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Abstract

In recent years, transformer-based models have revolutionized deep learning, par-
ticularly in sequence modeling. To better understand this phenomenon, there is a
growing interest in using Markov input processes to study transformers. However,
our current understanding in this regard remains limited with many fundamental
questions about how transformers learn Markov chains still unanswered. In this
paper, we address this by focusing on first-order Markov chains and single-layer
transformers, providing a comprehensive characterization of the learning dynamics
in this context. Specifically, we prove that transformer parameters trained on next-
token prediction loss can either converge to global or local minima, contingent on
the initialization and the Markovian data properties, and we characterize the precise
conditions under which this occurs. To the best of our knowledge, this is the first
result of its kind highlighting the role of initialization. We further demonstrate that
our theoretical findings are corroborated by empirical evidence. Based on these
insights, we provide guidelines for the initialization of single-layer transformers
and demonstrate their effectiveness. Finally, we outline several open problems in
this arena. Code is available at: https://github.com/Bond1995/Markov.

1 Introduction

Transformers have been at the forefront of recent successes across various fields including natural
language processing [34]. To obtain insights into their impressive sequential modeling capabilities, a
notable emerging theme among several recent works is to model the input data as a Markov process.

Using this Markovian perspective, works such as [24, 14, 8], among others, study the in-context learn-
ing capabilities of transformer. [23] analyzes the loss-landscape for the next-token prediction task,
while [18] shows an equivalence between the attention mechanism and Markov models. Although
these works reveal interesting insights about transformers and their capabilities, many fundamental
questions about their learning dynamics remain unanswered. In particular, a comprehensive char-
acterization of their training dynamics vis-a-vis the data distributional properties and the role of
initialization is still missing.

To address this gap, in this paper, we focus on the canonical setting of first-order Markov chains and
single-layer transformers and analyze the learning dynamics in this context. Specifically, we prove
(Thms. 2, 3, and 8) that the input data properties and the parameter initialization play a significant role
in the convergence of the transformer parameters to either local or global minima on the loss surface.
Further, we precisely characterize (Figs. 1 and Fig. 2) the specific data characteristics and the region
of initialization under which this convergence occurs. Based on these insights, we provide guidelines
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for the initialization of transformer parameters and empirically corroborate our theoretical findings.
On the theoretical front, our analysis provides a novel gradient flow analysis of the transformer
parameters, capitalizing on their low-rank structure during training. Our main contributions can be
summarized as follows:

 Theoretical analysis: We precisely characterize the loss landscape and gradient flow dy-
namics for single-layer transformers with first-order Markov chains (Secs. 3 and 4). We
demonstrate that transformer parameters trained on next-token prediction loss can converge
to global or local minima, depending on the initialization and the Markovian data properties,
and determine the exact conditions under which this occurs (Thms. 2, 3, and 8). To the best
of our knowledge, this is the first result of its kind.

* Insights into initialization: Our theoretical analysis underscores the crucial role of initial-
ization in transformer parameter training. Specifically, we demonstrate how the standard
Gaussian initialization scheme can lead the convergence to local or global minima depending
on the Markovian data properties (Thms. 2 and 8, Figs. 1 and 2).

* Guidelines: Based on these insights, we provide practical guidelines for parameter initial-
ization, corroborated by empirical evidence demonstrating their effectiveness (Sec. 5.2).
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Figure 1: Gradient flow dynamics and initialization effect for single-layer transformers. (p;q) are
Markov switching probabilities, and (e; w) are the embedding and weight parameters (Sec. 2). (a), (c):
The flow is aligned along energy contour lines, converging to local or global optima. (b), (d): I, is
the basin of convergence for global minima, 1y, for the local minima, and yellow asymptotes for the
saddle point. Notice the contrasting behavior for Gaussian initialization around origin forp +q 7 1.

Notation. We denote scalars by italic lower case letters like X; y and Euclidean vectors and matrices
in bold: X;y; M, etc. kK Kk denotes the “,-norm for Euclidean vectors and Frobenius norm for

matrices. [K] , f1;:::;Kg, and for a sequence (Xn)n>1, define X7' , (Xk;:::;Xm)ifk 1and

convex logistic loss “joq(z) , log (1 +exp( z)) 2 (0; ). For events A and B, P (A) denotes the
probability of A whereas P (A j B) the conditional probability. Let (X;y) be a pair of discrete random

Then its Shannon entropy is defined as H(X) = H(py) » icrk Pi log pi. The conditional

entropy is defined to be H(yjx) , H(X;y) H(X). The entropy rate of a stochastic process (Xn)n>1
is defined as limp_, . H(XT)=n. We simply write X =y to mean P (X =y) = 1. We also use the
shorthand P (y = j j X) for P (y = j j X = X) as a function of the random variable X. For p 2 (0; 1),

the binary entropy function h( ) is defined as h(p) , plogp (1 p)log(l p).

2 Problem Setting
We formally define the problem setting for analysis of single-layer transformers with Markovian data,
following [23].

Input data. We assume that the input word sequence fxngh—; 2 f0;1gN is a first-order time-
homogenous Markov chain with a fixed kernel P = (Pj). That is, the transition probability



Pij » PXnse1 =3 iXn=1) = P Xns1 =J jXn =0; X1, for any X7 1;i;j 2 f0;1g. In
particular, we consider P =[1 p;p; q;1 g]wherep=Pg1 =PXn+1 =1jXn =0)andq =
P 10 = P (Xn+1 = 0 ] Xn = 1) denote the switching probabilities from the states 0 and 1 respectively.
We call p + g, the switching factor. We assume that the process is already mixed, i.e. Xp for all
n,where , ( o; 1) = (q;p)=(p+ Q) is the stationary distribution satisfying = P. Succinctly,
(Xn)n>1  ( ;P). For this process, the entropy rate, H(Xn+1jXn) = ﬁ (gh(p) + ph(q)), and
the entropy of the marginal, H(Xn) = H( ), are both constant in n.

Transformer architecture. We consider a single-layer transformer with a single-head attention

and ReLU non-linearity. Given an input sequence fX,gh_,, it performs the following mathematical
operations at each n 2 [N] to predict the next-token probability T (X7):

xn 2 70; 1g Embeddingi X Attentiori v, Feed—forwari 7 Lineai logit,, Predictioi £ o)
where

Xpn = Xp € + >I0<. 2 RY: d (Embedd?ng)

Yn =Xn+ - ?_tf?_} Wy Xi 2 RY; (Attention)

Il e o)

Zn =Y, +WReLUWYy,) 2 RY; (Feed-forward)

logit, = ha;zni +b 2R (Linear)

f (), P Xa+1=1jx})= (logit,) 2 [0;1]: (Prediction)

Here , (e; fpnngl; W W bia) 2 RP denotes the full list of the transformer parameters
from the embedding layer till the linear layer (§ A details them). While the underlying data fxngh_; is
Markovian, i.e. P (Xp+1 = 1] XI') = P (Xn+1 = 1] Xpn), the transformer is agnostic to this fact and
it can potentially utilize the full past X} in the Attention layer, via the attention weights att.j, to predict
the next-symbol probability f (X]) =P (Xn+1 = 1] XT). Note that it suffices to estimate the sym-
bol 1 probability as the vocabulary is binary. We also refer to the above architecture as “full model”.

Loss and training. The transformer parameters are usually initialized according to standard
Gaussian distribution N (0; 1) with a small variance 2 [26] and are trained using gradient-based
methods to minimize the cross-entropy loss on the next-token prediction, i.e.
. 1 X
minL( ); L()., — ExorilXn+r logf (x7) + (1 Xn+1) log( £ (x7)]: (1)

neN]

When the input sequence FXp, g,':‘zl ( ;P), the minimal loss equals its entropy-rate, i.e. L, ,
min L( ) = H(Xn+1jXn) [11].

Loss landscape. A key surprising observation in [23] is that the loss function L( ) admits both the
global and local minima depending on the switching factor p + g of the Markovian data, and the
weight-tying of the embedding and linear weights (€ = a) of the transformer. In particular, they
show that

(i) for all (p;q) 2 (0;1)?, there exists a global minimum - for the loss L such that its
prediction matches the Markov kernel, i.e. P , (Xp+1 = 1] X}) = P (Xn+1 = 1 Xpn).

(i) if p+ g > 1 and the weights are tied (e = a), there exists a bad local minimum iy for L
whose prediction equals the marginal, i.e. P (Xp+1 =1 X}') = P (Xn+1 = 1).

In view of these results, we focus on the weight-tying scenario and hence let € = a to be a single
parameter in RY. Thus, = (e =a; fpnghlzl; 111 W 1; W o; b). We interchangeably refer to  as
both the transformer and the set of parameters.

Our objective. While the aforementioned results detail the static landscape of the loss, they do not
characterize the learning dynamics on the loss surface and the effect of initialization, which plays
a central role in training machine learning models [5]. In view of these shortcomings, the main
objective of this paper is to address the following question:

(Q.1): Can we explain how the initialization and learning dynamics affect the
convergence of the transformer parameters to the local or global optima?



3 Canonical Low-rank Parameterization

Motivation. Given the complexity of the transformer architecture and the non-convex loss function,
it is challenging to analyze the learning dynamics direc@l; [L4]. To tackle this, we capitalize on
the following empirical observatior2B] which is the motivating idea behind our approach: when

min €Xhibitrank-onestructure, whose eigenvector is the same direction in which the both the token
embeddinge and the positional embeddings are all aligned in. Interestingly, such low-rank
solutions can also be shown to be theoretically optimal (§ B details these structures). While these
observations illustrate the implicit bias towards low-rank solutions at the nal convergence, a natural
question arisedf we initialize with low-rank parameters, will they remain low-rank during training?
In Sec. 5.1, we af rmatively address this based on a thorough empirical evaluation for single-layer
transformers and inspired by these empirical phenomena, without loss of generality, we restrict our
attention to these low-rank manifolds to characterize the learning dynamics. This is similar in spirit
to [24], where they assume special attention matrix structure for learning induction heads.

Parameterization. More speci cally, we consider a special low-rank parameterization that is
empirically observed and capitalize on it to addr@3sl). Interestingly, along this low-rank manifold,
it suf ces to consider a reduced set of paramete& R? or 2 R® given by:

=(e;w) 2 R% or =(e;w;a) 2 R%: (Reparameterization)

Heree denotes thembeddingcalarw theweight anda the attentionparameter respectively. Now

we describe the parameterization of the transformer vis-a-vis these scalars and refer to § C for a more
detailed descripton. Let the inptx,g)-, be a rst-order Markov chain as in Sec. 2 andre? [N]

be xed. Then we have

e 1 p_
Embeddnge=e ;py= 5 ! xan=e X, 5 ; e2R; 2f 1¢'= d
0 1
1 o X 1
Attention:Wy = v~ ! y. =e x, = +m @ att,; e x; = A ;v2RY
2 '{ZJ i2[n] ’ 2
/a0

The scalarm is the product ofv; i and the scaling in the attention weiglatis i (Eg.(39)), which
is empirically close to zero for rst-order Markov chains. Hence for the ease of exposition, we rst
leta = 0 and analyze the general case wiaeh R in Sec. 4.1. We continue:

o 1 N
Feed-fon/vardwlzisv%l >;Wgzpw—a 171 zp=¢e X, > (1 +4wjwjx,) ;w2 R:

1 is the all-one vector ilR" with r = 4d typically in practice. Substituting this, in the linear layer
with e = a and biad 2 R, the logits and the probabilities simplify to:

Linear: logit, (e;w; ) = €°(1 +2wjwj) x, + b % 2 R; 2)
Prediction: f( .p)(x7) = (logit,) 2 (0;1); . (e;w): 3)

Finally, using the equivalence between the cross-entropy loss and the logistigJ¢9sthe loss
function in Eqg. (1) can be compactly written as (Lemma 6):

X
L( ;b= Ni El log ((2Xn+1 1) logit, ( )I; 2R%b2R: 4)
n2[N]

Due to convexity of o ( ), it follows thatL ( ;b) is convex in the biab for any xed , whose
minimizer,b,( ) = argmin ,, g L( ;b), has a closed form expression (Lemma 5). Hence, without
loss of generality, we consider the loss with this optimal bias

1 X . . e
LO). LOib) = E “og (2Xns1 1) €(L+2wjwj)x, + by > 0

n2[N]



Empirically, this roughly translates to running the gradient-based algorithm for the bias for more
steps at each. In practice, one additional step is usually suf cient (see Sec. 5)(Bgesembles

the standard logistic regression lo88][whose binary labels ar&x,.; 12 f 1gand the logits

given bye?(1 + 2wjwj) x, + b, €?=2, for eachn 2 [N]. The key difference here is that the logits
are a non-linear function of the parametésw) unlike in the standard setting.

We brie y summarize our assumptions below.

Assumption 1(Canonical parameterizatianiror our theoretical analysis, we assume that the effective
transformer parameters are canonically parameterized=age; w;a) 2 R3. First we study the
scenario whemma = 0 with = (‘e;w) and build upon these observations to study the general setting
of =(e;w;a)in Sec. 4.1.

3.1 Loss Landscape with Canonical Parameterization

With the new set of parameters= (e;w) 2 R?, we are now ready to analyze the ldss) in Eq. (5).
First we recall the de nition of a critical pointZD]. A point , 2 R? is a critical or a stationary
point forL if r L( 7) = 0. A critical point - is alocal minimumif there exists a neighborhood
U around - such thatL( ») L( ) forall 2 U, and alocal maximumif L( -) L().
If the neighborhoodJ is whole of R?, it is a global minimum/maximumOn the other hand, a
critical point is a saddle point if for all neighborhoodsaround -, there are ;; 2 2 U such that

L( 1) L(C»2) L(2).

Thm. 1 below provides a complete characterization of the loss landscape in terms of the aforemen-
tioned critical points.

Theorem 1 (All critical points). Let the input sequence e, g\-, ( ;P), the transformer
parameters = (e;w) 2 R?, and the next-token prediction lok§ ) be as in Eq(5). Then for any
(p;0) 2 (0;1)> withp+ q61 andN 2 N,

(i) the set of all global minima is given by

(i, (o) 2 RE: (1 + 2wui) =log &P ©)
(i) the set of all local minima is given by
min (P9, (&W) 2 R*:e=0;(p+q 1)(1+2wjwj)> 0 ; (7)
(iii) the set of all local maxima is given by
max (P;0) . (&5W) 2 R*:e=0; (p+q 1)(1+2wjwj)<O0 ; (8)
(iv) and the set of all saddle points is
n p_ (0]
sad(P;, (0; 1= 2) : 9

Thus the set of all critical points is
2R*:r LC)=0 = [ minl[ max[ sad: (10)
Inaddition, forany > 2 %, min 2 min, max 2 max.anNd sag 2  sad, the loss values satisfy

H(Xn+l an): I—( ?)<|—( min): I—( max): I—( sad): H(Xn+1):
Proof. We referto § E. O

Fig. 1 illustrates the loci of these critical points for g < 1andp+ q > 1. Motivated by empirical
observations, whileZ3] characterizes local minima fgr+ g > 1, it is interesting to note that our
Thm. 1 shows that local minima also exist fot g < 1 (Eq.(7) and Fig. 3a). So why did they nd
the minima only whemp + g > 1? The answer to this, and more broadly to questi@ri)lies in the
learning dynamics and initialization for, which we study in the next section.



4 Learning Dynamics

Capitalizing on the loss landscape in terms of the critical points in Thm. 1, we now focus on the
convergence of gradient-based algorithms to these points. In this regard, we analyze the dynamics of
the gradient- ow (GF), which can be viewed as a continuous-time analogue of gradient-descent [6].
The gradient- ow of the parameter§,); o, onL is governed by

%: rL(); c=(e;w)2R%t O (GF)
where {, (t)isaC? (continuously differentiable) curve R? starting with a randomly initalized

o. To characterize these trajectories, we de nesarrgy functioriE( ; ), which plays a crucial in
the GF dynamics. Itis de ned as

E(e;w), € (w?+sign(w) logjwj); 8(e;w) 2 R? ne-axis (11)

wheree-axis, f(e;w=0)g. Note thatE is well-de ned and nite for all the points in its domain.

On the other handim,,; ¢ E(e;w) = 1 whereadim,,, o+ E(e;w) = 1 forany xede?2 R.
Thus thee-axiscorresponding tev = 0 serves as an energy barrier for the ow. Figs. 3a and 3b
illustrate this by visualizing the energy contour lines. The utility of the energy function is captured in
the following lemma.

Lemma 1 (Constant energy along the ow)For any (p;q) 2 (0;1)? and initialization o =
(e0;Wp) 2 R?, let( {); o be the corresponding GF trajectory starting frorg. If o 2 R? ne-axis
the energy stays constant along the trajectory, i.e.

E( )= (wf+sign(w) logjwij)= E( o); 8t O 12)

On the other hand, ifg 2 e-axis we have that; 2 e-axisforallt Owithw; = wg =0, i.e. if
we initialize on thee-axis the trajectory always stays there.

We are now ready to present the main results of our paper. Speci cally, Thm. 2 and Thm. 8 highlight
the role of the switching factor of the Markovian dapa; g, and the parameter initializationg, in
deciding whether the GFFgonverges to local optima or global optima. First we de ne the energy value
Ead, E(e=0;w= 1= 2)= (1+log2)=2.

Theorem 2(GF dynamics fop+ q > 1). Let(p;q) 2 (0;1)? withp+ g > 1, the input sequence be
fxnghe;  ( ;P),and( t); o be the corresponding GF trajectory starting frorg. Then for all

initializations o 2 R?, the gradient ow converges to a critical point of the IdssThat is, there
exists a jm 2 R2 such thatim; t = jim andr L( jim) =0. Inparticular, i, isa

(i) alocal minimum if
n p_ p [0}
02lmn, (esW:w2( 1= 20);e2 ( gw);gWw)); gw) = w? log( W)+ Esaq
[f (&sw):w Og;
n p_ p 0
(i) asaddle pointif 921 g, (esW):w2[ 1= 2,0);e= w2  log( W)+ Esag

(i) alocal maximumifo 2|l max , (e;W):e=0;w< 1:p 2,

(iv) and a global minimumifo 21>, RZN(l min [| sad [! max)-

C(H1§equently, whem+ q > 1, if we use the standard initializationy, N (0; 21 ;) with 2
1= 2, jim will be alocal minimum with high probability. i+ g < 1, under the same initialization
scheme, i, will be a global minimum with high probability.

Proof sketch.The main idea behind the proof is to show that if we do not initialize orethgis

the ows stays on the constant energy contour (Lemma 1) and hence converges to a critical point of
the lossL, which is at the intersection of the contour line and the set of critical points (Lemmas. 10
and 11). By determining where these intersections occur, the corresponding basins of convergence

point (Thm. 1). The proof for g 2 e-axisis similar. O



Figs. 1b and 1d illustrate these initialization sets corresponding to the convergence basins for
p= g=0:9andp= g=0:1respectively. An analogous result about GF dynamicpferqg < 1is
presented in Thm. 8 (8 F.2). Here a key difference is that small Gaussian initialization around origin
leads to a global minimum;;,, with high probability (Fig. 1d).

Key insights. Together, Thm. 2 and Thm. 8 address our motivating que$@oh) by fully character-

izing the GF dynamics in terms of initialization and input data properties. Speci cally, our results
explain the phenomenon i2§] wherein they observe local minima fpr+ g > 1 more often than

for p+ g < 1, owing to standard Gaussian initialization around origin (Figs. 1b and 1d). However,
in practice, we often do not know the input switching factor, raising a natural quesigahgre a
data-agnostic initialization that always converges to global mininrafed, as can be seen from
Figs. 1b and 1d, there is a common region of initialization in the negative half-plane above the saddle-
asymptotes (in yellow) that leads to the global minima convergence irﬁespective of the switehipg
Mathematically, this region is given Bytommon , f(e;W):w < 0;jgj > w2 log( w)+ Esaq0.

We empirically corroborate this fact in Sec. 5.2.

4.1 Gradient Flow with Attention

(@p + q < 1: Gradient ow (b) Energy manifold and minima (c)p + g > 1: Gradient ow  (d) Energy manifold and minima

Figure 2: Gradient ow dynamics for the canonical parameters( e; w; a) 2 R3 with the attention
scalara. Notice the contrasting behavior for Gaussian initialization around origip foq smaller
and greater than one. For an enhanced view of the ow near the origin, please refer to Fig. 5.

In this section, the consider the attention scal@r R (Sec. 3) and study the gradient ow dynamics

with the parameters = (e;w;a) 2 R3. The parametea captures the overall scaling from the
value, key, and query components in the attention layer. Recall that the soft-max attention weights
are given byatt,; / exp(hg,;kii= d), whereq, = W oxn andk; = W g x; are the query

and key embeddings for any positior2 [n]. Using the low-rank structure of the query and key
matrices, satisfyinV SW k =(0?d) > and the value matri¥y y = v ~ for someq2 R

andv 2 RY (8 G), and assuming linear attentiatt,; / h q,;k;i= d, we de ne a single scalar

a, hv; ig?d® =4 that captures the essence of the attention layer(@X). We note that linear
attention weights are a standard assumption in the transformer analysis liteBaifife Using this
parameterization, similar to the steps in Sec. 3, we obtain the nal loss function to be

L()=E g (Y 1) & X % 1+ a€® (1+2wjwj)+ wjw(l+ ae?)j + b, :

where = (e;w;a) andb; is the corresponding optimal bias.recovers the loss in E¢5) when

a=0. In Thm. 10, we determine the set of all critical pointsLoin terms of global minima and

local optima in closed-form expressions, analogous to Thm. 1. Capitalizing on this characterization,
we now shift our focus to the analysis of the gradient owRpA. To this end, le{ {); o be aC*?

curve inR® governed by

d
dt
starting with a randomly initalizedo,. We de ne theenergy functiork( ; ; ) as

=1 L(¢); t=(esw;a)2R%t 0 (GF-attn)

E(e;w;a), € (w?+sign(w) logjwj) 2a%; 8(e;w;a) 2 R®nea-plane  (13)



whereea-plane, f(e;w=0;a)g. Itis similar to its counterpart in Eq11), except for the2a? term.

Fig. 2 visualizes this energy surface and the set of critical points, which reveal close resemblance to
that of Fig. 1 inR2. Capitalizing on the energy function, we now present our main result with the
attention.

Theorem 3 (GF dynamics with attention)For any (p; ) 2 (0;1)? and initialization o 2 R3,
let ( ¢); o be the corresponding GF-attn trajectory starting from it. Then for all2 R, the
gradient ow converges to a critical point of the loks That is, there exists a;jn 2 R® such that
limig t = 1im andr L( ym)=0. Further,

() if o2 R®nea-plang we haveE( m) = E( )= E( o) forallt 0. Hence ;n, is at the
intersection of the energy contour lile= E; with that of the set of critical points.

(i) if o2 ea-plane we have ; 2 ea-planeforallt 0and hence j, 2 ea-plane
Proof. We referto 8 G and § N.4. O

Thm. 3 shows that the learning dynamics with attention closely resemble those without it (Thms. 2
and 8). While the set of all critical points &f, and thus the limit points of the ow, has a closed-form
expression (Thm. 10), deriving the same for the initialization bgts andl , to determine the

basin of convergence is technically challenging (see discussion in 8§ G). Nonetheless, empirical
observations with the standard Gaussian initialization around origin reveal a similar picture as in
the two-dimensional setting for both thet g < 1andp+ q > 1 cases (Fig. 2). We believe it's an
interesting direction of future research to theoretically characterize this, analogous to Thms. 2 and 8.
We refer to § G for additional details and proofs.

5 Empirical Results

We empirically validate our canonical parameterizatiod R* (Sec. 3) by demonstrating full model
convergence to low-rank parameters through both qualitative and quantitative evidence. Qualitatively,
we visualize weight matrices across iterations; quantitatively, we plot the percentage of energy
captured by the top-rank components across iterations. We then demonstrate the generalization of our
theoretical ndings on local optima and initialization with canonical parameters to the full model

2 RP. We conclude with a discussion on higher-order and multi-state Markov chains.

5.1 Low-rank Parameters

Full model converges to low-rank. We let the input Markov sequence to b&,g\-,

( (p;9);P(p;q) forp = 0:2,9 = 0:3;N = 1024 and consider the full model as de ned
in Sec. 2 with embedding dimensiah = 8. First, we initialize the parameters = (e =
a;fp,gh=;;:::: W 1; W ,; b) using the standard Gaussian initialization with standard deviation
0:001[26] and train them using SGD on a batch si&e= 16 and fort = 800 iterations. In Fig. 6,

we track the value matri¥Vy 2 RY 9 and the weight matrixV ; 2 R* 9 across iterations.
We observe that at convergence b@h, andW ; are approximately rank-one with one of their
components being same as the embedding vector (the riWjnand column inW 1). Further,
the embedding vector has all entried in1g up to a scaling. We observe the same conclusion for
other weight matrice®V x.q ; W » and for all values ofp; g) 2 (0;1)?. Fig. 3 also quantitatively
demonstrates this.

Full model initialized at low-rank remains low-rank during training. Inpsired by the low-rank
structure obtained above, we randomly initialize the weight parameters as rank-one matrices and the
embeddings on the hypercube 1g®. After the initialization, we train them without any low-rank
restrictions, and track them during the course of training. Interestingly, here we observe that the
parameters still stay low-rank as illustrated in Fig. 7 and Fig. 3. A similar conclusion holds for the
remaining weight matrices. Together these results provide the empirical basis for our canonical
parameterization analysis in Sec. 3.

5.2 Effect of Initialization: Broader Implications

Now we investigate the ndings of Sec. 3 and Sec. 4, derived for the canonical low-rank model,
more broadly in the context of full model in Sec. 2. In particular, as shown in Thm. 2 and Fig. 1d



@W v (b)W 1

Figure 3: Convergence to rank one parameters: percentage of energy contained in the rst rank
component of the weight matric®g ; andW \, across iterations. The percentage is computed as

2
P, where the ;'s are the singular values of the matrices in descending order.
I

Figure 4: Comparison between the average loss curve for the standard gaussian initialization around
0 and our initialization, foip = 0:5 andq = 0:8. Starting from the standard initialization, the
model converges to a local minimum corresponding to the unigram model. With our initialization, it
converges to the global minimum corresponding to the bigram model.

for p+ q > 1, any small initialization around zero would lead a local minima convergence. To
test this hypothesis, we compare the standard initialization where all the transformer parameters

= 0:02, with a new initialization based on our results, where we initialize the embedding vector
e such that all cordinates are equakte 0:5, W ; to be constant with the scalay, = 1 andW
constant withw, = 1 (corresponding td, in Fig. 1d). We indeed observe that the nal test loss
matches the unigram loss for the standard initialization, while it converges to the optimal bigram
loss for our initialization (see Fig. 4). Together these results indicate that though our analysis used
canonical parameterization, the corresponding insights are more general and apply more broadly to
the general full model. In a similar spirit, analysis of initialization effects for deeper architectures is
an interesting avenue of future research.

5.3 Higher-Order and Multi-State Markov Chains

While the primary focus of this paper has been on binary rst-order Markov chains, we believe it's
possible to extend our analysis to both multi-state and higher-order settings. On the multi-state front,
akin to the binary case?p] already demonstrates the effect of switching probability and weight-tying

on the nal model convergence. Here, rst characterizing the loss landscape and then the associated
learning dynamics in line with our approach is an interesting direction. On the other hand, a recent
work [28] establishes a surprising result that &f+order Markov chain can be represented by a



three layer transformer with just one head per layer, relying on induction head mechanism. Analyzing
gradient ow dynamics using appropriate canonical parameterizationZ4}) ih this scenario is
also a fruitful direction of research.

6 Related Works

The recent success of transformer models in deep learning has sparked signi cant interest and active
research in understanding thef8] 25, 16, 27, 15, 37, 40, 32]. In relation to our paper, they can

be broadly classi ed into two topics: (in-context learning (ICL): ICL refers to the ability of
transformers learn and reason from information present in their corltext3, 4, 35, 39, 7, 21, 17].

Along this thread, the works most relevant to ours &é.f, 24], which use Markovian input data

to understand the ICL mechanisng, 4] heuristically show how gradient-based updates can learn

an induction-head mechanism using a simpli ed transformer architecture with frozen encodings,
query matrices and linear activations. On the other hand, we consider the canonical parameterization,
capitalizing on inherent low-rank parameters, to provide a full characterization of the learning
dynamics. P4] demonstrates how two-layer transformers with GD learn induction head mechanism
when the input has a causal tree dependency, such as in Markov chains. In this work, we focus
on the GF dynamics for single-layer transformers and show how they can also converge to local
optima, further highlighting the role of initialization. (iljraining dynamics: On the other hand,
numerous works have investigated the training dynamics of transformers. For instime@nines

the gradient ow in a simpli ed single-layer transformer, whil@J studies the process by which
self-attention integrates input tokens, assuming the decoder learns faster than the attention layer.
Unlike these settings, our focus is on understanding the training dynamics of the full transformer
model end-to-end. Other related works includ@é]] which analyzes gradient dynamics in LSTM
Seqg2seq models1§], which shows how Vision Transformers learn spatial structures, agd [

which demonstrates that a single-layer transformer can learn a constrained topic model. A closely
related work is 18], which shows that self-attention has a Markovian structure, but our focus is on
self-attention's capability in modeling Markov chains and the associated training dynamics.

7 Conclusion

In this work, we present a novel characterization of gradient ow dynamics for (weight-tied) single-
layer transformers with rst-order Markov chains. Speci cally, we highlight the signi cant role

of the parameter initialization and inherent properties of the Markovian data in determining the
parameter convergence to either global minima or local optima. Drawing upon these insights, we
offer practical guidelines for parameter initialization, corroborated by empirical results demonstrating
their effectiveness. While our current analysis is limited to single-layer models, uncovering similar
results with gradient ow analysis for deeper architectures and higher order Markov chains is open
and an interesting avenue for future research.
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A Single-layer transformer: architecture and results

We rst describe the transformer architecture from Sec. 2:

Xn = Xn e+ py 2 RY; (Embedding)
Yo = Xn+ attp; Wy x; 2 R%; (Attention)
i2[n]
Zn =Y, + W 2ReLUW 1vy,) 2 RY; (Feed-forward)
logit, = ha;z,i + b 2R (Linear)
f(x1), P (Xns1 =1jx7)=  (lo itng: (Prediction)
_ 2[0_;1]
Here , (e;fp,oh=;;:::;W 1;W 5;b;a) 2 RP denotes the full list of the transformer param-

eters from the embedding layer till the linear layer. In the attention layer, the weight assigned to
each valueatt,; , is computed by a compatibility function of the query veatgr, W g Xn

and the corresponding key vecbd{s , Wk x; foralli 2 [n]. More preciselyatt,; ,
softmax((hgy,; kai;: ;g kei)= d)i. W kv 2 RY 9 are the respective key, query, and value
matrices. For multi-headed attention, the same operation is performed on multiple parallel heads,
whose outputs are additively combined.

Finally, the transformer parameters (e;fp, d\-, ;:::;b;a) are trained via the cross-entropy loss
on the next-token prediction:
1 X
LC), & Eyoa [Xnea logf (x1)+ (1 Xns1) log(l £ (x1)): (14)
n2[N]

In this paper, we focus on the weight-tied scenario wieere a. Hence we let them be a single

A.1 Loss landscape results

Now we recall the theoretical results fro®d about the loss landscape ofin the form of global
and local minima.

Theorem 4(Global minimum). Let the input sequence &, gN_;  ( (p;d);P (p; ) for some
xed (p; g) 2 (0; 1)>. Then for all(p; g), there exists a, 2 RP with an explicit construction such
that it is a global minimum for the population lokg ) in Eq.(14), i.e.

() L() L( ) forall 2RP.

Further, - satis es:

(i) P, (Xn+s1 =1 jx7)= P(Xn+1 =1 ] Xpn), the Markov kernel.

(i) L( 2)= H(Xn+1jXn), the entropy rate of the Markov chain.

(iv) r L( 2)=0,i.e. ,isa stationary point.

LetL,, L( ») bethe global minimal loss from Thm. 4. Now we recall the result on the bad local
minimum.

Theorem 5(Bad local minimum). Let the input sequence the&,gh-;  ( (p;d);P (p;q) for
some xed(p; ) 2 (0;1)%. If p+ q > 1, there exists an explicitmi, 2 RP such that it is a bad
local minimum for the losk (), i.e.

(i) there exists a neighborhod8l( i, ;r) withr > 0 such thatL( ) L( min) forall 2

Further, min satis es:

(i) P (Xns1 =21 jx})= P(Xn+s1 =1)= 1, the marginal distribution.
(i) L( min)= H(Xn+1)= H( ), the entropy of the marginal.

(iv) r L( min)=0,i.e. min isa stationary point.
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B Low-rank structure of the optima

Here we recall the low-rank structure for the global minima found by SGD consistently across
multiple runs wherp + g < 1[23, Appendix C.2]. In particular, it is observed that the token and
positional encodings point in the same directionwhich is a low-rank factor for the weight matrices

in the attention and the feedforward layers, which in turn are all rank-one. Mathematically,

Embedding. The embedding vecta obeys
e=e

forsomee > 0Oand 2f 1g°. Further, the positional embeddings are constant across positions
n pointing in the same direction albeit with a negative scalar, i.e.

Ph= 1P
forp> O0andp § suchthae > p . Thus fromEmbeddindayer,

Xn=(X P) (15)
which ensures that the respective embeddings for thg,bit 0 andx, =1 arex, = p and
Xn =(e p) ,which are roughly anti-podal.

Attengion.  Recall from theAttention layer that the output/, is given byy, = X, +

Wo iz attn;L w \F/> Xi, where the attenté)orj weightdt ,; are computed according &it,; =
exp ho,kii= d = ;,exp g, kji= d  withqg, = W g x, andk; = W ¢ x;. Here
it is observed that the matrix products are all rank-one witheing a factor, i.e.

WoWy = v 2RY 9 forsomer 2 RY;

W oW « = (Pd) > 2 RY 9 forsomeq2 R:

Hence,
Wy xi=hv; i(ex p) ;
and
ki 1 2d k k2=d) Pd®
Tl = gl awawin = o 0 ) C T ES (e pes B
= ?d®2 (ex, p)(exi P):
Thus,
X
Yn = Xp + atth; WoWy X;
i2[n]

=(ex p) + attn; hv; i(exi p)
i2[n]

0 1
X 25=2 )
= @ex, p+h i e SPIT(E PEN B A (1)
iz i2m €XP G d>=2(exn  p)(ex; p)
Itis further noticed thakv; i Oandhencg, =(ex, P) = Xn.

Feed-forward. For theFeed-forwardayer, both the matriced/ ; 2 R" 9 andW , 2 RY " exhibit
rank-one structure with being one of the factors,

Wi=w w ~; forsomew2f 1g";w> O a7)
W,=W7: (18)

ThusW 1y, = dw(ex, p)w.Since p< Oande p > 0, corresponding ta, =0 andx, =1
respectively, we obtaiReLU(W 1y, )— dw((:lp Xn)p ReLU( w)+ xp(e p) ReLU(w)).
Denoting the number of oneswm as ,i.e. = ;_; 1(w; = 1), we further simplify:

W ,ReLU(W 1y,) = W ] ReLU(W 1y,,)
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w2d((1  xn)p hw;ReLU( w)i+ x,(e p) hw;ReLU(w)i)

wid(@ xn)p (- N+ xa(e P )
wid(exn P2  Dxntr )

Hence
Zn =y, + WoReLUW 1y,)=(ex, p) 1+w2d((2 r)xp+r ) : (19

Linear. Using the factthaé = a = e  due to weight-tying, we obtain frominearlayer that
logit, = he;z,i + b= edlex, p) 1+ w?d((2 MXp + 1 ) +b: (20)

Prediction. We nally obtain that the prediction probability
f (x1)= (logit,)=x, ede p) 1+ w2d +b +(1 x,) edp 1+(r )w?d +b:

Thus we see that the prediction probability and hence the loss furic(igiin Eq. (14)is in uenced
only by the scalare; p; w; band .

C Canonical reparameterization

Building on the low-rank strucutre of the transformer parameters described above, we consider a
special parameterization for them. A key property of this parameterization is that it covers both
the global and local minima from Thm. 4 and Thm. 5 for(@jc) 2 (0;1)%. Recall that Thm. 5
characterizes local minima only fpr+ g > 1 whereas our special parameterization allows to discover
local minima even fop + g < 1. Our construction follows the same outline as in Egs. (15)-(20).
First we start with the embedding layer.

Embedding.We lete= e andp, = p forallnwheree > 0;p= S and 2f 1gd:p d.
Thus the embedding, from Eq. (15) simpli es to

1 e
Xn = € Xp > 2f Eg
Attention. Substituting this, in Eq. (16), we hoave 1
1 X 1
Yn=€ Xn 5+ h, i@ att,; e x > A (21)

i2[n]

eXp(ezqzdszz (Xn %)(XI %))
2] exp(e2q2d5:2 (Xn )X %))
Sincehv; i 0, weletv =0 and obtain

where the attention weightdt,; = p 2 (0;1) for someqg 2 R.

= Xp=€ X }
yn_ n— n 2

Feed-forward. For the feed-forward layer, we observe from Etjr) and Eq.(19) that for any
w 2f 1d', only the number of'sin w, , matters for the nal vectoz, which further interacts
with the weight scalaw. Hence without loss of generality, we sgtto be the all-ones vector:

w = 12 R" and hence = r = 4d. While we observe from Eq17) thatW , = W ] for
p+ g < 1, we observe from the proof of the Thm. 4 for- q > 1in [23, Appendix B.2] that we

needW , = W ] in this scenario. Hence we consider the following parameterization that covers
both these scenarios:

leg\%l > o R4 d. szp‘% 1> 2 RY 4.

Herew > 0ensuresV , = W ] whereasv < 0, W, = W ;. Using this parameterization,
substituting = r = 4dandw 7! § in Eq. (19), we get

1 o
Zn=€ Xn 5 (1+4WjwXn)
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Linear. Sincee = a = e  due to weight-tying, Eq. (20) simpli es to

logit, = he;z,i + b= € x, % (1+4wjwjx,)+ b

x2)

(xn=
= €

Xn + 4WjwjXn % 2wjwjx, +b

(1 +2wjwj) x, + b %:
Prediction. The next-token prediction probability is
ny — 2 YV e2 . . 2.
flp(xi)=  e(@d+2wjwj)x,+ b > (e;w) 2 R*: (22)

Loss. While we assumed > Qin the beginning, in view of E(22)and the factthat 2 f 1gd:p d,
we see thaé 2 R gives us the same expression for probability. Thus the nal probability depends on
just the three scala(®; w; B 2 R3. Dening = (e;w) 2 R?, we recall the cross-entropy lokg )
from Eqg. (4) in Sec. 2 for this canonical model:
1 X
LCiB= & Egalon logf () +(1 xnn) log( f( D (23)
n2[N]

It turns out that we can further remove the biesy minimizing the loss over it which we discuss in
App. E. For now in the next section, we analyze when it's present as in Eq. (23).
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D Analysis of the loss with the biasL( ;b), in Eq. (4) and Eq. (23)

In this section, we analyze the loss function with the bigs,; b), from Eq.(4) and Eq.(23), which
will later be useful for studyind. ( ). First we characterize the set of its critical pointsf. To this
end, we de ne the following sets of points

2P0, (e;w;B 2 R®: (1 + 2wjwj) = log sz:q); b %: log 1;"0 :
(24)
mn(P;Q, (e;w;h2R3:e=0;(p+q 1)(1+2Wjo)>0;b=logg ; (25)
wi(P0 .  (EW;H2R:e=0;(p+q 1)(L+2wjwj) o;b=|ogg : (26)

The following result establishes that these sets exhaust all the critical points.

Theorem 6 (All critical points). Let the input sequence e, g\, ( ;P), the transformer
parameterg ;b) = (e;w; 0 2 R3, and the next-token prediction lok$ ) be as in Eq(23). Then
all the stationary points of are eitherin -, min,Or sag, I.€.

(iD2R:rL(;B=0 = o[ mnl sa (27)
Proof. We refer to App. J.1. O

Recall the de nitions of local minima & maxima, global minima, and that of all the saddle points
from Sec. 3.1. We are now ready to present the main result about the loss landscépe of

Theorem 7 (Loss landscape with bias) et the input sequence b&,g\-, ( ;P), the trans-
former parameterge; w; B 2 R3, and the next-token prediction lokg ) be as in Eq(23). Then for
any(p; ) 2 (0;1)2 withp+ g6 1 andN 2 N,

(i) the set of all global minima df is given by »(p;0),

(i) the set of all bad local minima a&f is given by min (P; 9),
(iii) and the set of all saddle points bfis saq(P; Q).

Furthermore, forany » 2 2, min 2 min,and ¢4 2 sad, the losses are ordered as
H(Xn+l J Xn) = L( ?) <L ( min) = L( sad) = H(Xn"'l):

Remark 1. Note that a bad local minimum is a local minimum whose loss value is strictly less than
that of the global minimum, as is the case here. Interestingly, Thm. 7 highlights that all local minima
for the lossL are indeed bad local minima.

Proof. We refer to App. J.2. O

D.1 Technical lemmas

The proofs of both Thm. 6 and Thm. 7 rely on few key lemmas that we present below. First we start
with the result that rewrites the logg ;b) from Eq.(23)in a compact manner using the logistic
function o ().

Lemma 2 (Loss as a logistic function)The next-token prediction lo&g ) in Eq.(23) can be written
as

1 . .
LCD=$ El'og ((2Xn+1 1) logit,)]
n2[N] ez (28)
= Exy \Iog 2y 1) e2(1+2ijj)x +b 2 ;
where(X;Y ) 2 f 0; 1g? are distributed according t¢X;Y ) ( ;P),i.e. X is a Bernoulli random
variable withX Bern(pHp+ q)) andYjX P (p;0),the Markov kernel.
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The following lemma establishes the gradients of the loss function with respect to the parameters
e;w, andb.

Lemma 3 (Gradient computation)For any(e; w; b 2 R3 and the next-token prediction lokg ) in
Eq. (23), the gradients are given by
@L

@e: Ex [(f1X + f2)@2X (1 +2wjwj) 1)] e;

O = e (12X + 12X 4w

L
%b: Ex [f]_X + fz];
where X 2 fO0;1g is a Bernoulli random variable withX Bern(pp + q)), f1 =

2€wjwj + b+ & +q 1 b & +pandf,= b & p.

Remark 2. Itis interesting to note that the gradients for bethndw are product of an expectation
term and are factor. Also, except for scaling factors in terms(ef w; b, all the gradients are
governed by the two expectation terigf ;X + f,)X]andE[f ;X + f,]. This observation plays a
key role in obtaining an ordinary differential equation which yields the energy funEtide ned in
Eq. (11).

Now we characterize the Hessian at both local-minima and saddle points.
Lemma 4 (Hessian at local-minima and saddle pointByr the canonical parameterization =
(b; e;w) 2 R and the next-token prediction lokg ) in Eq.(23), the Hessian at any i, 2 min
Of ¢ad 2 sad IS given by

1 0 i

reL() = 01 0 2p+a DA+2wjwj) 0 ;
0 0 0

min » sad

where ¢ = ﬁand 1= pfq.

Remark 3. We note that the Hessian is computed with the parameter ordgriegw).

The proofs of the lemmas are presented in App. K.
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E Analysis of the loss without biasL ( ), and proof of Thm. 1

The proof of Thm. 1, concerning the los$ ) in Eq. (5), is similar to that of Thm. 7 which studies
the lossL ( ; b) with the bias present. The main idea is to establish the analogous set of lemmas, as
in App. D, when the bias is substituted with its optimal choice. First we recall the loss function

1 X
LC). LOS) = Egna [Xne1 109F( 10,y (X7) + (1 Xns1) l0g(1 f( i,y (XD

n2[N]
(29)
b, = argmin L( ;b):
b2 R

We start with the result that establishes a closed form expressidm.for

Lemma 5 (Optimal bias) For = (e;w) 2 R?andb2 R, letL( ;b) be the next-token prediction

loss de ned in Eq(23). Then, for any 2 R?, L( ;b) is convex inb and the minimizeb, ,
argming, g L( ;b) is given by
2 s 3

epr_;f Lap g, o1 +4

- = 5. 2 Sy -
5 A q q A A, expEe(1+2wjwj)): (30)

oo

Consequently, €% (1 +2wjwj) = log %, thenb, % =log ﬁ If e= 0, thenb, = log g

Now we rewrite the loss in terms of the logistic function.

Lemma 6 (Loss as a logistic function)For any 2 R?, the next-token prediction logs ) in
EqQ. (29) can be written as

1 X .
L) = El1og (2Xn+1 1) logit,)]
n2[N]

(31)

B ‘ ) - &

= Exy g (2Y 1) e(1+2wjwj)X + b, >
whereb, follows from Eq(30), (X;Y ) 2 f 0; 1g? are distributed according t¢X;Y) ( ;P),i.e.
X is a Bernoulli random variable witlX Bern(pp+ g)) andYjX P (p;0), the Markov

kernel.

The following lemma establishes the gradients of the loss.

Lemma 7 (Gradient computation)For any = (e;w) 2 R? and the next-token prediction lokg )
in Eq. (29), the gradients are given by

%Iéz Ex [(f1X + f2)X] 2(1+2wjwj)e;
L -
%Wz Ex [(f1X + f2)X] 4e%jwj;
where X 2 f0;1g is a Bernoulli random variable withX Bern(p=p + q)), f1 =
2€°wjwj + b, + % +q 1 b, % +p,andf, = b, % p. Further, 1f1+f,=0.

Remark 4. We observe above that the gradients for bedndw are proportional to each other,
except for the scaling factors in termseéindw. This forms the basis for the derivation of the energy
function discussed in App. F.

The following lemma characterizes the Hessian.

Lemma 8 (Hessian computation)L.et = (b; ) 2 R®with = (e;w) 2 R?, andL( ) be the
next-token prediction loss in E(R3)andL( ) be the one in Eq29). Let the Hessian df at be

Hoo Ho _ 15l

2
2 = _ rgl 3 3.
HOD r o b= e w rzl)y reL 2R5
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Then the Hessian af at 2 R? is given by
H(), r2L=H Hp Hpb Ho e (32)
Consequently, forany = (b;e;wW) 2 min [ sad, the HessiaiH ( ) at = (e;w) is given by

| 2P+ g D+2wjw) 0
0

H( )= o (33)

where ¢ = ﬁand 1= prg

The proofs of the above lemmas are deferred to App. L. We are now ready to present the proof of
Thm. 1.

E.1 Proofof Thm. 1

Proof. Let 2 R?2and () = ( ;b( ) 2 R3 be its embedding ifiR® with the optimal bias
b,( ) =argmin , g L( ;b) from Lemma 5. De ne the following four sets of points:

AP, (eiw) 2 R?: (1 + 2wjwj) = log w ;

mn(P;0), (e;W)2R%*:e=0;(p+q 1)(1+2wjwj) >0 ;
max (P;0), (e;W) 2 R?:e=0;(p+q 1)(L+2wjwj)< 0 ;
n (0]

p
sad(P;@), (esw):e=0;w= 1= 2

First we show that any critical point df : R> | R has to lie in one of these sets. Then we
characterize that they correspond to the set of all global minima, local minima & maxima, and saddle
points respectively.

(i) Set of all critical points: Recall from Thm. 7 that for any critical point=( ;b =(e;w;bD 2

R3ofL, 2 5[ mn[ sad- Here the main observation is that all these critical points are of
the form( ;b,( )) where 2 5[ minl max[ sad- TOSeethis, let 2 . Here we have

(1 +2wjwj) = log P9 from Eq.(24)and hence 2  ». Further, by Lemma 5, we have

2
of the biasbfor = (e;w;b in Eq. (24). Likewise, if 2 min [ sad, We havee = 0 and
hence 2 min[ max [ sad- Hence by Lemma 3, = log g, matching that of Eq(25)
and Eq.(26). Thus the set of all critical points @f in R® are of the form( ;b,( )) with where

2 2] minl max[ sad-Since o[ min[ sadq COvers the entirety of stationary points of
L in R3, it follows that the set of all stationary pointsiR? is precisely >[  min [  max [  sad-
Also, the ordering of losses directly follows from the aformentioned observation.

that the optimal bias for this satis esb, € = log 1%, which is precisely the characterization

Now we characterize these critical points in terms of the extrema.

(i) Set of global and local minima: From Eq.(24), for any global minimum , = ( »;b,( »)) of

LinR%, wehave 2 > R2. Hence by de nition, - is the set of all global minima iR?. A
similar argument holds for iy , which establishes that it is a set of all local minima.

(iii) Set of local maxima and saddle points: From Eq. (26), for any saddle point =

(e;w;b(e;w)) of L in R, we have thae = 0 and(p+ q 1)(1 + 2wjwj) 0. Hence
=(e;W) 2 max [ sad- Suppose 2 nmax Whichimpliese=0;(p+q 1)(1+2wjwj) < 0.

By Lemma 8, the Hessian at (upto a positive scale) is a diagonal matrix with the entries

(p+ g 1) +2wjwj) < 0andO, corresponding to the directions @andw respectively. Though

one of the eigenvalue here is zero, using a continuity argument as in the proof of Thm. 7 for local

minima, we can establish thatis indeed a local maximum. Thusnax IS a set of local minima.

Now supposé€e;w) 2 g5q. Thuse =0 andw = p% Since it lies at the intersection of i

and max, Using a neighborhood argument, it's straightforward to see that is indeed a set of
saddle points.
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Finally it follows that min; max; sad are the only set of local minima, maxima, and saddle points
from the above fact about the characterization of the set of all critical points in terms of these sets
and -, the ordering of the losses, and using the same argument as in the nal steps of the proof of
Thm. 7 with the bias. This concludes the proof.

O
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F Gradient ow analysis without attention

In this section, we analyze the learning dynamics of the transformer parametegs; w) 2 R?
without the attention scalar. First, we present few important lemmas regarding the same, useful for
the proofs of Thm. 2 and Thm. 8 later. Recall from Sec. 4 that the traje€te)y o is governed by

d

G = FLCO = (esw) 2R5 O (GF)

starting with a randomly initalizedy. Theenergy functioriE( ; ) is de ned as
E(e;w), € (w?+sign(w) logjwj); 8(e;w) 2 R? ne-axis (34)
wheree-axis, f(e;w=0)gandw-axis, f(e=0;w)g. Note thats,q = E(O; p%) = 1”%2

We re-present the Lemma 1 from Sec. 4 below for the sake of completeness.

Lemma 9 (Constant energy along the ow)For any (p;q) 2 (0;1)? and initialization o =
(e0;Wp) 2 R?, let( ¢); o be the corresponding GF trajectory starting frorg. If wg 6 0, then the
energy stays constant along the trajectory, i.e.

E( )= ¢ (W +sign(w) logjwj)= E( o); 8t O (35)
On the other hand, ifvg =0, w; =0 forallt 0. Hence, if we initialize ore-axisthe trajectory
always stays on the-axis
Now we establish that the GF trajectories always converge.

Lemma 10(GF convergence)Let( t): o be a continuously diferentiable GF trajectory starting
from . Then for all initializations ¢ 2 R?,

() ( )t oisbounded,
(i) there exists a i, 2 R? such thatimy; t= im and
(i) limyy  kr L( )k=kr L( jim)k=0.

Hence |, is a critical point ofL.

The following result characterizes the energy of the limit point.

Lemma 11(Energy at the limit point) Consider the same setting as in Lemma 1042 R?ne-axis
thenE( im) = E( o). Hence i, lies at the intersection of the contour lige; w) = Ep with the
set of critical points of. in R?.

On the other hand, ifg 2 e-axis then i, 2 e-axis

We now study the energy function on theaxis which plays a key role in the GF analysis.

Lemma 12 (Analysis of the energy function)LetE( ; ) be the energy function de ned in E@L8)
andf (w) , E(e=0;w) = (w?+sign(w) logjwj) be the energy evaluated awaxis for
w 2 Rnf0g. Then

1
-

Of:(1 ; 1:p 210 (1 ; Epag] is monotonically increasing withmy,;;  f (w)
and the maximum beiffg( 1= 2) = Egyq,

@iy f:[ 1= 2,0)! [Esag; 1 ) is monotonically decreasing withm,,, o f(w)= 1 |,

(iiiy Y pl—i):o,and

(ivy f : (0;12) ! (1 ;1) is monotonically decreasing withm,, o- f(w) = 1 and
limyn f (W) =1

We are now ready to prove Thm. 2 corresponding toq > 1.

F.1 Proof of Thm. 2

Proof. Let o = (&;Wo) 2 R? be the initialization for the GF trajectofy {); o. Recall that
n 0
p_ p
Imin »  (&W) w2 ( 1= 2,0);e2 ( gw);gw)); gw) = w? log( W)+ Esag

[f (e;w):w>0g[f (e;w):w=0g;
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n p_ (0]
lsad, (esW):w2][ 1= 2,0); e w2 log( W)+ Esad ;

n p_
lmax » (e;W):e=0;w< 1= 2 ;

I?! Rzn(Imin[I sad[I max):

o |l

We consider the caseg 2 e-axisand o 2 R? ne-axisseparately. First recall from Thm. 1 and
Eqg. (6) that forp+ g > 1, the loci of the global minimag?(1 + 2wjwj) = log % < 0,
lies entirely in the negative half-plane corresponding/te pl—é On the other hand, all the local
minima, maxima and the saddle points spanvihaxis corresponding te = 0.

() 02 R?ne-axis LetE = E( o) 2 R. By Lemmas. (9), (10), and (11), we have that the
trajectory( t); o always stays on the contour lifi€e; w) = E, and converges to the limitj,
which is an intersection of this contour line with the set of critical points oHence the crux of
the proof is to establish where these intersections occur based on the initializatod the initial
energyky. This gives rise to the set of initializatiohgin ; | max ; | sad, andl » that correspond to the
limit being a local minimum/maximum, a saddle point, or a global minimum.

We characterize them individually below starting wiithy, .

Initializations for local minima, | nin. For o = (€;Wp) 2 R? ne-axis assume thatg > O.
Sincelk 2 R, there exists an unique, > 0 such thaf (w,) = E(O;w;) = Ey by Lemma 12, (iv).
Further using the fact that the energy contour lines do not cross each other (by de nition of a contour
line) and the fact they do not intersect thexis(it's an energy barrier as discussed in Sec. 4), it
follows that the contour lin€(e; w) = Ey stays entirely in the positive half-plane corresponding to

w > 0andw, > 0is the unique (and only) intersection of this line with the&xis, and hence the

set of critical points. Since th&-axis corresponding tev > 0 is a set of a local minima (E¢7)), it
follows that any initializatior{ep; wo) with wo > 0 converges to a local minimum.

Now suppose 7 <w. < Oandey 2 ( g(wo); g(Wo)), whereg(wo) = W2 Tog( i) + Exa.
Thusjeyj < g(wp) and henced (w3 log( wo)) = E(eg;Wo) = Ey < Esag. Hence by Lemma 12,
(iii), there is a unique intersection of the contour liEge; w) = Ey with thew-axis, which lies in the
region pl—i; 0 . Further note that this contour line cannot intersect with the global minima loci as

it lies in the half-planev < p% and hence its only intersection with the set of critical points is this

segment ofv-axis, which is precisely the set of local minima the GF initialized on this line would
converge to.

Thus we have shown that any initializationligi, n[f (e;w) : w = 0g converges to a local minimum,
the set of which exhausts all the set of local minimg;, except for the origin. Below we will
estbalish that any initialization ograxis = f (e; w) : w = 0 g converges to the origin, implyinkgmin

is the full set of initializations for which the limit is a local minimum.

Initializations for saddle points, | s54. It's straightforward to see that for any 2 | saq, €5 (W3

log(  wp)) = E(0; #%) = Esaa- Since ph  wp < 0, the point(w; ) = ( #%;0) is the only
intersection of the contour line with the set of critical points, any initializatiohsig converges to
the saddle point. On the other hand, there also exists a conto@glinéw3 log( Wp)) = Esag for
Wo < pl—i that passes through p%; 0) 2 R? and further intersecting with the global minima loci

». However, if we initialize on this line the ow escapes away from the saddle point and converges
instead to a global minimum. To show this, it suf ces to prove ﬁg%b 0 anddd% < 0ifeg>0
andwg < pl? such thai{wp; ) is close to the saddle poift pl—é;O) (the case foey < Ois
similar as the ow is symmetric i@ 2 R). From Lemma 7 and the de nition of the GF, we have that

d
= Sqeiwo) =2Ex (X + X] (1 2d)es
dw L
U= Sljeoin) =4 [(1:X + 12)X] ( wo):
So it suf ces to show thaEy [(f1X + f2)X]> 0. To establish this, we have from Lemma 5 that
f
B [(fX + f2)X]= EXI(fa+ )= 1 2+ = o fa
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From the de ntion off , and the optimal biab, in Lemma 7 and Lemma 5 respectively, we obtain

1
fo= b & p= 1l+exp b.>+§ P
2 2
0 1,
2A
:%1+ ¢ . § P A, exp(ej(l  2wp)):
p p p
q 1+ q 1 +4 q A
Wheney = 0, we haveA = 1 and hence
1
q P p
fo= 1+ 2 = = + 1)< 0; 36
2 o P=ovgq P° pegPta b (36)

where we used the fact thatt g > 1. Hence by continuity of ; in ey, for ey suf ciently close to0,

f, < 0 which proves our claim about the direction of the ow close to the saddle point. By using
the continuity of the ow, it follows that GF cannot converge to saddle point when initialized on this
contour line forwg < i@l—E Thusl s54 is the only set of initializations for convergence tQaq.

Initializations for local maxima, I max. W P+ g > 1, we have from Thm. 1 that nax =

(W) 2R?:e=0; (L+2wjwj) <0 = (e;W)2R?:e=0;w< p% . Thus forany ¢ 2

max gTE =0 forallt Oandhence;m = (. Further if we slightly perturb away from this set,
from Eq.(36)it follows that the ow diverges and hence it's an unstable set of critical points (they are
local maxima indeed). Thus the only set of initializations leading to local maximb.@ke=  max -

Initializations for the global minima, | ,. Since the set of all critical points &fis [ min [
max | sad, @and the initializations it min , | sag, andl max converge to min, sad» aNd  max
respectively, it follows that the set of initializations for which the GF converges to global minima is

- = Rzn(l min [1 sad [ max)-

In fact, since the loci of the global minima lies in the half-plane correspondimt to %
whenp+ q > 1, we can precisely determine the location of the global minimum for which the
intersection occurs for anyp 2 | ,. Speci cally, we can solve the pair of equatioBée; w) =

e w?+log( w)= Eande’(1 2w?) = log W which has a unique solution fov < 0
(upto a sign ipine).

(i) o2e-axis) o2l mn:lf o= (ep;Wp) 2 e-axis we have thaitvg = 0 and hencev; = 0
forallt O (Lemma 9). Lemma 10-(i) also establishes that the iteratess (&;0)); o Stay

bounded on the-axisand monotonically decrease. Since the origin is the only critical poiht of
on thee-axis andlimi; t = jim €xists, it follows that ;, = (0;0), a local minima. Thus

0 21 min -
This concludes the proof for all the initializationg 2 R2.

Gaussian initialization N (0; 21 ,). When  is initialized according to the standard Gaussian
distributionN (0; 21 ,) with 2 p% we note that o lands in the seltmin with high probability.

In fact, this probability can be made arbitrarily closeltdepending on 2. Thus this initialization
will lead to a local minimum convergence on tiveaxis. O

F.2 Gradient ow dynamicsfor p+ gq<1

Theorem 8(GF dynamics fop+ g < 1). Under the same setting as in Thm. 2 with g < 1, and
any initialization o 2 R?, the GF trajectory always converges to g, 2 R? which is a critical
point of the losd.. More speci cally, im is

() alocal minimum if
n p_ p (0}
02lmn, (eW:w< 1= 2e2( gw);g(w)); gw)= w2 log( W)+ Esad ;
) . n [ p 0
(i) asaddle pointif g 21 sag, (€;W):wW 1= 2;e= w2  log( W)+ Esag
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(i) alocal maximumifo 21l max , (e;W):e=0;w> 1=p 2,
(iv) and a global minimumifo 2 R n (I min [ sad [ max)-

Consequentely, if we use the standard initializatign N (0; 2l ) with 2 1:p 2, im Will be
a global minimum.

Proof. The proof for the case qgf+ g < 1 essentially follows the same steps as that #fq > 1. If
the initialization is not on the-axiswe use the energy equation to establish the convergence to the
critical point at the intersection of the energy contour line with the critical set and if it starts on the
e-axis the only change is that it now converges to the global minimum instead of the origin as in the
earlier case. This is due to the fact that origin turns out to be a local maximumpvhen< 1 and
hence it's an unstable critical point (which can be established as in the proof of Thiml. Zfor O
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G Gradient ow analysis with attention

In this section, we analyze the learning dynamics of the transformer parame2eRs with the
attention scalaa 2 R, i.e. = (e;w;a) 2 R3. Similar to the analysis for = (e;w) 2 R?, we

rst introduce the canonical parameterization includag R, then analyze the corresponding loss
functionL () in terms of its gradients and critical points, and capitalize on it to study the gradient
ow dynamics using the energy. We rst start with the parameterization.

G.1 Canonical parameterization with attention

Embedding. Recg\ll from App. Cthatwe le¢ = e andp, = p forallnwheree > 0;p= §
and 2f 1g’= d. This results in the embedding

Xn = € Xp >
Attention. Similarly, we recall from Eq. (21) thgt the attention outgytis %iven by

1 - X 1
Yn=e€ Xn 3 +h; i@ atty; e x 5 A (37)
i2[n]
where 0 1

attni , exp h:]n;kii:pa :@X exp hqn;kji:pa Asd, = Woxn; ki= Wk Xi;
j2[n]
W QW = (q?d) > 2 RY 9 forsomeq2 R:
Instead of the softmax, now we assume that the attention weights are linear in the scaled dot product,
ie.

L ’d >
attn;i = %: a XnWQWKXn = n%i (Xn )(Xi )

—p= (exn p)exi p)

n d
q2dS—2 (38)
= (exn p)exi p)
B q2d5:262 « } . }
- n "2 2

Note that thel=n factor is to ensure normalization for the attention weights in Bd). Now
substituting Eq. (38) in Eq. (37), we obtain

0 1
X
Yo =€ Xp % +h; i@ att, e x % A
) i2[n] L 3
1 X1, 1 1 1
=4e x, 5 +h i @ ﬁq2d5‘2e2(xn S E)A e xi 3 5
. i2[n] "
1 1?2
= exn 3 1+hv; i?d®2e x >
2 0 13
= §e x, % Bi+ hv: ka2t & K1

| —{z—

1
=e xn 3 1+ae
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where we used the factthat; )% =  sincex; 2 f 0; 1g, and
h/; i q2d5:2
' 4
is the attention scalar. Note that this includes the scdding i from the value matrisV v andc?
from the query-key dot product. Thus we succinctly have

(39)

Yo =€ Xp % 1+ae (40)

Feed-forward. For the feed-forward layer, we have thét; = i@‘”—aj 1 > 2RMd w,=

P 172 RY 44 Hence Eq. (40) implies

wlyn=B"%1 > e % % 1+a = Wé e Xn 1+aé 1
Thus,
ReLU(W 1y,) = {9"‘%1 RelU e x, % 1+ ad
= #ﬂl eRelLU Xn 1 i
d 2

0 .
g\%l e %“ReLu 1+aé + ZX“ReLU 1 ad

:Zﬁ‘ﬂal e x, ReLlU1+a® RelU 1 a +RelU 1 aé

UsingReLU(x) ReLU( x)= x above,

ReLU(W 1y,) = 2%%1 e x, 1+aé +RelU 1 aé

Hence,

W »ReLU(W 1y,) = p"‘ia 1}#‘6‘%1 e x, 1+aé® +RelU 1 aé
=2wjwje x, 1+a€® +RelU 1 aé |
1 aé S aej
2 2
i1+ a€?j
2

=2wjwje x, 1+ a€ +

o 1
=2wjwjie  xa 3 1+ ae® +

Thus the embedding, is given by
Zn =y, + W3ReLUW 1y,)
i1+ a€?j

= e X 5

1+ a€? +2wjwje X % 1+ ae +

=e X 1+ a€® (1+2wjwj)+ wjw(l + ae)j

NI NI

Linear. Sincee = a = e  due to weight-tying, the logits are given by
logit, (e;w;a;§ = ha;z,i + b= € X, % 1+ae® (1+2wjwj)+ wjw(l + a€?)j + b:

Loss. Denote , (e;w;a) 2 R3. Similar to the case without (Eq. (14) and Lemma 2), the
cross-entropy loss in our setting can be compactly written as
1 X . . .
LD =& Elog ((2Xn+2 1) logit,( ;0)]= Exy [og ((2Y 1) logity ( ;D)];
n2[N]
(41)
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wherelogity ( ;b), € X 1 1+a€ (1+2wjwj)+ wjw(l+ a€?)j +b (X;Y) 2f0;1g?
are distributed according (o<;Y ) ( ;P),i.e. X isaBernoulli random variable witk
Bern(pp+ q)) andYjX P (p;0), the Markov kernel. Further, using the convexitybah L ( ; b),
we can consider the optimal bibg( ) = argmin ,,g L( ;b) in Eq. (41) to obtain the lods( ):

L( ), L( k)= Exy [og (Y 1) logity ( ;b))
= Exy g (Y 1) €& X % 1+ a€® (1+2wjwj)+ wjw(l+ a€?)j + b,
(42)

We derive the expression for the optimal badn the proof of Lemma 13 below in App. N.

G.2 Analysis of the loss functionL () from Eq. (42)

Now we establish the gradients of the loss function.

Lemma 13(Gradient computation and optimal biagor any = (e;w;a) 2 R3 and the next-token
prediction losd_( ) in EqQ.(42), the gradients are given by

L 1 L
%e: E (fiX +f,) X > 2 1+ aé? (1 + 2wjwj)
E (f1X +f) X % 2e3a (1 + 2wjwj) ;
L 1 . .
%W: E (X +f2) X 5 26 1+a€ (iwj+sign(w)w);
L 1 .
O- Ex+f) X 5 ea+2wm);

whereX 2 f 0;1gis a Bernoulli random variable witlK ~ Bern(p=p + q)), and

fi, 1 p g 1+ o f2,p o
1, e? % 1+ a€® (1+2wjwj)+ wjw(l+ ae?)j + b, ;
0, e? 71 1+ ae® (1+2wjwj)+ wjw(l+ ae?)j + b, ;

where the optimal biab, is obtained by solving,f; + f, =0.

Proof. We defer to App. N. O

Theorem 9 (Al critical points for linear attention irR*). Let the input sequence e, g\_;
( ;P), the transformer parameters= (e;w;b; g 2 R*, and the next-token prediction lokg ) be
as in Eq.(41). Then for any(p; d) 2 (0;1)?> withp+ q6 1 andN 2 N,

(i) the set of all global minima is given by

, , 1. pl 9
g, f(e;w;b;d 2 R*: fwjw(l+ ae?)j+ b= Zlo : 43
2(p;a) . f( 3 jw( )i 5 gq(l o) (43)
& 1+ad (L+2wjwj) =log &+ & P q;(; Py (a4
(i) a set of local minima is given by
min (P; Q) , mn =(e;W;b;d 2 R* 1 e=0;(p+q 1)(1+2wjwj) > 0;b=logg ;
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(i) a set of saddle points is

sad(PiD) ,  sag = (€W;b;9d 2 R*:e=0;(p+q 1)(L+2wjwj) 0;b=log 3
(iv) a set of stationary points is
station (P; Q) , sation = (€;W;0;92R*:e60;1+ae?=0;1+2wjwj=0;b=log g ;

Thus the set of all critical points is
ZRZZI’L( )=0 = [ min[ sadl station : (45)
In addition, forany 2 5, min 2 min @nd sag 2 sad, the loss values satisfy
H(Xn+1 JXn) = L( 2) <L ( min) = L( max) = L( sad) = H(Xn+1):

Theorem 10(All critical points inR?). Letthe input sequence bg,g-, ( ;P), the transformer
parameters = (e;w;a) 2 R3, and the next-token prediction lok$ ) be as in Eq(42). Then for
any(p; 0 2 (0;1)°> withp+ g6 1 andN 2 N,

(i) the set of all global minima is given by
(i), f(ewid 2RO 1+ o (1+2wiw)=log * 0Py o)

q
(i) a set of local minima is given by

min (P;0) ., (e;w;@) 2R%:e=0;(p+q 1)(1+2wjwj) >0 ;

(iii) a set of local maxima is given by
mn (P, (w;@2R%:e=0;(p+q 1)IA+2wjwj) <0 ;

(iv) a set of saddle points is N o

sad(P;9), (e;w;@)2R%: 0 1:IO 2:a

De ning a set of stationary points swaton (P;0) , (e;w;a 2 R®:e60;1+ ae?=0;1+2wjwj=0 ,
the set of all critical points is
2R%:r L()=0 = 2 mnl max[ sadl station : 47)
In addition, forany > 2 5, min 2 min,and sag 2  sad, the loss values satisfy
H(Xn+1 jXn) = L( 2) <L ( min)= L( max) = L( sad) = H(Xn+1):
Remark 5. While the remaining set of stationary points could be classi ed to global minima, local
minima, etc., it's technically unclear what category the set of critical poingsion (p; 0) belong to,

as the Hessian is unde ned here. We would need to rely on local perturbation analysis to characterize
these class of points.

We defer the proofs of the theorems to App. N.2.

G.3 Gradient ow analysis

Analogous to the gradient ow analysis for= ( e;w) 2 R? in App. F, we now study its countepart
toegether with the attention scalar, i.e= (e;w;a) 2 R3. To this end, le{ {); o be aC?! curve in
R3 governed by

de
dt

starting with a randomly initalizedy. We de ne theenergy functiork( ; ; ) as
E(e;w;a) , € (w?+sign(w) logjwj) 2a% 8(e;w;a) 2 R®nea-plane  (48)

whereea-plane, f(e;w=0;a)g. The following lemma presents the crucial result that the energy
is constant along the ow in GF-Attention.

=1 L(); =(eswia)2R%t O (GF-Attention)
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Lemma 14 (Constant energy along the ow)For any (p;d) 2 (0;1)? and initialization ¢ =
(eo;Wo;a0) 2 R3, let( {); o be the corresponding GF-Attention trajectory starting frog If
Wp 6 0, then the energy stays constant along the trajectory, i.e.

B( )= & (wf+sign(w) logjwij) 2ai=E(o); 8t O (49)
On the other hand, ifvg =0, w; =0 forallt 0. Hence, if we initialize oea-planethe trajectory
always stays on thea-plane
Now we characterize the convergence of the gradient ow.

Lemma 15(GF convergence)Let( {); o be a continuously diferentiable GF-Attention trajectory
starting from . Then for all initializations o 2 R3,

() ( t)t oisbounded,

(i) there exists a i, 2 R® such thatimy; t = 1im and
@iii) limyy  kr L( )k = kr L( jim)k=0.

Hence i, is a critical point ofL.

The following result characterizes the energy of the limit point.

Lemma 16 (Energy at the limit point) Consider the same setting as in Lemma 15. ¢If2
R® n ea-plane thenE( im) = E( o). Hence ;, lies at the intersection of the contour line
E(e;w) = Ep with the set of critical points df in R®.

On the other hand, ify 2 ea-plane then i, 2 ea-plane

We defer the proofs of the lemmas to App. N.

G.4 Role of standard initialization

The following picture enhances the behavior of the GF dynamics near the origin.

(a) Gradient ow around origif{fp + q < 1) (b) Gradient ow around origi(p + q > 1)

Figure 5: Gradient ow dynamics iR3, near the origin, for the transformer parameters with attention
scalara (Sec. 4.1). The local minima are repellors for g < 1, while attracting fop+ q > 1.

Based on the above theoretical results and empirical evidence, we conjecture the following theorem,
whose informal proof we defer to App. N.5.

Theorem 11 ( [Informal] Role of standarddrlitialization fop+ g > 1). If we use the standard

initialization ¢ N (0; 213)with 2 1= 2forthe GF-Attention, j, will be alocal minimum
with high probability.
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