM)

. . ) obtains a vector eldu mov-
To push pointx, according to learned, one needs to integrateng p, to p;. FM typically

ODE (6) via numerical solvers. The vector elds with straight (%perates with the independent
nearly straight) paths incur much smaller time-discretization erffinsportplan = py  pi.

and increase effectiveness of computations, which is in high demand

for applications.

Researchers noticed that some initial plaran result in more straight paths after FM rather than
the standard independent plagn  p;. The two most popular approaches to choose better plans are
Optimal Transport Conditional Flow Matching [48, 55] and Recti ed Flow [40].

2.4.2 Optimal Transport Conditional Flow Matching (OT-CFM)

If one uses the OT plan as the initial plan for FM, then it returns

the Brenier's vector eldu , which generates exactly straight trajec-
tories(9). However, typically, the true OT plan is not available.

In such a case, in order to achieve some level of straightness in the
learned trajectories, a natural idea is to take the initial plémbe
close to the optimal . Inspired by this, the authors of OT-CFM
[48, 55] take the advantage of minibatch OT plan approximation.
Firstly, they independently sample batches of points fpgrandp;.
Secondly, they join the batches together according to the discrete
OT plan between them. The resulting joined batch is then used in
FM. The concept of OT-CFM is depicted in Figure 3.

The main drawback of OT-CFM is that it recovers only biased dy-

namic OT solution. In order to converge to the true transport p'ﬁf@;ure 3- OT-CFM uses mini-
the batch size should be largé},[while with a growth of batch p5ich OT plan to obtain more
size computational time increases drasticaf][ In practice, batch straight trajectories.

sizes that ensure approximation good enough for applications are

nearly infeasible to work with.

2.4.3 Rectied Flow (RF)

In [40], the authors propose an iterative approach to re ne the platraightening the trajectories
more and more with each iteration. Formally, Flow Matching procedure denotEttipkes the
transport plan as input and returns an optimal ow map via solving (10):

= FM( ): (12)



Figure 4: Recti ed Flow iteratively applies FM to straighten the trajectories after each step.

One can iteratively appli¥¥M to the initial transport plan (e.g., the independent plan), gradually
rectifying it. Namely, Recti ed Flow Algorithm oiK -th iteration has the following update rule

K +1 - FM( K), K +1 :[Id, K+l]# p01 (12)
where K; X denote ow map and transport plan #t-th iteration, respectively.

With each new FM iteration, the generated trajectoffiez g (01 gk provably become more and

more straight, i.e., error in approximatiafy (1 t)z§ + tzX ; 8t 2 [0; 1] decreases as the number
of iterationsK grows. The concept of RF is depicted on Figure 4.

The authors also notice that for any convex cost funatitmee ow map ; from Flow Matching
yields lower or equal transport cost than initial transport plan
z Z

c(Xo; 1(X0))Po(X0)dXo c(X0;X1) (Xo;X1)dXodX1: (13)
RD RP  RD
Intuitively, the transport costs are guaranteed to decrease because the trajectories of FM as solutions
of well-de ned ODE do not intersect each other, even if the initial lines connegijrandx; can.
With each iteration of RE12), transport costs for all convex cost functions do not increase, but, for a
given cost function, convergence to its own OT plan is not guarantee@9lrtlie authors address
this issue and, for any particular convex cost functipmodify Recti ed Flow to converge to OT map
for c. In this modi cation, calledc-Recti ed Flow (c-RF), the authors slightly change the FM training
objective and restrict the optimization domain only to potential vector elds) = r T(r f()),
wheref,() : RP ! R is an arbitrary time-dependent scalar valued functionisdthe convex
conjugate of the cost functian In case of the quadratic cost function, the training objective remains
the same, and the vector eld is set as the simple gradient ;( ) of the scalar valued functioh .

Unfortunately, in practice, with each iteration }RF accumulates error caused by inexactness from
previous iterations, the issue mentioned38,[86, point 3]. Due to neural approximations, we can
not get exact solution of FM (e.g.X # po 6 p1), and this inexactness only grows with iterations. In
addition, training of ¢-)RF becomes non-simulation free after the rst iteration, since to calculate the
plan X*1 =Tid; X*1J# po it has to integrate ODE.

3 Optimal Flow Matching (OFM)

In this section, we provide the design of our novel Optimal Flow Matching algorfit)rihat xes

main problems of Recti ed Flow and OT-CFM approaches described above. In theory, it obtains
exactlystraight trajectories and recovers the unbiased optimal transport map for the quadratic cost
justin one FM iteration with any initial transport plan. Moreover, during inference, our OFM does
not require solving ODE to transport points.

We discuss the theory behind our approachX), its practical implementation aspect3.@) and the
relation to prior worksX3.3). All our proofsare located in Appendix A.

3.1 Theory: Deriving the Optimization Loss

We want to design a method of moving distributianto p; via exactly straight trajectories. Namely,

we aim to obtain straight paths from the solution of the dynamiq&TMoreover, we want to limit
ourselves to just one minimization iteration. Hence, we propose our novel Optimal Flow Matching
(OFM) procedure satisfying the above-mentioned conditions. The main idea of our OFM is to



minimize the Flow Matching los§L0) not over all possible vector elds, but only over specic
optimalones, which yield straight paths by construction and include the desired dynamic OT eld

Optimal vector elds. We say that a vector eldi is optimal if it generates linear trajectories
ff ;02 [0:179 Such that there exist a convex function RP I R, which for any pattf z Gi210:1]
pushes the initial poirgg to the naloneas; = r ( z), i.e.,

zz = (1 t)zo+tr ( 20); t2]0;1]:
The function de nes the ODE

dzz = (r (20) 2z0)dt; Ziji=o = 2o (14)
Equation (14) does not provide a closed formulauforas it depends om,. The explicit formula is
constructed as follows: for a tinte2 [0; 1] and pointx,, we can nd a trajectory z;g»[0.1] S-t.

Xt=z =1 t)zo+tr ( 2o) (15)

and recover the initial poirntg. We postpone the so-
lution of this problem tox3.2. For now, we de ne
the inverse of ow map(7) as( ) (x¢) = 2o
and the vector eldu, (x;) = r ( z) 2z =
r( ¢) Yx)) () xt), which generates
ODE (14), i.e.,dz; = u, (z)dt: The concept of op-
timal vector elds is depicted on Figure 5.

We highlight that the solution of dynamic OT lies in the Figure 5:An Optimal Vector Field: a vector
class of optimal vector elds, since it generates linegld u  with straight paths is parametrized by a
trajectories (9) with the Brenier potential (5). gradient of a convex function .

Training objective. Our Optimal Flow Matching (OFM) approach is as follows: we restrict the
optimization domain of FM10) with xed plan only to the optimal vector elds. We put the
formula for the vector eldu into Flgl loss from (10) and de ne our Optimal Flow Igatching loss:

Ziz2 Z >
Loem () == Lgm(u )= S ku, (xt) (X1 Xo)k? (xo;xl)dxodxgdt; (16)
0 R0 RD '
Xt = (1 t)Xo+ txg:

Our Theorem 1 states that OFM solves the dynamic OT via single FM minimization for any initial
Theorem 1(OFM and OT connection)Consider two distributiongg; p1 2 P ac.2(RP) andany
transport plan 2 ( po; p1) between them. Then, the dual Optimal Transport logs (4) and
Optimal Flow Matching los& ), (16) havethe same minimizers.e.,

argminL gy () =argmin Lot () :
convex convex

3.2 Practical implementation aspects
In this subsection, we explain the details of optimization of our Optimal Flow Matching loss (16).

Parametrization of . In practice, we parametrize the class of convex functions with Input Convex
Neural Networks (ICNNs)3]  and parameters. These are scalar-valued neural networks built in
such a way that the network is convex in its input. They consist of fully-connected or convolution
blocks, some weights of which are set to be non-negative in order to keep the convexity. In addition,
activation functions are considered to be only non-decreasing and convex in each input coordinate.
These networks are able to support most of the popular training techniques (e.g., gradient descent
optimization, dropout, skip connection, etc.). In Appendix B, we discuss the used architectures

OFM loss calculation. We provide an explicit formula for gradient of OFM loss (16).
Proposition 1 (Explicit Loss Gradient FormuIa)TkP]e gradient obeFM can be calculated as

zo = NO-GRAD (, ) x) ;

dL(Cj)FM = dﬂEt;Xo;xl NO-GRAD 2 tr? (zo)+(1 t)l 1(X°t720) it (20)

where variables undelO-GRAD remain constants during differentiation.




Flow map inversion. In order to nd the initial pointzo = ( , ) *(x), we note that (15)
Xt =(1 t)zo+ tr ( zo)
is equivalent to
()
2

The function under gradient operatorhas minimum at the required poing, since atzy the gradient
of itequals0. If t < 1the functionis atleagtlL t)-strongly convex, and the minimum is unique.
The case = 1 is negligible in practice, since it has zero probability to appear during training.

kK K2+t( ) hxgi (z)=0:

We can reduce the problem of inversion to the following minimization subproblem

() *(x¢)=arg min ukzok2+ t( z0) hx;zoi a7
292 RP 2

Optimization subprobler(iL7)is at leas{1 t)-strongly convexand can be effectively solved for

any given poink; (in comparison with typical non-convex optimization tasks).

Algorithm. The Optimal Flow Matching pseudocode is presented in listing 1. We estimate math
expectation over plan and timet with uniform distribution or0; 1] via unbiased Monte Carlo.

Algorithm 1 Optimal Flow Matching

Input: Initial transport plan 2 ( po; p1), number of iteration& , batch sizeB, optimizerOpt,
sub-problem optimizeBubOpt, ICNN
1: fork=0;:::;K 1do
. Sample batcti(x}; x})gE., of sizeB from plan ;
Sample times batcht'g2., of sizeB from U[0; 1];
Calculate linear interpolatioxl, = (1  t')xy + t'x} foralli 2 1;B;
Find the initial pointsz}) via solving the convex problem witBubOpt

@ t)
2

a kR wn

z\, = NO-GRAD arg min kzhk®+ t' (zb) hxl;zhi
0

6: Calculate lost o

e _ ) _ i i _
Loem :é NO-GRAD 2 tir2 (Z)+(@1 t)l 1o ) ) ;

i
i=1 t

7:  Update parametersvia optimizerOpt step With‘m%;
8: end for

3.3 Relation to Prior Works

In this subsection, we compare our Optimal Flow Matching and previous straightening approaches.
One unique feature of OFM is that it works only with ows which have straight paths by design and
does not require ODE integration to transport points. Other methods may result in non-straight paths
during training, and they still have to solve ODE even with near-straight paths.

OT Solvers[54, 43, 2]. According to Theorem 1, our OFM and dual OT solvers basically minimize
the same OT losgl). However, our OFM actively utilizes the temporal component of the dynamic
process. It allows us to pave a novel theoretical bridge between OT and FM. Such a direct connection
can lead to the adoption of the strengths of both methods and a deeper understanding of them.

OT-CFM [48, 55]. Unlike our OFM approach, OT-CFM method retrieves biased OT solution, and
the recovery of straight paths is not guaranteed. In OT-CFM, minibatch OT plan appears as a heuristic
that helps to get better trajectories in practice. In contrast, usageyodhitial transport plan in our

OFM is completely justi ed in Theorem 1.

Recti ed Flow [40, 39]. In Recti ed Flows [40], the authors iteratively apply Flow Matching to
re ne the obtained trajectories. However, in each iteration, RF accumulates error since one may not



learn the exact ow due to neural approximations. In addition, RF does not guarantee convergence to
the OT plan for the quadratic cost. ThdRecti ed Flow [39] modi cation can converge to the OT

plan for any cost functiom, but still remains iterative. In addition, RF an<dRF both requires ODE
simulation after the rst iteration to continue training. In OFM, we work only with the quadratic cost
function, but retrieve its OT solution just one FM iteration without simulation of the trajectories.

Light and Optimal Schrédinger Bridge. In [22], the authors observe the relation between Entropic
Optimal Transport (EOT)¥2, 12] and Bridge Matching (BM)%3] problems. These are stochastic
analogs of OT and FM, respectively. In EOT and BM, instead of deterministic ODE and ows,
one considers stochastic processes with non-zero stochasticity. The authors prove that, during BM,
one can restrict considered processes only to the speci ¢c ones and retrieve the solution of EOT.
Hypothetically, our OT/FM case is a limit of their EOT/BM case when the stochasticity tends to
zero. Proofs in22] for EOT are based on sophisticated KL divergence properties. We do not know
whether our results for OFM can be derived by taking the limit of their stochastic case. To derive the
properties of our OFM, we ussmpletely different proof techniquesbased on computing integrals

over curves rather than KL-based techniques. Besides, in practice, the autitfjsnodtly focus

on Gaussian mixture parametrization while our method allows using neural networks (ICNNs).

3.4 Theory: properties of OFM

In this subsection, we provide the OFM's theoretical properties, which give an intuition for under-
standing of its main working principles and behavior.

Proposition 2 (Sé'mpli ed OFM Loss) We can simplif{16)to a néore suitable form:

te 7
() 'x) Xo
> t
0 "RD RO

2 =
(xo;xl)dxodxl> dt;xy = (1 t)xp+txy: (18)

Lorm ()=

The simpli ed form (18) shows that OFM loss actually measures how wetkstores initial points
Xo of linear interpolations depending on future potmtand timet.

Generative properties of OFM. In this paragraph, we provide another view on our OFM approach.
In our OFM, we aim to construct a vector eldwhich is as close to the dynamic OT eld as
possible. We can use the least siqu:%re regression to measure the distance between them:
1
DIST(U;u ) = Kue(Xe) Uy (X¢)k? t#Pé)(thdXtdt: (29)
0 RP I— b
=P (Xe)
Proposition 3 (Intractable Distance)The distance1sT(u; u ) between an arbitrary vector eld
and OT eldu equals to the FM loss frorf10) with the optimal plan , i.e.,
DIST(U;u ) = Lgy (W) LI E Z(u ;:
=0

We can not minimize intractableisT(u; u ) since the optimal plan is unknown. In OT-CFM 5],

authors heuristically approximate in L), (u), but obtain biased solution. Surprisingly, for the
optimalvector elds, the distance can be calculated explicitly amgy known plan .

Proposition 4 (Tractable Distance For OFM)The distancepisT(u ;u ) between aroptimal

vector eldu generated by a convex functionand the vector eldu  with the Brenier potential
can be evaluated directly via OFM logs6) andany plan

DIST(u ;u )= Legy (U ) L gy (U )=Lopm () L opm () (20)

In (20), the rst term is our tractable OFM loss, and the second term does not dependHbence,
during the whole minimization process in our OFM, we gradually lower the distdr®)detween
the current vector eld and the dynamic OT eld up to the complete match.

4 Experimental lllustrations

In this section, we showcase the performance of our Optimal Flow Matching method on illustrative
2D scenario (84.1) and Wasserstein-2 benchma8k(g4.2). Finally, we apply our approach for
solving high-dimensional unpaired image-to-image translation in the latent space of pretrained ALAE
autoencoder (84.3). THeyTorch implementation of our method is publicly available at



https://github.com/Jhomanik/Optimal-Flow-Matching
The technical detailsf our experiments (architectures, hyperparameters) are in the Appendix B.

4.1 lllustrative 2D Example

In this subsection, we illustrate the proof-of-concept of our OFM on 2D setup and demonstrate that
OFM's solutions do not depend on the initial transport planNe run our Algorithm 1 between

a standard Gaussigp = N (0;1) and a Mixture of eight Gaussiamg depicted in the Figure

6a. We consider different stochastic plansindependent plapy, p; (Figure 6b), minibatch
andantiminibatch (Figures 6c, 6d) discrete OT (quadratic cost) with batchBsize= 64. In the
antiminibatch case, we compose the pairs of source and target points by solving discrete OT with
minus quadratic costkk x yk3. The tted OFM maps and trajectories are presented in Figure 6.
We empirically see that our OFM nds theame solution for all initial plans .

For completeness, in Appendix B.2, we apply these plans to the origingllBMand show that, in
comparison with our OFM, the resulting paths obtained by FM considerably depend on the plan.

(a) Input and target (b) Our tted OFM; (c) Our tted OFM; (d) Our tted OFM;
distributionspp andp:.  independent = po, ps. minibatch . antiminibatch .

Figure 6: Performance afur Optimal Flow Matching orGaussiah Eight Gaussian2D setup.

4.2 High-dimensional OT Benchmarks

In this subsection, we quantitatively compare our OFM and other methods testing their ability to
solve OT. We run our OFM, FM based methods and OT solvers on OT Bench&88rl he authors
provide high-dimensional continuous distributigis p; for which the ground truth OT map for

the quadratic cost is known by the construction. To assess the quality of retrieved transport maps,
we use standardnexplained variance percentagé-UVP(T) := 100 kT T kfz (po):Var(pl)%

[33]. It directly computes the normalized squared error between OTImamd learned map .

Competitors. We evaluate Conditional Flow Matching (OT-CFM), Recti ed Flow (RE)Recti ed

Flow (c-RF), the most relevant OT solver MMv-54] and its amortized version fron2]. In [54]

and PJ, the authors directly minimize the dual formulation ldssr (4) by parametrizing with

ICNNSs and calculating x1) via solving a convex optimization subproblem. The latter is similar

to our inversion(17). Additionally, in [2], the authors use MLPs to parametrizeand we include

these results as well. FollowingJ], we also provide results for a linear OT map (baseline) which
translates means and variances of distributions to each other. For our OFM, we consider two initial
plans: independent plan (Ind) and minibatch OT (MB), the batch size for the laBgjis 64.

The overall results are presented in Table 1. More desiadigiven in Appendix B.3.

Solver Solvertype D =2 D=4 D =8 D =16 D =32 D =64 D =128 D =256

MMv1 [54] 0:2 1:0 1:8 1:4 6:9 8:1 2:2 2:6
Amortization, ICNN  [2] Dual OT solver 0:26 0:78 1:6 1:1 1:9 4:2 1:6 2:0
Amortization, MLP  [2] 0:03 0:22 0:6 0:8 2:0 2:1 0:67 0:59
Linear [33] Baseline 14:1 14:9 27:3 41:6 55:3 63:9 63:6 67:4

OT-CFM [55] 0:16 0:73 2:27 4:33 7:9 11:4 12:1 27:5
RF [40] 8:58 49:46 51:25 63:33 63:52 85:13 84:49 83:13
c-RF [39] Flow Matching 1:56 13:11 17:87 35:39 48 :46 66 :52 68:08 76:48

OFM Ind (Ours) 0:19 0:61 1:4 1:1 1:47 8:35 1:96 3:96

OFM MB (Ours) 0:15 0 :52 1:2 1:0 1:2 7:2 1:5 2:9

Table 1:L 2 UVP values of solvers tted on high-dimensional benchmarks in dimendions? ; 4; 8; 16; 32; 64; 128; 256.
The best metric oveflow Matching basedmethods idolded. * Metrics are taken from [33]. ** Metrics are taken from [2].
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