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Abstract

Exploiting symmetry inherent in data can significantly improve the sample effi-
ciency of a learning procedure and the generalization of learned models. When
data clearly reveals underlying symmetry, leveraging this symmetry can naturally
inform the design of model architectures or learning strategies. Yet, in numerous
real-world scenarios, identifying the specific symmetry within a given data distribu-
tion often proves ambiguous. To tackle this, some existing works learn symmetry
in a data-driven manner, parameterizing and learning expected symmetry through
data. However, these methods often rely on explicit knowledge, such as pre-defined
Lie groups, which are typically restricted to linear or affine transformations. In this
paper, we propose a novel symmetry learning algorithm based on transformations
defined with one-parameter groups, continuously parameterized transformations
flowing along the directions of vector fields called infinitesimal generators. Our
method is built upon minimal inductive biases, encompassing not only commonly
utilized symmetries rooted in Lie groups but also extending to symmetries derived
from nonlinear generators. To learn these symmetries, we introduce a notion of a
validity score that examine whether the transformed data is still valid for the given
task. The validity score is designed to be fully differentiable and easily computable,
enabling effective searches for transformations that achieve symmetries innate to
the data. We apply our method mainly in two domains: image data and partial differ-
ential equations, and demonstrate its advantages. Our codes are available at https:
//github.com/kogyeonghoon/learning-symmetry-from-scratch.git.

1 Introduction

Symmetry is fundamental in many scientific disciplines, crucial for understanding the structure
and dynamics of physical systems, datasets, and mathematical models. The ability to uncover and
leverage symmetries has become increasingly important in machine learning and scientific research
due to its potential to improve model efficiency, generalization, and interpretability. By capturing
inherent symmetrical properties, models can learn more compact and informative representations,
leading to improved performance in tasks like supervised learning [31, 29, 4, 7, 33], self-supervised
learning [8, 15, 23], and generative models [19, 11, 18].

Previous methods for learning symmetry have often relied on the explicit parameterization of group
representations based on predefined generators, which can be limited in capturing various symmetries,
including transformations that do not align along the generators. For example, when searching for Lie
group symmetries in images or physics data, existing methods [3, 34] parameterize a group action g
as the matrix exponential of a linear combination of linear or affine Lie algebra generators L; with
their learnable coefficients w; as g = exp (D, w;L;). In the affine transformations of images in
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(x1; x2)-coordinates, there are six generators, each corresponding to translation, scaling, and shearing
operations with respect to thxg-axis andx,-axis. Although there exist some methods that directly
learn the generators, they are either bound to the general linear Gto{rg, which cannot account

for non-af ne or non-linear transformation&4], or are not guaranteed to nd the correct symmetry

in real-world image datasets [9, 13].

When searching for symmetries in high-dimensional real-world datasets, we can take advantage of
the fact that the data can be interpreted as a funétioX ! Y , such as images, which are functions

from the 2D Euclidean space to the color space. Another notable example of such data is partial
differential equations (PDESs), where the data take the formX ! U and the Lie symmetries

are de ned as transformations on the spceU . There have been signi cant advances in Lie
symmetry analysis in recent years, for both academic and industrial purposes, mostly involving
extensive symbolic calculations and relying on computer algebra sysf&ndjiscovering Lie
symmetries of PDEs from data without prior knowledge is an unexplored topic, except for the work
of Gabel et al[14], which learns the symmetry generators of various PDESs in a supervised learning
setup.

In this work, we propose a novel method for learning continuous symmetries, including non-af ne
transformations, from data without prior knowledge. By modeling one-parameter groups using Neural
Ordinary Differential Equation (Neural ODEY], we establish a learnable in nitesimal generator
capable of producing a sequence of transformed data through ODE integration. We design an
appropriatevalidity scorefunction that measures how much the transformation violates the invariance

to certain criteria de ned depending on the target task, and learn the generators by optimizing towards
the validity score of the data transformed through ODE integration. For example, in an image
classi cation dataset, we use a pre-trained feature extractor and de ne the validity score to be the
cosine similarity between the features extracted from the original image and the transformed image.
For PDEs, the validity score is de ned by the numerical errors of the original equations after the
transform. The validity scores are chosen based on the characteristics of the target tasks, and designed
to be fully differentiable, so that the symmetry can be learned via gradient descent in an end-to-end
fashion. We also incorporate two regularizations, orthonormality and Lipschitz loss, which prevent
the learned generators from converging to a trivial solution.

Subsequently, we demonstrate that our method indeed discovers the correct symmetries in both image
and PDE datasets. To the best of our knowledge, our research is the rst to retrieve af ne symmetry
in the entire space of continuous transformations using the CIFAR-10 classi cation dataset, as shown
in Figure 1. Moreover, our method excels in identifying non-af ne symmetries and approximate
symmetries in PDE tasks. We further demonstrate that the learned generators can be leveraged to
develop automatic augmentation generators, which can be used to produce augmented training data
for both image classi cation tasks and neural operator learning tasks of PIDEsSWe provide
empirical evidence that the models trained with data augmented by our learned generators perform
competitively with those trained with traditional closed-form transforms such as Lie point symmetry
(LPS) [4]. Moreover, we show that thepproximate symmetriescovered by our method, which
cannot be found by classical methods, can also boost the performance of the models, especially when
the size of the training data is small.
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Figure 1: (a) Examples of the vector eld¥; is a learned symmetry which is approximately a
rotation, whileV; is not a symmetry, thus having a high validity score. (b) Transformed CIFAR-10
images using the learned generators. All the vector elds and transformations learned from CIFAR-10
are presented in Figure 8 of Appendix C. (c) Transformation of PDEs (KS equation) with learned
symmetries: time translation (t-tsl) and Galilean boost (gal).



Table 1: In nitesimal generators of the Afne group
A (2) . The set of six generatofd_;; ;Leg forms
a basis of the corresponding Lie algebra.

Generator ~ Expression ~ One-Parameter Group Description
Li (1;0) X 7! x + s(1;0) translation inx ; -axis
Lo 0;1) x 7! x + s(0;1) translation inx ; -axis
Ls (x1;0) x 7! eosf X scaling ofx 1 -axis
La (0;x2) x 7! éeos X scaling ofx ; -axis
Ls (x2;0) x 7! §§ X shear parallel ta; -axis
Le 0;x1) x 7 T x shear parallel ta ; -axis

Figure 2: An example of a ow. Lz+ La (X1;%2) X 7! eSx uniform scaling
Le Ls ( X2;%x1) x 70 %8s ShS oy rotation

sin s cos s

2 Preliminaries: One-parameter Group

In this section, we present the basic de nitions of a one-parameter group, which we use to parameter-
ize the symmetric transformations learned from the data.

Consider an unknown Euclidean dom&in R" and a smooth vector el : Z! R". A path

'l =(abh R!Z satisfyingdi (s)= V( (s)) foralls2 | isa curve that travels around the
domainZ with a velocity given by the vector eld/. Along the curve , a pointxg = (ag) can be
transported to (ap + s) by owing along the vector eldV by times. We de ne the ow#Y by
#Y (xo) = (ap+ s)of V asin Figure 2. This ow is computed by solving an ODE

d oy,
S0 = V) ()

with initial condition#¢ (x) = x forallx 2 Z [20].

The ow #V is governed by an autonomous ODE, i.e., an ODE independent of the temporal variable
s. Due to properties of autonomous ODEs, the #X exists uniquely and it is smooth in both
variabless andx. Assuming a mild condition ol , such a3/ extends to a compactly supported
vector eld V onR", the ODE does not terminate R in nite time and hencet! is de ned for all

s 2 R. In that case, the ow satis es a group equation

s, (X) = #e, #,(x) )

forall s1;s; 2 R. It means that the ow can be regarded as a group actid® ofi R", transforming
elementsoZ  R". For this reasor#! is also called @ne-parameter groupand the vector eld
V is called arin nitesimal generatorof the one-parameter group.

OnZ = R", a constant vector eld/(x) = v 2 R" gives rise to a translation 7! x + sv. For a
matrixA 2 R" ", avector eldV(x) = Ax gives rise to an af ne transformation 7! exp(sA)x,
whereexp is the matrix exponentiation. Multiple in nitesimal generators may span a vector gpace
and ifg satis es some algebraic condition (closure under the Lie bracket),gliemnms aLie algebra
Composing the elements of one-parameter groups of elemegtsves rise to d.ie groupG. The
correspondence betweghandg is called Lie group-Lie algebra correspondence.

Continuous symmetrigge commonly de ned by a Lie grou@, acting on some domain and keeping

the transformed objectavariant with respect to some criterion. We model symmetries by specifying
their in nitesimal generators whose composition of one-parameter groups comprises the symmetries
of that domain.

Below, we describe two representative examples that will be discussed extensively in the remainder
of the paper: images (interpreted as functions on 2D planes) and PDEs.

2.1 Images and Their Symmetries

Consider a rescaled image of the fofrm X =[ 1;1? R2?!Y =[0;1P 2 R®. The afne
transformations ofiR? have the fornx = (X1;X2) 7! Ax + b for a matrixA 2 R? ? and a
vectorb 2 R?. The Af ne transformations form the 6-dimensional Af ne grodp(2) , and it

has a corresponding 6-dimensional Lie algebra having a basis ::;Leg given as in Table 1.

The symmetries of images are often exploited as a data augmentation strategy for learning image
classi ers, under an assumption that the transforms do not alter the identity or semantics of the images
to be classi ed.



2.2 PDEs and Their Symmetries

Given ann-dimensional independent variable= (x1;  ;xn) 2 X  R" and anim-dimensional
dependent variable = u(x) = (u1(x); ;um(x)) 2U R™, we denote by () the collection
of all i-th partial derivatives ofi with respect toc. A partial differential equation onu(x) of
orderk is de ned by a set of algebraic equationgx;u;u®; :u()) = 0 involving all the
variables and their partial derivatives. For example, two scalar independent vaxighk& and
one scalar dependent variabigx;t) 2 R governed by equatior= Uy + UUy + Uy = 0 gives
the 1- dimensional Korteweg-de Vries (KdV) equation, where we denote partials using subscripts, e.g.

= &anduyy = @?)@ The KdV equation is commonly used to model the dynamics of solitons,
e g. s%allow water waveQ@] The KdV equation described above is an example of 1-dimensional
scalar-valued evolution equation. Such an equation takes theuferm(x; t) 2 R with its governing
equation of the form

Ut = FOGEU UK Uk Uk 5 ) 3)

for some functior-. In this paper, we only deal with 1D scalar-valued evolution equation on a xed
periodic domairx 2 [O; L].

Continuous symmetries of PDEs are commonly parametrized by a one-parameter gkoupon
Denote( ; ) =( [x;u]; [x;u]) an in nitesimal generator de ned oX U . Then the PDE
possesses the in nitesimal generator of symmétry ) if the equation is still satis ed after
transforming both the independent variakland the dependent variahie[27, 5, 26]. Symmetries
of PDEs are categorized by how the generafors ) depend or(x;u). The symmetry is a Lie
point symmetry (LPS) if the value ¢f ; ) at each poin{x;u(x)) depends only on the point value
(x;u(x)) itself. If ( ; ) also depends on the derivative®); ;u() at that point, it is called
a Lie-Backlund symmetry or generalized symmetry If ) depends on integrals of, then it is
called a nonlocal symmetry. Finding an LPS of a PDEean be done algorithmically under some
mild assumptions on . However, there is no general recipe of nding Lie-Backlund symmetries or
nonlocal symmetries, and discovering such symmetries remains an active area of research.

3 Related Work

Symmetry discovery. Approaches to learning symmetries can be categorized by addressing two
guestions: (ajvhere do they search for symmetriaad (b)what are they aiming to leatrOne line

of research aims to learn ranges, focusing on determining the ranges of transformation scales that
enhance learning when employed as augmentation techniques. For example, Benti@j letaaths
transformation ranges of prede ned transformations by treating them as learnable parameters and
backpropagating through differentiable transformations.

Another line of research aim to learn subgroups of bigger candidate groups, typically a linear group
GL(n) or an af ne groupA ( n). For example, Desai et dlL0] use the Generative Adversarial
Network (GAN) to search for symmetries, with the generator transforming data by group elements
sampled from the candidate group and the discriminator verifying whether the transformed data sill
lies in the data distribution. Similarly, Yang et §84] employ the GAN approach, but generator of
GAN models in nitesimal generators instead of the subgroup itself, and learns af ne symmetries such
as rotation of images and Lorentz symmetry of high-energy particles. As an alternative, Moskalev
et al.[24] proposed an idea of extracting symmetries from learned neural network by differentiating
through it, and retrieved 2D rotation in the linear group using the rotation MNIST dataset.

Finally, learning symmetries with minimal assumptiom. without assuming the in nitesimal
generators are linear or af ne, is an area of large interest. An early attempt of Rao & Rud@@han
models in nitesimal generator by a learnable matrix from the pixel space to the pixel space, and learn
2D rotation by solving a task that compares original images and rotated ones, where the images are
5 5random pixels. Sohl-Dickstein et §B2] takes the similar approach with eigen-decomposing the
learnable matrix. Dehmamy et &] builds a convolution operation whose kernel encodes learnable

in nitesimal generators, and retrieved 2D rotation from randdm 7 images by comparing original

and transformed ones, and Yang efah] uses an autoencoder to simplify nonlinear symmetries into
linear ones. Our work closely aligns with Liu & Tegmdg] and Forestano et dll3], which model
one-parameter groups by an MLP and learn the symmetries from an invariant scalar quantity. To the



best of our knowledge, learning correct symmetries with minimal assumption was only achieved with
toy datasets, far from real-world datasets such as CIFAR-10.

Utilizing symmetries in deep learning. An effective method for leveraging symmetries in deep
learning is data augmentatiof]]]. In the image domain, there are numerous augmentation tech-
niques availableZ9], most of which are based on geometric properties of images. Although data
augmentation techniques have been primarily explored in the context of images, recent studies by
[4, 23] have demonstrated that symmetries can also be used for augmenting data in the training of
neural PDE solvers. In addition to data augmentation, some approaches involve designing new neural
network architectures that inherently re ect the group symmetries of the input dat&gng et al.

[33] applied a similar strategy within the PDE domain.

4 Learning Continuous Symmetries with One-Parameter Groups

4.1 Training Process

Given a learning task with a dataggt A in an underlying spaca = ffjf : X ' Yg ,we aim
to model symmetry by a one-parameter gréidpacting onA, as explained in § 4.3. We de ne a
continuous symmetry by stating th&is a symmetry of this task if there exists sonte 0 such
that for any data poirit 2 D and transformation scake2 [ ; ], the transformed data poigt (f )
remains valid for this task. We assume the existence of a differentiabtéty scoreS(#s;f) 2 R,
such thats(f ) 2 A isvalid if S(#s;f) < C for a certain threshol@ 2 R. Then, a one-parameter
group# is a symmetry of the task B(#5;f) <C forallf 2D.

The validity score depends on the nature of the target
task, though no strict criterion exists. As long as it
is differentiable and the valid data aids learning, it is
considered acceptable. For instance, we can de ne
the validity based on a negative log-likelihood of a
probabilistic model. In § 4.2, we discuss the validity
scores to be used for image and PDE data.

Once a validity score is de ned, we learn a symmetry
# by minimizing the validity scores of transformed
data,

# :arg;nin Etpo s untq : 7 [SEHs: T (4)

Figure 3: Process of learning symmetry.

where thearg min is taken over the entire class of smooth one-parameter groups. Since the learning
is performed in function space, we appropriately constrain the function space using a regularizer, as
described in § 4.4. Once symmetries are learned, they reveal the symmetrical properties of the target
task, which can then be exploited to augment the training data.

4.2 Task-speci ¢ De nition of Validity Score S

Images. Inimage-related tasks, we de ne a validity score using a pre-trained neural network. Let
D be an image classi cation dataset consisting of data of the féryn) 2 A R, wheref is an
image andy is a label. AlsoleHs Hrx : A! R be alearned neural network, where we denote
by Hiext : A1 RX the feature extractor artdgs : RK | R the classi er. We de ne the validity
scoreS(#s;f ) as the cosine similarity between the features before and after the transformation:

S(#s;T) = sim ( Heext(#s(f )); Hrexe(T )) (5)
wheresim is the cosine similarity de ned asim(vq;Vv»,) = kf,"lilz’\fik forallvi;v, 2 R nfOg.

PDEs. Letu(x) be asolution of a given PDE , discretized on a rectangular gigyiq = f X; giN;f“.

For a transformed daté; (u), we measure the violation of the equality= 0 to assess whether the
transformed data is still a valid solution. Using an appropriate numerical differentiation method, we
directly compute the value of the PDE, denoted g#(u)), which represents the error #§(u)



as a solution of , taking a value (#s(u)); at grid pointx;. The validity score is de ned by the
summation of all PDE errors across the grid points:
X

S(#s;u)= ] (#s(u))ij: (6)
i
For example, for a solution(x) of the 1D KdV equation, we examine whether the transformed

solutiond = #(u) satis esti + Htty + Hyx = O Where the partials are computed using a numerical
differentiation method.

4.3 Parametrization of One-Parameter Groups using Neural ODE

On a Euclidean domaid R", we model an in nitesimal generator with an MUP : Z

R" I R". The in nitesimal generatoh gives rise to a one-parameter graép . We sample a
transformation scale  Unif([ ; ]) for a prede ned hyperparameter2 R. . To transform a
pointx 2 Z along this one-parameter group by an amount 0, we use a nhumerical ODE solver to
solve the ODE for :[0; ]!Z satisfying

As)=h ((s)); 8s2[0; I; (0)=x (@)

and obtain a transformed data paint #" (x)= ( ).If < 0, wecomputet" (x)= # " (x)
by integrating h instead oh using the ODE solver. We can backpropagate through the numerical
ODE solver using the adjoint method [6] to learn

Letf : X 'Y be a data point on a doma#. As A is a space of functions, naively modeling
symmetry onA may ignore the geometry implied in the input space Instead, we de ne two
transformations#x onX and#y onY, and induce a transformation bfby

(x (F D) = £ D) B () = #v (F(X); 8)
where we abuse notation and write the transformed functicgtx46) and#y (f ). For an image
represented as a discretized function X 'Y fromX =[ 1,1 andY =[0; 1], #x corre-
sponds to spatial transformations such as translation or rotatiosyandrresponds to color space
transformations. For a PDE, a 1D scalar-valued evolution equation on a xed periodic domain
takes the formu(x;t) 2 U = R with (x;t) 2 [O;L] [0;T] = X R?, and we parameterize
an in nitesimal generator on a product spae U R® by an MLP. Then, a transformation on
(x;t;u) 2 X U induces a transformation on the solution of the RIFk; t).

4.4 Objective Functions

Symmetry loss. Let Ngym be the number of symmetries to be learned. (lt‘é?))gj{m be the

transformation scals,  Unif([ ; ]) to transformf via numerical integration. The parameter
is optimized by minimizing the average validity score over the training data,
Meym h(@
Leym( ) = Efb o untq ;) S #s. 3f )
a=1

Orthonormality loss. Learning only with the symmetry loss may result in trivial solutions such
as the zero vector eld or the same vector eld repeated in multiple slots. To prevent this, we
introduce the orthonormality loss to regularize the model towards learning orthonomral vector elds.
Speci cally, given twozvector eldsvi;V, : Z! R", we de ne an inner product as,

jZ:-ridj 27 g,id! (xi)(Vi(xi) Va(xi)); (10)

hVi; Vai = F(Va(x)  Vz(x))dx

vol(Z) 5

with a suitable weight functioh (x) : Z ! R and a discretized grid iq of Z of sizejZ yigj.

Given this de nition, we rst normalize each generator by its norm to en&t® k? = 1. Then we
compute the orthonormality loss as,
X D . ) E
Lonno( ) = sgh®);h® (11)

1 a<b Ngnm



wheresg() denotes the stop-gradient operation to ensure that the constréfiith®i = 0 only
affects the latter slotj. By doing this, if the true number of symmetrilsg, ., is less than or equal to
the assumed number of symmetriégm , the learned symmetries will be aligned in the Pt
slots.

Lipschitz loss. We further introduce inductive biases to the in nitesimal generators we aim to learn.
For instance, an in nitesimal generator moving only a single pixel near the boundary by a large scale
would be undesirable. This idea can be implemented using Lipschitz continuity. For a grid point
Xi 2 Z gig and its neighboring poirnk; 2 nbhd(x;) Z gid, We expect the vector el to satisfy

the Lipschitz condition,

kV(xi) V(X))

Lips(V;xi;xj) < whereLips(V;xi;x;) = o X, K (12)
To regularize the model toward the Lipschitz condition, we introduce the Lipshictz loss,
Meym X @
Lups( ) = max(Lips(h™;xi;x;) ; O): (13)

a=1l X;2Z gig;Xj 2 nbhd( x;)

Total loss and loss-scale-independent learning. We jointly minimize the three loss functions with
suitable weightsvsym; Wortho; WLips > 0 and learn the weights of MLP using a stochastic gradient
descent:

= arg min WsymL sym( ) + Worthol ortho( ) + WripsL Lips( ): (14)

To minimize the computational burden of hyperparameter tuning, we ensure that all the loss terms
have anatural scalg i.e. a dimensionless scale independent of the context. For example, when
penalizing the inner product in Equation 11, we apgigcosto the normalized inner product to
ensure the loss term lies [0; =2). Similarly, the scale of the PDE validity scoB§#s;u) in
Equation 9 depends on the scale of the dat&Vhen penalizing it, we apply the log function so that

the gradients are scaled automatically aslog(S(#s;u)) = r S(#s;u)=S(#s; Uu).

Here we describe the generic training process, but the actual implementation requires non-trivial
task-speci ¢ designs, such as the choice of the weighting funetiot) or the method for locating the
transformed data on the target grid. We defer these details for image and PDE tasks to Appendix A.

4.5 Comparison With Other Methods

Here, we compare our method with other recent symmetry discovery methods. The differences
mainly arise from (a) what they aim to learn (e.qg., transformation scales or subgroups from a larger
group) and (b) their assumptions about prior knowledge (e.g., complete, partial, or no knowledge of
symmetry generators). Another important distinction is the viewpoint on symmetry: some methods
learn symmetries that raw datasets inherently possess (implicit), while others learn symmetries from
datasets explicitly designed to carry such symmetries (explicit).

Some recent symmetry discovery works are listed in Table 2. We emphasize that our method excels in
two key aspects: (a) our learning method reduces in nitely many degrees of freedom, (b) our method
works with high-dimensional real-world datasets. For example, while LieG#dNdnd LieGG R4]

reduce a 6-dim space (af ne) to a 3-dim space (translation and rotation) in an image dataset, ours
reduces ail -dim space to a nite one. L-con] also does not assume any prior knowledge, but

it is limited in nding rotation in a toy task, where it learns rotation angles of rotated images by
comparing them with the original ones, which are 7x7 random pixel images.

5 Experiments

5.1 Images

We use images of siz82 32 from the CIFAR-10 classi cation task. Since our method does
not model discrete symmetry, we use horizontal ip with 50% probability by default. We train a
ResNet-18 model, which will be used as the feature extratigs in Equation 5. The weight function



Table 2: Comparison with other symmetry discovery methods.

Augerino LieGAN LieGG L-conv Forestano et al. Ours
Symmetry completely partially partially completely completely completely
generators known known (afne)  known (af ne) unknown unknown unknown
symmetry
transformation generator symmetry symmetry symmetry symmetry
Learn what? : generator generator generator generator
scales (rotation / (rotation) (rotation) (in low-dim task) (af ne)
Lorentz)
Veri ed raw '\rllo'\tl?§$r1/ rotation 7 ran7doir:el toy data CIFr:\ig-lO
with what? CIFAR-10 B MNIST e (dim 10)
Top tagging image & PDEs
Implicit or R . . L L L
explicit? implicit explicit explicit explicit explicit implicit
optimize compare extracts from compare extracts from extracts from
How? while training fake/true data learned NN rotated and  invariant oracle  validity score
’ downstream in GAN using Lie original using Lie using ODE
task framework derivative images derivative integration
@ (b) (©)

Figure 4: (a) Self inner-products of the learned generators. (b) Inner product comparison of the
learned generators with the af ne generators. (c) Af ne-ness of learned generators.

on the pixels is computed as explained in Appendix A.1. We expectto nd 6 af ne generators and we
use an MLP modeling 10 vector elds in the pixel spdcd; 1P  R?, expecting the rst six learned
vector elds to be the af ne generators. We learn the Equation 14 using stochastic gradient descent
with wsym = 1 andworno, Wiips = 10. The parameter, which controls the scale of transformation,

is setto = 0:4, and the Lipschitz thresholdis setto = 0:5. Other details are described in
Appendix B.1. We conducted three trials with random initializations and report the full results in
Appendix C.1. Furthermore, we also learn symmetries irctiier space and their results are shown

in Appendix G.

Learned symmetries. Since we expect to learn af ne symmetries, we compare the results with the
af ne basisfLq; ;Lsg de nedin Table 1. We compute the inner produlds L;i of the learned
vector eldV with L fori =1; ; 6 to measure how much the IearnedFyector elds contain the

af ne basis and measure the af ne-ness of vector eld by Af ne-n@sy* = 16:1 hV; Lii .

In all experiments, we successfully retrieve six linearly independent af ne generators in the rst six
slots. Figure 4a shows that the learned generators are orthogonal to each other, as desired. Figure 4b
shows the inner product between the learned generators and the af ne generators. Since the af ne-
ness measure of the rst 6 learned generators in Figure 4c is almost close to 1, we can read out the
af ne components in Figure 4b and say that €\g., (0; 0:98+0:12x;). Notably, two translation
generators are found in the rst two slots, indicating that the two translatiorthamost invariant
one-parameter group among the entire class of one-parameter groups on the pixel space. After the
two translation generators, four af ne generators are learned, indicating that af ne transformations
arethe next most invariarttansformations. In particular, the third and fourth generators are close

to the rotation generator and the scaling generator, respectively. The remaining four generators x
pixels close to the center and transform boundary pixels by a large magnitude.



Figure 5: Inner products between the learned non-af ne symmetry generators and the ground truth.
The results including the af ne symmetry generators are shown in Figure 10a.

Table 4: De nition of PDEs. Table 5: LPS of PDEs.
Name Equation Name Lie Point Symmetries
Kdv U + Uly + Uy =0 KdV [4], KS [4], Burgers [17] (1;0;0) 0;1;0) (t;0;1)
KS Ut + Uy + Uy + Ul =0 nKdV (Appendix D.3) L;0;0)  (Oe ©5;0)  (to(e 1);0;1)

Burgers u; + uuy Uy =0

c 0, 01 e
KdV [30 1,0,0) (t+1; L0

€
nKdVv € Tolp+ Uy + Uy =0

u —_
cKdVv Ut + Ulx + Usooc + 54y =

Analysis. Unlike other symmetry discovery research2$, P] that use datasets which are explicitly
designed to be symmetric such as rotation MNIST, we discovered af ne transformations from CIFAR-
10 with no augmentation except horizontal ip. Moreover, we extract the symmetries from the
ResNet trained with CIFAR-10 without augmentation. This implies that although CIFAR-10 is not
explicitly composed to be symmetric under af ne transformations, the dataset possesses intrinsic af ne
symmetry. This also implies that even the ResNet trained without augmentation possesses invariance
under af ne transformation. It is widely believed that the strong generalization power of neural
networks is linked to the augmentation insensitivity of the neural netw@#s Qur results show that
ResNet is insensitive to af ne transformation even when not explicitly designed to be so, supporting
this hypothesis. This result implies that augmentation explicitly ampli es the insensitivity by using
transformed data for training. Our analysis is tangential to that of Gruver[&d) which measures

the extent of invariance using derivatives along the in nitesimal generators instead of ODE integration.

Augmentation results. We train a ResNet-18 model using CIFA T?E'LeRi:OTeSt accuracy in

10 classi cation data, applying the learned symmetries as data augnien-

tation. We compare the results of no-augmentation, default augmentdethod Acc. (%)
tion (horizontal ip and random crop), and af ne transformation, with No-aug 924 0:3
transformation scale searched @1; 0:2; 0:3; 0:4; 0:5g. We conduct  patault 95:'1 0':1

ve experiments with random initialization for all the settings and ,¢ ne 951 0:2
report the results in Table 3. Learned 949 01
5.2 PDEs

We follow the experimental setting of Brandstetter e{4], which use the Korteweg-de Vries (KdV)
equation, the Kuramoto-Shivashinsky (KS) equation, and the Burgers' equation on a 1D periodic
domain as experiments. They all have time translation, space translation, and the Galilean boost
as LPSs. To consider PDEs with non-trivial and non-af ne symmetries, we add two variants of
the KdV, namely the nKdV equation and the cKdV equation. The nKdV is yielded by a nonlinear
time translation of the original KdV, and the cKdV is the cylindrical KdV equation, having an extra
time-dependent term. The equations are listed in Table 4, and their symmetries are listed in Table 5.
Note that some symmetries are ruled out since we work within a xed periodic domain, e.g., the
scaling symmetry of the KdV. Since there are at most three symmetries, we open four slots in an
MLP and learn symmetries using weighig,m; Wiips = 1 andWorthe = 3.

Learned symmetries. We compare the learned symmetries with the ground-truth symmetries using
inner products. We found the ground truth symmetries in all the experiments as in Figure 5 and
Figure 10.



Figure 6: Comparison of augmentation performances using the ground truth symmetries and the
learned symmetries with various numbers of data. The symbtands for no-augmentation.

Table 6: Test NMSE comparison of augmentation using LPS and AS in FNO learning for cKdV.

# Data None LPS AS LPS+AS
2 (370 0:09) 10 ® (3:49 1:06) 10 ® (3:20 0:94) 10 ® (2:66 0:36) 10 ©
25 (790 121) 10 4 (590 0:17) 10 4 (4:45 0:15) 10 4 (370 0:15) 10 *

Interestingly, for the Burgers' equation and the cKdV equation, we additionally founa-¢hés
rescaling operatioif0; O; u) and the time translatio(D; 1; 0) respectively. Applying thei-axis
rescalingu 7! cuforc 1to the Burgers' equation; + uuy UyX = 0 givescu, + C2uuy

CuxX = c(c 1)uuy, leaving only theuuy term. Theuuy term in Burgers' is called theonvection

term and it is approximately zero in most region and spikes in some small region. Similarly, the time
translationt 7! t + cforc 0 xesthe rstthree terms in the cKdV equatian + uuy + Uy +

u=(2(t + 1)) = 0 and only changes the last teum(2(t + 1)) by a negligible amount. These are not
LPSs of the given equations, but the error of the PDE after transformation is smaller than the error of
the numerical differentiation method. These approximate symmetrig&S), and the theory of AS

is also of great interest in the symmetry analysis of PDEs [2, 1].

Augmentation results. We use the learned symmetries as data augmentation and train Fourier
Neural Operators (FNOs). The detailed experiment setting is described in Appendix B.2. Since FNOs
are extremely sensitive to numerical error, we employ Whittaker-Shannon interpolation, explained in
Appendix D.2, to resample the transformed results. The results are depicted in Figure 6. In all cases,
data augmentation using the learned symmetries improve the performance, almost close to the results
using the ground truth symmetries. The detailed results are in Appendix C.2. Additionally, we verify
that the approximate symmetry of cKdV is also bene cial to training, as shown in Table 6, especially
when the numbers of data points is low, proving the effectiveness of symmetries extracted from data.

Ablations. Additional ablation studies on numerical methods, such as numerical differentiation
and interpolation, and hyperparameter sensitivity are conducted, and their results are presented in
Appendices E and F.

6 Conclusion

We have introduced a novel method for learning continuous symmetries, including non-af ne trans-
formations, from data without prior knowledge. By leveraging Neural ODE, our approach models
one-parameter groups to generate a sequence of transformations, guided by a task-speci c validity
score function. This approach captures both af ne and non-af ne symmetries in image and PDE
datasets, enhancing automatic data augmentation in image classi cation and neural operator learning
for PDEs. The learned generators produce augmented training data that improve model performance,
particularly with limited training data.

Limitation. However, despite its exibility, our method requires careful selection of numerical
methods, such as numerical differentiation and interpolation, to ensure stable training and the ODE
integration can be computationally large for augmentation generation compared to other augmentation
methods. While we focus on image symmetries and LPSs of PDEs, the method could potentially
model other symmetries and domains with proper validity scores, suggesting future applications in
learning complex symmetries, including conditional and non-local symmetries, in various data types.
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A Implementation Details

A.1 Image Dataset

Notation. Images are functions of the form: X 'Y ,whereX =[ 1; 1] is the spatial domain

andY = [0; 1 is the normalized RGB domain. Pix&Xgyiq = fxigi'\':"lrid are discretized through a
rectangular grid oK , and image$ are discretized on the pixel spacefhy= f (x;) for alli.

I (x) in orthonormality loss. We rst learn a symmetry on the
spatial domairK using a feature extractdtiggentaken from a pre-
trained neural network. One obstacle is that in most image datasets,
the main subjects of images are mostly located around the centers,
and the regions close to the boundary are lled with backgrounds.
In other words, each pixel has a different level of importance, and
we may end up learning in nitesimal generators that only move
boundary pixels and x the center.

We take into account the importance of pixels using the weight
function! (x) : X ! R . For a discretized image = ff;gand
for each pixek;, we measure pixel sensitivityof the imagd at
thei-th pixel up to the feature extractbley as

@hex(f) _  @f @hex(f) |
@; @; O@f ’
which can be computed by querying a Jacobian-vector produdt.fwith respect to the image

gradient at each pix%. We de ne the weight (x) as the average of pixel sensitivity across the
dataset:

Figure 7: The weight function

I(x):
Sensitivity(f; x;) =

(15)

@Hby(f)
@i

However, computing this weight functidnneedsNgig Ngatimes of computation of Jacobian-

vector products. Instead, we use a Gaussian ketpelR; )= i% exp( ”)‘27’2”2), with a xed

= 0:1 and the centet sampled uniformly orX , and approximate the weight function by
2 3

X f
L(Xi) Erp o unifcx)d (XisR; ) %
j

I (Xi) = Ef p [Sensitivity(f; Xi)]= Ef b (16)

(xj;%; ) S 17)
j
so that we compute the weight in a stochastic manner. Intuitively, it computes Jacobian-vector product

for each larger pseudo-pixel represented by the Gaussian kernels instead of each individual pixel. We
iterate over the dataset 20 times, and the computed weight function is shown in Figure 7.

Training details. The in nitesimal generatoh(a) transforms each pixet; into x; via ODE
integration. In this process, the transformed pixXetsg may no longer be located on the rectangular
grid Xgrig, SO we use the bilinear interpolation method to resample the transformed #zdgeon
Xgrid- Note that the bilinear interpolation operation is differentiable, thereby we can train the MLP by
minimizing the validity scor&(#s; f ), which is the cosine similarity between the feature$ aind
#s(f):

S (#s;T) = sim (Hrext(#s(f )); Hext(f )) (18)

A.2 PDE Dataset

Notation. Solutions of a 1D scalar-valued evolution equation on a periodic domain take the form
u(x;t) : X U forX =[0;L] [0;T]andU = R, where|[0; L] is the spatial domain arf@; T]

is the temporal domain. Similar to the image task, the doais discretized by the rectangular
grid Xgrig = fxigiNjfd = f(x ;ti)giN:gl”". A discretized solution is a set of tuplés; ; ti; u;) where

ui = u(x;;tj).
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I (x) in orthonormality loss. Unlike in images, we assume that all discretized grid points hold
equal importance, so we defx) =1 forallx 2 X .

Training details. The in nitesimal generators on the product space U transform a point

u = f(xj;tj;u)gintow = f(%;t;t)g. Therefore, the transformed solutions are no longer on
the rectangular grid. To compute the PDE valjet) for o = #4(u) in Equation 6, we need to
compute partial derivatives numerically suchua$x;; tj), us (3¢ ; tj) or uyy (¢i; ). We use thenite
difference methadn which the numerical derivative is approximated by nite differences, e.g.,

ulxi + Xt ulxi o Xity)

Ux (Xi; ti) = > x

(19)

for some small x.

In particular, we use the weighted essentially non-oscillating (WENO) scheme as a numerical
differentiation method37], with a careful choice of parameters as in Dumbser & K#$g}. In

the WENO method, multiple estimates for derivatives are made using multiple sets of neighboring
gridpoints (calledstencilg. The multiple estimates are then averaged with weights (caitembthness
indicator) that approximate how stable the derivative estimates are . We implement the WENO
method working on a nonuniform grid, and the model learns symmetries by backpropagating through
it. A detailed description on the WENO scheme is in Appendix D.1.

B Experiment Details

In this section, we present the detailed experimental settings of the experiments in § 5.

B.1 Images

Training ResNet-18. When training the ResNet-18 with CIFAR-10, both the feature extratigs

and models after augmentation, we train the model in 200 epochs with a batch size 128. The learning
rate is set td0 ! and decreases by a factor@?® at the 60th, 120th, and 160th epoch. The model is
trained by SGD optimizer with Nesterov momentum 0.9 and weight decay 0.4.

Learning symmetries. To learn the symmetry generators, we train the MLP using two shared
hidden layers, each with a width of 256, followed by a hidden layer of width 32 for each output
vector eld. We use the swish activation function to ensure the learned vector elds are smooth. The
MLP is trained for 50 epochs with a batch size 128 and xed learning rai®adf using the Adam
optimizer. The learning process takes less than 10 hours on a GeForce RTX 2080 Ti GPU.

B.2 PDEs

Data generation. We follow the data generation method of Brandstetter gtal.Given an 1D
evolution equationi; = F(X;t;u;uy;uxxx; ) foru= u(x;t) on periodic domaitfio; L], we start
with an initial conditionu(x; 0) by random Fourier series as

X
u(x; 0) = Apsin(2l px=L + ;) (20)
p=1

whereP is the number of Fourier modes af#ip; l,; ) are random coef cients. For time-stepping,

we computec-derivativesuy ; Uy ; using pseudospectral method, which computes derivatives in
Fourier domain and converts them back to the original domain. We use an ODE solver to compute
the time evolution ofi(x;t) fromt = 0 tot = T. The solution is discretized on regular grid of size

Ny N¢on[O;L] [0;T], whereNy =256 andN; = 140 by default.

When simulating Burgers' equation, we instead solve the PDE for the heat equation
for = (x;t). The Burgers' equation(x;t) and the heat equation(x;t) is related via the
Cole-Hopf transformation:
@
=2 —1 : 21
u=2 o log(x) (21)

After data generation, we transform the heat equation back to the Burgers' equation.
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Learning symmetries. We use an MLP with the same architecture as described in Appendix B.1.
Since all the tuple$x; t; u) must pass through the MLP, totalidy, N for each data instance, we

set a small batch size 4. Symmetries are learned using 1024 data instances over 50 epochs. We use
the Adam optimizer and train the network with a learning raté®f* in the rst 25 epochs and

10 ° for the remaining 25 epochs. The learning process also takes less than 10 hours on a GeForce
RTX 2080 Ti GPU.

Sobolev regularization. To ensure smoothness in the vector elds, we apply additional regulariza-
tion using the Sobolev norm of order 2 in thkedomain. For a vector eld/(x;t), the Sobolev norm
can be ef ciently computed in Fourier domain:

X @y 2 W1
KV (it)k3, = % -
2

2
1+ j@j 9 (n;t) (22)
i=0

n=0

wherengeq = min( n; Ny  n) and¥ ( ;t) is the discrete Fourier transformation\f ; t). Since we
already enforcgVjj = 1, we penalize towards the Sobolev norm excluding the zeroth order term:

X2 @v(:t) 2 N 1
S\ L2 CL2 — ; _
GO, Kk VDRSS =

2
1+j%j 1 On:t):  (23)
i=1

n=0

We apply the Sobolev regularization during the nal 10 epochs.

Training FNOs. For the KdV and KS equations, we train an autoregressive FNO solver, which
takes 20 timesteps as input and predicts the subsequent 20 timesteps, following the experimental
setup of Brandstetter et §il]. For the nKdV and cKdV equations, which are time-dependent and
contain explicitt terms, we train FNOs as single-time neural operators. These models utilizes the
initial conditions of the equations to predict the states after 70 timesteps. We train the FNO over 40
epochs, with each epoch comprising 280 iterations across the dataset for the KdV and KS equation
and 100 iterations for the nKdV and cKdV equations. The learning rate begiris 4tand decreases

by a factor o0f0:4 every 10 epochs.

C Experiment Results

In this section, we provide detailed results of the experiments outlined in § 5. For symmetry learning
tasks, we conducted each experiment three times and randomly selected one for reporting in § 5.
The complete set of results is provided here. Also, we report the detailed evaluation metrics in
augmentation tasks.

C.1 Images

Figure 8 is a visualizations of the learned symmetries discussed in § 5.1. Figure 9 displays results
from experiments conducted under the same settings but with different model initializations compared
to Figure 4 in § 5.1. It is notable that af ne symmetries consistently occupy the rst six slots across
all experiments.

C.2 PDEs

We report experiments results for learning symmetries, conducting three trials for each equation in

gure Figure 10. The ground truth symmetries and the approximate symmetries are consistently
found in the former slots in all the experiments. The remaining fourth slots occasinally converge to
learned symmetries despite the orthonormality loss or converge to some unknown vector elds with
high validity scores. The results from the rst trials are used in the augmentation experiments.

In Table 7 and Table 8, we provide the augmentation results of FNOs using the learned symmetries,
which are illustrated in Figure 6.

16



(@) (b)

Figure 8: (a) The learned vector elds. (b) Transformed images using the learned generators. The
images with transformation scale 0 are the original images.

Table 7: Comparison of augmentation methods with different numbers of data for KdV and KS

Kdv KS
# Data None Ground-truth Ours None Ground-truth Ours
29 0:398 0:013 Q0640 0:0050 00824 0:0052 000693 0:00039 000229 0:00014 000614 0:00051
27 1:42 0:05 0246 0:012 Q283 0:018 Q324 0:031 Q0241 0:0001 00422 0:0002
25 447 0:26 0980 0:039 112 010 578 0:13 114 010 137 0:.04

D Technical Details

D.1 Weighted Essentially Non-Oscillating (WENO) Scheme
This section is largely based on Zhang & Shu [37], Dumbser & Kaser [12].

WENO scheme in 1D. Consider a smooth functidn: X R! R, where we only have access
to the function on the griKgig = fX1; s XN giaQr X1 < < X ng- TO estimate the derivatives
f D (x) = g)k(—fk(x) for somex 2 X , we usek + 1 neighboring points in = fx;;  ;xj+xgand
compute the uniquk-th order polynomiap, (x) that interpolates the functidn on the points in

I . In other words, we ensug (X;) = f(Xi); ;p (Xi+k) = f(Xi+k). Then we can pick up the
estimates of the derivatives using the polynomidl &3(x) p,(k) (x). We call the set of neighboring
pointsl astencil and the polynomigb, the reconstruction polynomialUsage of reconstruction
polynomials is a fundamental concept in the numerical differentiation method known awit¢he
difference methad

In the weighted essentially non-oscillating (WENQO) scheme, we compute multiple estimates
pff) x); p,(';)s (x) for the derivatives (K)(x) using multiple stencilé;;  ; Iy, . The estimates
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(a) Second experiment.

(b) Third experiment.

Figure 9: The same results (learned symmetries of images) under different initializations compared
to Figure 4.

Table 8: Comparison of augmentation methods with different numbers of data for nKdV and cKdV

nKdV cKdv
# Data None Ours None Ours
20 (352 0:11) 10° (258 0:17) 103 (3:72 0:33) 10° (344 037) 10°
27 (3:16 0:06) 102 (2:96 050) 102 (3:71 009) 10° (1:86 0:10) 10 °
25 (479 009) 10! (2:44 011) 10! (7:90 1:21) 104 (2:99 0:37) 10 “

are then averaged with weightsg; ;! n, which take account of the quality of each estimation. In
the WENO scheme, we assume the grid points are suf ciently dense, hence the estimates are more
accurate when the reconstruction polynomja|s are smooth. The smoothnessppf is measured
by thesmoothness indicatpde ned as:
K Z
IS, = i e, 0)%dx (24)
=1
where = ( Xj;Xj+1) Risaninterval between two grid points containsgand] j is the length
of .Theweightd ;; ;!\, aredenedas:
| = Pim, -=_ m 25

m "o Mo m ( + IS I )b ( )
where |, is called thdinear weight usually chosen heuristicalllgis a positive integer usually set
to 2 or 4, and > 0is a small positive number preventing the denominator from being zero. The
nal estimate for the derivativé (%) (x) is computed by averaging the estimap{a‘lg x); p,(E)S (x)
with the weightd 1; NP

X's
)= ta Pl (0 (26)

m=1

WENO scheme for multivariate function. The WENO scheme extends smoothly to multidimen-
sional functionf : R" ! R. Fork = (ky;  ;kn) 2 Z",, we denotd ) (x) = (@){]'@jﬁ()()-
On a stencil with an appropriate number of grid points, we compute the reconstruction polynomial
pi (x) with a nonzerdk-degree term, and tzhe smoothness indicator is de ned similarly as:
X o
IS = i e, 00)%dx (27)
1j | k
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(a) First Experiment

(b) Second Experiment

(c) Third Experiment

Figure 10: Inner product comparison of the learned symmetry generators with the ground truth
symmetries. (a), (b), and (c) are conducted with different random initializations.

P
where =( 15 ; n)22",j j= i”:l i and the interval is now an-dimensional cell

containing the poinx with volumej j. Like the 1D case, the weights are de ned using the linear
weights and smoothness indicator.

Choice of parameters. We follow the choice of parameters of Dumbser & Késer [12]. The linear
weight , is chosen to be 100 ¥ is inside the center cell df,, and 1 otherwise, re ecting the fact
that the estimates are accurate as much as theyaintlose to the center of,. The parameteris

and are chosenas=4 and =10 °©

D.2 Whittaker-Shannon Interpolation on a Periodic Domain

Let ;f[ 1] f[O];f[1]; be adiscretization of a continuous signal on a real line. The Whittaker-
Shannon interpolation recovers the original signaks:

R
f(t)= f [n]sinct n) (28)
n=1
wheresincis the normalized sinc functioginc(t) = S'”(Xix) TheNyquist-Shannon sampling theorem
states that states thfaft) is theperfect reconstructioof f , in a sense that if the original function

does not contain any frequencies higher than a certain threshold, callsgidqbest frequengythenf
is perfectly reconstructs the original signal.
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Similarly, if f [0];f[1]; ;f[N 1]is a discretization of a continuous signal on a periodic domain
[0; N ] for someevenpositive integelN , the Whittaker-Shannon interpolation is given as:
X K 1 R X1
f(t)= f [n modN]sinct n)= f[n] sinct mN)= f [n]Dn (1) (29)
n=1 n=0 n=1 n=0

P
whereDy (t) = ﬁ: . sinc(t mN) is theDirichlet kernelwith periodN . The Dirichlet kernel

Dy (t) has a closed-form expression
sin(t)

Dn ()= N tan( t=N ):

(30)

D.3 Nonlinear Time Transformation of the KdV Equation

. . . t . .
We apply a nonlinear time transformatibde ned ast = to(efo 1), wheret is a constant scaling
factor, to the KdV equation; + uuy + Uxy . The derivative with respect tois transformed to

@: @\@: e% @ (31)
@t @@ a@
hence the KdV equation with nonlinear time transformation (nKdV) becomes
e%ufut + UUy + Uy =0: (32)

The three symmetries of the KdV changes accordingly. The space translation is left untouched, and
the other two in nitesimal generators are tranformed as:

_ o @
ot e a@ (33)
@, @, . @, @
@X-'- @U_ to(e 1)@X+ Qu (34)

where we used the derivative notatigin0;0) = £, (0;1;0) = £ and(0;0;1) = 2.

E Ablation Studies

E.1 Numerical differentiation.

When searching for symmetries of PDES, we use the WENO scheme as a humerical differentiation
method. We have found that the choice of numerical differentiator is critical, as gradients must ow
through numerical differntiation during the backpropagation step. To compare different methods, we
experimented with using the WENO scheme and another method: bilinear interpolation followed by
discrete numerical differentiation on a regular rectangular grid.. When using bilinear interpolation
followed by discrete differentiation, the loss failed to converge well, even with very small learning
rate10 6. The learned vector elds were not orthogonal, and they only spanned the time translation
and the space translation at best, as in Figure 11. These experiments were conducted using the KS
equation.

We hypothesize that the bilinear interpolation distributes each transformed point into two adjacent
grid points, but discrete differentiation is done by repeatedly subtracting values of two adjacent grid
points, so the gradient may not ow well during the backpropagation.

E.2 Whittaker-Shannon interpolation.

In the PDE augmentation task, when the transformed PDEs are resampled into the regular rectangular
grid, we use Whittaker-Shannon instead of more commonly used bilinear interpolation. This step is
also crucial for training FNOs with transformed data, since FNOs are extremely sensitive to numerical
error and hence any aliasing effects must be avoided. We compared the augmentation results using
Whittaker-Shannon interpolation with those using bilinear interpolation, using the KS equation with
512 training data and report the result in Table 9. The results clearly demonstrate that bilinear
interpolation adversely affects the training FNO models.
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Figure 11: Experiment using using bilinear interpolation and discrete differentiation. (a) Learning
curve. (b) Learned symmetries.

Table 9: Test NMSE comparison of augmentation using Whittaker-Shannon interpolation and bilinear
interpolation.

No-aug Whittaker-Shannon Bilinear
Test NMSE 0:00693 0:00039 0006143 0:00051 0542 0:051

F Hyperparameter analysis

In this section, we analyze the roles of various hyperparameters in our learning scheme. We use
experiment setting of the KS equation in § 5.2. We selected the KS equation for analysis as it proved
to be the most challenging in learning symmetries, possibly due to its fourth-order derivative term
Uxxxx - IN particular, among the three symmetries (space translation, time translation, Galilean boost)
the algorithm easily learns the space and time translation in a few epochs, but learning the Galilean
boost takes more epochs as in Figure 12. We evaluate the results by examining whether the three
symmetries are correctly found in the rst three slots.

Figure 12: Learning curves of four symmetry generators.

F.1 Lipschitz Threshold

The Lipschitz threshold in Equation 13 is the only parameter that constrains the function space in
which we search for the symmetries. The thresholslsetto = 3 in the main experiments. We
conduct additional experiments with= 1; 2; 4; 8; 16; 32. Surprisingly, in all experiments, regardless

of the value of , we found the three ground truth symmetries.

F.2 Transformation Scale

The transformation scale controls how much we transform the data when searching for symmetries.
The tuple(x;t;u) in X U is scaled so that andt form a uniform grid or{0; 1]?, andu is scaled so

that the standard deviation ofclosely matches that of andt, which is approximatel®:29. Hence,

the default transformation scale= 0:4 transforms data with slightly more than its standard deviation
at most. We conduct experiments with various transformation scate8:1; 0:2; 0:4; 0:6; 0:8. The
ground truth symmetries were found wherr 0:1; 0:2; 0:4. When = 0:6, the Galilean boost was
found but allocated in the fourth slot, meaning that the learning was unstable. Whén8, the
model only found space and time translation correctly.
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Figure 13: Experiments with various values of hyperparameter

Figure 14: Experiments with various values of hyperparameter

F.3 Weights of Three Losses

Although the three loss terms Equation 14 are designed to have dimensionless scales, tuning the
three loss terms in appropriate ranges is inevitable.We perform a grid search over the three weights
Wsym; Wortho, Weipschitz O the total loss in a xed grid1; 3; 10F. We report the number of correctly
learned symmetries across different values/gfn, Wyips, andworno in Table 10. The number 3 is the
maximum number of symmetries to be discovered. We found that the ratio betwgeandwoio

signi cantly affects the results. In this case, the weighfno, should be larger thaws,, to prevent

the learning of redundant in nitesimal generators.

G Color-space Results

Recall that in our formulation, images take the foxm Y whereX =[ 1;1J is the pixel space
andY 2 R3is the RGB color space. Our formulation is not limited to searching for the symmetries
on the 2D plane&, but is capable of learning symmetries in the color spachn this section, we
elaborate how we modeled learning scheme for color-space symmetries and present the results.
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