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Abstract

Many animals learn cognitive maps of their environment - a simultaneous represen-
tation of context, experience, and position. Place cells in the hippocampus, named
for their explicit encoding of position, are believed to be a neural substrate of
these maps, with place cell "remapping" explaining how this system can represent
different contexts. Briefly, place cells alter their firing properties, or "remap", in
response to changes in experiential or sensory cues. Substantial sensory changes,
produced, e.g., by moving between environments, cause large subpopulations of
place cells to change their tuning entirely. While many studies have looked at the
physiological basis of remapping, we lack explicit calculations of how the contex-
tual capacity of the place cell system changes as a function of place field firing
properties. Here, we propose a geometric approach to understanding population
level activity of place cells. Using known firing field statistics, we investigate how
changes to place cell firing properties affect the distances between representations
of different environments within firing rate space. Using this approach, we find
that the number of contexts storable by the hippocampus grows exponentially with
the number of place cells, and calculate this exponent for environments of different
sizes. We identify a fundamental trade-off between high resolution encoding of
position and the number of storable contexts. This trade-off is tuned by place cell
width, which might explain the change in firing field scale along the dorsal-ventral
axis of the hippocampus. We demonstrate that clustering of place cells near likely
points of confusion, such as boundaries, increases the contextual capacity of the
place system within our framework and conclude by discussing how our geometric
approach could be extended to include other cell types and abstract spaces.

1 Introduction

Decades of experiments suggest that the mammalian hippocampus is crucial for the formation of
episodic memories and spatial navigation [1} 2 3. Neural recordings of rodents during active
navigation led to the discovery of place cells by John O’keefe [4], named for their spatially localized
firing patterns. These place cells were quickly theorized to be the substrate of the cognitive map - an
animal’s simultaneous and abstract representation of context, experience, and position [3}5]]. Further
experiments led to the discovery of remapping [6, 7, [8]], during which place cells alter their firing
properties in response to changes in sensory and contextual cues. Large contextual changes lead to
global remapping, in which population level maps of activity appearing in different contexts are nearly
orthogonal, independent of correlations within an environment [9} [10]. Many have speculated that
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Figure 1: Place cell firing fields remap in one (A) and two (C) dimensions. (B) The maps f4, fp
of one dimensional contexts correspond to curves in neural population activity space, parametrized
by position. With constant Gaussian noise, we require that these curves be a distance 2 (v/'N + q)
apart in order to discriminate contexts. (D) The maps 4, fz of two dimensional contexts correspond
to surfaces in activity space, parametrized by position in physical space. With activity dependent,
Poisson-like noise, firing patterns exponentially localize to characteristic ellipsoids. We require that
these thickened surfaces do not intersect in order to discriminate contexts.

the place cell system encodes context via global remapping and that this encoding scheme should be
able to store a large number of contexts [L1} [12]], but precise calculations backing these speculations
are lacking. Here, we analyze the geometry of hippocampal codes to approximate the capacity and
properties of context encoding by place cells.

We treat place cell population activity as a high dimensional space into which we can embed
contexts (Fig. 1 ,B). Since a large fraction of hippocampal neurons are place cells [13, [14]], we
expect this activity space to have thousands of dimensions, depending on the species. While the
defining features that distinguish context are not fully known [6, [7, 8], we define it as a choice of
surrounding environment, as is often done in practice in experiments [9, [11} [15} [16} [17, [18, [19].
Embedding an environment in the firing rate space produces a neural manifold, with position on
the manifold corresponding to particular patterns of neural population activity that reflect location
in real space. Without noise, the dimensionality of this manifold matches the dimensions of the
encoded environment. For example, different linear tracks would be encoded as different 1D curves
embedded in the population activity space (Fig. 1B). In this geometric framework, the distance
between two manifolds indicates how differently the neural populations encode each environment
[20] (Fig. 1B); and if two manifolds do not overlap at any point, the underlying context can always be
determined without confusion. In the noiseless case, we expect that it is trivial to discriminate context
because pairs of very low dimensional manifolds are unlikely to overlap in such a high dimensional
space. Real neurons, however, will have noisy responses which "blur" our manifolds, giving them a
characteristic width around the noiseless, low dimensional embedding of an environment. As such,
our criterion for separability of contexts requires that these thickened manifolds for each context do
not overlap extensively in rate space (Fig. 1D). We consider two models of neuronal noise for our rate
based neurons: one in which noise is additive and constant, and a second in which noise is additive,
but with variance scaling with neural activity. The latter mirrors an underlying Poisson-like process
of spike generation that is often assumed for hippocampal neurons. We investigate the effect of these
different noise models on pairwise overlap, and from this extrapolate the probability that multiple
contexts are discriminable.

When the number of neurons N is large, these manifolds grow far apart, and are more easily distin-
guished. In weak to moderate noise regimes, we find that the number of contexts that can be stored
by a place-like coding scheme grows exponentially in N, even when we enforce strict requirements
that the system can discriminate between contexts at any position within an environment. We further
find that place cell width tunes both the ability to decode local position and the typical distance
between contextual manifolds. Large place cell widths generate greater overlap between firing
fields, which in turn increases discriminability between contexts. Conversely, small place cell widths
increase the spatial resolution of encodings, but decrease the separability of contextual manifolds.
This leads to a fundamental trade-off between decoding context and local position. We propose that
this trade-off accounts for the observed change in firing field width across the dorsal-ventral axis
in the rodent hippocampus, and predict that selective inhibition along the hippocampus will lead to



different types of memory impairment for spatial tasks, consistent with existing experimental evidence
[21,122,123,124,125,126]. Finally, we nd that when elds are uniformly distributed, confusion between
contexts is most likely to occur near boundaries. This effect can be compensated for by biasing the
density of place eld centers towards the boundary, recreating a known feature of rodent place coding
[27,128]. We predict that the observed place cell clustering near boundaries allows the place system
to segregate different contexts with greater ef ciency, and the extent of this clustering is additionally
a function of cell location along the ventral-dorsal axis.

1.1 Model Description

We consider a population & place cells, indexed by, with activity described by a population
activity vectorr. We treat this vector as a random variable that depends both on cofjexngd
position within a context{a ). We consider physical environments in one or two dimensions, as this
is common experimentally, so that is either a one or two dimensional vector describing location.
Each contexA is equipped with a place mdp , which de nes the tuning of each neuron when the
animal is withinA. That is,f o sets the mean ring rate of each neurdn,(xa;A)i = fa; (Xa).
Each mag 5 can be viewed as an encoding for a particular context that embetgo a certain

set of population activity vectors(Fig. 1A,B). We restrict our analysis to rate coding models of
population activity, where represents population ring rates (rather than spike counts) and has
additive noise.

We assume that place maps are constructed stochastically for each environment, consistently with
known properties of place cells. Within an environment, each place cedi; hgistinct ring elds,

whereg; is drawn from a gamma-poisson distribution, following recent experimental observations in
rodents[29,[30], (Supplementa). For small environments (1-2 m), typical place cells have 0-2 ring

elds under these statistics, with greater recruitment as environment size increases. We give each
ring eld a gaussian shape, and vary the widths parametrically. The tuning curve of each neuron is
then a sum of gaussians:

b 1

faj (Xa)= :1Hz + C; exp ————(% ~a;j)? 1

Aj ( A) A | p 2(Wi :2)2( A A,I) ( )

For simplicity, the normalizatiol€;,» is chosen so that all neurons have a baseline ring rate of
:1Hz, and a maximum ring rate 080Hz in environments in which they are active.

With additive noise, neural activity is given y(xa;A) = fa; (Xa)+ . We consider two noise
model. In the rst, is gaussian distributed, and noise is not correlated between place cells, so
that™ N (0; 21). Note that 2 is the variance in noise magnitude and thus has unitzdf In
the second model, we scale the noise variance of each place cell with activity to match underlying
Poisson-like statistics associated with spike generation. In this gasl, (0; f aj (xa)). Here,

is a dispersion coef cient that sets how noisy the place system is, and has uhits. ofVe
can write our two models of place cell activity 8&a;A) N (fa(xa); ?1) and+(xa;A)
N (fa(xa); diadfa(xa)]), respectively. Additive noise can generate negative ring rates, and so
we rectify all negative ring rates to O Hz.

2 Results

2.1 Place Coding Can Store Exponentially Many Contexts

With the above model in hand, we sought to explore the context coding capacity of the place cell
network. To do so, we rst de ned what it means to discriminate two contéxendB. In our
formulation,f o (xa) andfg (xg) de ne two manifolds in the space of neural activityig. 1).
Without noise, if these two manifolds do not intersect, then the ring patterns that arise in each
environment are unique to that environment. In this case, both position and context can be uniquely
determined from population activity, and so the contéxtndB are discriminable so long dg

andf g do not intersect. For the moment, we disregard considerations of computational complexity
required for manifold discrimination, such as requiring linear separability asin [31, 32].

When there is no noise, there is a very low probability that the surfaces de nkg bpdf g intersect
at any point in our high-dimensional ring rate space, and the intersection criterion is trivial to ful .



The introduction of noise gives the manifolds de nedfhyandfg a characteristic width, whose
scale and geometry depends on the nature of thg noise. In the model where noise variance
constant, the characteristic manifold width scales likeN whenN is suf ciently large. This is due

to a well known characteristic of gaussians in high dimensipns, in which normal distributions have
the majority of their mass sitting near a thin annulus of radiusN [33, 34] (Supplementa). That

is, the prcﬂpability density for the radius of vectors pulled from higlg dimensional sprberical gaussians

peaks at N, and falls off exponentially away from thisshellgs(  N+q ) pr( N)e @

For example, wheq = 2 this leads an approximate four e-fold decrease in the prolgability density,
so that the majority of the probability mass @9%for largeN ) is within aradiusof * N + q .
Importantly, this exponential fall off is independentif and so the width of the annulus is of order
1linN. Inthe rate dependent noise model, we instead get a probability Imass that is exponentially
localized to an ellipsoid with major axes whose lengths depend on ring ratésf 1 (Xa).

We would then like a way to determine the effect of both noise models on manifold overlap, and by
extension, decrease in context discriminability. We solve this problem geBmetricaIIy. For the rate
independent (gaussian) noise model, the manifgl(k ) acquires a width of (' N + @) in every
direction. Hereq accounts for the non-zero width of the noise annulus. In any case, our condition
that two context®\ andB be distinguishable then becomes a requirement that the minimum distance
betweerf 5 (xa) andf g (xg ) in rate space overcomes this width set by noksg.(1C):

i d(f(ca):ife(xe) > 2 (N + 0 @

The manifold width acquired from the rate dependent (Poisson-like) noise model will vary in each
direction of the ring rate space with the neural ring rate. Intuitively, we can think of this widening

of the manifold as placing an ellipsoid at each point along our manifold, with principle axes set
by the ring rates of each neurorFig. 1D). We then check if our thickened manifolds overlap.
Unlike the case with constant noise, where it suf ced to check that the distance between points
between different manifolds is greater than the minimum distance set by noise, we must check that the
ellipsoids centered dfs (X ) andf g (xg ) do not overlap for any paita ; Xg on the two manifolds.

For ellipsoids with centersy = fa(Xa) and~g = fg (Xg) and covariances, and g, we can

de ne the set:

E=fs(t ~a)" a(*r ~a)+(@1 s)(+ -~8)" s(* ~8) 1g )

Here,s 2 [0;1]. Fors = 0 ors = 1, this set describes the interior of the ellipsoid centereehat
or ~g , respectively, and varyinginterpolates between the two. For other values, d; is either
empty, a single point, or the interior of an ellipse. We also note that, fosatte intersection of the
two ellipsoids is always contained i, and so if there is an for which this set disappears, then the
two ellipsoids do not intersect [35]. We can rewiieas

Es=f(¢ ~s)T s(F ~s) K(9)g 4)

where s=s a+(l s) gand~s= (s a~a+(l ) g~b). Thus, the two ellipsoids
centered ata and~g do not intersect if and only K (s) is negative for some 2 [0; 1]; i.e.,Es is
empty for somes. As the centers of each ellipsoid are a function of position within their respective
contexts, we nd that$upplementa):

s L X (fhxe) fh(xa)?
CN+d? | (hfAxa)+ $fp(xe)
If for every pairxa ; Xg , there is ars for which this is negative, then our two thickened manifolds do

not intersect. As such, we let(Xa ; Xg ) minimizeK (s; Xa ; Xg ) for each choice oka ; xg . To put
this condition in a similar form as equation (2), we de ne

(XA'XB):iX\I (fé(XB) fa(xa))? .
TN (s (AR sy 6 (xe)

K(s;xa;xg)=1

(%)

(6)

Our condition orK (s;Xa ; Xg ) can then be written in a similar form to the simpler noise model:

min N (xA;xB)>(pW+ o)? (7)

XA XB



Figure 2:(A) The distributions for the minimum distance in rate spaceff (Top) and the analogue

used for the rate dependent noise moblel,,,, (Bottom), constructed from kernel density estimates.

At largeN , these approach gaussian. Plots are for one dimensional rooms, with roomlendtim

and ring eld widths W = 1=3m. (B) The probability that two contexts are distinguishable as a
function of the number of neurons and at different noise levels, for the rate independent (Top) and
dependent (Bottom) noise mode(€) The logarithm ofM (N ), the number of storable contexts as a
function of N, atPy = :95%con dence. In black is the predicted larfje scaling, N + %In N.

Here,q again accounts for the nonzero width of the noise annulus. For both models, the width of
the annulugyis O(1) in N, and so makes no contribution to our nal results at lakbelndeed, we
performed the numerical calculations for multiple values,adind nd that at largeN our results are
unchanged. In generating our gures, we gse 2. Note that we are enforcing a very strict de nition

of separability for both noise models. When separation between the two manifolds is greater than
the threshold distance, the probability of confusing the two contexts is vanishingly small. Less strict
conditions would still allow for good (in a practical sense) performance in context discrimination, but
our stricter de nition engenders several advantages. First, the geometric approach we are using to
assess capacity allows us to easily generalize to more than two contexts. Second, it is important to be
as conservative as possible in capacity calculations and such strictness should prevent overestimation
of the number of decodable contexts. Finally, our approach avoids ceiling effects for changing
parameters of the model; that is, by making the task as hard as possible we can observe impacts of
changing different parameters on performance that would be hidden by performance plateaus on
easier tasks.

Having these pairwise separability conditions for two contexts, we then wanted to determine how
many contextd are storable by the place cell system. To do so, we rst replace our statements
for particular environment& andB with probabilistic statements for any pair of roosaandB
generated at random. The probability that two rooms are distinguishable is then the probability that
the following pairwise separation conditions are true:

p_

Constant NoiseP (2 Rooms are Separable P(Xm.iP difa(xa);fe(xg))>2 ( N+ q) (8)
A AB p -

Variable Noise:P (2 Rooms are Separable P(xm_i)p N (xa:;xg)>( N+q?) (9)

For notational convenience, we de n&in Miny, xs d(fa(Xa);fs(Xg)) and s
miny, xs  (Xa;Xg). The probability that two rooms are distinguishable can then be written
in terms of distributions over these variables as:
Zs "Nvq
Constant NoiseP, = 1 P( min )d min (10)

Z "N+o?
Variable NoiseP, = 1 PN in IND in (11)
0
That is, we can determiri®, as long as we can calculate the distributi®(Smin ) andP (i, )-
These distributions approach normal distributions for laMgé-ig. 2A, Supplementa). We use



numerical methods to nd the mean and variance of these distributions. That is, we generate
many pairs of rooms with unique place maps for each room and then reconstruct these underlying
distributions using normalized Kernel Density Estimation (KDE) while varying the valde ¢(ihe
number of neurons). Finally we can use these reconstructed distributions to cafeutatédoth

noise models as a function bf and the strength of the noisEig. 2B).

Given the above, we can estimate the total number of storable contextd,the place system as

a function of key parameters of the system. First, we determineNhaseales with the number of
neuronsN . Given the probability that any pair of rooms is distinguishable, we can estimate the
probability thatM environments are distinguishabRy , via a union bound:

P (M rooms are distinguishable P ([ jg; roomsi andj are distinguishable P, ) (12)

In weak to moderate noise regimes, this inequality becomes approximately satGapteMmenta).

M (M 1)
Thus, we hav®y P, 2 . To ndthe number of storable contexts givBhneuronsM (N ),
we can increas® until Py falls below a desired con dence or allowable error, and callhe
where this occurs the number of storable contexts. For numerically derived values, Rig use95,
but note that this only changes prefactors, and the scaling behaviour is independent of this choice.
M (M

1)
Equivalently, we can simply inveiRy, P, ° to nd M (N) for a given con dencePy
(Supplementa):
S

M(N) 2

log(Pv) _ 1_.,_ - .
g (NY) 2712 (N + O(N*8))eN (13)

In the limit of a system dominated by noise, we can never meet our geometric constraints, and
M (N) = 1. However, if the noise is more reasonable, we nd thilaiscales exponentially withN

for both noise modeldHg. 2C, Supplementa). Here, is a constant that depends on ring eld
widths, noise, and room geometry but, critically, is independeit att largeN . We can calculate

in terms of the distributions ofn, andN ., as Supplementa):

p_
— E[ min ]: N 2 2 — E[ min ] 2
( 2" Var min 1 ) ( 2 NVarf ]) (14)

Here, and refer to the exponents in the xed noise model and variable noise model, respectively.
One can readily show that at lartyg, the equations for gamma for both noise models will become
independent oN (Supplementa). In this largeN regime, we can then characterize the number of
storable contexts solely using the mean and variance of the distrib&iops, ) andP(N i, )-

We accordingly calculated the number of distinguishable contexts numerically, and compared with
the predicted largdl behaviour Fig. 2C), nding good agreement. Our results demonstrate that
place coding allows encoding of exponentially many contexts with an exponent controlled by the
amount of neuronal nois&ig. 3).

2.2 A Trade-off Between Spatial Speci city and Context Segregation

Realistic hippocampal place cells have tuning curves of varying widths. Indeed, across the dorso-
ventral axis of the hippocampus, place eld widths can vary by nearly an order of magniyda/],

with ventral place cells having wider tuning than dorsal cells. As such, we next explored how
the exponent of the number of stored contextcales as a function of ring eld widthKig. 3,
Supplementa). To do so, we numerically reconstructed the distributiBismin ) andP(N i, )

for various place cell widths. In our model, increasing the widths of place eld tunings starting from
small sizes generally leads to an increase in the distance between representations of environments.

That is because, especially in small environments, a relatively small number of place cells will show
place elds, and hence small place elds lead to sparse population activity, reducing the absolute
distance between ring vectors in different environments. Increasing place eld widths increases
the average neuronal activity within an environment, thus pushing the encoding manifolds apart.
As a result, we expect larger elds to increase contextual capacity. In fact, in small environments
(Im  4m), optimal context discrimination performance occurs with ring elds that are about the
size of the environmentg. 3). We can get a sense of why this happens as follows. Consider
smaller environments in which less than half of all place cells are active due to the Gamma-Poisson



Figure 3: The calculated value of the exponential largeN of equation (14), as a function of ring

eld width and neuronal noise. The environments &ne (A and B) and1m? (C and D). (A and

C) represent the rate independent noise model (Gaussian), {Bhilled D) are the noise dependent
model (Poisson-like). White lines demarcate the transition into the non-separable regime. We nd
better performance for the lower dimensional environments and the Poisson-like model. For larger
environments, smaller relative widths become preferaé®ilgplemental, Fig. §.

statistics of place cell activatior29, 30]. When place cells have extremely large widths in this
regime, each neuron is either completely on or off within a given environment, and so each context
becomes associated with a random binary identi er, that will be unique with high probability. Thus
the environmental context can be read off simply by noting which place cells are active, although
there is no location resolution at all. By contrast, in larger rooms, most place cells will have at least
one ring eld. So, although the sparse ring of narrow place elds makes it harder to discriminate
contexts based on their responses, the largest, environment-sized ring elds also become useless in
this case because essentially all cells will be active in every r@&upglementa). In either case, we
expect a tradeoff between the twin goals of context and location discrimination that depends directly
on place eld size, and indirectly on environment size due to the gamma-poisson statistics used to
generate place eld centers.

Tuning the ring eld widths lets us explore the trade-off between two presumed objectives for
hippocampal function; encoding of position and encoding of multiple contexts. While wider elds
are generally better for context segregation, it is clear that they are not optimal for spatial speci city,
as wider elds result in less variation in population level ring between locations. Thus we expect a
trade-off between spatial information encoded within a context, and the ability to separate contexts,
tuned by the widths of place cell ring elds. To formalize this trade-off, we must determine how we
will explicitly characterize both spatial speci city and context segregation. To characterize spatial
speci city, we chose to utilize average decoding performance on decoding current p&ditam

the ring rates(x) of the place cell system. Naturally, good performance occurs when the decoded
position typically agrees with the true position,igg  x)2i rix Is small at most positions. To avoid

a particular choice of decoder, we invoke the Cramer-Rao bound, which lower bounds the covariance
of anyestimator by the inverse Fisher Information:

HE )& X)Tierg | M= (BN <) (kDD * (15)
h& X)2ipjg T H(X)] (16)

Whenx represents position in a one dimensional context, the inverse Fisher Information is a scalar. If
x is not one dimensional, then the inequality is a statement about the difference between the covariance
and the inverse of the Fisher Information being positive semi-de nite, so that a bound on the mean
squared error can be found by taking a trace. In both noise models, the Fisher Information can be
calculated exactly in terms of the tunings of each neuron within an environme®tipplémenta):

1 X . X 1 1

i i —
> | r«fa r xfa | = .(f,‘k(x)+2f}%(x)2

| oxfh 1 xfa (17)

We can now characterize spatial speci city by calculating the average spatial resolution by averaging
the Cramer-Rao bound with respect to both position and context. The objective for maximizing the
spatial resolution can be formalized by minimizimir[I 1(x)]ixia (Fig. 4A). Tuning ring

elds for high spatial resolution drives the ring eld widths to a minimum set by the population size.
Clearly, this is at odds with the rst objective for storing many contexts, which drives ring elds to

be larger. Here we nd our anticipated ring eld width trade-off between these two objectives. The
character of this trade-off depends on how we formalize an objective function with respect to ring






	Introduction
	Model Description

	Results
	Place Coding Can Store Exponentially Many Contexts
	A Trade-off Between Spatial Specificity and Context Segregation
	Field Clustering near Boundaries improves Context Segregation

	Discussion
	Supplemental
	Simulation Distributions and Firing Fields
	Gamma-Poisson Distributions
	Field Definitions
	High Dimensional Gaussians
	Ellipsoid Intersection

	Gaussian Distributed Miminum Distances
	Gaussian Model
	Rate dependent model

	Union Bound and Product Ansatz
	Exponentially Many Rooms
	Infinite Width Derivations

	The Cramer-Rao Bound
	Gaussian Noise
	Rate Dependent Noise

	Biasing Towards Boundaries
	Additional Computational Details


