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Abstract

In recent years, transformer-based models have revolutionized deep learning, par-
ticularly in sequence modeling. To better understand this phenomenon, there is a
growing interest in using Markov input processes to study transformers. However,
our current understanding in this regard remains limited with many fundamental
questions about how transformers learn Markov chains still unanswered. In this
paper, we address this by focusing on first-order Markov chains and single-layer
transformers, providing a comprehensive characterization of the learning dynamics
in this context. Specifically, we prove that transformer parameters trained on next-
token prediction loss can either converge to global or local minima, contingent on
the initialization and the Markovian data properties, and we characterize the precise
conditions under which this occurs. To the best of our knowledge, this is the first
result of its kind highlighting the role of initialization. We further demonstrate that
our theoretical findings are corroborated by empirical evidence. Based on these
insights, we provide guidelines for the initialization of single-layer transformers
and demonstrate their effectiveness. Finally, we outline several open problems in
this arena. Code is available at: https://github.com/Bond1995/Markov.

1 Introduction

Transformers have been at the forefront of recent successes across various fields including natural
language processing [34]. To obtain insights into their impressive sequential modeling capabilities, a
notable emerging theme among several recent works is to model the input data as a Markov process.

Using this Markovian perspective, works such as [24, 14, 8], among others, study the in-context learn-
ing capabilities of transformer. [23] analyzes the loss-landscape for the next-token prediction task,
while [18] shows an equivalence between the attention mechanism and Markov models. Although
these works reveal interesting insights about transformers and their capabilities, many fundamental
questions about their learning dynamics remain unanswered. In particular, a comprehensive char-
acterization of their training dynamics vis-á-vis the data distributional properties and the role of
initialization is still missing.

To address this gap, in this paper, we focus on the canonical setting of first-order Markov chains and
single-layer transformers and analyze the learning dynamics in this context. Specifically, we prove
(Thms. 2, 3, and 8) that the input data properties and the parameter initialization play a significant role
in the convergence of the transformer parameters to either local or global minima on the loss surface.
Further, we precisely characterize (Figs. 1 and Fig. 2) the specific data characteristics and the region
of initialization under which this convergence occurs. Based on these insights, we provide guidelines
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for the initialization of transformer parameters and empirically corroborate our theoretical findings.
On the theoretical front, our analysis provides a novel gradient flow analysis of the transformer
parameters, capitalizing on their low-rank structure during training. Our main contributions can be
summarized as follows:

• Theoretical analysis: We precisely characterize the loss landscape and gradient flow dy-
namics for single-layer transformers with first-order Markov chains (Secs. 3 and 4). We
demonstrate that transformer parameters trained on next-token prediction loss can converge
to global or local minima, depending on the initialization and the Markovian data properties,
and determine the exact conditions under which this occurs (Thms. 2, 3, and 8). To the best
of our knowledge, this is the first result of its kind.

• Insights into initialization: Our theoretical analysis underscores the crucial role of initial-
ization in transformer parameter training. Specifically, we demonstrate how the standard
Gaussian initialization scheme can lead the convergence to local or global minima depending
on the Markovian data properties (Thms. 2 and 8, Figs. 1 and 2).

• Guidelines: Based on these insights, we provide practical guidelines for parameter initial-
ization, corroborated by empirical evidence demonstrating their effectiveness (Sec. 5.2).
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Figure 1: Gradient flow dynamics and initialization effect for single-layer transformers. (p; q) are
Markov switching probabilities, and (e; w) are the embedding and weight parameters (Sec. 2). (a), (c):
The flow is aligned along energy contour lines, converging to local or global optima. (b), (d): I? is
the basin of convergence for global minima, Imin for the local minima, and yellow asymptotes for the
saddle point. Notice the contrasting behavior for Gaussian initialization around origin for p+ q 7 1.

Notation. We denote scalars by italic lower case letters like x; y and Euclidean vectors and matrices
in bold: x;y;M , etc. k � k denotes the ‘2-norm for Euclidean vectors and Frobenius norm for
matrices. [k] , f1; : : : ; kg, and for a sequence (xn)n≥1, define xmk , (xk; : : : ; xm) if k � 1 and
(x1; : : : ; xm) otherwise. For z 2 R, the sigmoid �(z) , 1=(1+e−z), ReLU(z) , max(0; z) and the
convex logistic loss ‘log(z) , log (1 + exp(�z)) 2 (0;1). For events A and B, P (A) denotes the
probability ofAwhereas P (A j B) the conditional probability. Let (x; y) be a pair of discrete random
variables on [k]� [k] with the probability mass function (pmf) of x being px = (p1; : : : ; pk) 2 [0; 1]k.
Then its Shannon entropy is defined as H(x) = H(px) , �

P
i∈[k] pi log pi. The conditional

entropy is defined to beH(yjx) , H(x; y)�H(x). The entropy rate of a stochastic process (xn)n≥1

is defined as limn→∞H(xn1 )=n. We simply write x = y to mean P (x = y) = 1. We also use the
shorthand P (y = j j x) for P (y = j j x = x) as a function of the random variable x. For p 2 (0; 1),
the binary entropy function h(�) is defined as h(p) , �p log p� (1� p) log(1� p).

2 Problem Setting

We formally define the problem setting for analysis of single-layer transformers with Markovian data,
following [23].

Input data. We assume that the input word sequence fxngNn=1 2 f0; 1gN is a first-order time-
homogenous Markov chain with a fixed kernel P = (P ij). That is, the transition probability
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P ij , P (xn+1 = j j xn = i) = P
�
xn+1 = j j xn = i; xn−1

1

�
, for any xn−1

1 ; i; j 2 f0; 1g. In
particular, we consider P = [1� p; p; q; 1� q] where p = P 01 = P (xn+1 = 1 j xn = 0) and q =
P 10 = P (xn+1 = 0 j xn = 1) denote the switching probabilities from the states 0 and 1 respectively.
We call p+ q, the switching factor. We assume that the process is already mixed, i.e. xn � � for all
n, where � , (�0; �1) = (q; p)=(p+ q) is the stationary distribution satisfying � = �P . Succinctly,
(xn)n≥1 � (�;P ). For this process, the entropy rate, H(xn+1jxn) = 1

p+q (q h(p) + p h(q)), and
the entropy of the marginal, H(xn) = H(�), are both constant in n.

Transformer architecture. We consider a single-layer transformer with a single-head attention
and ReLU non-linearity. Given an input sequence fxngNn=1, it performs the following mathematical
operations at each n 2 [N ] to predict the next-token probability f�(xn1 ):

xn 2 f0; 1g
Embedding�������! xn

Attention������! yn
Feed-forward���������! zn

Linear����! logitn
Prediction�������! f�(xn1 );

where

xn = xn e+ pn 2 Rd; (Embedding)

yn = xn +
X
i∈[n]

attn;i| {z }
∈(0;1)

�W V xi 2 Rd; (Attention)

zn = yn +W 2 ReLU(W 1 yn) 2 Rd; (Feed-forward)

logitn = ha; zni+ b 2 R; (Linear)

f�(xn1 ) , P� (xn+1 = 1 j xn1 ) = �(logitn) 2 [0; 1]: (Prediction)

Here � , (e; fpngNn=1; : : : ;W 1;W 2; b;a) 2 RD denotes the full list of the transformer parameters
from the embedding layer till the linear layer (§ A details them). While the underlying data fxngNn=1 is
Markovian, i.e. P (xn+1 = 1 j xn1 ) = P (xn+1 = 1 j xn), the transformer is agnostic to this fact and
it can potentially utilize the full past xn1 in the Attention layer, via the attention weights attn;i, to predict
the next-symbol probability f�(xn1 ) = P� (xn+1 = 1 j xn1 ). Note that it suffices to estimate the sym-
bol 1 probability as the vocabulary is binary. We also refer to the above architecture as “full model”.

Loss and training. The transformer parameters � are usually initialized according to standard
Gaussian distribution N (0; �2I) with a small variance �2 [26] and are trained using gradient-based
methods to minimize the cross-entropy loss on the next-token prediction, i.e.

min
�
L(�); L(�) , � 1

N

X
n∈[N ]

Exn+1
1

[xn+1 � log f�(xn1 ) + (1� xn+1) � log(1� f�(xn1 ))]: (1)

When the input sequence fxngNn=1 � (�;P ), the minimal loss equals its entropy-rate, i.e. L? ,
min� L(�) = H(xn+1jxn) [11].

Loss landscape. A key surprising observation in [23] is that the loss function L(�) admits both the
global and local minima depending on the switching factor p + q of the Markovian data, and the
weight-tying of the embedding and linear weights (e = a) of the transformer. In particular, they
show that

(i) for all (p; q) 2 (0; 1)2, there exists a global minimum �? for the loss L such that its
prediction matches the Markov kernel, i.e. P�?

(xn+1 = 1 j xn1 ) = P (xn+1 = 1 j xn).
(ii) if p+ q > 1 and the weights are tied (e = a), there exists a bad local minimum �min for L

whose prediction equals the marginal, i.e. P�� (xn+1 = 1 j xn1 ) = P (xn+1 = 1).

In view of these results, we focus on the weight-tying scenario and hence let e = a to be a single
parameter in Rd. Thus, � = (e = a; fpngNn=1; : : : ;W 1;W 2; b). We interchangeably refer to � as
both the transformer and the set of parameters.

Our objective. While the aforementioned results detail the static landscape of the loss, they do not
characterize the learning dynamics on the loss surface and the effect of initialization, which plays
a central role in training machine learning models [5]. In view of these shortcomings, the main
objective of this paper is to address the following question:

(Q.1): Can we explain how the initialization and learning dynamics affect the
convergence of the transformer parameters � to the local or global optima?
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3 Canonical Low-rank Parameterization

Motivation. Given the complexity of the transformer architecture and the non-convex loss function,
it is challenging to analyze the learning dynamics directly [24, 14]. To tackle this, we capitalize on
the following empirical observation [23] which is the motivating idea behind our approach: when
trained by gradient-based methods, the weight matrices(W V ; : : : ; W 1; W 2) at the optima� ? and
� min exhibit rank-onestructure, whose eigenvector is the same direction in which the both the token
embeddinge and the positional embeddingspn are all aligned in. Interestingly, such low-rank
solutions can also be shown to be theoretically optimal (§ B details these structures). While these
observations illustrate the implicit bias towards low-rank solutions at the �nal convergence, a natural
question arises:if we initialize with low-rank parameters, will they remain low-rank during training?
In Sec. 5.1, we af�rmatively address this based on a thorough empirical evaluation for single-layer
transformers and inspired by these empirical phenomena, without loss of generality, we restrict our
attention to these low-rank manifolds to characterize the learning dynamics. This is similar in spirit
to [24], where they assume special attention matrix structure for learning induction heads.

Parameterization. More speci�cally, we consider a special low-rank parameterization that is
empirically observed and capitalize on it to address(Q.1). Interestingly, along this low-rank manifold,
it suf�ces to consider a reduced set of parameters� 2 R2 or � 2 R3 given by:

� = ( e; w) 2 R2; or � = ( e; w; a) 2 R3: (Reparameterization)

Heree denotes theembeddingscalar,w theweight, anda theattentionparameter respectively. Now
we describe the parameterization of the transformer vis-á-vis these scalars and refer to § C for a more
detailed descripton. Let the inputf xn gN

n =1 be a �rst-order Markov chain as in Sec. 2 and letn 2 [N ]
be �xed. Then we have

Embedding: e = e � � ; pn =
�

�
e
2

�
� � ! x n = e

�
xn �

1
2

�
� ; e 2 R; � 2 f� 1gd=

p
d;

Attention : W V = � v > ! y n = e
�

xn �
1
2

�
� + hv; � i

| {z }
/ a� 0

0

@
X

i 2 [n ]

att n;i � e
�

x i �
1
2

�
1

A � ; v 2 Rd:

The scalara is the product ofhv; � i and the scaling in the attention weightsatt n;i (Eq. (39)), which
is empirically close to zero for �rst-order Markov chains. Hence for the ease of exposition, we �rst
let a = 0 and analyze the general case whena 2 R in Sec. 4.1. We continue:

Feed-forward: W 1 =
jwj
p

d
1 � > ; W 2 =

w
p

d
� 1> ! zn = e

�
xn �

1
2

�
(1 + 4wjwjxn ) � ; w 2 R:

1 is the all-one vector inRr with r = 4d typically in practice. Substituting thiszn in the linear layer
with e = a and biasb 2 R, the logits and the probabilities simplify to:

Linear : logitn (e; w; b) = e2(1 + 2wjwj) xn + b�
e2

2
2 R; (2)

Prediction: f ( � ;b) (x
n
1 ) = � (logit n ) 2 (0; 1); � , (e; w): (3)

Finally, using the equivalence between the cross-entropy loss and the logistic loss` log (�), the loss
function in Eq. (1) can be compactly written as (Lemma 6):

L (� ; b) =
1
N

X

n 2 [N ]

E[` log ((2xn +1 � 1) � logitn (� ))] ; � 2 R2; b 2 R: (4)

Due to convexity of̀ log (�), it follows thatL (� ; b) is convex in the biasb for any �xed � , whose
minimizer,b?(� ) = argmin b2 R L(� ; b), has a closed form expression (Lemma 5). Hence, without
loss of generality, we consider the loss with this optimal biasb?:

L (� ) , L (� ; b?) =
1
N

X

n 2 [N ]

E
�
` log

�
(2xn +1 � 1)

�
e2(1 + 2wjwj) xn + b? �

e2

2

���
: (5)
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Empirically, this roughly translates to running the gradient-based algorithm for the bias for more
steps at each� . In practice, one additional step is usually suf�cient (see Sec. 5). Eq.(5) resembles
the standard logistic regression loss [31] whose binary labels are2xn +1 � 1 2 f� 1g and the logits
given bye2(1 + 2wjwj) xn + b? � e2=2, for eachn 2 [N ]. The key difference here is that the logits
are a non-linear function of the parameters(e; w) unlike in the standard setting.

We brie�y summarize our assumptions below.

Assumption 1(Canonical parameterization). For our theoretical analysis, we assume that the effective
transformer parameters are canonically parameterized as� = ( e; w; a) 2 R3. First we study the
scenario whena = 0 with � = ( e; w) and build upon these observations to study the general setting
of � = ( e; w; a) in Sec. 4.1.

3.1 Loss Landscape with Canonical Parameterization

With the new set of parameters� = ( e; w) 2 R2, we are now ready to analyze the lossL(�) in Eq.(5).
First we recall the de�nition of a critical point [20]. A point � ? 2 R2 is a critical or a stationary
point for L if r L (� ?) = 0 . A critical point � ? is a local minimumif there exists a neighborhood
U around� ? such thatL (� ?) � L (� ) for all � 2 U, and alocal maximumif L (� ?) � L (� ).
If the neighborhoodU is whole ofR2, it is a global minimum/maximum. On the other hand, a
critical point is a saddle point if for all neighborhoodsU around� ?, there are� 1; � 2 2 U such that
L (� 1) � L (� ?) � L (� 2).

Thm. 1 below provides a complete characterization of the loss landscape in terms of the aforemen-
tioned critical points.

Theorem 1(All critical points). Let the input sequence bef xn gN
n =1 � (� ; P ), the transformer

parameters� = ( e; w) 2 R2, and the next-token prediction lossL(�) be as in Eq.(5). Then for any
(p; q) 2 (0; 1)2 with p + q 6= 1 andN 2 N,

(i) the set of all global minima is given by

� ?(p; q) ,
�

(e; w) 2 R2 : e2(1 + 2wjwj) = log
(1 � p)(1 � q)

pq

�
; (6)

(ii) the set of all local minima is given by

� min (p; q) ,
�

(e; w) 2 R2 : e = 0 ; (p + q � 1)(1 + 2wjwj) > 0
	

; (7)

(iii) the set of all local maxima is given by

� max (p; q) ,
�

(e; w) 2 R2 : e = 0 ; (p + q � 1)(1 + 2wjwj) < 0
	

; (8)

(iv) and the set of all saddle points is

� sad(p; q) ,
n

(0; � 1=
p

2)
o

: (9)

Thus the set of all critical points is
�

� 2 R2 : r L (� ) = 0
	

= � ? [ � min [ � max [ � sad: (10)

In addition, for any� ? 2 � ?; � min 2 � min , � max 2 � max , and� sad 2 � sad, the loss values satisfy

H (xn +1 j xn ) = L(� ?) < L (� min ) = L(� max ) = L(� sad) = H (xn +1 ):

Proof. We refer to § E.

Fig. 1 illustrates the loci of these critical points forp + q < 1 andp + q > 1. Motivated by empirical
observations, while [23] characterizes local minima forp + q > 1, it is interesting to note that our
Thm. 1 shows that local minima also exist forp + q < 1 (Eq.(7) and Fig. 3a). So why did they �nd
the minima only whenp + q > 1? The answer to this, and more broadly to question(Q.1) lies in the
learning dynamics and initialization for� , which we study in the next section.

5



4 Learning Dynamics

Capitalizing on the loss landscape in terms of the critical points in Thm. 1, we now focus on the
convergence of gradient-based algorithms to these points. In this regard, we analyze the dynamics of
the gradient-�ow (GF), which can be viewed as a continuous-time analogue of gradient-descent [6].
The gradient-�ow of the parameters,(� t )t � 0, onL is governed by

d� t

dt
= �r L (� t ); � t = ( et ; wt ) 2 R2; t � 0; (GF)

where� t , � (t) is aC1 (continuously differentiable) curve inR2 starting with a randomly initalized
� 0. To characterize these trajectories, we de�ne anenergy functionE(�; �), which plays a crucial in
the GF dynamics. It is de�ned as

E(e; w) , e2 � (w2 + sign( w) � log jwj); 8(e; w) 2 R2 n e-axis; (11)

wheree-axis, f (e; w = 0) g. Note thatE is well-de�ned and �nite for all the points in its domain.
On the other hand,limw! 0� E(e; w) = �1 whereaslimw! 0+ E(e; w) = 1 for any �xed e 2 R.
Thus thee-axiscorresponding tow = 0 serves as an energy barrier for the �ow. Figs. 3a and 3b
illustrate this by visualizing the energy contour lines. The utility of the energy function is captured in
the following lemma.

Lemma 1 (Constant energy along the �ow). For any (p; q) 2 (0; 1)2 and initialization � 0 =
(e0; w0) 2 R2, let (� t )t � 0 be the corresponding GF trajectory starting from� 0. If � 0 2 R2 n e-axis,
the energy stays constant along the trajectory, i.e.

E(� t ) = e2
t � (w2

t + sign( wt ) � log jwt j) = E(� 0); 8t � 0: (12)

On the other hand, if� 0 2 e-axis, we have that� t 2 e-axisfor all t � 0 with wt = w0 = 0 , i.e. if
we initialize on thee-axis, the trajectory always stays there.

We are now ready to present the main results of our paper. Speci�cally, Thm. 2 and Thm. 8 highlight
the role of the switching factor of the Markovian data,p + q, and the parameter initialization,� 0, in
deciding whether the GF converges to local optima or global optima. First we de�ne the energy value
Esad , E(e = 0 ; w = � 1=

p
2) = � (1 + log 2)=2.

Theorem 2(GF dynamics forp + q > 1). Let (p; q) 2 (0; 1)2 with p + q > 1, the input sequence be
f xn gN

n =1 � (� ; P ), and(� t )t � 0 be the corresponding GF trajectory starting from� 0. Then for all
initializations� 0 2 R2, the gradient �ow converges to a critical point of the lossL . That is, there
exists a� lim 2 R2 such thatlim t !1 � t = � lim andr L(� lim ) = 0 . In particular, � lim is a

(i) a local minimum if

� 0 2 I min ,
n

(e; w) : w 2 (� 1=
p

2; 0); e 2 (� g(w); g(w)) ; g(w) =
p

w2 � log(� w) + Esad

o

[ f (e; w) : w � 0g;

(ii) a saddle point if� 0 2 I sad ,
n

(e; w) : w 2 [� 1=
p

2; 0); e = �
p

w2 � log(� w) + Esad

o
,

(iii) a local maximum if� 0 2 I max ,
�

(e; w) : e = 0 ; w < � 1=
p

2
	

,

(iv) and a global minimum if� 0 2 I ? , R2 n (I min [ I sad [ I max ).

Consequently, whenp + q > 1, if we use the standard initialization� 0 � N (0; � 2I 2) with � 2 �
1=

p
2, � lim will be a local minimum with high probability. Ifp + q < 1, under the same initialization

scheme,� lim will be a global minimum with high probability.

Proof sketch.The main idea behind the proof is to show that if we do not initialize on thee-axis,
the �ows stays on the constant energy contour (Lemma 1) and hence converges to a critical point of
the lossL , which is at the intersection of the contour line and the set of critical points (Lemmas. 10
and 11). By determining where these intersections occur, the corresponding basins of convergence
I min ; : : : ; I ? are obtained by showing that an initialization in a speci�c set leads to the said critical
point (Thm. 1). The proof for� 0 2 e-axisis similar.
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Figs. 1b and 1d illustrate these initialization sets corresponding to the convergence basins for
p = q = 0 :9 andp = q = 0 :1 respectively. An analogous result about GF dynamics forp + q < 1 is
presented in Thm. 8 (§ F.2). Here a key difference is that small Gaussian initialization around origin
leads to a global minimum� lim with high probability (Fig. 1d).

Key insights. Together, Thm. 2 and Thm. 8 address our motivating question(Q.1)by fully character-
izing the GF dynamics in terms of initialization and input data properties. Speci�cally, our results
explain the phenomenon in [23] wherein they observe local minima forp + q > 1 more often than
for p + q < 1, owing to standard Gaussian initialization around origin (Figs. 1b and 1d). However,
in practice, we often do not know the input switching factor, raising a natural questions:is there a
data-agnostic initialization that always converges to global minima?Indeed, as can be seen from
Figs. 1b and 1d, there is a common region of initialization in the negative half-plane above the saddle-
asymptotes (in yellow) that leads to the global minima convergence irrespective of the switchingp+ q.
Mathematically, this region is given byI common , f (e; w) : w < 0; jej >

p
w2 � log(� w) + Esadg.

We empirically corroborate this fact in Sec. 5.2.

4.1 Gradient Flow with Attention

(a)p + q < 1: Gradient �ow (b) Energy manifold and minima (c) p + q > 1: Gradient �ow (d) Energy manifold and minima

Figure 2: Gradient �ow dynamics for the canonical parameters� = ( e; w; a) 2 R3 with the attention
scalara. Notice the contrasting behavior for Gaussian initialization around origin forp + q smaller
and greater than one. For an enhanced view of the �ow near the origin, please refer to Fig. 5.

In this section, the consider the attention scalara 2 R (Sec. 3) and study the gradient �ow dynamics
with the parameters� = ( e; w; a) 2 R3. The parametera captures the overall scaling from the
value, key, and query components in the attention layer. Recall that the soft-max attention weights
are given byatt n;i / exp(hqn ; k i i =

p
d), whereqn = W Q x n andk i = W K x i are the query

and key embeddings for any positioni 2 [n]. Using the low-rank structure of the query and key
matrices, satisfyingW >

Q W K = ( q2d) �� > and the value matrixW V = �v > for someq 2 R
andv 2 Rd (§ G), and assuming linear attentionatt n;i / h qn ; k i i =

p
d, we de�ne a single scalar

a , hv; � i q2d5=2=4 that captures the essence of the attention layer (Eq.(39)). We note that linear
attention weights are a standard assumption in the transformer analysis literature [3, 36]. Using this
parameterization, similar to the steps in Sec. 3, we obtain the �nal loss function to be

L(� ) = E
�
` log

�
(2Y � 1)

�
e2

��
X �

1
2

�
�
1 + ae2�

(1 + 2wjwj) + wjw(1 + ae2)j
�

+ b?

���
;

where� = ( e; w; a) andb? is the corresponding optimal bias.L recovers the loss in Eq.(5) when
a = 0 . In Thm. 10, we determine the set of all critical points ofL in terms of global minima and
local optima in closed-form expressions, analogous to Thm. 1. Capitalizing on this characterization,
we now shift our focus to the analysis of the gradient �ow inR3. To this end, let(� t )t � 0 be aC1

curve inR3 governed by

d� t

dt
= �r L (� t ); � t = ( et ; wt ; at ) 2 R3; t � 0; (GF-attn)

starting with a randomly initalized� 0. We de�ne theenergy functionE(�; �; �) as

E(e; w; a) , e2 � (w2 + sign( w) � log jwj) � 2a2; 8(e; w; a) 2 R3 n ea-plane; (13)
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whereea-plane, f (e; w = 0 ; a)g. It is similar to its counterpart in Eq.(11), except for the2a2 term.
Fig. 2 visualizes this energy surface and the set of critical points, which reveal close resemblance to
that of Fig. 1 inR2. Capitalizing on the energy function, we now present our main result with the
attention.
Theorem 3 (GF dynamics with attention). For any (p; q) 2 (0; 1)2 and initialization� 0 2 R3,
let (� t )t � 0 be the corresponding GF-attn trajectory starting from it. Then for all� 0 2 R3, the
gradient �ow converges to a critical point of the lossL . That is, there exists a� lim 2 R3 such that
lim t !1 � t = � lim andr L(� lim ) = 0 . Further,

(i) if � 0 2 R3 n ea-plane, we haveE(� lim ) = E(� t ) = E(� 0) for all t � 0. Hence� lim is at the
intersection of the energy contour lineE = E0 with that of the set of critical points.

(ii) if � 0 2 ea-plane, we have� t 2 ea-planefor all t � 0 and hence� lim 2 ea-plane.

Proof. We refer to § G and § N.4.

Thm. 3 shows that the learning dynamics with attention closely resemble those without it (Thms. 2
and 8). While the set of all critical points ofL , and thus the limit points of the �ow, has a closed-form
expression (Thm. 10), deriving the same for the initialization setsI min andI ? to determine the
basin of convergence is technically challenging (see discussion in § G). Nonetheless, empirical
observations with the standard Gaussian initialization around origin reveal a similar picture as in
the two-dimensional setting for both thep + q < 1 andp + q > 1 cases (Fig. 2). We believe it's an
interesting direction of future research to theoretically characterize this, analogous to Thms. 2 and 8.
We refer to § G for additional details and proofs.

5 Empirical Results

We empirically validate our canonical parameterization� 2 R3 (Sec. 3) by demonstrating full model
convergence to low-rank parameters through both qualitative and quantitative evidence. Qualitatively,
we visualize weight matrices across iterations; quantitatively, we plot the percentage of energy
captured by the top-rank components across iterations. We then demonstrate the generalization of our
theoretical �ndings on local optima and initialization with canonical parameters to the full model
� 2 RD . We conclude with a discussion on higher-order and multi-state Markov chains.

5.1 Low-rank Parameters

Full model converges to low-rank. We let the input Markov sequence to bef xn gN
n =1 �

(� (p; q); P (p; q)) for p = 0 :2; q = 0 :3; N = 1024 and consider the full model as de�ned
in Sec. 2 with embedding dimensiond = 8 . First, we initialize the parameters� = ( e =
a; f pn gN

n =1 ; : : : ; W 1; W 2; b) using the standard Gaussian initialization with standard deviation
0:001[26] and train them using SGD on a batch sizeB = 16 and fort = 800 iterations. In Fig. 6,
we track the value matrixW V 2 Rd� d and the weight matrixW 1 2 R4d� d across iterations.
We observe that at convergence bothW V andW 1 are approximately rank-one with one of their
components being same as the embedding vector (the row inW V and column inW 1). Further,
the embedding vector has all entries inf� 1g up to a scaling. We observe the same conclusion for
other weight matricesW K;Q ; W 2 and for all values of(p; q) 2 (0; 1)2. Fig. 3 also quantitatively
demonstrates this.

Full model initialized at low-rank remains low-rank during training. Inpsired by the low-rank
structure obtained above, we randomly initialize the weight parameters as rank-one matrices and the
embeddings on the hypercubef� 1gd. After the initialization, we train them without any low-rank
restrictions, and track them during the course of training. Interestingly, here we observe that the
parameters still stay low-rank as illustrated in Fig. 7 and Fig. 3. A similar conclusion holds for the
remaining weight matrices. Together these results provide the empirical basis for our canonical
parameterization analysis in Sec. 3.

5.2 Effect of Initialization: Broader Implications

Now we investigate the �ndings of Sec. 3 and Sec. 4, derived for the canonical low-rank model,
more broadly in the context of full model in Sec. 2. In particular, as shown in Thm. 2 and Fig. 1d
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(a)W V (b) W 1

Figure 3: Convergence to rank one parameters: percentage of energy contained in the �rst rank
component of the weight matricesW 1 andW V across iterations. The percentage is computed as

� 2
1P

i � 2
i
, where the� i 's are the singular values of the matrices in descending order.

Figure 4: Comparison between the average loss curve for the standard gaussian initialization around
0 and our initialization, forp = 0 :5 andq = 0 :8. Starting from the standard initialization, the
model converges to a local minimum corresponding to the unigram model. With our initialization, it
converges to the global minimum corresponding to the bigram model.

for p + q > 1, any small initialization around zero would lead a local minima convergence. To
test this hypothesis, we compare the standard initialization where all the transformer parameters
� = ( e = a; f pn gN

n =1 ; : : : ; W 1; W 2; b) are randomly chosen around zero with small variance
� = 0 :02, with a new initialization based on our results, where we initialize the embedding vector
e such that all cordinates are equal toe = 0 :5, W 1 to be constant with the scalarw1 = 1 andW 2
constant withw2 = � 1 (corresponding toI ? in Fig. 1d). We indeed observe that the �nal test loss
matches the unigram loss for the standard initialization, while it converges to the optimal bigram
loss for our initialization (see Fig. 4). Together these results indicate that though our analysis used
canonical parameterization, the corresponding insights are more general and apply more broadly to
the general full model. In a similar spirit, analysis of initialization effects for deeper architectures is
an interesting avenue of future research.

5.3 Higher-Order and Multi-State Markov Chains

While the primary focus of this paper has been on binary �rst-order Markov chains, we believe it's
possible to extend our analysis to both multi-state and higher-order settings. On the multi-state front,
akin to the binary case, [23] already demonstrates the effect of switching probability and weight-tying
on the �nal model convergence. Here, �rst characterizing the loss landscape and then the associated
learning dynamics in line with our approach is an interesting direction. On the other hand, a recent
work [28] establishes a surprising result that anykth-order Markov chain can be represented by a
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three layer transformer with just one head per layer, relying on induction head mechanism. Analyzing
gradient �ow dynamics using appropriate canonical parameterization (cf. [24]) in this scenario is
also a fruitful direction of research.

6 Related Works

The recent success of transformer models in deep learning has sparked signi�cant interest and active
research in understanding them [38, 25, 16, 27, 15, 37, 40, 32]. In relation to our paper, they can
be broadly classi�ed into two topics: (i)In-context learning (ICL): ICL refers to the ability of
transformers learn and reason from information present in their context [10, 13, 4, 35, 39, 7, 21, 17].
Along this thread, the works most relevant to ours are [8, 14, 24], which use Markovian input data
to understand the ICL mechanism. [8, 14] heuristically show how gradient-based updates can learn
an induction-head mechanism using a simpli�ed transformer architecture with frozen encodings,
query matrices and linear activations. On the other hand, we consider the canonical parameterization,
capitalizing on inherent low-rank parameters, to provide a full characterization of the learning
dynamics. [24] demonstrates how two-layer transformers with GD learn induction head mechanism
when the input has a causal tree dependency, such as in Markov chains. In this work, we focus
on the GF dynamics for single-layer transformers and show how they can also converge to local
optima, further highlighting the role of initialization. (ii)Training dynamics: On the other hand,
numerous works have investigated the training dynamics of transformers. For instance, [9] examines
the gradient �ow in a simpli�ed single-layer transformer, while [33] studies the process by which
self-attention integrates input tokens, assuming the decoder learns faster than the attention layer.
Unlike these settings, our focus is on understanding the training dynamics of the full transformer
model end-to-end. Other related works include [30], which analyzes gradient dynamics in LSTM
Seq2seq models, [19], which shows how Vision Transformers learn spatial structures, and [22],
which demonstrates that a single-layer transformer can learn a constrained topic model. A closely
related work is [18], which shows that self-attention has a Markovian structure, but our focus is on
self-attention's capability in modeling Markov chains and the associated training dynamics.

7 Conclusion

In this work, we present a novel characterization of gradient �ow dynamics for (weight-tied) single-
layer transformers with �rst-order Markov chains. Speci�cally, we highlight the signi�cant role
of the parameter initialization and inherent properties of the Markovian data in determining the
parameter convergence to either global minima or local optima. Drawing upon these insights, we
offer practical guidelines for parameter initialization, corroborated by empirical results demonstrating
their effectiveness. While our current analysis is limited to single-layer models, uncovering similar
results with gradient �ow analysis for deeper architectures and higher order Markov chains is open
and an interesting avenue for future research.
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A Single-layer transformer: architecture and results

We �rst describe the transformer architecture from Sec. 2:

x n = xn e + pn 2 Rd; (Embedding)

y n = x n +
X

i 2 [n ]

att n;i � W V x i 2 Rd; (Attention)

zn = y n + W 2 ReLU(W 1 y n ) 2 Rd; (Feed-forward)

logitn = ha; zn i + b 2 R; (Linear)

f � (xn
1 ) , P� (xn +1 = 1 j xn

1 ) = � (logit n )
| {z }

2 [0;1]

: (Prediction)

Here� , (e; f pn gN
n =1 ; : : : ; W 1; W 2; b;a) 2 RD denotes the full list of the transformer param-

eters from the embedding layer till the linear layer. In the attention layer, the weight assigned to
each value,att n;i , is computed by a compatibility function of the query vectorqn , W Q x n

and the corresponding key vectorsk i , W K x i for all i 2 [n]. More precisely,att n;i ,
softmax((hqn ; k 1i ; : : : ; hqn ; k n i )=

p
d) i . W K;Q;V 2 Rd� d are the respective key, query, and value

matrices. For multi-headed attention, the same operation is performed on multiple parallel heads,
whose outputs are additively combined.

Finally, the transformer parameters� , (e; f pn gN
n =1 ; : : : ; b;a) are trained via the cross-entropy loss

on the next-token prediction:

L (� ) , �
1
N

X

n 2 [N ]

Ex n +1
1

[xn +1 � log f � (xn
1 ) + (1 � xn +1 ) � log(1 � f � (xn

1 ))] : (14)

In this paper, we focus on the weight-tied scenario wheree = a. Hence we let them be a single
parameter with� = ( e = a; f pn gN

n =1 ; : : : ; b) 2 RD , whereD is the total parameter dimensionality.

A.1 Loss landscape results

Now we recall the theoretical results from [23] about the loss landscape ofL in the form of global
and local minima.
Theorem 4(Global minimum). Let the input sequence bef xn gN

n =1 � (� (p; q); P (p; q)) for some
�xed (p; q) 2 (0; 1)2. Then for all(p; q), there exists a� ? 2 RD with an explicit construction such
that it is a global minimum for the population lossL(�) in Eq.(14), i.e.

(i) L (� ) � L (� ?) for all � 2 RD .

Further, � ? satis�es:

(ii) P� ? (xn +1 = 1 j xn
1 ) = P(xn +1 = 1 j xn ), the Markov kernel.

(iii) L (� ?) = H (xn +1 jxn ), the entropy rate of the Markov chain.
(iv) r L (� ?) = 0 , i.e. � ? is a stationary point.

Let L ? , L (� ?) be the global minimal loss from Thm. 4. Now we recall the result on the bad local
minimum.
Theorem 5(Bad local minimum). Let the input sequence bef xn gN

n =1 � (� (p; q); P (p; q)) for
some �xed(p; q) 2 (0; 1)2. If p + q > 1, there exists an explicit� min 2 RD such that it is a bad
local minimum for the lossL(�), i.e.

(i) there exists a neighborhoodB(� min ; r ) with r > 0 such thatL (� ) � L (� min ) for all � 2
B(� min ; r ), with L(� min ) > L ?.

Further, � min satis�es:

(ii) P� � (xn +1 = 1 j xn
1 ) = P(xn +1 = 1) = � 1, the marginal distribution.

(iii) L (� min ) = H (xn +1 ) = H (� ), the entropy of the marginal.
(iv) r L (� min ) = 0 , i.e. � min is a stationary point.
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B Low-rank structure of the optima

Here we recall the low-rank structure for the global minima found by SGD consistently across
multiple runs whenp + q < 1 [23, Appendix C.2]. In particular, it is observed that the token and
positional encodings point in the same direction� , which is a low-rank factor for the weight matrices
in the attention and the feedforward layers, which in turn are all rank-one. Mathematically,

Embedding. The embedding vectore obeys

e = e � �

for somee > 0 and� 2 f� 1gd. Further, the positional embeddingspn are constant across positions
n pointing in the same direction albeit with a negative scalar, i.e.

pn = � p � �

for p > 0 andp � e
2 such thate > p . Thus fromEmbeddinglayer,

x n = ( exn � p) � � ; (15)

which ensures that the respective embeddings for the bitxn = 0 andxn = 1 arex n = � p � � and
x n = ( e � p) � � , which are roughly anti-podal.

Attention. Recall from theAttention layer that the outputy n is given by y n = x n +
W O

P
i 2 [n ] att n;i � W V x i , where the attention weightsatt n;i are computed according toatt n;i =

exp
�

hqn ; k i i =
p

d
�

=
� P

j 2 [n ] exp
�

hqn ; k j i =
p

d
��

with qn = W Q x n andk i = W K x i . Here
it is observed that the matrix products are all rank-one with� being a factor, i.e.

W O W V = � � v> 2 Rd� d; for somev 2 Rd;

W >
Q W K = ( q2d) � � � > 2 Rd� d; for someq 2 R:

Hence,

W V x i = hv; � i (exi � p) � ;

and

hqn ; k i ip
d

=
1

p
d

� x >
n W >

Q W K x n =
q2d
p

d
� (x >

n � )(x >
i � )

(k� k2 = d)
=

q2d3
p

d
� (exn � p)(exi � p)

= q2d5=2 � (exn � p)(exi � p):

Thus,

y n = x n +
X

i 2 [n ]

att n;i � W O W V x i

= ( exi � p) � +
X

i 2 [n ]

att n;i � hv; � i (exi � p) �

=

0

@(exn � p) + hv; � i
X

i 2 [n ]

exp
�
q2d5=2 (exn � p)(exi � p)

�

P
j 2 [n ] exp

�
q2d5=2 (exn � p)(exj � p)

� � (exi � p)

1

A � : (16)

It is further noticed thathv; � i � 0 and hencey n = ( exn � p) � = x n .

Feed-forward. For theFeed-forwardlayer, both the matricesW 1 2 Rr � d andW 2 2 Rd� r exhibit
rank-one structure with� being one of the factors,

W 1 = w � w � � > ; for somew 2 f� 1gr ; w > 0; (17)

W 2 = W >
1 : (18)

ThusW 1y n = dw(exn � p) w . Since� p < 0 ande� p > 0, corresponding toxn = 0 andxn = 1
respectively, we obtainReLU(W 1y n ) = dw ((1 � xn )p � ReLU(� w ) + xn (e � p) � ReLU(w)) .
Denoting the number of ones inw as� , i.e. � =

P r
i =1 1(wi = 1) , we further simplify:

W 2ReLU(W 1y n ) = W >
1 ReLU(W 1y n )
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= w2d((1 � xn )p � hw ; ReLU(� w )i + xn (e � p) � hw ; ReLU(w)i ) �

= w2d((1 � xn )p � (� � r ) + xn (e � p) � � ) �

= w2d(exn � p) ((2 � � r )xn + r � � ) � :

Hence

zn = y n + W 2ReLU(W 1y n ) = ( exn � p)
�
1 + w2d((2� � r )xn + r � � )

�
� : (19)

Linear. Using the fact thate = a = e � � due to weight-tying, we obtain fromLinear layer that

logitn = he; zn i + b = ed(exn � p)
�
1 + w2d((2� � r )xn + r � � )

�
+ b: (20)

Prediction. We �nally obtain that the prediction probability

f � (xn
1 ) = � (logit n ) = xn � �

�
ed(e � p)

�
1 + �w 2d

�
+ b

�
+ (1 � xn ) � �

�
� edp

�
1 + ( r � � )w2d

�
+ b

�
:

Thus we see that the prediction probability and hence the loss functionL(�) in Eq.(14) is in�uenced
only by the scalarse; p; w; band� .

C Canonical reparameterization

Building on the low-rank strucutre of the transformer parameters described above, we consider a
special parameterization for them. A key property of this parameterization is that it covers both
the global and local minima from Thm. 4 and Thm. 5 for all(p; q) 2 (0; 1)2. Recall that Thm. 5
characterizes local minima only forp+ q > 1 whereas our special parameterization allows to discover
local minima even forp + q < 1. Our construction follows the same outline as in Eqs. (15)-(20).
First we start with the embedding layer.

Embedding. We lete = e � � andpn = � p � � for all n wheree > 0; p = e
2 and� 2 f� 1gd=

p
d.

Thus the embeddingx n from Eq. (15) simpli�es to

x n = e
�

xn �
1
2

�
� 2 f�

e
2

g� :

Attention. Substituting thisx n in Eq. (16), we have

y n = e
�

xn �
1
2

�
� + hv; � i

0

@
X

i 2 [n ]

att n;i � e
�

x i �
1
2

�
1

A � ; (21)

where the attention weightsatt n;i =
exp(e2 q2 d5= 2 (x n � 1

2 )( x i � 1
2 ))

P
j 2 [n ] exp(e2 q2 d5= 2 (x n � 1

2 )( x j � 1
2 )) 2 (0; 1) for someq 2 R.

Sincehv; � i � 0, we letv = 0 and obtain

y n = x n = e
�

xn �
1
2

�
� :

Feed-forward. For the feed-forward layer, we observe from Eq.(17) and Eq.(19) that for any
w 2 f� 1gr , only the number of1's in w , � , matters for the �nal vectorzn which further interacts
with the weight scalarw. Hence without loss of generality, we setw to be the all-ones vector:
w = 1 2 Rr and hence� = r = 4d. While we observe from Eq.(17) that W 2 = W >

1 for
p + q < 1, we observe from the proof of the Thm. 4 forp + q > 1 in [23, Appendix B.2] that we
needW 2 = � W >

1 in this scenario. Hence we consider the following parameterization that covers
both these scenarios:

W 1 =
jwj
p

d
1 � � > 2 R4d� d; W 2 =

w
p

d
� � 1> 2 Rd� 4d:

Herew > 0 ensuresW 2 = W >
1 whereasw < 0, W 2 = � W >

1 . Using this parameterization,
substituting� = r = 4d andw 7! w

d in Eq. (19), we get

zn = e
�

xn �
1
2

�
(1 + 4wjwjxn ) � :
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Linear. Sincee = a = e � � due to weight-tying, Eq. (20) simpli�es to

logitn = he; zn i + b = e2
�

xn �
1
2

�
(1 + 4wjwjxn ) + b

(x n = x 2
n )

= e2
�

xn + 4wjwjxn �
1
2

� 2wjwjxn

�
+ b

= e2(1 + 2wjwj) xn + b�
e2

2
:

Prediction. The next-token prediction probability is

f ( � ;b) (x
n
1 ) = �

�
e2(1 + 2wjwj) xn + b�

e2

2

�
; � , (e; w) 2 R2: (22)

Loss.While we assumede > 0 in the beginning, in view of Eq.(22)and the fact that� 2 f� 1gd=
p

d,
we see thate 2 R gives us the same expression for probability. Thus the �nal probability depends on
just the three scalars(e; w; b) 2 R3. De�ning � = ( e; w) 2 R2, we recall the cross-entropy lossL(�)
from Eq. (4) in Sec. 2 for this canonical model:

L (� ; b) = �
1
N

X

n 2 [N ]

Ex n +1
1

[xn +1 � log f ( � ;b) (x
n
1 ) + (1 � xn +1 ) � log(1 � f ( � ;b) (x

n
1 ))] : (23)

It turns out that we can further remove the biasbby minimizing the loss over it which we discuss in
App. E. For now in the next section, we analyze when it's present as in Eq. (23).
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D Analysis of the loss with the bias,L(� ; b), in Eq. (4) and Eq. (23)

In this section, we analyze the loss function with the bias,L (� ; b), from Eq.(4) and Eq.(23), which
will later be useful for studyingL(� ). First we characterize the set of its critical points inR3. To this
end, we de�ne the following sets of points

� ?(p; q) ,
�

(e; w; b) 2 R3 : e2(1 + 2wjwj) = log
(1 � p)(1 � q)

pq
; b�

e2

2
= log

p
1 � p

�
;

(24)

� min (p; q) ,
�

(e; w; b) 2 R3 : e = 0 ; (p + q � 1)(1 + 2wjwj) > 0; b = log
p
q

�
; (25)

� sad(p; q) ,
�

(e; w; b) 2 R3 : e = 0 ; (p + q � 1)(1 + 2wjwj) � 0; b = log
p
q

�
: (26)

The following result establishes that these sets exhaust all the critical points.
Theorem 6(All critical points). Let the input sequence bef xn gN

n =1 � (� ; P ), the transformer
parameters(� ; b) = ( e; w; b) 2 R3, and the next-token prediction lossL(�) be as in Eq.(23). Then
all the stationary points ofL are either in� ?, � min , or � sad, i.e.

�
(� ; b) 2 R3 : r L (� ; b) = 0

	
= � ? [ � min [ � sad: (27)

Proof. We refer to App. J.1.

Recall the de�nitions of local minima & maxima, global minima, and that of all the saddle points
from Sec. 3.1. We are now ready to present the main result about the loss landscape ofL (�).
Theorem 7(Loss landscape with bias). Let the input sequence bef xn gN

n =1 � (� ; P ), the trans-
former parameters(e; w; b) 2 R3, and the next-token prediction lossL(�) be as in Eq.(23). Then for
any(p; q) 2 (0; 1)2 with p + q 6= 1 andN 2 N,

(i) the set of all global minima ofL is given by� ?(p; q),
(ii) the set of all bad local minima ofL is given by� min (p; q),

(iii) and the set of all saddle points ofL is � sad(p; q).

Furthermore, for any
 ? 2 � ?; 
 min 2 � min , and
 sad 2 � sad, the losses are ordered as

H (xn +1 j xn ) = L(
 ?) < L (
 min ) = L(
 sad) = H (xn +1 ):

Remark 1. Note that a bad local minimum is a local minimum whose loss value is strictly less than
that of the global minimum, as is the case here. Interestingly, Thm. 7 highlights that all local minima
for the lossL are indeed bad local minima.

Proof. We refer to App. J.2.

D.1 Technical lemmas

The proofs of both Thm. 6 and Thm. 7 rely on few key lemmas that we present below. First we start
with the result that rewrites the lossL(� ; b) from Eq.(23) in a compact manner using the logistic
function` log (�).
Lemma 2(Loss as a logistic function). The next-token prediction lossL(�) in Eq.(23)can be written
as

L(� ; b) =
1
N

X

n 2 [N ]

E[` log ((2xn +1 � 1) � logitn )]

= EX;Y

�
` log

�
(2Y � 1)

�
e2(1 + 2wjwj)X + b�

e2

2

���
;

(28)

where(X; Y ) 2 f 0; 1g2 are distributed according to(X; Y ) � (� ; P ), i.e. X is a Bernoulli random
variable withX � � � Bern(p=(p + q)) andY jX � P (p; q), the Markov kernel.
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The following lemma establishes the gradients of the loss function with respect to the parameters
e; w, andb.

Lemma 3 (Gradient computation). For any(e; w; b) 2 R3 and the next-token prediction lossL(�) in
Eq.(23), the gradients are given by

@L
@e

= EX [(f 1X + f 2)(2X (1 + 2wjwj) � 1)] � e;

@L
@w

= EX [(f 1X + f 2)X ] � 4e2jwj;

@L
@b

= EX [f 1X + f 2] ;

where X 2 f 0; 1g is a Bernoulli random variable withX � Bern(p=(p + q)) , f 1 =

�
�

2e2wjwj + b+ e2

2

�
+ q � 1 � �

�
b� e2

2

�
+ p, andf 2 = �

�
b� e2

2

�
� p.

Remark 2. It is interesting to note that the gradients for bothe andw are product of an expectation
term and ane factor. Also, except for scaling factors in terms of(e; w; b), all the gradients are
governed by the two expectation termsE[(f 1X + f 2)X ] andE[f 1X + f 2]. This observation plays a
key role in obtaining an ordinary differential equation which yields the energy functionE, de�ned in
Eq. (11).

Now we characterize the Hessian at both local-minima and saddle points.

Lemma 4 (Hessian at local-minima and saddle points). For the canonical parameterization
 =
(b; e; w) 2 R3 and the next-token prediction lossL(�) in Eq.(23), the Hessian at any
 min 2 � min
or 
 sad 2 � sad is given by

r 2L(
 )

�
�
�
�

 = 
 min ;
 sad

= � 0� 1

"
1 0 0
0 2(p + q � 1)(1 + 2wjwj) 0
0 0 0

#

;

where� 0 = q
p+ q and� 1 = p

p+ q .

Remark 3. We note that the Hessian is computed with the parameter ordering(b; e; w).

The proofs of the lemmas are presented in App. K.
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E Analysis of the loss without bias,L(� ), and proof of Thm. 1

The proof of Thm. 1, concerning the lossL(� ) in Eq.(5), is similar to that of Thm. 7 which studies
the lossL(� ; b) with the bias present. The main idea is to establish the analogous set of lemmas, as
in App. D, when the bias is substituted with its optimal choice. First we recall the loss function

L(� ) , L (� ; b?) = �
1
N

X

n 2 [N ]

Ex n +1
1

[xn +1 � log f ( � ;b? ) (x
n
1 ) + (1 � xn +1 ) � log(1 � f ( � ;b? ) (x

n
1 ))] ;

(29)

b? = argmin
b2 R

L(� ; b):

We start with the result that establishes a closed form expression forb?.
Lemma 5(Optimal bias). For � = ( e; w) 2 R2 andb 2 R, let L (� ; b) be the next-token prediction
loss de�ned in Eq.(23). Then, for any� 2 R2, L (� ; b) is convex inb and the minimizerb? ,
argminb2 R L(� ; b) is given by

exp
�

b? �
e2

2

�
=

1
2A

2

4 p
q

� 1 +

s �
p
q

� 1
� 2

+ 4 �
p
q

� A

3

5 ; A , exp(e2(1 + 2wjwj)) : (30)

Consequently, ife2(1 + 2wjwj) = log (1 � p)(1 � q)
pq , thenb? � e2

2 = log p
1� p . If e = 0 , thenb? = log p

q .

Now we rewrite the loss in terms of the logistic function.
Lemma 6 (Loss as a logistic function). For any � 2 R2, the next-token prediction lossL(� ) in
Eq.(29)can be written as

L(� ) =
1
N

X

n 2 [N ]

E[` log ((2xn +1 � 1) � logitn )]

= EX;Y

�
` log

�
(2Y � 1)

�
e2(1 + 2wjwj)X + b? �

e2

2

���
:

(31)

whereb? follows from Eq.(30), (X; Y ) 2 f 0; 1g2 are distributed according to(X; Y ) � (� ; P ), i.e.
X is a Bernoulli random variable withX � � � Bern(p=(p+ q)) andY jX � P (p; q), the Markov
kernel.

The following lemma establishes the gradients of the loss.
Lemma 7(Gradient computation). For any� = ( e; w) 2 R2 and the next-token prediction lossL(� )
in Eq.(29), the gradients are given by

@L
@e

= EX [(f 1X + f 2)X ] � 2(1 + 2wjwj)e;

@L
@w

= EX [(f 1X + f 2)X ] � 4e2jwj;

where X 2 f 0; 1g is a Bernoulli random variable withX � Bern(p=(p + q)) , f 1 =

�
�

2e2wjwj + b? + e2

2

�
+ q� 1� �

�
b? � e2

2

�
+ p, andf 2 = �

�
b? � e2

2

�
� p. Further,� 1f 1+ f 2 = 0 .

Remark 4. We observe above that the gradients for bothe andw are proportional to each other,
except for the scaling factors in terms ofe andw. This forms the basis for the derivation of the energy
function discussed in App. F.

The following lemma characterizes the Hessian.
Lemma 8 (Hessian computation). Let 
 = ( b;� ) 2 R3 with � = ( e; w) 2 R2, andL(
 ) be the
next-token prediction loss in Eq.(23)andL(� ) be the one in Eq.(29). Let the Hessian ofL at 
 be

H (
 ) , r 2


 L =

�
Hbb Hb�

H >
b� H ��

�
=

�
r 2

bbL r 2
b� L

(r 2
b� L)> r 2

�� L

�
2 R3� 3:
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Then the Hessian ofL at � 2 R2 is given by

H (� ) , r 2
�� L = H �� � H >

b� � H � 1
bb � Hb� : (32)

Consequently, for any
 = ( b; e; w) 2 � min [ � sad, the HessianH (� ) at � = ( e; w) is given by

H (� ) = � 0� 1

�
2(p + q � 1)(1 + 2wjwj) 0

0 0

�
; (33)

where� 0 = q
p+ q and� 1 = p

p+ q .

The proofs of the above lemmas are deferred to App. L. We are now ready to present the proof of
Thm. 1.

E.1 Proof of Thm. 1

Proof. Let � 2 R2 and
 (� ) = ( � ; b?(� ) 2 R3 be its embedding inR3 with the optimal bias
b?(� ) = argmin b2 R L(� ; b) from Lemma 5. De�ne the following four sets of points:

� ?(p; q) ,
�

(e; w) 2 R2 : e2(1 + 2wjwj) = log
(1 � p)(1 � q)

pq

�
;

� min (p; q) ,
�

(e; w) 2 R2 : e = 0 ; (p + q � 1)(1 + 2wjwj) > 0
	

;

� max (p; q) ,
�

(e; w) 2 R2 : e = 0 ; (p + q � 1)(1 + 2wjwj) < 0
	

;

� sad(p; q) ,
n

(e; w) : e = 0 ; w = � 1=
p

2
o

:

First we show that any critical point ofL : R2 ! R has to lie in one of these sets. Then we
characterize that they correspond to the set of all global minima, local minima & maxima, and saddle
points respectively.

(i) Set of all critical points: Recall from Thm. 7 that for any critical point
 = ( � ; b) = ( e; w; b) 2
R3 of L , 
 2 � ? [ � min [ � sad. Here the main observation is that all these critical points are of
the form(� ; b?(� )) where� 2 � ? [ � min [ � max [ � sad. To see this, let
 2 � ?. Here we have
e2(1 + 2wjwj) = log (1 � p)(1 � q)

pq from Eq.(24) and hence� 2 � ?. Further, by Lemma 5, we have

that the optimal bias for this� satis�esb? � e2

2 = log p
1� p , which is precisely the characterization

of the biasb for 
 = ( e; w; b) in Eq. (24). Likewise, if 
 2 � min [ � sad, we havee = 0 and
hence� 2 � min [ � max [ � sad. Hence by Lemma 5,b? = log p

q , matching that of Eq.(25)
and Eq.(26). Thus the set of all critical points ofL in R3 are of the form(� ; b?(� )) with where
� 2 � ? [ � min [ � max [ � sad. Since� ? [ � min [ � sad covers the entirety of stationary points of
L in R3, it follows that the set of all stationary points inR2 is precisely� ? [ � min [ � max [ � sad.
Also, the ordering of losses directly follows from the aformentioned observation.

Now we characterize these critical points in terms of the extrema.

(ii) Set of global and local minima:From Eq.(24), for any global minimum
 ? = ( � ?; b?(� ?)) of
L in R3, we have� ? 2 � ? � R2. Hence by de�nition,� ? is the set of all global minima inR2. A
similar argument holds for� min , which establishes that it is a set of all local minima.

(iii) Set of local maxima and saddle points: From Eq. (26), for any saddle point
 =
(e; w; b?(e; w)) of L in R3, we have thate = 0 and (p + q � 1)(1 + 2wjwj) � 0. Hence
� = ( e; w) 2 � max [ � sad. Suppose� 2 � max which impliese = 0 ; (p + q � 1)(1 + 2wjwj) < 0.
By Lemma 8, the Hessian at� (upto a positive scale) is a diagonal matrix with the entries
(p + q � 1)(1 + 2wjwj) < 0 and0, corresponding to the directions ofe andw respectively. Though
one of the eigenvalue here is zero, using a continuity argument as in the proof of Thm. 7 for local
minima, we can establish that� is indeed a local maximum. Thus� max is a set of local minima.

Now suppose(e; w) 2 � sad. Thuse = 0 andw = � 1p
2
. Since it lies at the intersection of� min

and� max , using a neighborhood argument, it's straightforward to see that� sad is indeed a set of
saddle points.
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Finally it follows that� min ; � max ; � sad are the only set of local minima, maxima, and saddle points
from the above fact about the characterization of the set of all critical points in terms of these sets
and� ?, the ordering of the losses, and using the same argument as in the �nal steps of the proof of
Thm. 7 with the bias. This concludes the proof.
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F Gradient �ow analysis without attention

In this section, we analyze the learning dynamics of the transformer parameters� = ( e; w) 2 R2

without the attention scalar. First, we present few important lemmas regarding the same, useful for
the proofs of Thm. 2 and Thm. 8 later. Recall from Sec. 4 that the trajectory(� t )t � 0 is governed by

d� t

dt
= �r L (� t ); � t = ( et ; wt ) 2 R2; t � 0; (GF)

starting with a randomly initalized� 0. Theenergy functionE(�; �) is de�ned as

E(e; w) , e2 � (w2 + sign( w) � log jwj); 8(e; w) 2 R2 n e-axis; (34)

wheree-axis, f (e; w = 0) g andw-axis , f (e = 0 ; w)g. Note thatEsad = E(0; � 1p
2
) = � 1+log 2

2 .
We re-present the Lemma 1 from Sec. 4 below for the sake of completeness.
Lemma 9 (Constant energy along the �ow). For any (p; q) 2 (0; 1)2 and initialization � 0 =
(e0; w0) 2 R2, let (� t )t � 0 be the corresponding GF trajectory starting from� 0. If w0 6= 0 , then the
energy stays constant along the trajectory, i.e.

E(� t ) = e2
t � (w2

t + sign( wt ) � log jwt j) = E(� 0); 8t � 0: (35)

On the other hand, ifw0 = 0 , wt = 0 for all t � 0. Hence, if we initialize one-axisthe trajectory
always stays on thee-axis.

Now we establish that the GF trajectories always converge.
Lemma 10(GF convergence). Let (� t )t � 0 be a continuously diferentiable GF trajectory starting
from � 0. Then for all initializations� 0 2 R2,

(i) (� t )t � 0 is bounded,
(ii) there exists a� lim 2 R2 such thatlim t !1 � t = � lim and

(iii) lim t !1 kr L (� t )k = kr L (� lim )k = 0 .

Hence� lim is a critical point ofL .

The following result characterizes the energy of the limit point.
Lemma 11(Energy at the limit point). Consider the same setting as in Lemma 10. If� 0 2 R2 ne-axis,
thenE(� lim ) = E(� 0). Hence� lim lies at the intersection of the contour lineE(e; w) = E0 with the
set of critical points ofL in R2.

On the other hand, if� 0 2 e-axis, then� lim 2 e-axis.

We now study the energy function on thew-axis which plays a key role in the GF analysis.
Lemma 12(Analysis of the energy function). LetE(�; �) be the energy function de�ned in Eq.(48)
and f (w) , E(e = 0 ; w) = � (w2 + sign( w) � log jwj) be the energy evaluated onw-axis for
w 2 R n f 0g. Then

(i) f : (�1 ; � 1=
p

2] ! (�1 ; Esad] is monotonically increasing withlimw!�1 f (w) = �1
and the maximum beingf (� 1=

p
2) = Esad,

(ii) f : [� 1=
p

2; 0) ! [Esad; �1 ) is monotonically decreasing withlimw! 0� f (w) = �1 ,
(iii) f 0(� 1p

2
) = 0 , and

(iv) f : (0; 1 ) ! (�1 ; 1 ) is monotonically decreasing withlimw! 0+ f (w) = 1 and
limw!1 f (w) = �1 .

We are now ready to prove Thm. 2 corresponding top + q > 1.

F.1 Proof of Thm. 2

Proof. Let � 0 = ( e0; w0) 2 R2 be the initialization for the GF trajectory(� t )t � 0. Recall that

I min ,
n

(e; w) : w 2 (� 1=
p

2; 0); e 2 (� g(w); g(w)) ; g(w) =
p

w2 � log(� w) + Esad

o

[ f (e; w) : w > 0g [ f (e; w) : w = 0g;
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I sad ,
n

(e; w) : w 2 [� 1=
p

2; 0); e = �
p

w2 � log(� w) + Esad

o
;

I max ,
n

(e; w) : e = 0 ; w < � 1=
p

2
o

;

I ? , R2 n (I min [ I sad [ I max ) :

We consider the cases� 0 2 e-axisand� 0 2 R2 n e-axisseparately. First recall from Thm. 1 and
Eq. (6) that forp + q > 1, the loci of the global minima,e2(1 + 2wjwj) = log (1 � p)(1 � q)

pq < 0,
lies entirely in the negative half-plane corresponding tow < � 1p

2
. On the other hand, all the local

minima, maxima and the saddle points span thew-axis corresponding toe = 0 .

(i) � 0 2 R2 n e-axis: Let E0 = E(� 0) 2 R. By Lemmas. (9), (10), and (11), we have that the
trajectory(� t )t � 0 always stays on the contour lineE(e; w) = E0 and converges to the limit� lim
which is an intersection of this contour line with the set of critical points ofL . Hence the crux of
the proof is to establish where these intersections occur based on the initialization� 0 and the initial
energyE0. This gives rise to the set of initializationsI min ; I max ; I sad, andI ? that correspond to the
limit being a local minimum/maximum, a saddle point, or a global minimum.

We characterize them individually below starting withI min .

Initializations for local minima, I min . For � 0 = ( e0; w0) 2 R2 n e-axis, assume thatw0 > 0.
SinceE0 2 R, there exists an uniquew? > 0 such thatf (w?) = E(0; w?) = E0 by Lemma 12, (iv).
Further using the fact that the energy contour lines do not cross each other (by de�nition of a contour
line) and the fact they do not intersect thee-axis(it's an energy barrier as discussed in Sec. 4), it
follows that the contour lineE(e; w) = E0 stays entirely in the positive half-plane corresponding to
w > 0 andw? > 0 is the unique (and only) intersection of this line with thew-axis, and hence the
set of critical points. Since thew-axis corresponding tow > 0 is a set of a local minima (Eq.(7)), it
follows that any initialization(e0; w0) with w0 > 0 converges to a local minimum.

Now suppose� 1p
2

< w 0 < 0 ande0 2 (� g(w0); g(w0)) , whereg(w0) =
p

w2 � log(� w) + Esad.

Thusje0j < g (w0) and hencee2
0 � (w2

0 � log(� w0)) = E(e0; w0) = E0 < Esad. Hence by Lemma 12,
(iii), there is a unique intersection of the contour lineE(e; w) = E0 with thew-axis, which lies in the

region
�

� 1p
2
; 0

�
. Further note that this contour line cannot intersect with the global minima loci as

it lies in the half-planew < � 1p
2
, and hence its only intersection with the set of critical points is this

segment ofw-axis, which is precisely the set of local minima the GF initialized on this line would
converge to.

Thus we have shown that any initialization inI min n[ f (e; w) : w = 0g converges to a local minimum,
the set of which exhausts all the set of local minima� min except for the origin. Below we will
estbalish that any initialization one-axis = f (e; w) : w = 0g converges to the origin, implyingI min
is the full set of initializations for which the limit is a local minimum.

Initializations for saddle points, I sad. It's straightforward to see that for any� 0 2 I sad, e2
0 � (w2

0 �
log(� w0)) = E(0; � 1p

2
) = Esad. Since� 1p

2
� w0 < 0, the point(w; e) = ( � 1p

2
; 0) is the only

intersection of the contour line with the set of critical points, any initialization inI sad converges to
the saddle point. On the other hand, there also exists a contour linee2

0 � (w2
0 � log(� w0)) = Esad for

w0 < � 1p
2

that passes through(� 1p
2
; 0) 2 R2 and further intersecting with the global minima loci

� ?. However, if we initialize on this line the �ow escapes away from the saddle point and converges
instead to a global minimum. To show this, it suf�ces to prove thatdet

dt > 0 and dw t
dt < 0 if e0 > 0

andw0 < � 1p
2
, such that(w0; e0) is close to the saddle point(� 1p

2
; 0) (the case fore0 < 0 is

similar as the �ow is symmetric ine 2 R). From Lemma 7 and the de�nition of the GF, we have that
det

dt
= �

@L
@e

(e0; w0) = 2 EX [(f 1X + f 2)X ] � (1 � 2w2
0))e0

dwt

dt
= �

@L
@w

(e0; w0) = 4 EX [(f 1X + f 2)X ] � (� e2
0w0):

So it suf�ces to show thatEX [(f 1X + f 2)X ] > 0. To establish this, we have from Lemma 5 that

EX [(f 1X + f 2)X ] = E[X ](f 1 + f 2) = � 1

�
�

f 2

� 1
+ f 2

�
= � � 0 � f 2:
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From the de�ntion off 2 and the optimal biasb? in Lemma 7 and Lemma 5 respectively, we obtain

f 2 = �
�

b? �
e2

0

2

�
� p =

�
1 + exp

�
� b? +

e2
0

2

�� � 1

� p

=

0

B
B
@1 +

2A

p
q � 1 +

r �
p
q � 1

� 2
+ 4 � p

q � A

1

C
C
A

� 1

� p; A , exp(e2
0(1 � 2w2

0)) :

Whene0 = 0 , we haveA = 1 and hence

f 2 =
�

1 +
q
p

� � 1

� p =
p

p + q
� p = �

p
p + q

(p + q � 1) < 0; (36)

where we used the fact thatp + q > 1. Hence by continuity off 2 in e0, for e0 suf�ciently close to0,
f 2 < 0 which proves our claim about the direction of the �ow close to the saddle point. By using
the continuity of the �ow, it follows that GF cannot converge to saddle point when initialized on this
contour line forw0 < � 1p

2
. ThusI sad is the only set of initializations for convergence to� sad.

Initializations for local maxima, I max . If p + q > 1, we have from Thm. 1 that� max =
�

(e; w) 2 R2 : e = 0 ; (1 + 2wjwj) < 0
	

=
n

(e; w) 2 R2 : e = 0 ; w < � 1p
2

o
. Thus for any� 0 2

� max , d� t
ddt = 0 for all t � 0 and hence� lim = � 0. Further if we slightly perturb away from this set,

from Eq.(36) it follows that the �ow diverges and hence it's an unstable set of critical points (they are
local maxima indeed). Thus the only set of initializations leading to local maxima areI max = � max .

Initializations for the global minima, I ?. Since the set of all critical points ofL is � ? [ � min [
� max [ � sad, and the initializations inI min , I sad, andI max converge to� min , � sad, and� max
respectively, it follows that the set of initializations for which the GF converges to global minima is
I ? = R2 n (I min [ I sad [ I max ).

In fact, since the loci of the global minima lies in the half-plane correspondint tow < � 1p
2

whenp + q > 1, we can precisely determine the location of the global minimum for which the
intersection occurs for any� 0 2 I ?. Speci�cally, we can solve the pair of equationsE(e; w) =
e2 � w2 + log( � w) = E0 ande2(1 � 2w2) = log (1 � p)(1 � q)

pq which has a unique solution forw < 0
(upto a sign �ip ine).

(ii) � 0 2 e-axis) � 0 2 I min : If � 0 = ( e0; w0) 2 e-axis, we have thatw0 = 0 and hencewt = 0
for all t � 0 (Lemma 9). Lemma 10-(i) also establishes that the iterates(� t = ( et ; 0))t � 0 stay
bounded on thee-axisand monotonically decrease. Since the origin is the only critical point ofL
on thee-axis, andlim t !1 � t = � lim exists, it follows that� lim = (0 ; 0), a local minima. Thus
� 0 2 I min .

This concludes the proof for all the initializations� 0 2 R2.

Gaussian initialization N (0; � 2I 2). When � 0 is initialized according to the standard Gaussian
distributionN (0; � 2I 2) with � 2 � 1p

2
, we note that� 0 lands in the setI min with high probability.

In fact, this probability can be made arbitrarily close to1 depending on� 2. Thus this initialization
will lead to a local minimum convergence on thew-axis.

F.2 Gradient �ow dynamics for p + q < 1

Theorem 8(GF dynamics forp + q < 1). Under the same setting as in Thm. 2 withp + q < 1, and
any initialization� 0 2 R2, the GF trajectory always converges to a� lim 2 R2 which is a critical
point of the lossL . More speci�cally,� lim is

(i) a local minimum if

� 0 2 I min ,
n

(e; w) : w < � 1=
p

2; e 2 (� g(w); g(w)) ; g(w) =
p

w2 � log(� w) + Esad

o
;

(ii) a saddle point if� 0 2 I sad ,
n

(e; w) : w � � 1=
p

2; e = �
p

w2 � log(� w) + Esad

o
,
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(iii) a local maximum if� 0 2 I max ,
�

(e; w) : e = 0 ; w > � 1=
p

2
	

,

(iv) and a global minimum if� 0 2 R2 n (I min [ I sad [ I max ).

Consequentely, if we use the standard initialization� 0 � N (0; � 2I 2) with � 2 � 1=
p

2, � lim will be
a global minimum.

Proof. The proof for the case ofp + q < 1 essentially follows the same steps as that ofp + q > 1. If
the initialization is not on thee-axiswe use the energy equation to establish the convergence to the
critical point at the intersection of the energy contour line with the critical set and if it starts on the
e-axis, the only change is that it now converges to the global minimum instead of the origin as in the
earlier case. This is due to the fact that origin turns out to be a local maximum whenp + q < 1 and
hence it's an unstable critical point (which can be established as in the proof of Thm. 2 forI max ).

28



G Gradient �ow analysis with attention

In this section, we analyze the learning dynamics of the transformer parameters� 2 R3 with the
attention scalara 2 R, i.e. � = ( e; w; a) 2 R3. Similar to the analysis for� = ( e; w) 2 R2, we
�rst introduce the canonical parameterization includinga 2 R, then analyze the corresponding loss
functionL(�) in terms of its gradients and critical points, and capitalize on it to study the gradient
�ow dynamics using the energy. We �rst start with the parameterization.

G.1 Canonical parameterization with attention

Embedding. Recall from App. C that we lete = e� � andpn = � p� � for all n wheree > 0; p = e
2

and� 2 f� 1gd=
p

d. This results in the embedding

x n = e
�

xn �
1
2

�
� :

Attention. Similarly, we recall from Eq. (21) that the attention outputy n is given by

y n = e
�

xn �
1
2

�
� + hv; � i

0

@
X

i 2 [n ]

att n;i � e
�

x i �
1
2

�
1

A � ; (37)

where

att n;i , exp
�

hqn ; k i i =
p

d
�

=

0

@
X

j 2 [n ]

exp
�

hqn ; k j i =
p

d
�

1

A ; qn = W Q x n ; k i = W K x i ;

W >
Q W K = ( q2d) � � � > 2 Rd� d; for someq 2 R:

Instead of the softmax, now we assume that the attention weights are linear in the scaled dot product,
i.e.

att n;i =
hqn ; k i i

n
p

d
=

1
p

d
� x >

n W >
Q W K x n =

q2d

n
p

d
� (x >

n � )(x >
i � )

(k� k2 = d)
=

q2d3

n
p

d
� (exn � p)(exi � p)

=
q2d5=2

n
� (exn � p)(exi � p)

=
q2d5=2e2

n
�
�

xn �
1
2

� �
x i �

1
2

�
:

(38)

Note that the1=n factor is to ensure normalization for the attention weights in Eq.(37). Now
substituting Eq. (38) in Eq. (37), we obtain

y n = e
�

xn �
1
2

�
� + hv; � i

0

@
X

i 2 [n ]

att n;i � e
�

x i �
1
2

�
1

A �

=

2

4e
�

xn �
1
2

�
+ hv; � i

0

@
X

i 2 [n ]

1
n

q2d5=2e2(xn �
1
2

)(x i �
1
2

)

1

A � e
�

x i �
1
2

�
3

5 �

=

"

e
�

xn �
1
2

�  

1 + hv; � i q2d5=2e2
�

x i �
1
2

� 2
!#

�

=

2

6
4e

�
xn �

1
2

�
0

B
@1 + hv; � i q2d5=2 1

4| {z }
a

�e2�

1

C
A

3

7
5 �

= e
�

xn �
1
2

�
�
1 + ae2�

� ;
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where we used the fact that(x i � 1
2 )2 = 1

4 sincex i 2 f 0; 1g, and

a ,
hv; � i q2d5=2

4
(39)

is the attention scalar. Note that this includes the scalinghv; � i from the value matrixW V andq2

from the query-key dot product. Thus we succinctly have

y n = e
�

xn �
1
2

�
�
1 + ae2�

� : (40)

Feed-forward. For the feed-forward layer, we have thatW 1 = jw jp
d

1 � � > 2 R4d� d; W 2 =
wp

d
� � 1> 2 Rd� 4d. Hence Eq. (40) implies

W 1y n =
jwj
p

d
1 � � >

�
e

�
xn �

1
2

�
�
1 + ae2�

�
� =

jwj
p

d

�
e

�
xn �

1
2

�
�
1 + ae2�

�
1:

Thus,

ReLU(W 1y n ) =
jwj
p

d
1 � ReLU

��
e

�
xn �

1
2

�
�
1 + ae2�

��

=
jwj
p

d
1 � eReLU

���
xn �

1
2

�
�
1 + ae2�

��

=
jwj
p

d
1 � e

�
xn

2
ReLU

�
1 + ae2�

+
1 � xn

2
ReLU

�
� 1 � ae2�

�

=
jwj

2
p

d
1 � e

�
xn

�
ReLU

�
1 + ae2�

� ReLU
�
� 1 � ae2��

+ ReLU
�
� 1 � ae2��

:

UsingReLU(x) � ReLU(� x) = x above,

ReLU(W 1y n ) =
jwj

2
p

d
1 � e

�
xn

�
1 + ae2�

+ ReLU
�
� 1 � ae2��

:

Hence,

W 2ReLU(W 1y n ) =
w

p
d

� � 1> jwj

2
p

d
1 � e

�
xn

�
1 + ae2�

+ ReLU
�
� 1 � ae2��

= 2wjwje
�
xn

�
1 + ae2�

+ ReLU
�
� 1 � ae2��

�

= 2wjwje

 

xn
�
1 + ae2�

+

�
� 1 � ae2

�

2
+

j1 + ae2j
2

!

�

= 2wjwje
��

xn �
1
2

�
�
1 + ae2�

+
j1 + ae2j

2

�
� :

Thus the embeddingzn is given by

zn = y n + W 2ReLU(W 1y n )

=
�
e

�
xn �

1
2

�
�
1 + ae2�

�
� + 2wjwje

��
xn �

1
2

�
�
1 + ae2�

+
j1 + ae2j

2

�
�

= e
��

xn �
1
2

�
�
1 + ae2�

(1 + 2wjwj) + wjw(1 + ae2)j
�

� :

Linear. Sincee = a = e � � due to weight-tying, the logits are given by

logitn (e; w; a; b) = ha; zn i + b = e2
��

xn �
1
2

�
�
1 + ae2�

(1 + 2wjwj) + wjw(1 + ae2)j
�

+ b:

Loss. Denote� , (e; w; a) 2 R3. Similar to the case withouta (Eq. (14) and Lemma 2), the
cross-entropy loss in our setting can be compactly written as

L(� ; b) =
1
N

X

n 2 [N ]

E[` log ((2xn +1 � 1) � logitn (� ; b))] = EX;Y [` log ((2Y � 1) � logitX (� ; b))] ;

(41)
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wherelogitX (� ; b) , e2
��

X � 1
2

� �
1 + ae2

�
(1 + 2wjwj) + wjw(1 + ae2)j

�
+ b, (X; Y ) 2 f 0; 1g2

are distributed according to(X; Y ) � (� ; P ), i.e. X is a Bernoulli random variable withX � � �
Bern(p=(p+ q)) andY jX � P (p; q), the Markov kernel. Further, using the convexity ofb in L(�; b),
we can consider the optimal biasb?(� ) = argmin b2 R L(� ; b) in Eq. (41) to obtain the lossL(� ):

L (� ) , L (� ; b?) = EX;Y [` log ((2Y � 1) � logitX (� ; b?))]

= EX;Y

�
` log

�
(2Y � 1) �

�
e2

��
X �

1
2

�
�
1 + ae2�

(1 + 2wjwj) + wjw(1 + ae2)j
�

+ b?

���
:

(42)

We derive the expression for the optimal biasb? in the proof of Lemma 13 below in App. N.

G.2 Analysis of the loss functionL(� ) from Eq. (42)

Now we establish the gradients of the loss function.

Lemma 13(Gradient computation and optimal bias). For any� = ( e; w; a) 2 R3 and the next-token
prediction lossL(� ) in Eq.(42), the gradients are given by

@L
@e

= � E
�
(f 1X + f 2)

�
X �

1
2

��
� 2e

�
1 + ae2�

(1 + 2wjwj)

� E
�
(f 1X + f 2)

�
X �

1
2

��
� 2e3a (1 + 2wjwj) ;

@L
@w

= � E
�
(f 1X + f 2)

�
X �

1
2

��
� 2e2 �

1 + ae2�
(jwj + sign ( w) w) ;

@L
@a

= � E
�
(f 1X + f 2)

�
X �

1
2

��
� e4 (1 + 2wjwj) ;

whereX 2 f 0; 1g is a Bernoulli random variable withX � Bern(p=(p + q)) , and

f 1 , 1 � p � q � � 1 + � 0; f 2 , p � � 0;

� 1 , �
�

e2
�

1
2

�
1 + ae2�

(1 + 2wjwj) + wjw(1 + ae2)j
�

+ b?

�
;

� 0 , �
�

e2
�

� 1
2

�
1 + ae2�

(1 + 2wjwj) + wjw(1 + ae2)j
�

+ b?

�
;

where the optimal biasb? is obtained by solving� 1f 1 + f 2 = 0 .

Proof. We defer to App. N.

Theorem 9(All critical points for linear attention inR4). Let the input sequence bef xn gN
n =1 �

(� ; P ), the transformer parameters� = ( e; w; b; a) 2 R4, and the next-token prediction lossL(�) be
as in Eq.(41). Then for any(p; q) 2 (0; 1)2 with p + q 6= 1 andN 2 N,

(i) the set of all global minima is given by

� ?(p; q) , f (e; w; b; a) 2 R4 : e2wjw(1 + ae2)j + b =
1
2

log
p(1 � q)
q(1 � p)

; (43)

e2 �
1 + ae2�

(1 + 2wjwj) = log
(1 � q)(1 � p)

pq
g (44)

(ii) a set of local minima is given by

� min (p; q) ,
�


 min = ( e; w; b; a) 2 R4 : e = 0 ; (p + q � 1)(1 + 2wjwj) > 0; b = log
p
q

�
;
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(iii) a set of saddle points is

� sad(p; q) ,
�


 sad = ( e; w; b; a) 2 R4 : e = 0 ; (p + q � 1)(1 + 2wjwj) � 0; b = log
p
q

�
:

(iv) a set of stationary points is

� station (p; q) ,
�


 station = ( e; w; b; a) 2 R4 : e 6= 0 ; 1 + ae2 = 0 ; 1 + 2wjwj = 0 ; b = log
p
q

�
;

Thus the set of all critical points is
�

� 2 R2 : r L (� ) = 0
	

= � ? [ � min [ � sad [ � station : (45)

In addition, for any� ? 2 � ?; � min 2 � min and� sad 2 � sad, the loss values satisfy

H (xn +1 j xn ) = L(� ?) < L (� min ) = L(� max ) = L(� sad) = H (xn +1 ):

Theorem 10(All critical points inR3). Let the input sequence bef xn gN
n =1 � (� ; P ), the transformer

parameters� = ( e; w; a) 2 R3, and the next-token prediction lossL(�) be as in Eq.(42). Then for
any(p; q) 2 (0; 1)2 with p + q 6= 1 andN 2 N,

(i) the set of all global minima is given by

� ?(p; q) , f (e; w; a) 2 R3 : e2 �
1 + ae2�

(1 + 2wjwj) = log
(1 � q)(1 � p)

pq
g (46)

(ii) a set of local minima is given by

� min (p; q) ,
�

(e; w; a) 2 R3 : e = 0 ; (p + q � 1)(1 + 2wjwj) > 0
	

;

(iii) a set of local maxima is given by

� min (p; q) ,
�

(e; w; a) 2 R3 : e = 0 ; (p + q � 1)(1 + 2wjwj) < 0
	

;

(iv) a set of saddle points is

� sad(p; q) ,
n

(e; w; a) 2 R3 :
�

0; � 1=
p

2; a
�o

:

De�ning a set of stationary points� station (p; q) ,
�

(e; w; a) 2 R3 : e 6= 0 ; 1 + ae2 = 0 ; 1 + 2wjwj = 0
	

,
the set of all critical points is

�
� 2 R2 : r L (� ) = 0

	
= � ? [ � min [ � max [ � sad [ � station : (47)

In addition, for any� ? 2 � ?; � min 2 � min , and� sad 2 � sad, the loss values satisfy

H (xn +1 j xn ) = L(� ?) < L (� min ) = L(� max ) = L(� sad) = H (xn +1 ):

Remark 5. While the remaining set of stationary points could be classi�ed to global minima, local
minima, etc., it's technically unclear what category the set of critical points� station (p; q) belong to,
as the Hessian is unde�ned here. We would need to rely on local perturbation analysis to characterize
these class of points.

We defer the proofs of the theorems to App. N.2.

G.3 Gradient �ow analysis

Analogous to the gradient �ow analysis for� = ( e; w) 2 R2 in App. F, we now study its countepart
toegether with the attention scalar, i.e.� = ( e; w; a) 2 R3. To this end, let(� t )t � 0 be aC1 curve in
R3 governed by

d� t

dt
= �r L (� t ); � t = ( et ; wt ; at ) 2 R3; t � 0; (GF-Attention)

starting with a randomly initalized� 0. We de�ne theenergy functionE(�; �; �) as

E(e; w; a) , e2 � (w2 + sign( w) � log jwj) � 2a2; 8(e; w; a) 2 R3 n ea-plane; (48)

whereea-plane, f (e; w = 0 ; a)g. The following lemma presents the crucial result that the energy
is constant along the �ow in GF-Attention.
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Lemma 14 (Constant energy along the �ow). For any (p; q) 2 (0; 1)2 and initialization � 0 =
(e0; w0; a0) 2 R3, let (� t )t � 0 be the corresponding GF-Attention trajectory starting from� 0. If
w0 6= 0 , then the energy stays constant along the trajectory, i.e.

E(� t ) = e2
t � (w2

t + sign( wt ) � log jwt j) � 2a2
t = E(� 0); 8t � 0: (49)

On the other hand, ifw0 = 0 , wt = 0 for all t � 0. Hence, if we initialize onea-planethe trajectory
always stays on theea-plane.

Now we characterize the convergence of the gradient �ow.
Lemma 15(GF convergence). Let (� t )t � 0 be a continuously diferentiable GF-Attention trajectory
starting from� 0. Then for all initializations� 0 2 R3,

(i) (� t )t � 0 is bounded,
(ii) there exists a� lim 2 R3 such thatlim t !1 � t = � lim and

(iii) lim t !1 kr L (� t )k = kr L (� lim )k = 0 .

Hence� lim is a critical point ofL .

The following result characterizes the energy of the limit point.
Lemma 16 (Energy at the limit point). Consider the same setting as in Lemma 15. If� 0 2
R3 n ea-plane, thenE(� lim ) = E(� 0). Hence� lim lies at the intersection of the contour line
E(e; w) = E0 with the set of critical points ofL in R3.

On the other hand, if� 0 2 ea-plane, then� lim 2 ea-plane.

We defer the proofs of the lemmas to App. N.

G.4 Role of standard initialization

The following picture enhances the behavior of the GF dynamics near the origin.

(a) Gradient �ow around origin(p + q < 1) (b) Gradient �ow around origin(p + q > 1)

Figure 5: Gradient �ow dynamics inR3, near the origin, for the transformer parameters with attention
scalara (Sec. 4.1). The local minima are repellors forp + q < 1, while attracting forp + q > 1.

Based on the above theoretical results and empirical evidence, we conjecture the following theorem,
whose informal proof we defer to App. N.5.
Theorem 11( [Informal] Role of standard initialization forp + q > 1). If we use the standard
initialization � 0 � N (0; � 2I 3) with � 2 � 1=

p
2 for the GF-Attention,� lim will be a local minimum

with high probability.
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