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Abstract

Mass transport problems arise in many areas of machine learning whereby one
wants to compute a map transporting one distribution to another. Generative
modeling techniques like Generative Adversarial Networks (GANs) and Denoising
Diffusion Models (DDMs) have been successfully adapted to solve such transport
problems, resulting in CycleGAN and Bridge Matching respectively. However,
these methods do not approximate Optimal Transport (OT) maps, which are known
to have desirable properties. Existing techniques approximating OT maps for
high-dimensional data-rich problems, such as DDM-based Rectified Flow and
Schrodinger Bridge procedures, require fully training a DDM-type model at each
iteration, or use mini-batch techniques which can introduce significant errors. We
propose a novel algorithm to compute the Schrodinger Bridge, a dynamic entropy-
regularised version of OT, that eliminates the need to train multiple DDM-like
models. This algorithm corresponds to a discretisation of a flow of path measures,
which we call the Schrodinger Bridge Flow, whose only stationary point is the
Schrodinger Bridge. We demonstrate the performance of our algorithm on a variety
of unpaired data translation tasks.

1 Introduction

The problem of finding a map to transport one probability distribution to another one has numerous
applications in machine learning. In particular, it is at the core of generative modeling where the idea
is to transform a noise distribution into the data distribution, and is also central to transfer learning
tasks such as image-to-image translation. For discrete probability distributions, it is possible to
compute the Optimal Transport (OT) map but this is computationally expensive (Peyré et al., 2019).
By showing that an entropy-regularised version of OT, the Entropic OT (EOT), could be computed
much more efficiently using the Sinkhorn algorithm, Cuturi (2013) has enabled transport ideas to
be used in numerous applications (Ge et al., 2021; Zhou et al., 2022). However, the computational
complexity of Sinkhorn algorithm is quadratic in the sample size, which makes its application to very
large datasets impractical. Mini-batch versions have been proposed, see e.g. (Genevay et al., 2018),
but tend to introduce significant errors in high dimensions (Sommerfeld et al., 2019).

In the context of generative modeling, Denoising Diffusion Models (DDMs) (Song et al., 2021a; Ho
et al., 2020) have shown impressive performance in a variety of domains. DDMs define a forward
process progressively noising the data, and sample generation is achieved by approximating the time-
reversal of this diffusion. In order to leverage the iterative refinement properties of DDMs in the OT
setting, methods exploiting the equivalence between the static versions of (E)OT and their dynamic
counterparts (Benamou and Brenier, 2000; Léonard, 2014) have been developed. A procedure to
approximate the dynamic OT is considered by Liu et al. (2023b), while techniques to approximate the
dynamic equivalent to EOT, the Schrodinger Bridge (SB), have been proposed in (De Bortoli et al.,
2021; Vargas et al., 2021; Chen et al., 2022; Peluchetti, 2023; Shi et al., 2023). These techniques are
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expensive however, as they require training multiple DDM-type models. Mini-batch versions of OT
and Sinkhorn (Pooladian et al., 2023; Tong et al., 2024b) combined with bridge or flow matching
have also been proposed to approximate the OT path and SB, but they optimise a minibatch OT
objective that can introduce significant errors in high dimensions: the error in Wasserstein-1 distance
is of order O(B ~17(?®), where d is the dimension of the problem and B the minibatch size, see
(Sommerfeld et al., 2019, Corollary 1).

In this paper, we propose a novel approach to computing the SB. Similarly to Iterative Markovian
Fitting (IMF) and its practical implementation, Diffusion Schrédinger Bridge Matching (DSBM)
(Shi et al., 2023; Peluchetti, 2023), it leverages the fact that the SB is the only Markov process with
prescribed marginals at the endpoints which is in the reciprocal class of the Brownian motion, i.e. it
has the same bridge as the Brownian motion (Léonard, 2014); see Section 2 for more details on
Markov processes and the reciprocal class. Compared to DSBM, our approach is easier to implement
as it does not require caching samples, alternating between optimising two different losses, and,
optionally, uses one neural network instead of two. In Section 3, we start by introducing a flow of
path measures whose time-discretisation yields a family of algorithms called -IMF and presented
in Section 4. Notably, we show that -IMF converges to the Schrodinger Bridge for any 2 (0;1].
Additionally, for a special value of the discretisation stepsize = 1, we recover the IMF procedure
(Peluchetti, 2023; Shi et al., 2023), while < 1 corresponds to online versions of IMF. We implement
a parametric version of the -IMF as an online DSBM procedure, called -DSBM. We illustrate the
efficiency of our approach in unpaired image-to-image translation settings in Section 6.

Notation. We denote the space of path measures by P(C), i.e. P(C) = P(C([0; 1]; RY)), where
C([0; 1]; RY) is the space of continuous functions from [0; 1] to RY. The subset of Markov path mea-
sures associated with a diffusion oﬁhe form dX; = v¢(X¢)dt + dBy, with ;v locally Lipschitz,
is denoted M. For Q induced by (" "B¢)te[o:1], With "' > 0 and (B¢)t>0 a d-dimensional Brownian
motion, the reciprocal class of Q is denoted R(Q), see Definition 2.1. For any P 2 P(C), we denote
by Py its marginal distribution at time t, Ps.¢ the joint distribution at times S; t, Ps|t the conditional
distribution at time S given the state at time t, and P|g;; 2 P (C) the distribution of the path on time
interval (0; 1) given its endpoints; e.g. Q|o;1 is a scaled Brownian bridge. Unless specified otherwise,
all gradient operators ¥ are w.r.t. the variable X; with time index t. Given probability spaces (X; X)
and (Y;Y), aMarkov kernel K : X Y ¥ [0;1], and a probability measure ~defingd on X, we write

K for the probability measure on Y such that for any A 2 Y we have K(A) = , K(X;A)d (X).
In particular, for any joint distribution .1 over RY  RY, wegdenote the mixture of bridges mea-
sure as = 0;1P‘0;1 2 P(C), which is short for () = RdxRd P\O;l(jXO; Xl)d 0;1(X0;X1).
Finally, we define the Kullbagk-Leibler (KL) divergence between two probability measures

00 12P(X)asKL( oj 1) = ylog((d o=d 1)(X))d o(X)if o isabsolutely continuous w.r.t. 1
and KL( oj 1) =+ otherwise.

2 Optimal Transport and Schrodinger Bridge

Unpaired Transfer and Optimal Transport. Given unpaired data samples from ¢ and 1, where

0; 1 are two distributions on RY, we are interested in designing a transport map from o to 1. This

corresponds to an unpaired data transfer task. We can formulate this problem as finding a distribution

on RY RYwithmarginals o= gand 1 = 1 so thatif Xg o then X1jXg 1j0(JXo0)

satisfies X1 1. Among an infinite number of such so-called coupling distributions , we are here
interested in finding the Entropic Optimal Transport (EOT) coupling ? defined as

z
7 =argmin cp(raxge %kx yk?d (y) "H( ) o= o 1= 1 ; (D
RdxRd
where H( ) is the differential entropy of and " > 0 is a regularisation hyperparameter (Peyré et al.,
2019). For " = 0, we recover the standard OT.

In order to leverage the recent advances in generative modeling, and in particular the concept of
iterative refinement central to DDMs, we turn to a dynamic formulation of EOT known as the
Schradinger Bridge problem (Léonard, 2014). It is defined as follows: find P? 2 P (C) such that

P? = argminpcpy FKL(PJQ) ; Po = o; P1 = 10; (2)



with Q 2 P (C) induced by a scaled-dimensional Brownian motio(1p "B)t2j0:17- The term
dynamichere refers to the fact thé?) is de ned on path measures, i.e. on (stochastic) processes, in
contrast to thetatic problem(1) which is de ned on measures on the sp&%e RY. In Section 3,

we show that solving2) is equivalent to optimising the vector eld of a stochastic process using
objectives similar to the ones of bridge matching (Peluchetti, 2021; Albergo and Vanden-Eijnden,
2023; Lipman et al., 2023; Liu et al., 2023a). Under mild assumptions, it can be shomﬁ;tlhat ?,

see e.g. (Léonard, 2014; Pavon et al., 2021). Hence soft)ngduces to solving?). Once we have
foundP? associated witliX {);2 0.1, we can sample frorR? by rst samplingX§ o and then
sampling the trajectorfX )2 .1 which yields(X §; X 7) ?

Reciprocal and Markov projections. To introduce our methodology, it is necessary to recall the
notions of reciprocal and Markov projections. We refer to Shi et al. (2023) for more details. For
practitioners, a more intuitive explanation of these projections is given in Appendix E.

De nition 2.1 (Reciprocal projection): P 2 P (C) is in the reciprocal clas® (Q) of Q if P =
Po;1Qjo;1. We de ne theeciprocal projectionf P 2 P (C) as P? = proj g @ (P) = Po;1Qjo;1. We
will write projg instead ofprojg () to simplify notation.

In other wordsP is in the reciprocal class @ if the conditional distribution of a path given its
endpoints is identical und€&andQ, see (Reelly, 2013). Sampling from the reciprocal projection of
P can be achieved by sampling a p&#y ). ;1) from P, keeping only the values of the endpoints,
sayX; X 1, and then sampling a new value for the brid¥& )2 (0;1) from Qjo.1.

De nition 2.2 (Markov projection): Assume tha® is induced b)(p "Bt)t20;1) for "> 0. Then,
when it is well-de ned, for any 2 R (Q), theMarkovian projectiorM = proj , (P) 2 M is the
path measure induced by the diffusion; )t2[0;17 With for anyt 2 [0; 1]

dX? = V(X D)dt+ "

"By V(x)= Ep, [X1jXi=x] x =1 t); X Po

In practice, implementing a Markovian projection requires solving a regression problem to approx-
imateEp,; [X1 ] Xt = X¢], similar to the one appearing in bridge matching and ow matching.
One key property of the Markovian projection is tihét = P; for all t 2 [0; 1], i.e. the Markovian
projection preserves the marginals; see (Peluchetti, 2021) for instance.

Iterative Markovian Fitting.  Leveraging the reciprocal and Markovian projections, Peluchetti

(2023) and Shi et al. (2023) concurrently introduced IMF. Starting izee ( o 1)Qjo:1, @
measure where endpoints are sampled independently fseend ; and then interpolated using

a (scaled) Brownian bridge, they de ne a sequence of path mea&®iteB"),,n whereP" =

proj,, (P") andP"*1 = proj 5 (P"). This ensures tha®] = o, P} = ; for all n, and it

can be shown that the sequern(@®),.n converges to the SB, see (Peluchetti, 2023, Theorem
2). The practical implementation of this algorithm proposed by Shi et al. (2023) is called DSBM.
Implementing DSBM poses challenges, as each Markovian projection requires training a neural
network to approximate the relevant conditional expectations by minimising a bridge matching loss.
Furthermore, in practice, generated model samples are stored in a cache in order to train the next
iterations of DSBM. This introduces additional hyperparameters that require tuning. In Section 3 we
propose -IMF, an algorithm which can be interpreted as the discretisation@iaf path measures

This leads to -DSBM, an algorithm that is computationally much more ef cient than DSBM as it
does not rely on a Markovian projection at each step.

3 Schrédinger Bridge ow

We will now introduce a ow of path measuré®s)s o, and show that the time-discretisation of
this ow with an appropriate stepsize 2 (0; 1] yields a family of procedures calledIMF, which

all converge to the Schrédinger Bridge. While= 1 yields the classical IMF, 2 (0; 1) yields
anincrementalversion of IMF. In Section 4 we show thatIMF can be implemented as amline
version of DSBM.



3.1 A ow of path measures
Let (PS; PS)s o be a ow of path measuresle ned for anys 0 by
°=( 0  1)Qo1 @P°=projg(projy (P%) P P =projy (F);  (3)

which we assume is well-de ned. Note that for any
s 0, PS is Markov while P is in the reciprocal
class ofQ. Crucially, the only xed point of(3) is the
SB. Indeed, letP be a xed point of (P5)s ¢ in (3).
Then, we have thaP = proj g (projy (P)). Hence,
we getP = proj g (projy (:::(projg (Projy (P))) :::)).
Hence, under mild assumptiorijs a limit point of IMF
and thereford is the SBP? given by(2), see (Peluchetti,
2023, Theorem 2).

Next, for any 2 (0; 1], we de ne the following discreti-
sation of (3) called -IMF:

Figure 1: lllustration of the SB Flow prl =@ )P+ projg (projy (P");  (4)
and comparison with IMFP? is the SB,

(B")2n the IMF sequence and®)s , andP" = projy (P"). Note that for anyn 2 N, P" 2
the ow we consider. See Appendix BR(Q). This recovers the IMF procedure (Shi et al., 2023;

for the analysis of this example_ Peluchetti, 2023) when=1. USing the de nition of the

sequencéP"),, ., it is possible to analyse the sequence
(P")n2 N using the properties of the KL divergence as well as the Pythagorean identities derived in
(Shi et al., 2023; Peluchetti, 2023). We rst introduce some assumptions on the Schrédinger Bridge
problem. We recall that the differential entropy of a probability measusgiven by

H( )= log((d =dLeb)(x))d (x);
Rd

if admits a dg]sity with respect to the Lebesgue measure anatherwise. Recall thad is
associated witlf™ "B)210:1) and assume th&o = Leb. Let o; 1 2P (RY) such that
z
kxk?d {(x) < +1 ; H( )< +1;
Rd

fori 2 f 0; 1g. Under these assumptions, we can use the characterisation of the SB as the only path
measure that preserveg, 1, and is both Markov and in the reciprocal classofsee e.g. (Léonard,
2014, Theorem 2.12)). We get the following result.

Theorem 3.1(Convergence of -IMF): Let 2 (0;1]and(P";P"),.y de ned by(4). Under
mild assumptions, we have tHah,,, »1 P" = P?, whereP? is the solution of the Schrédinger
Bridge problem(2).

3.2 Discretisation and non-parametric loss

We show here that-IMF is associated with amcrementalersion of DSBM for 2 (0;1).

Iterative Markovian Fitting. Foranyv: [0;1] RY! RY we introduce the loss function
Z, Z.,2

X X
L(V;P) = L¢(v;; P)dt = V(X))
0 0 (RY)3 1 t

2
dPo;1(Xo0; X1)dQyjo;1(XtjXo; X1)dt,;

)
where we recall tha® is induced b)(p "Bt)t210:1 for some" > 0. This loss was already considered
in (Peluchetti, 2021; Lipman et al., 2023; Liu et al., 2023a; Liu, 2022; Shi et al., 2023). We also
de ne the path measu@, 2 P (C) associated with

dX: = w(X)dt+ P TdB Xo o (6)



Consider rst the sequende™),2n de ned by
v =argmin, L(v; Py ): (7)

Using De nition 2.2, we have tha®,+1 = proj , (projg (Pyn)), which corresponds tB"*! in the
IMF sequence. Therefore we have that,, ., Py» = P? under mild assumptions (Peluchetti,
2023, Theorem 2).

Functional gradient descent. We now introduce a relaxation ¢7), where, instead of considering
theargmin, we update the vector eld with one gradient step. To de ne this relaxation, we recall
that for a functionaF : F! R, whereF is an appropriate function space, its functional derivative
(Courant and Hilbert, 2008) with reference measuis denoted F and is given forany 2 F ,
when it exists, by

lim, oF(F+ ) F(f)= = Ror F(E)x): (x)id (x):

Initialised withv?(x) = (Epo [X1jX¢=x] X)=(1 t),whereP® =( o  1)Qjo.1, We now

1jt
introduce a sequence of vector el@"),.n. This corresponds to training a bridge matching model
(see e.g. Liu et al. (2023a); Albergo et al. (2023)), givihg = proj y, (F9). Then forn 2 N, let

VIO = V() ar e Le(W P )(X); ®)

with , > 0and " 2 P (C). The parameters ,; ")n2n Will be made explicit in Proposition 3.2.
We emphasize that, in contrast to the IMF procedure, in the online uflate do not need to solve
a Markovian projection problem at every step; instead we simply take a gradient step on {3.loss

Connection with -IMF.  The following proposition shows thgP,n),>n de ned by (8) is
associated with -IMF de ned in (4).

Proposition 3.2(Non-parametric updates are -IMF): Let 2 (0;1], (P";P")n2n as in(4),
h= and "=(1 P + projr (P"). Then, under mild assumptions, we h&je = P"
foralln 2 N.

Combining Theorem 3.1 to Proposition 3.2, we get tmat,, +1 Py» = P?, i.e. the non-parametric
procedure converges to the SB.

4  -Diffusion Schrédinger Bridge Matching

From DSBMto -DSBM. In Section 3, we introduced-IMF, a scheme which de nes a sequence

of path measures converging to the SB for al (0; 1]. For =1, this corresponds to the IMF,
whose practical DSBM implementation (Shi et al., 2023) requires repeatedly solving an expensive
minimisation problen{7). In contrast, for < 1 we are only required to take one (non-parametric)
gradient step to update the vector eld, 8¢ This suggests the following practical implementation

of -IMF, called -DSBM: First, pretrain a bridge matching model so thattf@r[0; 1] andx 2 RY,

Vi (X) = (Eﬁgjt[xl Xy = x] x)=1 1), whereP? = (o 1)Qjo:;1- Then, perform the

parametric version of the update (8):
Z,Z

rLGP)L(;P) = v (x)
0 (Rd)3

2
dPo;1(Xo; X1)dQjo;1(XtjXo; X1)dt;
)

whereP is a stop-gradient version &, . In Appendix D.2, we give a theoretical justi cation

for this parametric equivalent ¢5) and(8) by showing that, as ! 0, the update on the velocity

elds v given by (9) corresponds to a direction of descent for the non-parametric(&ssn

average. Once again, we emphasize that if we replace the gradient §@¢with the minimisation
argmin L( ; P ), we recover DSBM.

Bidirectional online procedure. As with DSBM, directly implementing9) leads to error quickly
accumulating, see Appendix | for details. One way to circumvent this error accumulation is-
sue is to consider hidirectional procedure, in which we train both a forward and a backward



model. This is possible because the Markovian projection coincides for forward and back-
ward path measur_s:s see (Shi et al., 2023, Proposition 9). This suggests considering the loss

L(v;v;P;P)= Li(v;;v,; P ;P )dt, which is an extension of (5), where
Z
X1 X .
Le(viivei PSP = Vi (Xt) ; tt dPo;l(XO;Xl)thjO;l(XtJXO;Xl) (10)
(RS
Xo Xt 2 .
+ ) vy (Xt) n dPg.1(Xo0; X1)dQyjo:1 (XtjXo; X1):
R 3

Similarly to (6), we de neP, ;P , associated WithX )20:1) and(Y 1 t)t20;1) respectively, which
are de ned by forward and backward SDEs

(fwd): dX ¢ = v, (X )dt+ P TdBy: Xo o (bwd):dY, = v, (Y )dt+ " "dB; Yo 1 (L1)

Similarly to (8), we de ne non-parametric updates for ang N, t 2 [0; 1] andx 2 R
OOV ) = v 0V (X) nlooly Vi (X);vt (X); Pyn Py (X):

We have the following proposition which ensures our bidirectional procedure is still valid and that
the results of Proposition 3.2 still hold.

Proposition 4.1(Bidirectional updates): Let 2 (0;1]. Foranyn 2 N, de ne(P”;ﬁ”)nZN by
(4). Then, under mild assumption and assuming that and " =(1 ypn + projg (P"),
we have that foranp 2 N, Pyn: = Py = P".

In Appendix |, we show that in the Gaussian setting the bidirectional procdduredoes not
accumulate error when the vector eld is approximated, while the unidirectional one (8) does.

Vector eld parameterisation. Contrary to existing procedures (Shi et al., 2023; Peluchetti, 2023;
Liu, 2022), we do not parameterige andv using two separate networks. Instead, we consider an
additional inputs 2 f 0; 1gsuch thawv (1; ) v andv (0; ) v . This allows us to substantially
reduce the number of parameters in the model. The conditionirsgrothe network is detailed in
Appendix K. Before stating our full algorithm in Algorithm 1, we introduce a batched parametric
version of(10). For ease of notation, we writaterp, for the operation corresponding to sampling
from Qyjo;1, i.€.

o S
Interp,(Xo0;X1;Z) =(1 t)Xo+ X1+ "1 t)tZ: (12)

We are now ready to introduce the batched parametric versidrdpfFor a given batch of inputs 38
andX 1B, timestepg  Unif([0;1]) B, andX = Interp ,(X¢;X1;Z) withZ N (0;1d) B, we
compute the empirical forward and backward losses as

b o _ _ _
(X Xy) = é kv 1t X! XL XE =1tk (13)
i=1

1)@ o ) . )

L X0 Xt) = o v 0 t =t

" ( Xo; Xt) 5 0;1 t';X; Xy Xip =t
i=1

We present the resulting-DSBM in Algorithm 1. Note that in this algorithm, we maintain an
Exponential Moving Average (EMA) of model parameters, as is common in diffusion models (Nichol
and Dhariwal, 2021). During the netuning stage, when we generate samples to use as model's
inputs, we then have a choice of sampling using the EMA or non-EMA parameters. At test time,
we always sample using the EMA parameters, as it is known to improve the visual quality (Song
and Ermon, 2020). In Algorithm 1, we specify2 (0;1] as a stepsize parameter. In practice, we
use Adam (Kingma and Ba, 2015) for optimization, thus the choiceisfimplicit and adaptive
throughout the training. To emphasize the importance of the parameier sweep over its value

with an explicit solver SGD in a toy setting, see Appendix K.2. We refer to Appendix K for more
details on our experimental setup.



Algorithm 1 -Diffusion Schrddinger Bridge Matching

1. Input: datasets and 1, entropic regularisatioh, number of pretraining and netuning steps
Npretraining  @NdN newuning » batch sizeB and half batch sizé = B=2, EMA decay , initial
parameters and initial EMA parameters®™* = | 2 (0; 1]

Sample(Xo;X1) (o 1) P

Samplet  Unif([0;1]) B andZz N (0;1d) B and computeX = Interp (X ;X 1;2Z)
Update with a gradientstep o ~ tYP;X 10X 1P+ (briiB X BB LB
Update EMA parameters®™* = =4 +(1 )

: end for

cforn2f1::0 N pening 9do

. Sample(Xo;X1) (o 1) °

10:  SampleX ; solving forward SDE (11)-(fwd) witlv ewa(1; ) orv (1; ) starting fromX o
11:  SampleX  solving backward SDE (11)-(bwd) with ews (0; ) orv (0; ) starting fromX ;
12:  Samplet  Unif([0;1]) Pandz N (0;1d) °andcompute, = Interp , (Ro;X1;Z )
13: Samplet  Unif([0;1]) Pandz N (0;1d) PandcomputeX, = Interp , (Xo;X1;Z )
14: Update with a gradient step oé [t X X))+ " (t;Xo; X,)] and stepsize

15: Update EMA parameters®™* = ™4 +(1 )

16: end for

17: Output: (; =*) parameters of the netuned model

N O AW

5 Related work

Solving Schrodinger Bridge problems. Schrédinger Bridges (Schrodinger, 1932) have been
thoroughly studied through the lens of probability theory (Léonard, 2014) and stochastic control
(Dai Pra, 1991; Chen et al., 2021). They recently found applications in generative modeling and
related elds leveraging recent advances in diffusion models (De Bortoli et al., 2021; Vargas et al.,
2021; Chen et al., 2022). Extensions of these methods to other machine learning problems and
modalities were studied in (Shi et al., 2022; Thornton et al., 2022; Liu et al., 2022; Chen et al., 2023;
Tamir et al., 2023). Shi et al. (2023); Peluchetti (2023) concurrently introduced the DSBM algorithm
which relies on a new procedure called IMF, while the DSB algorithm introduced in (De Bortoli et al.,
2021) is based on the standard Iterative Proportional Fitting (IPF) scheme. Neklyudov et al. (2023a,b);
Liu et al. (2022) generalise DSBM to arbitrary cost functions, albeit at the expense of having to learn
the reciprocal projection which is no longer given by a Brownian bridge. These new methodologies
translate to improved numerics when compared to their IPF counterparts, but they remain reliant on
alternating between the optimisation of two losses. Finally, we note that the Schrédinger Bridge ow
and the -IMF procedure can be linked to the Sinkhorn ow recently introduced by Karimi et al.
(2024), see Appendix H.1 for a detailed discussion.

Sampling-free methodologies. Sampling-free methodologies have been proposed to solve OT
related objectives. In (Liu et al., 2023a; Somnath et al., 2023; Diefenbacher et al., 2024; Cao et al.,
2024), the authors perform one step of DSBM, i.e. only consider the pretraining stage of our algorithm.
While the obtained bridge might enjoy transport properties, it does not solve an OT problem. In
another line of work, Pooladian et al. (2023); Tong et al. (2024a,b); Eyring et al. (2024) have proposed
simulation-free methods to minimise OT objectives. However, they target not the OT problem, but a
minibatch version of it which coincides with OT only in the limit of in nite batch size, see (Pooladian

et al., 2023, Theorem 4.2). Other sampling-free methods to solve the Schrédinger Bridge problem
include Kim et al. (2024); Gushchin et al. (2024b) both of which rely on adversarial losses to solve
the OT problem. In (De Bortoli et al., 2021; Vargas et al., 2021; Liu et al., 2022; Shi et al., 2023;
Peluchetti, 2023) the adversarial objective is dropped and instead the procedure requires alternating
objectives during training and is not sampling-free. We also highlight the line of work of Korotin

et al. (2024); Gushchin et al. (2024a) in which the Schrédinger Bridge potentials are parameterised
with mixtures of Gaussians, allowing for fast training in small dimensions. Finally, recently Deng
et al. (2024) introduced a variation on Schrédinger Bridge for generative modeling, which while still
not sampling-free, does not require learning a forward process.



Figure 2: Evolution of the covariance during online and iterative DSBM netuning for forward and
backward networks. The netuning starts after 10K steps of training a bridge matching model. For
the iterative case, we alternate between forward and backward updates with varying frequencies,
i.e. changing after 1K, 2.5K and 5K stefdseft: Gaussian with scalar covariance matright:
Gaussian with full covariance matrix. We compute the normFrob bet@eeand its estimate using
Bridge Matching (Base),-DSBM (Online), and DSBM (lterative with @xK training steps per model

Ly

6 Experiments

In this section, we illustrate the ef ciency of-DSBM on different tasks. In Section 6.1, we compare

-DSBM to DSBM in a Gaussian setting where the EOT coupling is tractable and showB@BM
recovers the solution faster than DSBM. In Section 6.2, we illustrate the scalability of our method
through a range of unpaired image translation experiments.

6.1 Gaussian case

We compare -DSBM to BSBM in the Gau|§sian setting wherg= N (0; 21d), 1= N(0; 2Id)
andQ is associated withh "B)i2[0;1) With ™ ™ = 0:5. In this case, the EOT couplingé (0; -),
with -, given by

ald  2id | h 2_ (1) (( 2 24 "2)152 .

°= 24 2d ; where 5=(1=2)(( g 1+") );

with Id being ad  d identity matrix. We consided =50, o= ;=1,resultingin 2 0:88. To
showcase the robustness 6DSBM, we consider the initial couplinBo.1, where(Xo; X1)  Po:1,

Xo N (0;1d),X; = Xp, and letP? = Po;1Qjo:1. In this setting, the base model, i.e. bridge
matching, signi cantly underestimates the true covariangeas shown in Section 6.1. Additionally,

the gure illustrates that online netuning approaches the true solution faster than the original iterative
DSBM netuning. For the latter, we can set how often we alternate between updating the forward
and backward networks, and as this frequency increases, the behaviour approaches that of the online
netuning.

Full covariance Gaussiancase.Let ¢= N( o; o), 1= N( 1; 1) with ;=Id+ %zizr
fori 2 0,19 andZy;Z; independent d matrices with unit Gaussian entries. We also set
o= 1 =0.We consider the Entropic Optimal Transport (EOT) with regularizatien0:5 and
d = 3, given by
C,

= N( 2 ) ?= Cg L ;

with C> = [ ¢7°D» o 2Id],withD, = (4 5~ 1 -+ *Id)**2. LetnormFrob =

kA  BKkgo =kAKro be the normalized Frobenius distance between matbicasdB. The results

are presented in Section 6.1 and con rm those presented in the original manuscript considering a
diagonal covariance.



Figure 3:Left: FID and Mean Squared Distance (MSD) on EMNIST to MNIST translation before
and after netuning with different values 68f Right: AFHQ-64 samples after the netuning. For
both, we use a bidirectional model with online netuning. More results are in Appendix K.3 and K.4.

6.2 Image datasets

Similarly to Shi et al. (2023), we apply our method to image translation problems, such as MNIST
digits to EMNIST letters (LeCun and Cortes, 2010; Cohen et al., 2017), Wild to Cat domains from
the Animal Faces-HQ (AFHQ) dataset (Choi et al., 2020), downsampled to@%and 256 256
resolutions and CelebB4 64.

The whole training procedure can be framed as a two-stage process: rst, we train a base model on the
true data samples, performing bridge matching (Peluchetti, 2021; Albergo and Vanden-Eijnden, 2023;
Lipman et al., 2023; Liu et al., 2023a), and then we netune this model. We compare models that
combine different vector eld parameterisations (two networks vs. one bidirectional net), netuning
methods (iterative vs. online), and sample generation strategies during the netuning stage.

Following the established practice (Choi et al., 2020), we evaluate our models using FID (Heusel
et al., 2017) for visual quality, and mean squared distance (MSD) or LPIPS (Zhang et al., 2018) for
alignment. It is important to note that for image translation tasks at hand, FID scores are not ideal,
as FID was designed for natural RGB images, which is not the case for MNIST. It is also not well
suited for small sample sizes as it is the case with AFHQ, where the test set in each domain has fewer
than 500 examples. Thus quantitative results in Table 1 should be interpreted cautiously, and we
recommend a visual inspection of samples to complement these quantitative measures, especially for
the AFHQ models. Samples from the models along with the training and evaluation protocols are
given in Appendix K.

Compared to the iterative DSBM, our online netuningDSBM reduces the number of tunable
hyperparameters, i.e. inner and outer iterations, refresh rate and the size of the cache for storing
generated samples. This simpli es implementation and makes the algorithm more practical. The
primary remaining hyperparameter, the variance of a Brownian mbticeguires careful tuning as it

in uences the trade-off between the visual quality and alignment, as was also observed in Shi et al.
(2023). An appropriaté needs to balance the two: settihgpo low results in poor visual quality,

while high values of cause poorly aligned and oversmoothed samples. Figure 3 illustrates how FID
and MSD metrics vary with for the case of MNIST. Additionally, it demonstrates the impact oh

the generated samples for the AFHQ-64 model.

We run -DSBM on CelebA with image sizé4 64with = 2:0. We do not change the training
hyper-parameters compared to AFHQ. Visual results are reported in Figure 5 and Figure 6. In
Figure 5, we show the in uence of during the pretraining. The visual quality of the transfer is much
lower for =0 thanfor =2:0. The case =0 corresponds to the rst step of Recti ed Flow (i.e.
Flow Matching). Given the poor quality of the samples, we do not perform netuning witt0. In

Figure 6, we compare the visual quality and alignment of DSBM amiSBM after4000training

steps, corresponding to two outer DSBM iterations. In this case DSBM is trained with a bidirectional
network and both procedures consist of netuning the pretrained model obtained with:0. We

note that the alignment is better in the case @dSBM.
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