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Abstract

We introduce POSEIDON, a foundation model for learning the solution operators
of PDEs. It is based on a multiscale operator transformer, with time-conditioned
layer norms that enable continuous-in-time evaluations. A novel training strategy
leveraging the semi-group property of time-dependent PDEs to allow for significant
scaling-up of the training data is also proposed. POSEIDON is pretrained on a
diverse, large scale dataset for the governing equations of fluid dynamics. It is
then evaluated on a suite of 15 challenging downstream tasks that include a wide
variety of PDE types and operators. We show that POSEIDON exhibits excellent
performance across the board by outperforming baselines significantly, both in
terms of sample efficiency and accuracy. POSEIDON also generalizes very well
to new physics that is not seen during pretraining. Moreover, POSEIDON scales
with respect to model and data size, both for pretraining and for downstream tasks.
Taken together, our results showcase the surprising ability of POSEIDON to learn
effective representations from a very small set of PDEs during pretraining in order
to generalize well to unseen and unrelated PDEs downstream, demonstrating its
potential as an effective, general purpose PDE foundation model. Finally, the
POSEIDON model as well as underlying pretraining and downstream datasets are
open sourced, with code being available at https://github.com/camlab-ethz/poseidon
and pretrained models and datasets at https://huggingface.co/camlab-ethz.

1 Introduction

Partial Differential Equations (PDEs) [[15]] are referred to as the language of physics as they mathemat-
ically model a very wide variety of physical phenomena across a vast range of spatio-temporal scales.
Numerical methods such as finite difference, finite element, spectral methods etc. [59] are commonly
used to approximate or simulate PDEs. However, their (prohibitive) computational cost, particularly
for the so-called many-query problems [58]], has prompted the design of various data-driven machine
learning (ML) methods for simulating PDEs, [24,|51] and references therein. Among them, operator
learning algorithms have gained increasing traction in recent years.

These methods aim to learn the underlying PDE solution operator, which maps function space
inputs (initial and boundary conditions, coefficients, sources) to the PDE solution. They include
algorithms which approximate a discretization, on a fixed grid, of the underlying solution operator.
These can be based on convolutions [75, [18]], graph neural networks [8l 156, [65]] or transformers
[12} 1571 26, 20, 35]]. Other operator learning algorithms are neural operators which can directly
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process function space inputs and outputs, possibly sampled on multiple grid resol2#asis [
These include DeepONet$3, 42], Fourier Neural OperatoBfl], SFNO [7], Geo-FNO B2], Low-
rank NO [34] and Convolutional Neural Operator [60], among many others.

However, existing operator learning methods aresamhple ef cientas they can require a very large
number of training examples to learn the target solution operator with desired accuracy (see Figure 1
or Figure 3 of pQ]). This impedes their widespread useask-speci ctraining data is very expensive

to generate either with numerical simulations or measurements of the underlying physical system.

Figure 1: As opposed to PDE-speci ¢ operator learning, our pretrained niaggt IDONIS up to
multiple orders of magnitude more sample ef cient than a task-speci ¢ neural operator while also
being able to transfer to unseen physics during netuning.

How can the number of training samples for PDE learning be signi cantly redudedRis context,

can we learn from language modeling and computer vision where a similar question often arises
and the current paradigm is to buflodundation model§6]. Thesegeneralistmodels argoretrained
at-scale, on large datasets drawn from a diverse set of data distributions. They leverage the intrinsic
ability of neural networks to leareffective representatiorisom pretraining and are then successfully
deployed on a variety oflownstreantasks by netuning them on a few task-speci ¢ samples.
Examples of such models include highly successful large language ma8e®], large multi-

modal models[7, 52] and foundation models for robotic8][ chemistry ], biology [63], medicine

[64] and climate [54].

Despite very recent preliminary attemp&] 74, 1, 49, 19, 68, 66], the challenge of designing such
foundation models for PDEs fsrmidable given the sheer variety of PDEs (linear and nonlinear,
steady and evolutionary, elliptic, parabolic, hyperbolic and mixed etc.), the immense diversity of data
distributions, wide range of underlying spatio-temporal scales and the paucity of publicly available
high-quality datasets. In particular, the very feasibility of designing PDE foundation models rests on
the fundamental and unanswered science questiatgfpretraining a model on a (very) small set of
PDEs and underlying data-distributions can allow it to learn effective representations and generalize
to unseen and unrelated PDEs and data-distributions via netuning?

The investigation of this open question motivates us here to preseRoteiDoNfamily of PDE
foundation modelsPosSEIDON see Figures 1 and 2, is based on i) scalable Operator Transformer or
scOT, amultiscale vision transformewith (shifted) windowed or Swin attentio§, 37], adapted

for operator learning, ii) a novel all2all training strategy for ef ciently leveragirajectoriesof
solutions of time-dependent PDESs to scale up the volume of training data and iii) an open source
large-scale pretraining dataset, containing a set of novel solution operators of the compressible
Euler and incompressible Navier-Stokes equations of uid dynamics. We evdR@e#EIDON

on a challenging suite of 15 downstream tasks, comprising of well-established benchmarks in
computational physics that encompass linear and nonlinear, time-dependent and independent and
elliptic, parabolic, hyperbolic and mixed type PDEs. All of these taskeat®f-distributionwith

respect to the pretraining data. Moreover, nine out of the 15 tasks even involve PDEs (and underlying
physical processes) which are not encountered during pretraining.



Through extensive experiments, we nd thaPdSEIDON shows impressive performance across

the board and outperforms baselines on the downstream tasks, with signi cant gains in accuracy
and order of magnitude gains in sample ef ciency. For instance, on an average (median) over the
downstream task?0SEIDON requires a mere 20 samples to attain the same error level as the
widely-used FNO does with 1024 samples. ii) These gains in accuracy and sample ef ciency are also
displayed on tasks which involve PDEs not encountered during pretraining, allowing us to conclude
thatPoseIDONcangeneralize to unseen and a priori unrelated physical processes and phenomena
with a few task-speci c training examples and iRpSseIDONscales with model and dataset size, both

for the pretraining as well as for downstream tasks and iv) through case studies, we elucidate possible
mechanisms via whicROSEIDONIs able to learreffective representatioruring pretraining, which

are then leveraged to generalize to unrelated PDEs downstream. Taken together, these results provide
the rst positive answers to the afore-mentioned fundamental question of the very feasibility of PDE
foundation models and pave the way for the further development and deployni@msefboNas an

ef cient general purpose PDE foundation modEinally, we also open source tfRoseiDoNmodel

and the entire pretraining and downstream task datasets within the b Batabase.

2 Approach

Problem Formulation. We denote a generic time-dependent PDE as,

@u(x;t)+ L u;r u;r 2u;z:: =0; 82D  R%t2(0;T); 0
B(uy=0; 8(x;t)2 @D (0;T); u(0;x)= a(x); x2D

Here, with a function spacé LP(D;R") forsomel p< 1,u2 C([0;T];X) isthe solution

of (1), a 2 X the initial datum and_; B are the underlying differential and boundary operators,

respectively. Note thgtl) accommodates both PDEs with high-order time-derivatives as well as

PDEs with (time-independent) coef cients and sources by including the underlying functions within

the solution vector and augmentihgaccordingly (se&M B.2 for examples).

Even time-independenPDEs can be recovered frofl) by taking thelong-time limit i.e.,
limy: U= T, which will be the solution of the (generic) time-independent PDE,

L u(x);r xU;r 2u;::: =0; 8x2D; B(u=0; 8x2 @D: (2

Solutions of the PDK1) are given in terms of the underlyirsplution operatorS: [0; T] X 7! X
such thatu(t) = $(t;a) is the solution of(1) at any timet 2 (0;T). Given a data distribution
2 Prob(X), theunderlying operator learning task (OLT9,

OLT: Given any initial daturma , hd an approximationS  Sto the solution operato8 of
(2), in order to generate the entire solution trajectdr$ (t;a)gforall t 2 [0; T].

It is essential to emphasize here that the learned opeBatbas to generate thentire solution
trajectory for (1), given only the initial datum (and boundary conditiona} this is what the
underlying solution operat@ (and any numerical approximation to it) does.

Model Architecture. The backbone for thBoseiDoNfoundation model is provided by scOT or
scalable Operator Transformgsee Figure 2 (a-c) for an illustrated summary. scOThggarchical
multiscale vision transformer with lead-time conditionithgit processes lead tinend function
space valued initial data inpatto approximate the solution operatg(t; a) of the PDE (1).

For simplicity of exposition, we set= 2 andD = [0; 1]* as the underlying domain. As in a vision
transformer 14], any underlying input is rstpartitioned into patches and (linearly) embedded into a
latent spaceAt the level of function inputa 2 C(D;R"), this amounts to the action of tipatch
partitioning and embeddingperatoiv = E(a), with E de ned in SM (12). This operator transforms

the input function into a piecewise constant function, which is constant within patches (subdivisions
of the domairD), by taking weighted averages and then transforming these piecewise constant values
into aC-dimensional latent space resulting in outpu2 C(D; R®). In practice, a discrete version

of this operator is used and is describe®M A.2.



Figure 2: (a) scOT, the model underlyiRpseiDoN (b) SwinV2 Transformer block; (c) Shifting
Window over patch-based tokens with window (patch) boundaries with black (white); (d) all2all
Training for time-dependent PDEs.

As shown in Figure 2 (a), this patch embedded output is then processed through a seqGeving Bf
transformerblocks [38, 37], each of which has the structuréssf: : C(D;R®) 7! C(D; R°),

Vo= SW(v: 1)= vP+ LN ;i 5 (MLP o)
vP=v. 1+ LN (W MSA(v 4)):

for layer index =1;:::; L. The main building block of a SwinV2 transformer blo@ (see Figure

2 (b)) is thewindowed multi-head self attentimperator de ned inSM (14) (seeSM A.2 for its
discrete version). In particular, the attention operator acts only inside each window, which is de ned
by another (coarser) sub-division bf (see Figure 2 (c)), making it more computationally ef cient
than a standard vision transformé#]. Moreover, the windows are shifted across layers, as depicted
in Figure 2 (c), so that all the points in the domain can be attended to, by iteratively shifting windows
across multiple layers, s&M A.2 for a detailed description of the SwinV2 block.

®3)

The MLP in(3) is de ned bySM (15). We follow [55] to propose dime-conditioningstrategy by
introducing aead-time conditionethyer norm in (3),

N o o= @ 8,
— 1 >€ .2 — 1 )G 2. (4)
V0= 5 it J0= 5 ) e
i=1 j=1
Here, (t)= t + —and (t)= t + ,withlearnable; 7 ;  although more general (small)

MLPs can also be considered. This choice of time embedding enainésuous-in-time evaluations

Finally, as depicted in Figure 2 (a), the SwinV2 transformer bl¢8ksire arranged in a hierarchical,
multiscale manner, within a U-Net stybncoder-decodearchitecture 11], by employing patch
merging (downscaling) and patch expansion (upscaling) operationsSige 2 for a detailed
description). Moreover, layers at the same scale, but within the encoder and decoder stages of scOT,
respectively, are connected througbnvNeXtonvolutional layers [39], speci ed iBM A.2.

Training and Inference. We denote scOT bg : [0;T] X 7! X, with trainable parameters

2 RP. For scOT to approximate the solution opere8af (1), the parameters need to be
determined by minimizing the mismatch between the predictions of scOT and ground truth training
data, given in the form of trajectorié§(tyx;a)g, for0 k K andl i M, withg and
O=tp<ti<:iitgy <:::<tg = T, being the time points at which the data is sampled. We
assume that the data is sampled at the same timepoints for each sarfagplsimplicity. For training,
it is natural to consider the loss function,

1 WX

MK+D) im0

L():= kS (tk;a)  St; @ikl p(p)y; (5)



with the (spatial) integral if5) being replaced by a quadrature at some underlying sampling points
andp =1 in our paper. Thus, we us€ + 1 samples per trajectory in order to train our model.

Given the fact that scaling up available training data is necessary for successful foundation models
[23], we propose aovel training strategyhat further leverages thetructureof the time-dependent
PDE (1) to increase the amount of training data. To this end, we consider the modi ed loss function,

bl X
B()= St tautd) St taut)K,o) 6
i=1 k;k=0:k k

with u; (tk) = Htk;a) (approximately) solvind1) and i@ . In other words, we
leverage the fact that the solution operato(lfpossessessemi-group propertand one can realize,

ut )= St;a= St tu)= St tSta);80 t t T, (7)

and any initial conditiora. We term this use of all possible data p&iogty); u(t,)) with k  k,
see Figure 2 (d) for a visual representation, within a trajectosflaall training and observe that it
allows us to utilizequadraticO(K 2) samples per trajectory, when compared to the lieaamples
used for training corresponding to thanilla loss function(5). In practice, we consider a relative
form of Equation 6 to balance out different scales of different operator outputSMe&efor details.

— (K+1)( K +2)
= ==

Once scOT has been trained with (stochastic) gradient descent to nd a (local) minimefithe
all2all loss function(6), the trained model, denoted &s can be deployed for inference for any initial
conditiona 2 X and for anyt 2 R, by directly applyingS (t;a) to provide continuous-in-time
evaluation of the entire trajectory. However, it might be advantageous to infer aisiogegressive
rollouts [36]. To this end, we consider a sequefice t, <t, <:::<t = t. Then, the rollout,

Sta) S t t ;S (::iS (t, t;S (t;@) ; (8)
of successive applications of the trained scOT approximates the solution operator at any time

Pretraining. The key point in the development of any foundation model igtte¢raining step, in

which the model is trained on a diverse set of data distributions, rather than just on data drawn from
one speci ¢ operator. To formulate pretraining and subsequent steps precisely, we introduce index
sets ; andlet 2 and 2 correspond to indexing the PDE type and the data-distribution,
respectively. To see this, we xany2 ; 2 and tag the differential and boundary operators
L;Binthe PDE(1)byL andB . Similarly the initial distribution in (1)is tagged by and the
resulting solution operator for PDE) with L ;B and initial datuma is denoted bys' . In

other words, ; indexes the entire set of PDEs and data distributions that we consider.

Next, we x index sets,P andb and consider a set of PDE$), indexed by 2 P
and with data distributions , indexed by 2 b as thepretraining datasetwhich consists of the
corresponding trajectoriebS: (t; )g, foralltandall(; )2 (P;9 .

Let n® be the maximum number of components of the solution vectors for all the operators in
the pretraining dataset. By including additional (constover space and time) components, we

augment the relevant solution operators (for which the number of components isrbbebachh that
foreach 2 b; 2 b allthe input functions have the same numben?)fcomponents (channels).
These inputs are fed into a scOT model” : [0;P] LP(D;R"’) 7! C([0; P];LP(D:R"")), with

P being the supremum over all the nal times in the pretraining dataset. The trainable parameters

of this pretrained model are then determinedfigimizing the mismatch between model predictions
and ground truth over all PDEs and data distributions in the pretraining datesstlting in,
X
b= PP ith = argmin , i b (); 9
bjib 9)
FIEE 56 50

with IP:  obtained by replacing andS in (6) with S and b;b, respectively.

: . . : b
Finetuning. To netunethe pretrained foundation modelb’ for any downstream task, correspond-
ing any speci c solution operat®' forany 2 ; 2 ,we decompose the vector of learnable



parameters 2 RPas =[P e ev] withP2 RP, €2 RP, and® 2 RP andp+p+Bn = P,
with p; pn p. A gradient descent step for netuning is then written as,

8r 1 [Bi;8. @, 1=(B:8: 8] [bre;er P ()

(10)
bO =b : eg‘ = eN ; eO |ﬁ, R 2 PrOb(Rp):

Hence, during netuning, a subset of parameters the foundation model are trained from scratch
with random initializations, whereas the complementary, much larger subBanaf€, is initialized
by transferringthe corresponding parameters from the pretrained model. Wi2eR, € consists

of theembedding/recovenyarameters. On the other hand, i2 P, then all trainable parameters,
including the patch embeddings/recovery, are initialized with the corresponding parameters of the
pretrained model. However, the corresponding learninggiate by in (10)is much higher. Similarly,

the time embedding® , i.e., the trainable parameters in the layer-norm opergfrmre always
initialized from the corresponding time embeddings in the pretrained model but netuned with a
higher learning rateN .

3 Experiments

Pretraining Dataset. We pretrainPOSEIDON on a dataset containing 6 operators, de ned on
the space-time domaj0; 1>  [0; 1]: 4 of these operators (CE-RP, CE-KH, CE-CRP, CE-Gauss)
pertain to the compressible Euler equatio@b((37)) of gas dynamics and 2 (NS-Sines, NS-Gauss)

to the incompressible Navier-Stokes equatid®s! ((31)) of uid dynamics, seeSM Table 3 for
abbreviations an@M B.1 for a detailed description of these datasets. These datasets have been
selected to highlight different aspects of the PDEs governing uid ows (shocks and shear layers,
global and local turbulent features, and mixing layers etc.). The pretraining dataset contains 9640 and
19640 trajectories for the Euler and Navier-Stokes operators, respectively, leading to a total of 77840
trajectories. Each trajectory is uniformly sampled at 11 time snapshots. Within the all2all training
procedure (Section 2), this implies a totala&input-output pairs per trajectory, leading to approx
5.11M training examples in the pretraining dataset.

Downstream Tasks.To evaluatdPoSEIDON (and the baselines), we select a suite of 15 challenging
downstream tasks, s&M Table 4 for abbreviations arf8M B.2 for detailed description. Each

of these tasks is a (variant of) well-known benchmarks for PDEs in the numerical analysis and
computational physics literature and corresponds to a distinct PDE solution operator. They have also
been selected for their diversity in terms of the PDE types as they contain linear (4) and nonlinear (11),
time-dependent (12) and time-independent (3), elliptic (2), parabolic (1), hyperbolic (4) and mixed-
type (8). The tasks also cover a wide gamut of physical processes across a range of spatio-temporal
scales. Moreover, we emphasize that each of the downstream tasksosdistributionwith respect

to the pretraining data. While 6 of them do pertain to the Euler and Navier-Stokes equations seen
in the pretraining dataset but with very different data distributions, the remaining 9 involve PDEs
not seen during pretraining. These include 3 (NS-Tracer-PwC, FNS-KF, GCE-RT) which add new
physical processes (tracer transport, forcing, gravity) to the Navier-Stokes and Euler equations. 3
more (Wave-Gauss, Wave-Layer, ACE) involve completely new time-dependent PDEs (Wave Eqn.,
Allen-Cahn Eqgn.) and the nal 3 (SE-AF, Poisson-Gauss, Helmhelten consider time-independent
PDESs which is in stark contrast to the pretraining dataset where only 2 time-dependent PDEs are
covered. For these steady state PDEs, we netune them by using the interpretation of the PDE
(2) as along-time limitof the time-dependent PD@) with a normalized lead time dff. Finally,

the tasks have also been selected to probe the ability of the foundation model to handle different
task or operator typesTo this end, we point out that all the operators in the pretraining dataset
simply map the initial conditions to the solution at later times in time-dependent uid ows on the
two-dimensional unit square witheriodic boundary conditionaVhile some of the downstream tasks

(8 out of 15) do pertain to this type of operators, the remaining (7 out of 15) tasks involve different
types of operators which include operators mapping the coef cients or PDE parameters to the PDE
solution (5 out of 15), forcing term to the PDE solution (2) and domain shape to the PDE solution.
Moreover, many of the downstream tasks are with non-periodic boundary conditions while one of
them is even on a non-Cartesian domain. Thus, these downstream tasks deviate from the setup of the
pretraining operators and provide a hierarchy of challenges for any foundation model.



Models and Baselines.We consider three differeROSEIDON models: i) POSEIDON-T with

21M parameters, iiPOSEIDON-B with 158V parameters, and iilPOSEIDONL with 629V
parameters. The detailed speci cations of each of these models is providdd @1 1. As baselines,
in addition to the standalone scOT, we use trained from scratch neural operators in the form of the
widely used FNO 33] and recently proposed CN®(], each augmented with time-conditioned
instance normalizations. Foundation model baselines are provided by MPP-aVIT (WEPBRh we
also pretrain a CNOg0] model (see details iBM C.5) on our pretraining dataset, resulting in an
additional foundation model baseline termed CNO-FM, SkEC for details on baselines.

Evaluation Metrics. All the models and baselines are evaluated on each task in terms of the relative
L? error at the underlying nal time. This choice is motivated by the fact that errors tend to grow over
time, making nal time prediction harder than any time-averaged quantitieSge®.6.3. This also
corresponds well to the interpretation of time-independent PDEs as long-time linfits &bllowing

[23] that advocates this approach for LLMs, we evaluate all models in termsatihgcurves which

plot the test error for each task vs. the number of task-speci c training exampleSMsBel. To
extract further information from scaling plots, we introduce two evaluation metrics,

Es(FNO)

AG S(model) = m,

EG s(model) := 2; whereEg(model) = Es(FNO); (11)

with Es(model) being the relative error (at nal time) for the model withtrajectories. Thus,
Accuracy GainAG s measures how accurate the model is w.r.t. FNO for a given nunfeaf (
samples whileef ciency GainEG s measures how much fewer (greater) number of samples the
model needs to attain the same error level as FNO train&@lsamplesAG is the relevant metric

for thelimited computeegime whereakG is relevant for thdimited dataregime.

PosEeIDON performs very well on all downstream tasks.From the scaling plotSM Figures 7

to 21, we observe th&oseiDoNreadily outperforms FNO oall the 15 downstream task$ his
point is further buttressed by Table 1, where B@ andAG (11) metrics are presented (see also
SM Table 8 for these metrics for tHeoseIDON-B and -T models). We observe from this table that
PosEeiboNrequiresfar fewertask speci c samples to attain the same error level as FNO does with
S = 1024 samples for time-dependent PDEs<£ 4096 for time-independent PDES). In fact, there
are 4 tasks for which a mere 3 task-speci c samples suf cédH08EIDON1O attain the same error

as FNO with 1024 samples. Fro8M Table 9, we observe that, on an average (median), only 20
samples are needed fBOSEIDON-L to reach the errors of FNO with 1024 samples and in 13 (of the
15) tasksPosEIDON-L needs an order of magnitude fewer samples than FNO. Similarly from Table
1 andSM Table 9, we see that for the same numigr=(128 for time-dependent, anfl = 512

for time-independent PDES) of sampl@9sSeEIDON-L has signi cantly lower error than FNO, with
gains ranging from anywhere betwetdPoto a factor of 25, with the mean gain of accuracy being
anentire order of magnitude

Among the trained-from-scratch neural operator baselines, CNO and scOT are comparable in perfor-
mance to each other, while both outperform FNO signi cantly on almost all tasks (see Table 1 and
SM Table 9). HoweverPoseIDONis much superior to both of them, in terms of gains in sample

ef ciency (median gain of an order of magnitude) as well as accuracy (average gain of a fagtor of

PosEIDON generalizes well to unseen physicsThis impressive performance ®0OSEIDONIs
particularly noteworthy as all the downstream tasksoarteof-distributionwith respect to the pre-
training dataset. This performance is also consistent across the 9 tasks which involve PDESs not seen
during pretraining POSEIDONIs the best performing model on 8 of these tasks, including all the
time-dependent PDEs. It is only for 1 of the time-indepedent PDEs, which constitute the hardest
generalization challenge, thBbseiboNis outperformed by CNO, but only marginally. These results
underscore the ability d?oseiDONto learn completely new physical processes and contexts from a
few downstream task-speci ¢ samples.

Architecture of the foundation model matters. We observe fronsM D.1 and Table 1 (see also

SM Table 9) thafPoseiDoNoutperforms CNO-FM clearly on 14 out of 15 downstream tasks. On
average (median over all tasks), CNO-FM requires approximately 100 task-speci ¢ examples to
attain the error levels of FNO with 1024 samples, whef@aseEIDONoONly requires approximately

20. As CNO-FM and?oselDONhave been pretrained on exactly the same dataset, this difference in
performance can be largely attributed to architectural differences as CNO-FM is based on multiscale
CNNs, in contrast to the multiscale vision transformer which is the backbone sfiBoN



Table 1: Ef ciency gain EG (11) with S = 1024 for time-dependent an8 = 4096 for time-
independent PDEs) and Accuracy Galt$) ((11) with S = 128 for time-dependent anfl = 512
for time-independent PDES) for all models and downstream tasks.

Pretrained Models Models trained from Scratch
PoseiponL  CNO-FM MPP-B CNO scOT FNO
EG AG EG AG EG AG EG AG EG AG EG AG

NS-PwC 8906 247 166 33 74 23 37 15 54 20
NS-SVS 5029 7.3 596 31 348 22 732 34 102 1.2
NS-BB 5525 293 106 39 46 26 27 17 34 21
NS-SL 219 55 04 08 03 08 08 12 03 08
NS-Tracer-PwC 498 87 178 36 85 27 46 19 46 19
FNS-KF 625 74 132 27 20 16 31 15 33 09
CE-RPUI 3522 65 332 23 00 12 125 18 156 21
CE-RM 46 12 06 10 00 02 17 11 04 10
SE-AF 3.4 12 48 13 22 11 55 15 12 1.0
GCE-RT 53 20 12 10 00 03 12 14 11 11
Wave-Layer 465 6.1 56 22 00 09 114 3.0 130 29
Wave-Gauss 62.1 56 6.0 18 00 08 140 26 92 21
ACE 170 116 17 20 00 03 45 46 65 52
Poisson-Gauss 425 205 250 92 170 73 211 70 98 53
Helmholtz 783 6.1 540 51 224 3.0 689 73 604 9.0

RPlRr|RPr|R[RP|R[P|R|[R|RP|RPR|RP|R|FP,|R
RlRr|RPr|R[P|R[P|R|[RP|RP|R|RP|R|FP|R

The second baseline foundation model, MPP-B48 [is based on a transformer with axial attention
and is pretrained on the PDEBench datagé}.[However, it has been trained to predict the next time
step, given a context window of previous time steps, with = 16 as the default. We emphasize that
this next step prediction, given a context windowes not solve the underlying operator learning task
OLT directly asOLT requires that the entire trajectory needs to be generated, given the initial data.
Hence, we had to netune the pretrained MPP model with varying context windows (starting with
window size of 1), se&M C.6 for details. We see from Table 1 a8 Table 9 that the netuned

MPP modestly outperformed FNO on some (8 out of 15) of the downstream tasks but it failed on the
rest of them, where MPP simply could not attain the error levels of FNO, as it did not converge or
even blew up with increasing number of downstream samples (see scaling [Bdtsin).

In this context, it can be argued that tReseiDON-L model is larger in size than both CNO-FM and
MPP-B and perhaps, it is this size difference which explains the differential in performance. However,
this is far from the case. As shown in all the scaling plotSbf D.1 andSM Tables 8 and 9, both
CNO-FM and MPP-B are signi cantly inferior to theoseIDoN-B model, which is comparable in

size. In fact, we can see from these tables that eveRdis=IDONT model, which is an order of
magnitude smaller in size, outperforms CNO-FM and MPP-B handily. It also readily outperforms all
the trained-from-scratch neural operators (CNO, FNO and scOT) which are of comparable size to it,
leading us to conclude that it is the combination of the pretraining dataset as well as the underlying
architecture, rather than just model size, that underpins the superior performarezebBN

PosEIDON scales with model sizeNevertheless, the model size BbseiDONdoes matter. As

seen fromSM Figure 22, both the training as well as evaluation (validation) errors on the pretraining
dataset clearly decrease with increasing model siZ#osfEIDON However, does this scaling with

model size lead to any impact on the performance of these models, when netuned on downstream
tasks? We see from the scaling plotsSK D.1 thatPOSEIDON-L consistently outperforms the
smallerPOSEIDONB on most downstream tasks. This trend is reinforce@MyTables 8 and 9,

where we nd that, on an average, increasing model size correlates with a consistent decrease in test
error as well as an increase in sample ef ciency of the pretrained model on downstream tasks.



PoOSEIDON scales with dataset sizeln SM Figure 23, we show how by increasing the size of the
pretraining dataset, in terms of the number of trajectories, the training and validation losses for the
pretrainedPOSEIDON-B model decrease. Moreover, frddM Figures 24 to 38, where we plot the

test error versus number of downstream task-speci c samples for 2 different mBdels|DON-B

trained on the full pretraining dataset and on one-eighth of the pretraining dataset, we nd that for
most (9 of the 15) of the downstream tasks, increasing the number of samples in the pretraining
dataset, by an order of magnitudimes lead to signi cantly greater accuraeyen at the downstream

task level. For the remaining tasks, the models trained with less data are either on par or marginally
inferior to the model trained with the full dataset.

The quality/diversity of the pretraining dataset matters. To demonstrate this point, we consider

two different datasets: one in which half the trajectories of the pretraining datas&idenbonB are
randomly dropped (from every operator), and the other where less diversity of the pretraining dataset
is imposed by dropping all the trajectories corresponding to 3 out of 6 operators, namely CE-CRP,
CE-Gauss and NS-Sines. Thus, the total size of both datasets is the same but one is clearly less
diverse than the other. The respectR@seEIDON-B models are then evaluated on all the downstream
tasks. As showisM Figures 24 to 38, the model trained on less diverse data performs worse than its
counterpart on 10 out of the 15 tasks and is on par on 4 of them. Thus, we demonstrate that in a large
majority of downstream tasks, the quality/diversity of the pretraining dataset matters.

How doesPOSEIDON generalize to unseen physicsih order to understand theurprisingability

of POSEIDONtO generalize so well to unseen aagriori unrelated PDEs and physical processes
downstream, we present three case studi€&MrD.4 to uncover some of the inner workings of this
foundation model. In particular, we rst consider the CE-RPUI downstream task. This task pertains
to the compressible Euler equations, which are included in the pretraining dataset. However, the
underlying initial data distribution is not seen during pretraining, making thedashf-distribution

We show inSM D.4.1, howPOSEIDON leverages different features of different operators from
the pretraining dataset to learn this task accurately with very few sampleSNs&&gure 39). In
particular, the diversity of the pretraining dataset is more instrumental in ensuring better generalization
to this unseen initial condition than the size of the dataset.

In SM D.4.3, we study the Poisson-Gauss task to understand arguably the most surprising nding
about thePoseiDoN foundation models, i.e., their ability to generalize well to PDEs that are
completely unrelated to the Euler and Navier-Stokes equations of uid dynamics. This task pertains
to the Poisson equatiof®8) with a forcing term, which is a superposition of Gaussians. The
task is very different from those seen during pretraining in multiple ways, namely the underlying
PDE is not only time-independent (in contrast to the time-dependent PDEs of pretraining) but also
elliptic (whereas the PDEs during pretraining are either hyperbolic or convection-dominated) and
the boundary conditions are Dirichlet (instead of Periodic) leading to very different physics, that
of diffusion and smoothing, being manifested for this task, when contrasted with the physics seen
during pretraining which is dominated by transport, shock wave propagation and uid mixing. Given
this context, one would not expelebseIDONto perform well on this task. Yet, frol8M Figures

20 and 74, we know thaosEIDON performs exceptionally well, learning the solution operator
accurately with a few samples. As we elaborat&M D.4.3, POSEIDON does not use the rst

few training examples tiorgetthe physics that it has learned during pretraining and learn the new
physics for this task after that. Rather surprisingly, as illustrat&MrFigure 43, already witlone

task speci c training examplédRoseIDONoutputs an (approximation of the) input, rather than the
expected dynamic evolution of uids with Gaussian inputs (S&&Figures 56 and 60) seen during
pretraining. Then, with very few (16) examples, it is able to learn the rudiments of diffusion and
smoothing of featuresSM Figure 43), which are characteristics of elliptic equations. To further test
how the foundation model leverages physics representations learned during pretrairfiogetie

latent space by only netuning the embeddings and freezing the latent space parameters by setting
b = b forallr,in (10)for netuning. As shown in 6M Figure 44), even thifozen latent/ersion

of POSEIDONIs very effective at learning the underlying solution operator, demonstrating that very
rich physical representations were learned during pretraining.

Further results on the robustnessRafseipDoNfor different factors and ablations as well as compar-
isons with other foundation models is providedSh D and details of computational resources are
described ir6M E.



4 Discussion

Summary. In this paper, we have presentedselDoN, a family of foundation models for learning
PDEs. The backbone #foseiboNis scOT, a multiscale vision transformer with shifted-windowed
(SwinV2) attention that maps input functions (initial data, coef cients, sources) etc. to the solution
(trajectory) of a PDE. Lead-time conditioning through a time-modulated layer norm allows for
continuous-in-time evaluation and a novel all2all training strategy enables the scaling up of training
data by leveraging the semi-group structure of solutions of time-dependent POE&IDONis
pretrained on a diverse large-scale dataset of operators for the compressible Euler and incompressible
Navier-Stokes PDEs. Its performance is evaluated on a challenging suiteat-d-distribution
downstream tasks covering a wide variety of PDEs and data distributl@seIDON displays
excellent downstream performance and is the best performing model on 14 of the 15 tasks. In
particular, it requires orders of magnitude (mediaB®@ffewer task-speci ¢ samples to attain the
same error as the widely used FNO. This large gain in sample ef ciency as well as order of magnitude
gains in accuracy also holds for PDEs that are not seen during pretraining, making us conclude that
PoseiDoON generalizes well tmew physics POSEIDON also scales with model and dataset size,
with respect to pretraining and even downstream task performance. To the best of our knowledge,
this is the rst time that it has been clearly demonstrated that by pretraining on a very small set
of PDEs, a foundation model can generalize to a wider variety of unseen and unrelated PDEs and
data distributions downstream. Thus, we provide an af rmative answer to the very fundamental
question of whether foundation models for PDEs are even feasible. Moreover, we investigate possible
mechanisms via whicRoseIDONcan effectively leverage representations, learnt during pretraining,

to accurately learn downstream tasks by netuning on a few task-speci c examples. Our case
studies suggest hitherto undiscovered relationships between different PDEs that enable this transfer
to materialize. Finally, all the models are made publicly available, as well as the pretraining and
downstream datasets are open sourced in thed®Ecollection.

Related Work. Foundation models for PDEs are of very recent vintage. The foundation model
of [67] is limited to very speci c elliptic Poisson and Helmholtz PDEs with a FNO backbone
whereas ICONT4] considers a very small 1-D dataset. Neither of these models are comparable in
scope toPOSEIDON Universal physics transformer$] femploys transformers but its focus is on
incompressible uid ows and the ability to generalize across Eulerian and Lagrangian data. Thus,
a direct comparison witROSEIDONIs not possible. On the other hand, MRIRJ[and DPOT [L9]

are designed to be general purpose foundation models for PDEs that can be compPared tioN

We have already extensively compared MPP WWtsEIDONIN Section 3 to demonstrate the very
large superiority oPOSEIDONacross various metrics. Although DPOT has a different architecture
(Adaptive FNO) and was trained on more datasets than MPP, it follows a similar training and
evaluation strategy of next time-step prediction, given a context window of previous time-steps. As
argued before, this does not solve the operator learning task of generating the entire trajectory, given
initial data. At the time of writing this paper, DPOT was not publicly available but it was released by
the time this paper has been revised, enabling us to modify the ne-tuning procedure of DPOT and to
perform comparisons between it aRdseIiDON While directing the interested reader3M D.5

for details, we summarize our ndings by observing tRatseiboNmodels are signi cantly better
performing than DPOT foundation models, both in terms of accuracy and sample ef ciency.

Limitations. The range of PDEs and underlying data distributions is hugeéParst:iDONwas only

trained and evaluated on a few of them. Although the results here clearly demonstrate its ability
to learn unseen physics from a few task-speci ¢ training examples, we anticipate that given that
it is scaling with respect to both data quantity and qualtyseIDONs performance as a general
purpose PDE foundation model will signi cantly improve when it is pretrained with even more
diverse PDE datasets in the future. In particular, pretraining with time-independent PDEs (particularly
elliptic PDESs) as well as a larger range of time-scales in time-dependent PDEs will greatly enhance
PoseiDON The focus here was on Cartesian geometries alth®agEIDONdisplayed the ability

to generalize to non-Cartesian geometries, via masking, on the SE-AF task. We plan to add several
non-Cartesian examples in the pretraining dataset to aughteI®IDONS performance on general
geometries/boundary conditions. Moreover, given the fact BleetEIDON serves as a fast and
accurate neural PDE surrogate, its extension to qualitatively different downstream tasks such as
uncertainty quanti cation45], inverse problemsj3] and PDE-constrained optimizatioaq] is fairly
straightforward and will be considered in future work.
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A Architecture of the scalable Operator Transformer (scOT)

A.1 Operator Learning with scOT

First, we describe how scOT (Section 2 of Main Text and Figure 2) transforms function space inputs
into function outputs below.

For simplicity of exposition, we set = 2 and specifyD = [0; 1] as the underlying domain. On
this domain, an uniforncomputational grigl with grid spacing , of J2 equally spaced points
Xjiy, =(ix 3Jy) »with) =1= ,isset. Letl<p<J suchthatmodp=0 and seP = J=p.
We divide the domaiD = | Pfl D into a set ofP? non-overlapping and equal (in measure)
patches Any underlying input functiom 2 C(D;R") is thenpartitionedinto a function, that is
piecewise constant on patches amlbeddedhto aC-dimensional latent representation by applying

the operator, 0 1
X o7
v = B@) = Fo WadxX 1o (): (12)
=1 D
with F 2 R® " is alearnable matrip and the weight functidhis de ned in terms of the underlying
computational grid adV (x) = Wi x5y with denoting the Dirac measure, and the
1 jxiy 3
shared (across all patches) learnable weights given by,
1 i P
W,j, = T 1 daly P (13)
!'j modp;jy modp; otherwise

The (patched and embedded) output functiaf (12)is then processed through a sequencavahV/2
transformerblocks 38, 37], each of which has the structure 8V : C(D;R%) 7! C(D;R°), for
layerindex =1; ;L,formulated in Main Text (3).

The main building block of a SwinV2 transformer blogX) is thewindowed multi-head self attention
operator,

Z elcos(QUv(x)iK Pv(y))+ B (xy))

~ eleos(QPv(2):K M v(y))+ B! (zy)) 47
Dy p

ax
for anyv 2 C(D;R®). Here,h denotes thé-th attention headV " 2 R® ™ be the output matrix
andQ";KM:vh 2 R™ € pe thequery, keyandvaluematrices, respectively. For any two vectors
:, the cosine similarityisdened ds; i =] jj jcos(; )andB":D D 7! Risageneral
form for positional encodingsTo be more speci ¢, we uselative log position encodingsy setting
the inputs tdB ! to be the logarithm of the relative positiofis k) within the window and the function
B! itself to be a small MLP. Finally, the domain of integratiljx is simply the window where the
point of interesk lies, i.e.,1 ¢ M ?2 such thak 2 Déx. Underlying(14), is the partition of
the domain into windows such thBt = [ '(\]":i Dé, withl =~ L indexing the underlying layer

within a SwinV2 transformer block and witfl 2, denoting the number of windows. Moreover, the
windows are shifted across layers, as depicted in Figure 2 (c), so that all the points can be attended to,
by iteratively shifting windows across multiple layers/blocks.

The MLP in Main Text (3) is of the formMLP : C(D;R®) 7! C(D;R®) with
MLP (V)(X)= W  Wv(x)+ B ; (15)

. X
W  MSA (v)(x)= WP
h=1

Viv(y)dy;  (14)

for learnable weight matrica& 2 R¢ €, W 2 R¢ €, bias vectoB 2 R and nonlinear activation
function : R 7! R. The Layer NormLN in Main Text(3) is given by Main Tex{4). The remaining
operations in scOT (see Main Text Figure 2) are described in their discrete form below.

A.2 Computational Realization of scOT

The scalable Operator Transformer (scOT), forming the underlying model architectir@faroon,
is constructed as an encoder-decoder architecture. Starting from patching and embedding, embedded
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tokens are inputted into multiple stages of SwinV2 transformer blocks, each followed by a patch
merging. The encoder is connected at every level to the decoder through ConA9ebIbEks,
whereas the bottleneck is convolution-free. Finally, through patch recovery and mixup, the output is
assembled. We refer to Figure 2 (a) in the Main Text for an illustration of the overall architecture
and concrete computational realizations by presenting discrete versions of the continuous operators
described in the subsection above as well as elaborating on other operators used in scOT.

Patch Partitioning. The encoder consists of the patch partitioning operation, creating visual tokens
from n discretized (on the uniform computational grid described in Section A.1) input functions
a 2R Ji2f1; ng. IrE&achai is divided into non-overlapping patches of size p (with

p J)such thatt? = % patches arise. For an illustration, we refer to Figure 2 (c) of the

Main Text whereP = 8. Patches are combined for evexysuch that a sequencea]'f 2RP PN
j 2f1;::;P?gyvisual tokens can be fed to the embedding operation.

Embedding. Each of these patcheslisearly embedded using a shared learnable weilght 2
RC n P P (2 7)and biade 2 R® (2 7),

xXx X
(vi)i = (be)i + (W E)igcuw (ajp)k:u;v (16)
k=1 u;v =1
where( ); denotes thé-th component (forall i C)andC > n is the embedding dimension. It

is straightforward to observe théit6) is a discretization of the operat(it2), with an additional bias
term. The resulting embedding is then passed through a (time-conditioned) layer norm (see Main
Text Equation 23).

SwinV2 Stage. Ateachlevel 2f0;::;;L 19 of the U-Net-style architecture, a SwinV2 sta§e
is employed consisting df chained SwinV2 transformer blocRs ,
S=T, Ty 1 = Ta: a7

This is done in both encoder and decoder, and the same nupdfe8winV?2 transformer blocks is
used on each level.
SwinV2 Transformer Block. A SwinV2 transformer blocK is built as follows

viv)= (N A)(V)+ v (18)

T(V)=(N M )(vAv)+ vav) (19)
wherev 2 RP*## €2 s the sequence of embedded toketghe shifted-window multi-head
self-attention operatio\ the (time-conditioned) Layer Nornh) a MLP. The attention mechanism

A acts only on windows of siz®l M patches/tokens that shift from blodkto block T+, by
doing a cyclic displacement &i=2 M=2 tokens (when the sequence is interpreted in 2D; see

Figure 2 (c) of Main Text). So, with an input window2 RM* € 2,
A(v) = ConcafA1(Vv);:: Ap, (V)W o + b3l (20)

whereA;,1 | h; is attention in heatlwith the maximum number of heads depending on the
stagel, with W o 2 RS2 €2 p, 2 RC 2 being learnable parametet (). A, is then given by
|

cos((VW g + 1y2 bg)”; (VW 7))

Ai(v) = Softmax B(v)+ VW + 1y bV

(21)
with Wi ;W5 W 2 RC2 C 2= andbl,;b}, 2 RC 2= | 2 R (all learnable2 ™), cos(; )
the cosine similarityly: 2 RM” a vector of onesB(v) 2 RM* M* the relative position bias

matrix generated from the (logarithmic) relative positions of each dateh y]> within a window,
parametrized through a shared MBPfor all heads:

P( % y)= ReLU(sign( x)log(1+j xj);sign( y)log(1+j yj)I"Wg;1+bp1)Ws;2 (22)
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Wag.1 2 R2 512 by 2 R512 Wpg., 2 R2 N gre all learnable ™). Note that(21) is a
discretization of the operat¢t4) by replacing the spatial integrals therein with uniform quadrature.

The tokens, coming from the attention module are then fed to a layer r&yrifrtfie PDE to be
learned is time-independent; if it is time-dependent (also in the caBe®fIDON), it goes through a
time-conditioned layer norm [55§

1 X2
(v) = c 2 (V)i (23)
1=1
1 X2
2(V) = c 2 ((v)i (V))Z (24)
I=1
N(v;t)= (1) v () lca + (1) (25)

2(v)
with v 2 RC 2 be a token resulting from the attention modul@, R o, 1c » 2 RC 2 a vector of
ones,and (t)= W t+b , (t)= W t+ b beinglearnable gain and bia&/( ;W ;b ;b 2
RC 2 all2 ~9).
The last building block of the SwinV2 transformer block is a single-hidden-layer MLP with GeLU
[21] as pointwise activation function and four times the width of the latent dimer@io2i
M (V) = GeLU(vW 1+ bl)Wz + by (26)

withWw, 2 RC2 4C2 ph 2 R4C2 W,2 R4C2 C2 ph 2 RC? gllearnable parameters

@").

Patch Merging. At each (resolution) level of the architecture, after each SwinV2 stage in the
encoder, dinear downsampling operatioB®; is performed on the output of the stage added to
its input (additional residual connection) such that the resolution halves. This amounts to a linear

transformation on four non-overlapping, stacked patches/tokens at & thfe* © 2
Di(vit)= N(Wp,v;t) (27)

with learnablew p, 2 R 2" 4c 2 gych that the latent dimension doubles. Here, an additional
(time-conditioned) layer norm is applied.

ConvNeXt Block. Outputs from each encoder steége0 i L 2 are fed ton. chained (time-
conditioned) ConvNeXt blocks3P] Q;; for that, the token sequence is reshaped to a two-dimensional

grid of tokensy 2 RP=2' P=2' € 2' and transformed by
Qi(V;t) = ( GeLU(N (DWCOI’]\(V); t)W o1t bQ;l)W Q2 t bQ;z) W Q3tV (28)
Woiq 2 REZ 4€2 pho 2 R4C2 W, 2RYC2 €2 oy 2 RCZ Wg2 RE2? all

learnable parameterg (") andDwConvis a depthwise convolution with kernel size 7 (and a padding
of 3) and bias.

Patch Expansion. Similar to patch merging, after a SwinV2 stage in the decoder, each output token
v2RC2" js linearly upsampled througb; to double the resolution and half the latent dimension,

Ui (V; t) =N (ReShaPeN Ui, 1V); t)W Ui 2 (29)

whereW y,, 2 R€2™ €2 'w, 2 RC? €2 areboth learnable("), andReshapg) an
operation that reshapes a vector of €ze2'*? into a matrix of sizet C 2.

Patch Recovery and Mixup. Having passed through the last stage of the decoder, every patch/visual
tokenv;j 2 RC is linearly transformed back from the latent space to form patches of the discretized
output functioruP 2 RP P

x
()i =(br)il+  (WRr)ik ; (Vj)x (30)
k=1

19



where( ); denotes thé-th component (forall i ¢,) andc, is the number of components of
the discretized output functioV g 2 R% € P P andbgr 2 R are shared across tokens and

learnable 2 ~). These outputs are assembled on a grid to ferthR? 7 ¢ which is transformed
to the nal outputu with a convolution with kernel size 5 (and padding 2 to keep the dimensionality),
without bias, with all parameters being ih

Summary of Hyperparameters. In Table 2, we give an overview of the hyperparameters to
instantiate a scOT. To reduce the number of hyperparameters, we=x4, M = 16, L = 4,
[h1;h2; hs; ha] =[3;6; 12 24], andn = 2 in this work.

Table 2: Hyperparameters of scOT.
Hyperparameter Description

p patch size

M window size

C embedding/latent dimension

L number of levelsl{ 1 downsampling/upsampling operations)
ti number of SwinV2 transformer blocks in level

h; number of attention heads in level

Ne number of ConvNeXt blocks at each level
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B Datasets

We describe the various datasets used for pretraining and for the downstream tasks
below. All these datasets are publicly available with tHeDEGYM collection
(https://huggingface.co/collections/camlab-ethz/pdegym-665472c2b1181f7d10b40651).

B.1 Pretraining Datasets

Table 3: Abbreviations/Summary for all the pretraining datasets. IC refers to initial conditions.

Abbreviation PDE De ning Feature Visualization
NS-Sines Navier-Stokes (31) Sine IC Fig. 55
NS-Gaussians Navier-Stokes (31) Gaussians (in Vorticity) IC Fig. 56
CE-RP Euler (37) 4-Quadrant Riemann Problem IC Fig. 57
CE-CRP Euler (37) Multiple Curved Riemann Problems Fig. 58
CE-KH Euler (37) Shear IC Fig. 59
CE-Gauss Euler (37) Gaussians (in Vorticity) IC Fig. 60

We pretrainPoseiDoNmodels and CNO-FM on a dataset containing 6 operators, de ned on the
space-time domaif®; 17  [0; 1]. We include2 operators governed by the Navier-Stokes equations
(NS-Sines, NS-Gauss) aAdperators governed by the Compressible Euler equations. The pretraining
datasets encompass problems that exhibit a wide range of scales and complex, nonlinear dynamics.

Thelncompressible Navier-Stokes equatiofisuid dynamics are given by
u+(u r)u+trp= u;, divu=0; (31)
in the domainD = [0; 1] with suitable boundary conditions. Here, [0;T] D 7! R? is the

velocity eld andp: [0;T] D 7! R. isthe pressure. In this work, a small viscosity 4 10 4
is only applied to high-enough Fourier modes to approximate the inviscid limit.

To generate the pretraining data, all the benchmarks for the Navier-Stokes equations are simulated
until the timeT = 1. Furthermore, we stor2l snapshotsf the numerically simulated velocity

eld u, uniformly spaced in time. Each snapshot has a spatial resolutib?28of 128 The initial
conditions are drawn from various distributions, which we will describe later. The distribution of
these initial conditions is crucial for determining the complexity of the samples and the overall
dynamics.

All the Navier-Stokes experiments, both for the pretraining dataset and the downstream tasks, are
simulated with the followingspectral methodFix a mesh width = Ni for someN 2 N. We
consider the following discretization of the Navier-Stokes equations in the Fourier domain

8

<@ +Py(u ru)+rp "N(Qn u)

orou =0 (32)
" U ji=0 = PnUg

wherePy is thlg spatial Fourier projection operator mapping a fundtipgt) to its rst N Fourier
modesPn =, fk(t)€% X. The arti cial viscosity term we use for the stabilization of the
solver consists of a resolution-dependent viscdsityand a Fourier multiplieQy controlling the
strength at which different Fourier modes are dampened. This allows us to not dampen the low
frequency modes, while applying some diffusion to the problematic higher frequencies. The Fourier
multiplier Qy is of the form X

Qn (x) = Qe : (33)
k2zd;jkj N
In order for the solver to converge, the Fourier coef cient€af need to ful Il [69, 70, 31]

1

O =0 forjkj my;l TTT G 1 (34)
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where we have introduced an additional parameter0. The quantitiesny and"y are required to
scale as 1 1

. - < < 7:
my N VN N,O 2 (35)

For the experiment described here, we chaose = P N, "y = &% andN = 128. This gives rise
to the viscosity 4 10 * mentioned above. The Fourier multiplies, are chosen according to
[30] and are equal to

jki
Ko
The Navier-Stokes simulations were performed withAZé&=BANspectral hyperviscosity codéZ].

QRMN=1 exp (36)
The Compressible Euler equations of gas dynamiegyiven by
up+div Fuy=0;u=[;v;E I’;F=[v;v v+pl;(E+p°; (37)

in the domair{0; 1] with suitable boundary conditions, with densityvelocityv = [ vx; vy ], pressure
p and total Energ¥ related by the ideal gas equation of state:

p

1
E=Cju?+ ; 38

> ul 1 (38)
where = 1:4. All the trajectories are simulated until timle = 1. The simulations for the
compressible Euler equations were performed withAh8VINN[44] code, which is based on a
high-resolution nite volume scheme with piecewise quadratic WENO reconstructions and HLLC

Riemann solvers.

During pretraining, our goal is to predict four variablgsv «; vy ; p], where represents densityy

is the horizontal velocityyy is the vertical velocity, ang is the pressure. As in the Navier-Stokes
benchmarks, all the trajectories for compressible Euler are simulated untiTtim&. Furthermore,

we store21 snapshotef the numerically simulated solution, uniformly spaced in time. Each snapshot
has a spatial resolution @28 128 though being generated 612 512and downsampled.

Next we describe each constituent of the pretraining dataset (summarized in Table 3)
B.1.1 NS-Sines

This dataset considers the incompressible Navier-Stokes equélingith the following initial
conditions,

x
U(GY) = Pe——=sin(2ix + ij)sin@jy + ij)
= 2 (+])
" (39)
ud(x;y) = p—21—cos(2ix + j)cos2jy + i)
ij =1 2 (I + J)
where the random variables are chosenigs U | 1.1}, ij U2, and i U o 1. The

number of modepis chosen to bp = 10. Thus, the initial conditions amount to a linear combination
of sines and cosines.

The underlying solution operat&t; ) is given byS(t; ug;y) = Uyy (t), with uy; uy solving the
Navier-Stokes equations (31) with periodic boundary conditions.

We generated 20000 NS-Sines trajectories of which the rst 19640 belong to the training set, the
next 120 to the validation set, and the last 240 to the test set. Note that we included 11 time steps
in the pretraining dataset, with every other time step selected, starting from step 0 up to step 21. A
visualization of a random sample and the predictions madedseIDON-B (trained onl28training
trajectories) is shown in Figure 55.

B.1.2 NS-Gauss

Given a two-dimensional velocity eld = ( uy;uy), its vorticity is given by the scaldr = curl u =
@uy @uy. Note that, for any time, the velocity can be recovered from the vorticity using the
so-calledstream functiorj47].
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For this dataset, we specify the initial conditions for the Navier-Stokes equations in terms of the
vorticity given by,

oy) = exp G XY W) (40)

=1 ! 2i2

where we chosp = 100 Gaussians with; U [ 1.1, i U .01;0:1 Xi U o;17, @andy; U po.9.
Thus, the initial vorticity eld is a superposition of a large number of Gaussians. The initial velocity
eld is then recovered from the vorticity.

The underlying solution operat&t; ) is given byS(t; ug;y) = Uyy (t), with uy; uy solving the
Navier-Stokes equations (31) with periodic boundary conditions.

We generated 20000 NS-Gauss trajectories with the same train/validation/test split and time-stepping
as for NS-Sines. A visualization of a random sample and the predictions maRted®rDON (128
training trajectories) are shown in Figure 56.

B.1.3 CE-RP

The well-known four-quadrant Riemann problem is the generalization of the standard Sod shock tube
to two-space dimensiong7). It is de ned by dividing the domai = [0;1]? into a grid ofp p
square subdomains

1

Dy = 2T S X< il

i j
= <=
p p Y p
whereT? is the 2d torus. We xp = 2 for this problem.

The initial data on each of these subdomains is constant and given by,

(osveiviPo) = (g s (Vi 5 (V)i 5By )

By sampling ] U [0:1:1] (Vx)i;j U [ 11 (Vy)i;j U [ 11 andpi;j U [0:1;1] we obtain a_
stochastic version of the four-quadrant Riemann problem, which also generalizes the stochastic shock
tubes of [50] to two-space dimensions.

The underlying solution operat&t; ) is given byS(t; o;VQ;y vPo) = [ (1); vy (1); p(t)] solving

the compressible Euler equations (37) with periodic boundary conditions.

We generated 10000 CE-RP trajectories where the rst 9640 trajectories belong to the training set,
the following 120 to the validation set, and the last 240 trajectories to the test set. The time-stepping

is the same as for NS-Sines and NS-Gauss. A visualization of a random sample and the predictions
made by BSEIDON(128 netuning trajectories) are shown in Figure 57.

B.1.4 CE-CRP

This dataset corresponds t@arvedand multi-partitioned version of the CE-RP dataset. To de ne it,
we denote the fractional part &f2 R asfxg := x bj xjcsgnx and de ne the functions

W . . .
x(xry) = xij SINQIX +Jy + xij )
i =1

xXP
y(Xy) = yij SIN2IX +jy + yij )
ij =1
where ;i U o101 and wij U p,17. These functions are then used to create a partition of
the domain into curved subdomains,

I:)i:j :f(X;y)ZTZijin fx+ X(X;y)+1g<xmax;)/min f y+ y(X;y)+1g<Yman:

With Xpmin = pr Xmax= Sy = p'Tl andymax = Jpﬁ . Finally, the initial conditions are given

by

(Vi VysPit=o = ( i 5 Uij Vi s Pij ) In Di;
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where i U 0.1 (Viy U 1 (Wi U 1, andp;; U o.1:1). A visualization of a
random sample of the initial conditions is shown in Figure 58 and illustrates how this problem is a
curved, multi-partitioned version of the standard stochastic four-quadrant Riemann problem (CE-RP).
The underlying solution operat&t; ) is given byS(t; o;Vfﬁ;y vPo) = (t); vy (1); p(t)] solving

the compressible Euler equations (37) with periodic boundary conditions.

We generated 10000 CE-CRP trajectories with the same train/validation/test split as CE-RP. The

time-stepping is the same as for NS-Sines and NS-Gauss. A visualization of a random sample and
the predictions made bydsEIDON(128training trajectories) are shown in Figure 58.

B.1.5 CE-KH

This is a well-known benchmark of compressible uid dynamics that corresponds to the well-known
Kelvin-Helmholtz instability [29]. A modern version is presented, for instance, in [16].

The underlying initial data is,

(1;0:5;0; 2.5) ify< 025+ g(x)ory> 0:75+ 1(x)

(Vi VyiPli=o = (2; 05,0;2:5) otherwise

The perturbationsg and ; are given by

" X
i(X) = Pp - i COS(Zj (X + ij ))
=1 W oo
where" =0:05, i U p.q,and j U [o.1.
The underlying solution operat&t; ) is given byS(t; o;vf(’;y yPo) = [ (t); vy (1); p(t)] solving
the compressible Euler equations (37) with periodic boundary conditions.

We generated 10000 CE-KH trajectories with the same train/validation/test split as CE-RP. The
time-stepping is the same as for NS-Sines and NS-Gauss. A visualization of a random sample and
the predictions made bydsEIDON (128training trajectories) are shown in Figure 59.

B.1.6 CE-Gauss

As in the NS-Sines dataset, we initialize the durbf the initial velocity with a superposition of
Gaussians,
(X xi)2+(y yi)?

2 ¢

x o
Lo(xy)=  —exp
=1 |
where we chosp = 100 Gaussians with; U [ 1.1, i U .01:01, Xi U p:17, andy; U [o.45.
Then, the initial eld is generated from the vorticity by using the incompressibility condition. The
underlying density and pressure are initialized with constantsQ :1 andp = 2.5, respectively.

The underlying solution operat&t; ) is given byS(t; o;VQ;y yPo) = (t); vy (1); p(t)] solving
the compressible Euler equations (37) with periodic boundary conditions.
We generated 10000 CE-Gauss trajectories with the same train/validation/test split as CE-RP. Time-

stepping is the same as for NS-Sines and NS-Gauss. A visualization of a random sample and the
predictions made by ®sEIDON(128training trajectories) are shown in Figure 60.

We remark that out of the 6 operators that consitute the pretraining dataset, 2 of them (CE-KH and
CE-RP) are well known in the literature where as the other four (NS-Sines, NS-Gauss, CE-Gauss,
CE-CRP) are novel to the best of our knowledge.

B.2 Downstream Tasks

Next, we describe the suite of downstream tasks on wR@beEIDONand baselines are evaluated.
The list of tasks is summarized in Table 4.
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Table 4: Abbreviations/Summary for all the downstream tasks. IC and RP stand for initial conditions
and Riemann problem, respectively. Datasets where (*) is checked mark datasets where solutions are
learned depending on PDE parameters/sources/coef cients.

Abbreviation PDE *) De ning Feature Visualization
NS-PwC Navier-Stokes (31) Piecewise constant vorticity IC Fig. 61
NS-BB Navier-Stokes (31) Brownian Bridge IC Fig. 62
NS-SL Navier-Stokes (31) Shear Layer IC Fig. 63
NS-SVS Navier-Stokes (31) Sine Vortex sheet IC Fig. 64
NS-Tracer-PwC  Navier-Stokes + Transport (51) Scalar Advection Fig. 65
FNS-KF Forced Navier-Stokes (53) X Kolmogorov Flow Fig. 66
CE-RPUI Euler (37) RP with uncertain interfaces Fig. 67
CE-RM Euler (37) Richtmeyer-Meshkov Fig. 68
GCE-RT Euler+Gravity (57) X Rayleigh-Taylor Fig. 69
Wave-Gauss Wave Eqn. (64) X Waves in Gaussian medium Fig. 70
Wave-Layer Wave Eqn (64) X Waves in layered medium Fig. 71
ACE Allen-Cahn Eqn. (67) Reaction-Diffusion Fig. 72
SE-AF steady state of Euler (37) X Flow past airfoil Fig. 73
Poisson-Gauss Poisson Eqn. (68) X Stationary diffusion Fig. 74
Helmbholtz Helmholtz Eqn (69) X Waves in frequency domain Fig. 75

B.2.1 NS-PwC

This downstream task is based on the Navier-Stokes equddn®n the space-time domain

[0; 1> [0; 1] with periodic boundary conditions. The initial conditions are based on the vorticity,
which is assumed to be constant along a uniform (square) partition of the underlying domain. To be
more speci ¢, the initial vorticity is given by,

Po(xy) = G in[xi 1;xi] [y 1] (41)

forxi = y; = 'Efori =0;1,2;:p,andg U | 1.43. The number of squares in each direction
was chosen to bg = 10. Thus, this problem is an analogue of multiflEmann problemsut on
the vorticity. The underlying initial velocity elduy (0); uy (0) is then recovered from the vorticity by
using the incompressibility condition.

The underlying solution operat&t; ) is given byS(t; ug;y) = Uyy (t), with uy; uy solving the
Navier-Stokes equations (31) with periodic boundary conditions.

We generated 20000 NS-PwC trajectories with the same train/validation/test split as NS-Sines. Note
that we included 8 time steps in the training dataset, with every other time step selected, starting from
step O up to step 14. The testing error is evaluated at the 14th time step=(i0=7). A visualization

of a random sample and the predictions madé’bgeIDON-B, CNO and FNO by 128training
trajectories) are shown in Figure 61.

B.2.2 NS-BB

(Fractional) Brownian Bridges are widely used as an initial conditions for the Navier-Stokes equations
to study statistical properties of turbulent ows in the computational physics literature, see for instance
[31] and references therein.
We generate Brownian Bridges directly in Fourier space with the following method:

X 1 X

(mn™)

W(x) = Kk SGn(X)sG (x)sc (x) (42)

3
jkja N KkKZ min; 2t 0;1g
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where

sin(x) fori =0

cosk) fori=1 (43)

sG(x) =

and the (km”‘ ) U [ 1,1- These Brownian Bridges are propagated through the discretized Navier-

Stokes system (32) from timte=  0:5tot = 0. The resulting ow elds are then taken as initial
conditions for this dataset.

The underlying solution operat&t; ) is given byS(t; uf(’;y) = Uyy (t), with uy; uy solving the
Navier-Stokes equations (31) with periodic boundary conditions.

We generated 20000 NS-BB trajectories with the same train/validation/test split as NS-Sines. The
same time-stepping is used as for NS-PwC. The testing error is evaluated at the 14th time step (i.e.

t = 0:7). A visualization of a random sample and the predictions madedseipoN, CNO and
FNO (128training trajectories) are shown in Figure 62.

B.2.3 NS-SL

The Shear Layer (SL) is a well-known benchmark for the Navier-Stokes equéBibpstemming all
the way from p], if not earlier, see31] for a modern (stochastic) version, whose variant we consider
here.

We take as initial conditions the shear layer,
8

<tanh 2 Y %25 fory+ (X)
Uo(Xy) =

1

2

tanh 2 25 Y  otherwise (44)
Vo(x;y)=0

where :[0;1]! Risa perturbation of the initial data given by

NG
(x)= + (SiN2Kkx ) (45)
k=1

The parameters are chosen tope U ¢7.5.::129 k U1, k Up2] = 0:025

Uo:08;0:12» and U [ 0:0625;0:0625] -

The underlying solution operat&t; ) is given byS(t; uS;y) = Uyy (1), with uy; uy solving the
Navier-Stokes equations (31) with periodic boundary conditions.

We generated 40000 NS-SL trajectories of which the rst 39640 are in the training split, the next
120 in the validation split, and the remaining 240 in the test split. The same time-stepping is used as
for NS-PwC. The testing error is evaluated at the 14th time ste &€.:7). A visualization of a

random sample and the predictions madd’bygeIDON, CNO and FNO {28training trajectories)
are shown in Figure 63.

B.2.4 NS-SVS

The Sinusoidal Vortex SheésVS) is another classic numerical benchmark for the Navier-Stokes
equations§1] and references therein. We consider a modern (stochastic) version3tpmefre. The
initial datum for this problem is speci ed in terms of the vorticity, by setting,

'o = o (46)
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where

Z
Lo(x)= (x ) d (47)
T2
= 2 XK (48)
80 1 1

(N= - (r +1)3 A+ 5)3 +6r3 A 5)3 +(r 13 (49)

1 xP
= f(xy)2T?jy= E+O:23in(2x)+ isin (x+ ))o: (50)

i=1
We choosep = 10 and the random variables and ; are given by ; U [0.0.003125], i U [0:1)-

The parameter is chosen to be = 3.

We generated 20000 NS-SL trajectories with the same training/validation/test split as NS-Sines. The
same time-stepping is used as for NS-PwC. The testing error is evaluated at the 14th time step (i.e.
t = 0:7). A visualization of a random sample and the predictions madedseipoN, CNO and

FNO (128training trajectories) are shown in Figure 64.

B.2.5 NS-Tracer-PwC

This downstream task is the rst of our tasks, where the underlying physics has not been completely
encountered in the pretraining dataset.

In this experiment, we focus on the important problem of transport of a passive tracer, for instance
a pollutant in a river. This tracer is carried along by the Navier-Stokes ow eld without feeding
back into the velocity. Let = ¢(x; y;t) be the concentration of the passive scalar in the uid. The
equation that goverrsis given by

@c :

@t+ urec C; (51)
whereu is the velocity eld of the uid, which in turn is governed by the Navier-Stokes equations
(31), and is the diffusivity constant. We chooseto be equal to the the arti cial viscosity term used
in the simulation of the ow (see B.1 for clari cation).

The uid velocity eld u has the exact same initial data as in the NS-PwC experiment. The tracer
concentratiort is initialized as a sphere centered in the center of the domain

Co(Xy) = 1g %(%;%)(X?YY (52)

Thus, the source of stochasticity in this problem is purely the random initial condition driving the
uid ow.

The underlying solution operat&t; ) is now given byS(t; u?; u?,; Co) = [ ux(t); uy(t); c(t)], with
Uy; Uy solving the Navier-Stokes equatiof@l) with periodic boundary conditions amdsolving the
transport equation (51).

We generated 20000 NS-Tracer-PwC trajectories with the same train/validation/test split as NS-Sines.
The same time-stepping is used as for NS-PwC. The testing error is evaluated for the 14th time step
(i.e.t =0:7). A visualization of a random sample and the predictions madedseipoN, CNO and

FNO (128training trajectories) are shown in Figure 65.

B.2.6 FNS-KF

Another downstream task which introduces a physical process that has not been encountered in the
pretraining dataset, a two-dimensional version of the well-known Kolmogorov @ modeled
by Navier-Stokes equations with a forcing term, namely

u+(u ru+rp u=f; divu=0; (53)

in the domain{0; 11> with periodic boundary conditions. The forcing tefnis chosen to be constant
in time and is equal to
f(x;y)=0:1sin(2 (x + y)): (54)
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The uid velocity eld u is initialized in the exact same way as in the NS-PwC experiment. The data
is simulated with the same method as the other ows governed by Navier-Stokes equations (see B.1
for clari cation).

We also remark that this problem can be readily recast in the generiq19imy considering the
augmented solution vectdf = [uy; uy; f ] and augmenting the PD@) with the trivial equation
fy = 0 and augmenting the initial data wi{64). The underlying solution operat&t; ) is then
given by(t; U)?;y) = [ux(t); uy(t); T ], with uy; uy solving the forced Navier-Stokes equati@hb8)
with periodic boundary conditions aridbeing given by (54).

We generated 20000 FNS-KF trajectories with the same train/validation/test split as NS-Sines. The
same time-stepping is used as for NS-PwC. The testing error is evaluated at the 14th time step (i.e.
t = 0:7). A visualization of a random sample and the predictions madedseipoN, CNO and

FNO (128training trajectories) are shown in Figure 66.

B.2.7 CE-RPUI

This downstream task considers the compressible Euler equations and is a variant of the uncertain
interface problem considered if(] as well as a (hard) perturbation of CE-RP, where not just the
amplitude of the jumps for each Riemann problem is randomly varied, but even the location and
shape of the initial interfaces is randomly perturbed. To realize this construction, we denote the
fractional part anx 2 R asfxg:= x bj xjcsgnx and de ne the functions

xP
x(X;y) = xij Sin(2 (i + 2p°)x +(j +2pY)y + xiij )
ihj =1

x
y(Xy) = yij sin(2 (i + 2p°)x +(j +2pP)y + yij )
ihj =1
where ij U [ 001,001, @nd kij U [o;15- These functions are then used to create a partitioning
of the domain into subdomains
Dij = fO6Y) 2 T?jXmin f X+ x(GY)+10<XmacYmin f Y+ y(GY)+19<Ymad:
\E)Vith Xmin = pjr—l Xmax = F')j—ll Yimin = p'Tl andymax = Jp% Finally, the initial conditions are given
y
(Vs VysPt=o = (i 5 Vi Vi 5 Pij ) in Dy
where isj U [1;3]'Vi);(j U [ 10210]’Vi);/j U [ 10;10]s andpi;j U [5;7]
The underlying solution operat&t; ) is given byS(t; o;vf(’;y 7Po) = [ (t); vy (1); p(t)] solving
the compressible Euler equations (37) with periodic boundary conditions.
We generated 10000 CE-RPUI trajectories with the train/validation/test split being the same as for
CE-RP. The same time-stepping is used as for NS-PwC. The testing error is evaluated at the 14th

time step (i.et = 0:7). A visualization of a random sample and the predictions madedsgeIDON,
CNO and FNO {28training trajectories) are shown in Figure 67.

B.2.8 CE-RM

Another well-known benchmark for the compressible Euler equaf®nss the Richtmeyer-Meshkov
problem, seeq9]. A modern (stochastic) version is provided ib6]. The compressible Euler
equations are considered with the initial data given by,

(

p_——
20 if x2+y2< 01 2 ifjxj <l (x;y;!
Po(;y) = ) P~ dait)

. X;y) = : vi=w} =0
1 otherwise. oY) 1 otherwise 0 0

(55)
We assign periodic boundary conditionsDn= [0; 1]>. The interface between the two states is given
as

X
L(xy;!)=0:25+ g (1)sin2 ((xxy)+ b(!); (56)

j=1
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[0; 1]. We normalize they suchthat ; & =1.We simulate uptd = 2.

The underlying solution operat&t; ) is given byS(t; o;vf(’;y yPo) = [ (t); vy (1); p(t)] solving

the compressible Euler equations (37) with periodic boundary conditions.

We generated 1260 CE-RM trajectories with a train/validation/test split of 1030/100/130. The
approximate solutions where generated with the FISH hydrodynamic codd,Gead references
therein which implements high-resolution nite volume schemes. We save 21 snapshots, evenly
spaced in time. The testing error is evaluated at the 14th time step€.2:4). A visualization of a
random sample and the predictions madéPygeiDON, CNO and FNO {28training trajectories)

are shown in Figure 68.

B.2.9 GCE-RT

The compressible Euler equations with gravitation (GCE) are given by,
u+div F(u)= S;u=[; v;E ’; F=[v;v v+pl;(E+p];
Q@' (57)
@y
with ;v ., ; p be as de ned in (37) and being thegravitational potential

S=[0; ;0 vx]%x+[o;o; ;o Vyl

For this experiment, we follow a well-known benchmark in astrophysics, namely the Rayleigh-Taylor
(RT) instability on a modeheutron stayrealized as a = 2 polytrope in gravitational equilibrium.

Our benchmark is a two-dimensional stochastic variant of the set@8pfJection 3.2.4, with the

only variation being provided by the random elds used to generate the initial conditions. The domain
isD =[ 1=2;+1=2] and the pressure and gravitational potential are given by

2

sin(r ) sin(r ).

p(r) = Ko o ;o ()= 2Ko o (58)
wherer = P x2 + y2is the radiusK o = po= gris the polytropic constant,
4G
T (59)

andG =1 is the gravitational constant. The initial velocity is set to vanish. The density pro le is set
as S

Ko sin(r)
ry= ; 60
M= o (60)
where (
Ko; r<rgr
K(r) = 2 (61)
1A Koy T TIgr:

Here,A is the Atwood number which parameterizes the density jump between the heavier and lighter
uid, characterizing the Rayleigh-Taylor instability. The interface between the uids is given as

rer = 0:25(1 + acos (atan2y; x) + b); (62)
where the amplituda and phasé are uniform random variables ¢n1; 1Jand[ ; ], respectively.
Similarly, we perturb the central density, pressurg, and Atwood number as

0=1+0:2c; p=1+0:2d;A=0:05(1+0:2e); (63)
wherec; d; eare uniform random variables ¢n 1; 1]. We evolve the initial state up to a nal time of
T =5 and save 11 snapshots, evenly spaced in time.

The new physical phenomena that we add in this cageaigtational forcingand the underlying solu-
tion operatoiS(t; ) is given byS(t; O;VQ;y vPos ' )= (1); vy (1);p(t);" ] solving the gravitational
Euler equations (57) with periodic boundary conditions.

We generated 1260 GCE-RT trajectories (with the same train/validation/test split as CE-RM) with
a well-balanced second-order nite volume method, as describezBjndt 256" resolution, then
downsampled td2&. The testing error is evaluated at the 7th time step, and we take every snapshot
up to and including the 7th as training data. A visualization of a random sample and the predictions
made by BseiboN, CNO and FNO 128training trajectories) are shown in Figure 69.
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B.2.10 Wave-Gauss
We consider the wave equation with a spatially varying propagation speed, i.e.

Ue  (c(x))> u=0;inD (0;T); (64)
in order to model the propagation of acoustic waves in a spatially varying medium.

The initial conditionug is given by a sum of several Gaussians whose parameters are drawn uniformly
at random. First, we draw a random integerom the sef 2; 3; 4;5;6g. Then, forl i n, we

draw two locationsXc;i;Yei U [1=6:5-6]. We x the amplitude of théth Gaussian td.0 and draw
theith standard deviatiog U [.039;0:156) Note that we restrict any two centers of the Gaussians
to be closer tha standard deviations from each other. If this happens, we draw a new point and
discard the old one. Theh Gaussian is de ned as

(Xei X))+ (Yei  Y)?

g (x;y) = exp 257 x;y 2 (0;1):
Finally, the initial conditiorug is de ned by
X
uo(xy)=  G(xy); Xxy2(0;1) (65)

i=1

We use absorbing boundary conditions. The propagation spéedpatially dependent and is

generated as a sum of Gaussians in several steps. First, a rhadespeedy is generated such

thatco U [1500:2500)- Then, we select points in the domain, namelyxs;y;) = (0:25;0:25),

(X2;¥2) = (0:25;0:75), (X3;Y3) = (0:75;0:25) and(x4; y4) = (0:75;0:75). For each point, we

de ne a random vectofdx;; dy;), wheredx;;dy; U [ o.3125.0:3125]. We also draw an amplitude

Vi U [1000:2500) Of @ Gaussian that corresponds to tHa point, as well as its standard deviation
i U p1=12:1=6). Theith Gaussian is de ned by

(xi +dxi  Xx)2+(y; +dy; y)?

fily)=vi exp 572 ,
|

X;y 2 (0; 1):

Finally, the propagation speed is de ned by
Xa

ox;y)= co+ fi(xy); xvy2(0;1):
i=1

Trajectories are generated with a nite-difference method, similar to the DeVITO @djiaf128
resolution. The nal time of all the simulations &= 1. We save 15 snapshots, evenly spaced in
time.

Thus, this benchmark models the propagation of acoustic waves, generated by seismic sources, which
propagate in a smoothly varying medium. The wave equdtidhcan be readily recast into the
generic form(1) by adding the time-derivative = u; and the coef cient into the solution vector

U =Tu(x;t); v(x;t); c(x)]. Thus, the differential operator in (1) can be rewritten as,

u=v; w=¢ u ¢=0; (66)
and the resulting solution operatorSé; Ug) = [ u(t); v(t); c].

We generated0512Wave-Gauss trajectories with a train/validation/test split of 10212/60/240. The
same time-stepping is used as for NS-PwC. The testing error is evaluated at the 14th time step (i.e.
t = 0:7). A visualization of a random sample and the predictions madedseipoN, CNO and

FNO are shown in Figure 70.

B.2.11 Wave-Layer

In the Wave-Layer experiment, we also consider the wave equation with spatially dependent propaga-
tion speed (64), initial conditions given by (65). We use absorbing boundary conditions.
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The propagation speadvaries spatially and is generated as a (vertically) layered medium, with each
layer having a constant propagation speed drawn uniformly at random. To generate one instance of
we rst draw a random integar from f 3; 4; 5; 6g, wheren represents a number of layersanThen,
foreach2 i n,wegenerate 8 dependentrontier, de ned by

i RO a . .
ai(x) = ﬁ+ Co+ i—sm(zlx );
i=1

where, rst,a values are drawn uniformly at random frdy 1) and thercy is drawn uniformly at
random from(0; 1) and it is rescaled by a constant that dependssmthat the adjacent frontiers
are impossible to intersect. Finally, a po{®ty) 2 (0;1)? is ini-th frontier if and only ifa; (x)

y a4+ (X), witha; = 0 anday,+; = 0. Each layer has a constant speed of propagation
G U pooo:5000)- Trajectories are generated by a nite-difference methotl&t resolution. The
nal time of all the simulations isT = 1. We save 21 snapshots, evenly spaced in time.

As in the Wave-Gauss benchmark, the resulting solution opera®t; ido) = [ u(t); v(t); c], with
v = u; and coef cientc. The wave-layer experiment models the propagation of acoustic waves,
generated by seismic sources, inside a layered subsurface medium.

We generated 10512 Wave-Layer trajectories with the same train/validation/test split as Wave-Gauss.
The same time-stepping is used as for NS-PwC. The testing error is evaluated at the 14th time step
(i.e.t =0:7). A visualization of a random sample and the predictions madedseiDoN, CNO and

FNO are shown in Figure 71.

We remark that both the Wave-Gauss and Wave-Layer tasks are very different from the pretraining
dataset as the wave equation is a linear second-order (in time and space) equation that is different
from the compressible Euler and incompressible Navier-Stokes equations that form the pretraining
dataset.

B.2.12 ACE
The Allen-Cahn equation for modeling phase transitions in material science is given by
2uu? 1) (67)

with a reaction rate of = 220. We consider this equation with periodic boundary conditions and
initial conditions given by

Uy = u

X
W(6Y)= o & (7+]?) “sin(ix )sin(iy )i 8xiy 2 (1)
ij =1

whereK is a random integer drawn uniformly at random fr¢h6; 32], r U [0.7.1.0) anda;;

U -

Trajectories are generated by a nite-difference methot2# resolution. The nal time of all the
simulations isT = 0:0002 We save 20 snapshots, evenly spaced in time.

The corresponding solution operatordg; ug) = u(t) and maps the initial concentration to the
concentration at time

We generated 15000 ACE trajectories with a train/validation/test split of 14700/60/240. The same
time-stepping is used as for NS-PwC. The testing error is evaluated at the 14th time step. A
visualization of a random sample and the predictions madedseiDoN CNO and FNO 128
training trajectories) are shown in Figure 72.

Again, it is essential to emphasize that the Allen-Cahn equation is a nonlinear parabolic reaction-
diffusion equation that is very different from the PDESs used in constructing the pretraining dataset.

B.2.13 SE-AF

This dataset contains the samples that describe the classical computational physics benchmark of ow
past airfoils, modeled by the compressible Euler equatidry The samples aneot time-dependent,
as we are interested in tlseeady-statsolution.

31



Figure 3: Elliptic mesh for the airfoil problem

We follow standard practice in aerodynamic shape optimization and consider a reference airfoil shape
with upper and lower surface of the airfoil are locate@ay %(x=c)) and(x; yL(x=c)) wherec

is the chord length ang, andyk, corresponding to the well-known RAE2822 airfollf]. The
reference shape is then perturbedHigks-Henne Bump functiori48] :

25 X5

V'O = v )+ alBi() v =yl )+ alBi();
i=1 i=1
. I
Bi()=sif( ) q= o =k
a-=2( ; 05)(i+1) 103 a’=2( js10 O5)21 i) 103 i=1;::;15

with 2 [0;1]°. We can now formally de ne the airfoil shape 8s= f(x;y) 2 D : x 2 [0;c]; y-
y yYgand accordingly the shape functibre 1s1(X;¥), with  being thecharacteristic function

The underlying operator of interest maps the shape funttiono the density of the ow at steady
state of the compressible Euler equations.

The equations are solved with the solver NUWTUN, st &nd references therein, @43 43
elliptic mesh (see Figure 3) given the following free-stream boundary conditions,

T =1; M! =0:729 p' =1; =2:31:

The data is ultimately interpolated onto a Cartesian grid of dimendid8s 128on the underlying

domainD =[ 0:75; 1:75F, and unit values are assigned to the densjgy) for all (x;y) in the

setS. The shapes of the training data samples correspod bomp functions, with coef cients
sampled uniformly fronf0; 11*°. During the training and evaluation processes, the difference

between the learned solution and the ground truth is exclusively calculated for the(poyijtshat

do not belong to the airfoil shag#

We generated 10869 SE-AF solutions with a train/validation/test split of 10509/120/240. A visual-
ization of a random sample and the predictions madBdgeiDoN, CNO and FNO {28training
samples) are shown in Figure 73.

We note here that this SE-AF benchmark differs from what has been seen during pretraining in many
aspects, namely i) the problem is time-independent, in contrast to the time-dependent PDEs for
pretraining, ii) the solution operator is very different as it maps a (shape) coef cient into the steady
state solution, and iii) the geometry of the underlying domain is non-Cartesian and the boundary
conditions are very different from what was encountered during pretraining.

B.2.14 Poisson-Gauss
We consider the Poisson equation,

u=f; in(0;1)?% (68)
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with homogeneous Dirichlet boundary conditions. The solution operator maps the souréetéerm
the solutionu. The source terrh consists of a superposition of a random number of Gaussians

(X xi )2+ (y y;i)2
77

X
f(x;y)= exp

i=1

with N being an integer drawn from a geometric distribut®eon{0:4), ;; yi U ;1 and
i U [0:025;0:13- Thus, this experiment models the diffusion of an input (source) which is a
superposition of Gaussians.

We generated 20000 Poisson-Gauss solutions (with a train/validation/test split of 19640/120/240)
with a nite element method based on FENICS). A visualization of a random sample and the
predictions made by ®seiboN, CNO and FNO {28training samples) are shown in Figure 74.

We note here that both the Poisson-Gauss and Helmholtz benchmarks differ from what has been seen
during pretraining in many aspects, namely i) the problems are time-independent, in contrast to the
time-dependent PDEs for pretraining, ii) the solution operator is very different as it maps coef cients
into the steady-state solution, and iii) the boundary conditions are very different from the periodic
boundary conditions, seen during pretraining.

B.2.15 Helmholtz

The Helmholtz equation models wave propagation in the frequency domain. We consider a variant of
this equation given by
u !?a(x;y)u=0; x;y2D; (69)

and Dirichlet boundary conditions
u(x;y)=b; xy2 @Db;

where! =5 =2is the frequencyD = (0; 1)? is the domaina is the spatial dependent function that
de nes properties of the medium of the wave propagationtaisdthe xed value of the solution at
the boundan@ D

The boundary valubfollows uniform ditribution, namelyp U [o.25.0:5). The functiona is de ned

as a sum of random number of Gaussians and is generated in several steps. First, we draw an integer
n from [2; 7] uniformly at random. This number represents the number of Gaussians that will be
randomly generated. Far i n,itholds thatA; U (o:5:10.00 and i U [0.05.0:1. Additionally,

two numbersx;;y; that represent x and y coordinates of the Gaussians are generated such that
Xi;¥i U [0:2;0.87. The unnormalized functioais obtained by

X xi X)2+ (Vv 2
a(x;y) = A exp (i )2 2(y| ) . Xy 2 (0;1):
i=1 i
Functiona is obtained by normalizing, i.e.
a min(a)

axy) = max(a) min(a)’

The solution operator maps the tujke b) to the solutioru. This problem is ateady-stat@roblem.
Trajectories are generated by a nite-difference methot2# resolution, similar to DeVito [43].

We generated 19675 Helmholtz solutions with a train/validation/test split of 19035/128/512. A
visualization of a random sample and the predictions madedseiboN CNO and FNO 128
training trajectories) are shown in Figure 75.
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C Models and Baselines

We compare multiple versions &0 seiDoNwith foundation model baselines, namely MRP)[

and a CNO 60] foundation model that is trained in a similar mannePasEIDON In addition, we
compare against state-of-the-art neural operators trained from scratch, namely CNO ar2BENO [

as well as scOT trained from scratch. All these models and their training strategies are described in
the following. Their approximate model sizes can be read off from Table 5.

Table 5: Approximate model sizes of all the models considered in this paper.
Model Number of parameters

POSEIDON-L 629M
POSEIDON-B 158M
POSEIDON-T 21M
CNO-FM 109M
MPP-B 116M
CNO 39M

scOT 40M

FNO 37M

We train all models on a realization of Equation 6 in the Main Text; in particular, we set. For
each gradient step, we draw from the selloévailable trajectory snapshcfta{kju{k 2RC Y Igh,
wherec is the number of input/output functions,is the size of the computational grid, andis the
(lead) time from the initial condition to thie-th snapshot in the trajectory, i.e. we get a batch of size

B of pairsf (uf""; u{?)|gF:1 wherei j. The loss is then computed as
e R e @D S M)
LT u gk ) = 2 Pe Py (70)
s=1 =1 uv=r (U )suy *

where =10 10 for numerical stabilityS is the model( )' is thel-th sample from the batch and
()s.uv denotes the value at indicés; u; v).

During training, we create a checkpoint after every epoch, but only keep the checkpoint corresponding
to the lowest validation loss (evaluated at the end of the epoch) which is then also used for testing.

C.1 PosEIDON Models

In the following, we give thorough details for @loseiDoNmodels that we pretrained, as well as
details on netuning these pretrained models. All models are pretrained on the datasets introduced in
Section B.1, i.e. they expect four dimensional inputs and outputs, densijocitiesu andv, and
pressure. During pretraining, we set = 1 and maskp for all pretraining datasets corresponding to
incompressible ow. Further, we use the full set of 77840 pretraining trajectories, unless otherwise
speci ed.

To netune the pretrained model on tasks whose input/output functions are not in the set of pretraining
input/outputs (, u, v, p) or where there are additional inputs/outputs — this corresponds to the tasks
NS-Tracer-PwC, FNS-KF, SE-AF, GCE-RT, Wave-Layer, Wave-Gauss, ACE, Poisson-Gauss, and
Helmholtz — we transfer all parameters from the pretrained model, except

« the embedding weighW g,

* the patch recovery weigh/ g and biadg, and

* the mixup convolutional kernel.

We refer to Section A.2 for notation. This means that solely embedding/recovery is trained from
scratch and just the parameters whose dimensions would not matehpiieimal set of parameters
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is trained from random initialization. All other parameters are kept trainableanérameter is
frozen

In general, we do not apply any weight decay on (time-conditioned) layer norm parameters. We
netune all parameters using the same optimizer with different learning rates, i.e. we build two or
three parameter groups, depending on the netuning task. In case the embedding and recovery do
not have to be replaced, we netune all parameters, except parameters of the (time-conditioned)
layer norm, with learning ratb, and parameters of the layer norm with learning ite If the
embedding/recovery is to be replaced and trained from scratch, we netune all embedding/recovery
parameters (including the embedding biigr9 with learning ratee, layer norm parameters with
learning ratezy , and all other parameters with learning rate

C.1.1 POSEIDON-T

PoSEIDONT is the smallest pretrained model, an instantiated scOT with the following hyperparame-
ters:

» Embedding/latent dimensionC: 48

« Number of SwinV2 transformer blocks at each level 8i) t;: 4

This results in a model with 21M parameters (RBSEIDON models, we exclude embedding and
recovery parameters in this count).

Pretraining The model is pretrained on 8 NVIDIA RTX 4090 GPUs using the following (data-
parallel) training protocol:

« Optimizer: AdamW [41]

» Scheduler: Cosine Decay with linear warmup of 2 epochs

« Maximum learning rate: 10 3

* Weight decay: 0:1

« Effective batch size:640, resulting in a per-device batch size8f

* Number of epochs:40

* Early stopping: No

« Gradient clipping (maximal norm): 5

Finetuning The pretrained model is netuned on every task on a single GPU following this
netuning protocol g is only applicable to certain downstream tasks):

* Optimizer: AdamW [41]

» Scheduler: Cosine Decay

* Initial learning rate b: 5 10 °

« Initial learning rate e:5 10 4

« Initial learning rate ey :5 10 4

+ Weight decay: 10 ©

 Batch size:40

* Number of epochs:200

* Early stopping: No

« Gradient clipping (maximal norm): 5

C.1.2 POsEIDON-B
POSEIDONB is the base model, an instantiated scOT with the following hyperparameters:

» Embedding/latent dimensionC: 96
* Number of SwinV2 transformer blocks at each level 8i) t;: 8

This results in a model with 158M parameters.

35



Pretraining The model is pretrained on 8 NVIDIA RTX 4090 GPUs using the following (data-
parallel) training protocol:

* Optimizer: AdamW [41]

» Scheduler: Cosine Decay with linear warmup of 2 epochs

+ Maximum learning rate: 5 10 *

* Weight decay: 0:1

« Effective batch size:320, resulting in a per-device batch size4if
* Number of epochs:39 (40 were initially planned)

* Early stopping: No

» Gradient clipping (maximal norm): 5

Finetuning The pretrained model is netuned on every task on a single GPU following this
netuning protocol g is only applicable to certain downstream tasks):

* Optimizer: AdamW [41]

» Scheduler: Cosine Decay

« Initial learning rate b: 5 10 °

« Initial learning rate e: 5 10 *

+ Initial learning rate ey :5 10 4

+ Weight decay: 10 ©

» Batch size:40

* Number of epochs:200

* Early stopping: No

» Gradient clipping (maximal norm): 5

C.1.3 POSEIDON-L

PosEIDON-L is the largest model we trained, an instantiated scOT with the following hyperparame-
ters:

» Embedding/latent dimensionC: 192
* Number of SwinV2 transformer blocks at each level 8i) t;: 8

This results in a model with 629M parameters.

Pretraining The model is pretrained on 8 NVIDIA RTX 4090 GPUs using the following (data-
parallel) training protocol:

* Optimizer: AdamW [41]

» Scheduler: Cosine Decay with linear warmup of 1 epoch

+ Maximum learning rate: 2 10 *

* Weight decay: 0:1

« Effective batch size:128 resulting in a per-device batch sizeld
* Number of epochs:20

 Early stopping: No

 Gradient clipping (maximal norm): 5
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Finetuning The pretrained model is netuned on every task on a single GPU following this
netuning protocol g is only applicable to certain downstream tasks):

* Optimizer: AdamW [41]

» Scheduler: Cosine Decay

« Initial learning rate b: 5 10 °

« Initial learning rate e:5 10 4

« Initial learning rate ey :5 10 4

+ Weight decay: 10 ©

» Batch size:16

« Number of epochs:200

« Early stopping: No

» Gradient clipping (maximal norm): 5

C.1.4 Models for Dataset Ablations (see Section D.3)

For models used in the pretraining dataset ablations, we utilize the same pretraining and netuning
strategies as fdPOSEIDON-B. For the model trained on half of the pretraining dataset, we only train

on the rst half of each subset (NS-Sines, NS-Gaussians, CE-RP, CE-CRP, CE-KH, CE-Gauss); the
same logic applies to the model trained on an eighth of the pretraining dataset. The model trained on
a less diverse pretraining dataset is not trained on NS-Sines, CE-CRP, and CE-Gauss, such that the
pretraining dataset size is directly comparable to the model trained on half of the pretraining dataset.

C.2 scOT

We additionally train a scOT from scratch on every downstream task, to compare its performance to
PoseiboNand other baselines. Its hyperparameters are as follows:

» Embedding/latent dimensionC: 48

* Number of SwinV2 transformer blocks at each level 8i) t;: 8
This results in a model with 40M parameters. It is trained on one or multiple GPUs (depending on
the dataset size) with the following parameters:

» Optimizer: AdamW [41]

» Scheduler: Cosine Decay with linear warmup of 20 epochs

« Maximum learning rate b: 5 10 4

+ Weight decay: 10 ©

 Batch size:40 (on a single GPU, else the effective batch size is larger)

* Number of epochs:400

* Early stopping: If the validation loss does not improve for 40 epochs

 Gradient clipping (maximal norm): 5

C.3 CNO

A Convolutional Neural OperatofCNO) is a model that (approximately) maps bandlimited functions
to bandlimited functionsdQ]. Let B,, be the space of bandlimited functions with the bandlimitA
CNO is compositional mapping between function spage8,,(D) ! B (D) and is de ned as

G:u7!PU)=vo 7' vy 7! iiivp 70 Q(WL) = u; (71)

where
Viv1 = P K |(V|); 1 ) L 1; (72)

whereL is the number of CNO blocks aridl = (0 ; 1)? is the domain.
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First, the input functioru 2 B, (D) is lifted to the latent space of bandlimited functions through a
lifting layer:

P: u2Bw(D;R™) I vy2By(D;R%) :
Here,dy  dx isthe number of channels in the lifted, latent space. The lifting operation is performed
by a convolution operator and activation operator which will be de ned below.

Then, the lifted function is processed through the composition of a series of mappings between
functions (layers), with each layer consisting of three elementary mapping®,iis.either the
upsamplingor downsamplingperatorK; is the convolution operator and is the activation operator.

Finally, the last output function in the iterative procedureis projected to the output space with a
projection operatorQ, de ned as

Q: v 2Bw(D;R%) I ©w2B,(D;RY)

The projection operation is also performed by a convolution operator and activation operator.

Upsampling and Downsampling OperatorBor somew > w , we canupsamplea functionf 2 B,
to thehigher bandByg- by simply setting,

Uyw :Bw(D) !B w(D); Uywf(X)=f(x); 8x2D:
On the other hand, for somre < w , we candownsample functionf 2 B, to thelower bandB,,
by settingDw.w : Bw(D) ! B w (D), de ned by
2

(hw ?f)(x) =

2
Dww f (X) =

=2ll=

= hw(x  y)f (y)dy; 8x2D;
w D
where? is the convolution operation on functions de ned above hpds the so-callednterpolation

sinc lter:
hw(Xo0;X1) = sind2wxg) sind2wxi); (Xo;X1) 2 R?: (73)

Activation Operator. First, the input functiorf 2 B, is upsampled to a higher bandlirmit> w ,

then the activation function is applied and nally the result is downsampled back to the original
bandlimitw. Implicitly assuming thaw is large enough such that(B,,) B w, we de ne the
activation operator in (71) as,

ww: Bw(D)!B (D); wwl (X) = Dew( Uwwf)(X); 8x2D: (74)

The above ingredients are assembled together in the form of an Operator U-Net architecture that has
bandlimited functions as inputs and outputs. In addition to the blocks that have been de ned above,
one also needs additional ingredients, namely incorpatdgeconnectionthroughResNeblocks of

the form,Ry.w : Bw(D; RY) ' B (D; RY) such that

Ruww(V)= v+ Ky ww Kw(v); 8v2By(D;RY): (75)

Additionally, the so-callednvariant blocksof the form,| . : By (D; R%) ! B ,(D; RY) is de ned
such that

lww(V) = ww Kw(v); 8v2B,(D;RY): (76)
Finally, all these ingredients are assembled together in a modi ed Operator U-Net architecture which
is graphically depicted in Figure 4. Note that instead t&ad-time conditionethyer normalization
4, we incorporate &ead-time conditioned instance normalizatioio CNO. A lead-time conditioned
instance normalization is applied to an inpuby

IN ©); @)= (1) INMX)+ (1) (77)

wherelN (v) is a regular instance normalization. In the case of CNO, we use (small) MLPs to
parametrize (t) and (t). This choice of conditional layer is similar to the FILM layer introduced

in [55], applied on top of the instance normalization. Additionally, we observedrbhitding timet

as an additional, constant input channel of the CNO slightly enhances its performance.

The speci cations of the CNO model that we used and trained from scratch in all the experiments, as
well as the training details are summarized in the following list:
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« Lifting dimension: 54

* Number of up/downsampling layers:4

» Number of residual blocks in the bottleneck: 6

* Number of residual blocks in the middle layers: 6

» Trainable parameters: 39:1M

e Optimizer: AdamW [41]

» Scheduler: Linear with decreasing factor 69 every10 epochs
« Initial learning rate: 5 10 *

+ Weight decay: 10 ©

» Number of epochs: 400

» Batch size:32

* Early stopping: If the validation loss does not improve for 40 epochs

Source code for CNO is available at https://github.com/camlab-ethz/ConvolutionalNeuralOperator.

Figure 4: Schematic representation of CNQ) as a modi ed U-Net with a sequence of layers
mapping between bandlimited functions.

C.4 FNO

A Fourier neural operatoi(FNO) G [33] is a composition

G:X!'Y : G=Q L+ L R (78)
It has a “lifting operator'u(x) 7! R(u(x);x), whereR is represented by a linear functiéh: R% !
RY whered, is the number of components of the input function dpds the “lifting dimension”.
The operatoR is a non-linear projection, instantiated by a shallow neural network with a single
hidden layer and leaky ReLU activation function, such that (x) 7! G(u)(x) = Q v-*1 (x) .
Eachhidden layerL- : v (x) 7! v *1 (x) is of the form

viix)=( IN) W- v(x)+ Kv (X);
with W- 2 R% & a trainable weight matrix (residual connection)an activation function, corre-
sponding to leaky ReLUN standard instance normalization or time-conditioned instance normal-
ization (see Equation 77) and then-local Fourier layer
K-v = Fyt P (k) Fyv (K) ;

whereFy v (k) denotes the (truncated)-Fourier coef cients of the discrete Fourier transform (DFT)
of v (x), computed based on the giv@rgrid values in each direction. Here,(k) 2 C% 4 jsa
complex Fourier multiplication matrix indexed ly2 Z9, andF ! denotes the inverse DFT. As with
CNO (Section C.3), we include time as an additional channel — in addition to the time-conditioned
instance normalization layers — for all time-dependent problems.

We used the following hyperparameters and training details to train the FNO models:
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« Lifting dimension: 96

* Number of Fourier layers: 5

* Number of Fourier modes: 20
 Trainable parameters: 37.0M
* Optimizer: AdamW [41]

» Scheduler: Cosine Decay

+ Initial learning rate: 5 10 4
+ Weight decay: 10 ©

* Number of epochs:400

» Batch size:40

« Early stopping: If the validation loss does not improve for 40 epochs

C.5 CNO-FM

In addition to thePoseiDONmModels, we also pretrain a CNO foundation model baseline. We use
the same pretraining datasets asRasEIDONModels (see B.1), i.e. NS-Sines, NS-Gauss, CE-RP,
CE-KH, CE-CRP and CE-Gauss datasets. The inputs and the outputs of the modéthaweels,

i.e. ,u,vandp. Forthe NS-Sines and NS-Gauss datasets, we mask out the pressure predictions
during training, while predicting a constant value 1 for density.

The speci cations of the CNO-FM model that we pretrained, as well as the training details are
summarized in the following list:

« Lifting dimension: 82

* Number of up/downsampling layers:4

» Number of residual blocks in the bottleneck:8

* Number of residual blocks in the middle layers:8

 Trainable parameters: 109V

e Optimizer: AdamW

« Scheduler: Linear with decreasing factor 9 every epoch

+ Initial learning rate: 5 10 4

+ Weight decay: 10 ©

« Effective batch size: 256, resulting in a per-device batch size3#

* Number of epochs: 40

* Early stopping: No
To netune the CNO-FM, we differentiate between two scenarios: one where the input and output
share the same context as the pretrained models (comprising the variables andp, either

masked or unmasked), and another where the downstream task is out-of-context (i.e. when the input
and target variables differ from those used during pretraining).

To explain the netuning technique, let us denote the pretrained CNO mod&t lgyand decompose
it to

Gwm =Q Grmp P
whereP is the lifting layer,Q is the projection layer anGu, is the base part of the CNO-FM.

When the context of variables is retained in the downstream task, we introduce an additional linear
layerL that is applied prior to the lifting laye?. All other parameters fror=\, are transferred
over to the downstream task model. Hence, the model that is netuned is

Gt = Q GFM;b P L: (79)

A schematic representation of the CNO-FM netuning procedure is shown in Figure 5. When the
downstream task is out-of-context, in addition to the linear ldy¢hat is applied befor®, the
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projection layer is replaced by a new, randomly initialized projection I§ferOther parameters are
transferred over to the downstream task model. The model that is netuned is

Gt =Q° Grmp P L: (80)

We set the number of epochs for the downstream tasR8@oSince the loss converges signi cantly
faster than when training from scratch, el#h 100epochs were suf cient to effectively netune
the CNO-FM. Parameters &1 are divided into three distinct groups

« Group 1: ProjectionQ (or Q?), Lifting P and Linear layet.
» Group 2: All the conditional instance normalization laydid (). (1
» Group 3: Other parameters i@y

We experimented with learning rates for each group of parameters, as well as schedulers. An ef cient
way to netune CNO-FM for in-context downstream tasks was to set the initial learning rates of the
parameter groups o, =2:5 10 #,Ir, =5 10 #andlr3 =10 . For out-of-context tasks, the
learning rates that we used areg =7:5 10 “4,Ir, =5 10 *andlr; =10 . In both cases, the
learning rate scheduler is linear with with decreasing factd@.@&very5 epochs.

The CNO codes are available at https://github.com/camlab-ethz/ConvolutionalNeuralOperator.

Figure 5: Schematic representation of the netuning procedure of CNO-FM.

C.6 MPP

Multiple physics pretrainingMPP) is a pretraining approach for autoregressive physical surrogate
modeling B9]. MPP uses &calable axial attentiotransformer backbone to reduce the quadratic
complexity of the usual attention mechanism. Multiple input elds of MPP are projected onto a single,
shared embedding space. MPP also uses spatial and temporal attention blocks to capture spatial
and temporal dependencies in the data. To train or netune MPP models, one uses the normalized
MSE loss. We will netune theiPP-AVIT-B foundation model for all our downstream tasks. The
MPP-AVIT-B model hasl16M trainable parameters.

MPP models are autoregressive models with xed context siZ&>ofThey predict the solution at a
time stepN of a PDE of interest given the previoli$ time steps. Thus, they rely on théstory of

the solution encompassing multiple time steps, to forecast future time steps accurately. This differs
from the the task that we are interested in (O&T de ned in the Main Text), which aims to generate

the entire solution trajectory given only the initial datum and boundary conditions.

Therefore, we need to adjust the MPP netuning strategy. We adapaltPa&ll strategy. Let

j >i . We rely on the fact that MPP predicts one snapshot at a time and netune MPP to predict
based on the histony; 1;U; 2;:::u;. Since there are not always® past time steps in the training
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samples, we |l the remaining time steps with copiespf(see Figure 6). We generaléT + 1) =2
samples out of the trajectoty. For steady-state operators of the foffa; fo;:::;f. ) ! u, the

L channels are copief® times, and MPP is netuned using these samples (see Figure 6). The
inference strategy for the time-dependent problems is straightforward. Given the initial snapshot
one autoregressively applies the netuned modeimes to predictit (see Figure 6). During the
netuning of MPP, we do not predict dummy variables like the speed function in the Wave equation
or the forcing term in Kolmogorov ow, as the model had dif culties in predicting them, so the errors
accumulated fast. This contrasts with other models that predict the dummy variables alongside the
solution. Final testing errors for all the models are not calculated for these dummy variables.

For each downstream task, we netungdPP-AVIT-B model forl00epochs. We did not use more
than100epochs as the training usually converged aft@éto 50 epochs. We used the Adar2q
optimizer with a cosine annealing scheduler and linear warmup.

Figure 6: Schematic representation of M&Rall andsteady netuning and inference strategies.
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D Results

D.1 Performance on Downstream Tasks

We evaluate all models on timeedian relativeL ! error at a certain snapshot in time on each solution
function of interest. For vectorized functions such as the velocity in uid ow, we evaluate it over the
entire vector. Since all our downstream tasks have different solution functions of interest, we provide
an overview over the actual functions of interest in Table 6; should there be a list, we compute the
mean over all metrics. It also depicts, how the rollout in time was done for each task i.e., either the
solution at nal time is computed directly with the nal time as lead time or autoregressively (AR)
as presented in Main Te®). Within AR, PoseiDoNmodels were always evaluated with uniform
(homogeneous) rollout whereas in the case of CNO and CNO-FM, autoregressive (AR) rollout is
heterogeneous; for MPP, it is always uniformly autoregressive.

Evaluation of Downstream Tasks with Scaling Plotsin Figures 7 to 21, we present the test errors
(y-axis) for all the modelsRoseEIDON-L, POSEIDON-B, CNO-FM, MPP, FNO on the left sub- gure
andPOSEIDONL, POSEIDON-B, CNO, scOT and FNO on the right sub- gure of each gure) vs. the
total number of trajectories (time-dependent PDES) or total number of samples (for time-dependent
PDESs) on the x-axis. As mentioned in the Main Text, BusseiDONmodels clearly outperform all

the baselines on most of the tasks as the corresponding test errors are signi cantly lower than the
baselines for the same number of samples. Note that the me@GeadAG (11) were computed

based on these plots. We do not includeBiaessEIDON-T results as they would further clutter the
scaling plots. However, theG andAG metrics for RSEIDONT are presented in Table 8.

On Scaling Laws.If we denote the number of trajectories (samplespbywe can t power laws of
the form,
Emodel (M) Crodet M ™ (81)

to the scaling plots in Figure 7 to 21. Hef@&n04e1 denotes the model-speci ¢ scaling factor and the
scaling exponent ismogel - The scaling exponents, resulting from these ts are presented in Table
7. We observe from this table, that all the models that we considersaadiyng lawsof the form

(81), with different scaling exponents for different problems (MPP-B does not converge in some
cases). These include tReseiDoNfoundation models which show consistent scaling laws. For
instance POSEIDON-L has a scaling exponent of approximat8l$ or higher in all the cases except

for CE-RM (where all models converge very slowly). Nevertheless, we would like to emphasize
that the scaling exponent alone does not govern the nal error, except in the asymptotic in nite data
limit. Rather, the scaling factdmoger in (81) plays a decisive role in determining errors in the
pre-asymptotic limited data regime that all downstream tasks correspond to.

Moreover, a closer analysis of the scaling plots reveals a more nuanced pictureFPorsih®ON

models. In some of the downstream tasks, for instance the Poisson-Gauss benchmark, we see from
the scaling plot Figure 20 that boBOSEIDON-L and POSEIDON-B display abiphasicbehavior, with

a scaling law of the form,

C:;‘,nvodellvl ilmVOde‘; it M Mr%todel; (82)
CrogaM  mowe ; if M MP

model ’

Emodel (M )

with W < . Thus, the scaling behavior is characterized by two phases, with different exponents.
For instance, for the Poisson-Gauss benchmark (Figure 20), we ndARat 32 for both models.
Moreover, forPOseiDoNB, , = 0:23and - = 0:99 and forPoseiponL, , = 0:33 and

- = 0:94. We speculate that thephase transitionseparate two phaseswarmupphase where
PosEIDONIs slowly learning about an operator that is very different from those encountered in the
pretraining dataset (as is the case with Poisson-Gauss)leadéng phase, where fast learning takes
place and the model is able to quickly learn the speci cs of the downstream task.

Summarizing Downstream Task Performance. In Table 9, we provide a statistical summary

of the performance of all models on all downstream tasks by presenting the (mE@an)d the
(mean)AG over all tasks. These statistics provide an (average) account of model performance over all
downstream tasks and clearly quantify how BeseipDoNfamily of foundation models signi cantly
outperforms all the baselines.
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Table 6: The evaluation metrics are computed for each downstream task on different functions of
interest, and rollout is done differently.

Downstream Task Functions of Interest  Rollout

NS-PwC (ux;uy) AR
NS-SVS (ux;uy) AR
NS-BB (ux;uy) AR
NS-SL (ux;uy) AR
NS-Tracer-PwC (ux;uy), C AR
FNS-KF (ux;uy) direct
CE-RPUI (v y), p AR
CE-RM (Vs W), p direct
SE-AF direct
GCE-RT (Vs W), P, direct
Wave-Layer u direct
Wave-Gauss u direct
ACE u direct
Poisson-Gauss u direct
Helmholtz u direct

Table 7: Scaling exponents with a power law t (81)
Dataset BSEIDONB PoOSEIDONL scOT CNO-FM CNO MPP-B  FNO

NS-PwC 0.36 0.49 0.52 0.43 0.62 0.55 0.34
NS-SVS 0.49 0.48 0.77 0.56 0.55 0.53 0.02
NS-BB 0.32 0.51 0.57 0.47 0.64 0.52 0.40
NS-SL 0.36 0.47 0.48 0.46 0.45 0.45 0.59
NS-Tracer-PwC 0.78 0.66 0.59 0.41 0.56 0.43 0.44
FNS-KF 0.98 0.56 1.04 0.30 0.45 0.29 0.43
CE-RPUI 0.35 0.37 0.43 0.27 0.32 0.05 0.23
CE-RM 0.10 0.11 0.09 0.10 0.11 -020 0.11
SE-AF 0.30 0.32 0.27 0.35 0.13 0.31 0.24
GCE-RT 0.53 0.59 0.44 0.47 0.31 0.11 0.43
Wave-Layer 0.57 0.51 0.33 0.40 0.51 0.13 0.43
Wave-Gauss 0.59 0.50 0.45 0.37 0.46 0.07 0.34
ACE 0.74 0.85 0.77 0.72 0.47 0.46 0.88
Poisson-Gauss 0.99 0.94 1.07 0.67 0.50 0.71 0.61
Helmholtz 0.38 0.43 0.68 0.42 0.54 0.27 0.31
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Table 8: Ef ciency gain (EG) and Accuracy GaiAG) for the PoseiboNmodels on all downstream
tasks.

Pretrained Models Scratch

PoseipoNL  POSEIDON-B POSEIDONT FNO
EG AG EG AG EG AG EG AG

NS-PwC 890.6 24.7 1024.0 19.7 10240 198 1
NS-SVS 5029 73 5189 79 2120 6.1 1
NS-BB 5525 29.3 816.0 147 3650 194 1

NS-SL 219 55 191 4.7 9.7 3.7 1
NS-Tracer-PwC  49.8 8.7 20.4 54 35.1 6.2 1
FNS-KF 625 7.4 16.1 4.7 77.9 5.9 1
CE-RPUI 3522 65 3708 6.2 909.7 5.8 1
CE-RM 4.6 1.2 3.1 11 2.8 11 1
1

1

1

1

1

1

1

SE-AF 34 1.2 2.9 1.2 2.4 1.1
GCE-RT 53 20 3.2 15 1.7 1.2
Wave-Layer 46.5 6.1 24.9 4.7 14.5 3.4
Wave-Gauss 62.1 5.6 29.3 4.3 195 3.1
ACE 17.0 116 8.7 6.5 9.8 7.2
Poisson-Gauss 42.5 205 244 13.0 182 8.4
Helmholtz 78.3 6.1 64.7 5.0 64.7 4.9

RPlRr|Rr|rR[P|R[P|R[R|RP|RP|RP|R|[RP|R

Table 9: (Median) Ef ciency gain (EG) and (Mean) Accuracy Gal@j over all downstream tasks
for all models. We also preseNt(EG) as the number of tasks for which the EG of the model is
greater than 10 and (AG) as the number of tasks where the AG of the model is greater than 2.

Median EG  Mean AG N(EG) N(AG)

POSEIDONL 49.8 9.58 12 13

PoseiDONB 24.4 6.71 11 12

POSEIDONT 195 6.49 10 12

CNO-FM 10.6 291 8 10

MPP-B 2.0 1.82 3 6
CNO 4.6 2.61 5

scOT 54 2.57 4 8
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Figure 7: NS-PwC. Number of trajectories vs. median reldtiverror on the test set.

Figure 8: NS-SVS. Number of trajectories vs. median reldti@rror on the test set.

Figure 9: NS-BB. Number of trajectories vs. median relakiverror on the test set.
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Figure 10: NS-SL. Number of trajectories vs. median relatiberror on the test set.

Figure 11: NS-Tracer-PwC. Number of trajectories vs. median relafiverror on the test set.

Figure 12: FNS-KF. Number of trajectories vs. median reldtiverror on the test set.
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Figure 13: CE-RPUI. Number of trajectories vs. median reldtiv@rror on the test set.

Figure 14: CE-RM. Number of trajectories vs. median relativesrror on the test set.

Figure 15: SE-AF. Number of samples vs. median reldtiv@rror on the test set.
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Figure 16: GCE-RT. Number of trajectories vs. median reldti@rror on the test set.

Figure 17: Wave-Layer. Number of trajectories vs. median relativerror on the test set.

Figure 18: Wave-Gauss. Number of trajectories vs. median relatieror on the test set.
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Figure 19: ACE. Number of trajectories vs. median relakiveerror on the test set.

Figure 20: Poisson-Gauss. Number of samples vs. median reldtigeror on the test set.

Figure 21: Helmholtz. Number of samples vs. median reldtiverror on the test set.
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D.2 Scaling with respect to Model Size

In Figure 22, we plot how the training loss and evaluation (validation) loss during pretraining changes
with model size for thd?PoseiDoNmodels. We observe from this gure (bottom row) that there is a
consistent decay in losses with increasing model size. The role of model size vis a vis downstream
tasks has already been shown in the scaling plots of the previous subsection where we compared
PoselDON-L with the smallerPoseiDoONB. The corresponding metridsG andAG are shown

in Table 8. We also see from the statistical summary Table 9 that there is a gain, on average, in
downstream performance with increasing model size for thegPoonfamily of models.

Figure 22: (Top) Training (left) and evaluation (right) losses up to epoch 20 for different model sizes.
(Bottom) Scaling at epoch 20 for training loss (left) and evaluation loss (right).
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D.3 Scaling with respect to Pretraining Dataset Size and Quality

As mentioned in the Main Text, scaling of tReseiDONmModels with dataset size is of great interest.

To that end, in Figure 23, we plot the training and evaluation losses, during pretraining, for the
PoseiDON-B model, trained with one-eighth, one-half and full size of the pretraining dataset (the
details of the corresponding setups are given in Section C). We see from this guRothatDON-B

scales with dataset size on the pretraining dataset. Moreover, in Figures 24 to 38 (left sub gure of
each gure), we compare the performanceRafSEIDON-B, trained on the full pretraining dataset

with the same model trained on one-eighth of it.

Moreover, in Figures 24 to 38 (right sub gure of each gure), we compare the performance of
PoseIDON-B, trained on the half the pretraining dataset with the same model pretrained on a less
diverse dataset (see Main Text and Section C for details of the setup).

Figure 23: (Top) Training (left) and evaluation (right) losses up to epoch 20 for different pretraining
dataset sizes. (Bottom) Scaling at epoch 20 for training loss (left) and evaluation loss (right).
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Figure 24: NS-PwC. Number of trajectories vs. median reldtiverror on the test set.

Figure 25: NS-SVS. Number of trajectories vs. median reldtiverror on the test set.

Figure 26: NS-BB. Number of trajectories vs. median relativeerror on the test set.
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Figure 27: NS-SL. Number of trajectories vs. median relativerror on the test set.

Figure 28: NS-Tracer-PwC. Number of trajectories vs. median relafiverror on the test set.

Figure 29: FNS-KF. Number of trajectories vs. median relativesrror on the test set.
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Figure 30: CE-RPUI. Number of trajectories vs. median reldtiv@rror on the test set.

Figure 31: CE-RM. Number of trajectories vs. median relativeerror on the test set.

Figure 32: SE-AF. Number of samples vs. median reldtiverror on the test set.
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Figure 33: GCE-RT. Number of trajectories vs. median reldti@rror on the test set.

Figure 34: Wave-Layer. Number of trajectories vs. median relativerror on the test set.

Figure 35: Wave-Gauss. Number of trajectories vs. median relatiearor on the test set.
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Figure 36: ACE. Number of trajectories vs. median relativeerror on the test set.

Figure 37: Poisson-Gauss. Number of samples vs. median relldtigeror on the test set.

Figure 38: Helmholtz. Number of samples vs. median reldtiverror on the test set.
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D.4 Case Studies

Given the excellent performance BOSEIDON models across the board, including on tasks that
involve PDEs (physical processes) not encountered during pretraining, it is important to understand
what underpins this performance. To this end, we will present three case studies in order to explain
PosEIDONS robust performance.

D.4.1 CE-RPUI

First we consider the CE-RPUI downstream task. Cle®dgeiDoNmodels perform very well on

this task, as shown in Figure 13 as well as Tables 1 and 8. Also, as seen from Figure 67, where we
visualize a single random sample for all the variables at fin¥e0:7, POSEIDONB is much more
accurate, when netuned at?8trajectories, than CNO and FNO, which are trained from scratch
with the same number of trajectories. Note that the underlying solution is very complex, with a
mixture of shocks and roll-up vortices. WhiRoSEIDON captures these shocks and vortices very
sharply, CNO and (especially) FNO fail to do so. What explains this impressive performance of
PoseiboNon this dif cult downstream task?

We start by observing that, like all other downstream tasks, this task is out-of-distribution (0.0.d.)
with respect to the pretraining dataset. Although the underlying PDE (compressible Euler equations
(37)) is present in the pretraining dataset, this data distribution has not been seen during pretraining.
This 0.0.d.nature of the task is clearly seen from Figure 39, where we plot how the same random
sample (visualized in Figure 67)) is inferred witfPaseiDON-B modelzero-shot We see from the

gure (second column from the left) that the zero-shot results are rather poor. However, even with 1
task-speci c example, we see from Figure 39 (third column from left) that at least, some large scale
features (such shock locations) are approximated reasonably accurately. With just 4 downstream
trajectories, the quality of approximation improves dramatically and even the vortex roll-ups are
captured accurately. The quality of approximation continues to improve with 32 and 128 downstream
trajectories, as shown in the right-most columns of Figure 39. Thus, from this gure we conclude
that a few task-speci ¢ samples suf ce to accurately approximate the underlying solution operator.
This is also evidenced in the scaling plot Figure 13.

How doesPosEIDONsucceed in learning this complex solution operator with so few samples? We
know that the pretraining dataset contains the CE-RP operator, where the initial condition (see Figure
57 for a sample) has a similar four-quadrant Riemann problem structure as the intial conditions in the
CE-RPUI benchmark, the main difference being that the interfaces, across which the initial data is
discontinuous, are now perturbed sinusoidally, instead of being axis-aligned. However, it is precisely
these perturbations that are responsible for the roll-up of small-scale vortices that are absent in the
CE-RP operator. Thus, the model potentially needs to learn how to approximate small-scale vortices
accurately from some other operator in the pretraining dataset, while learning how to propagate
large-scale shocks from the CE-RP operator.

One would think that the CE-KH operator in the pretraining dataset provides the information about
vortex roll-ups, see Figure 59 for visualizing a sample. However, the underlying vortices are much
larger. So, where does this missing information come from? One possible source could be the CE-
CRP operator (see Figure 58) where vortices of many different scales are being formed. Perhaps, the
model leverages shock propagation from CE-RP, large vortex roll-ups from CE-KH and small-scale
vortex dynamics, as well as curved shock propagation, from CE-CRP in order to provide very good
approximation with a few training examples on CE-RPUI. A partial test of this hypothesis is to check

if the model, pretrained with the less-diverse dataset that excludes CE-CRP performs worse than
the model pretrained with the full dataset. This is already shown in Figure 30 (Right) where the
performance of the model, pretrained with the less-diverse dataset is worse than the model trained
with the similarly sized but fully diverse dataset. This behavior is further reinforced from Figure 40,
where the approximation of the same sample, considered in Figure 39, with these ablated models
is shown. As predicted, the model pretrained on the less diverse dataset is clearly less accurate at
resolving small-scale vortices than the competing one trained on the more-diverse dataset. It misses
the input from the CE-CRP operator regarding small-scale vortex dynamics.

This qualitative analysis illustrates how tReseiDoNmodel leverages different operators from its
pretraining dataset to amortize different aspects in order to construct accurate approximations during
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Figure 39: HowPOSEIDON-B approximates a random sample for the CE-RPUI task when trained
with different numbers of task-speci c trajectories.

netuning with a few task-speci ¢ examples and throws some light into how a foundation model for
PDEs can learn effective representations from its pretraining phase.

D.4.2 ACE

Next, we consider the ACE downstream task, where the underlying PDE is the nonlinear parabolic
Allen-Cahn equatioif67), which is clearly not included in the pretraining datasetRoISEIDON

More importantly, the type of physics that the Allen-Cahn Equation models is thatofion-

diffusion On the other hand, the PDEs included in the pretraining dataset, Compressible Euler and
Incompressible Navier-Stokes at very high Reynolds number, are convection-dominated. Hence,
one does not expect that the pretrained model has learned effective representations about reaction-
diffusion. Yet, we see from Figure 19 thROSEIDON s very effective at learning this solution
operator from a few training examples. This point is also reinforced from Figure 72, where we show
how a single randomly chosen sample is well-approximateBdsyeEIDON How doesSPOSEIDON

learn theseew physic?

To understand the factors behiRdSEIDONS performance, we plot how the same random sample,
visualized in Figure 72, is approximated BpSEIDON-B, when ne-tuned with different number of
task-speci c examples, ranging from 1 to 128, in Figure 41. We observe from this gure that already
with just 1 task-speci ¢ trajectoryPOSEIDONIS able to learn the large-scale features of the solution

of Allen-Cahn approximately. In particular, it has learnt both front propagation (potentially from
all propagating shock waves seen during pretraining) as well as diffusion (spreading) of localized
features. With more downstream trajectories, it is able to adjust local features quite well to further
approximate the diffuse fronts. This case study shows RosEIDONcan learn new features from a

few task-speci c training examples.

Given these encouraging results on the abilityPofSEIDON to generalize to the unseen physics
underlying the Allen-Cahn equation, we investigate this ability furthefrdsgzing the latent space

of POsSeEIDONduring netuning by settingbr = b forallr,inthe gradient descent proced(i®)

for netuning. Thus, only theembedding and recoveparameters are learned and the rest frozen.
This results in arextremely lightweightnodel for training as less than5% of the total parameters

in POSEIDONare being retrained. Nevertheless, as shown in Figure 42, even this very parsimonious
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Figure 40: A sample of CE-RPUI whdPDSEIDONB is pretrained on half of the pretraining dataset
vs. a less diverse pretraining dataset.

Figure 41: HowPOSEIDON-B approximates a random sample for the ACE task when trained with
different numbers of task-speci c trajectories.
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Figure 42: HowPOSEIDON-B with a Frozen Latent Representati@pproximates the same random
sample as in Figure 41 for the ACE task when trained with different numbers of task-specic
trajectories.

form of POoseiboNhas already learned the solution of the Allen-Cahn equation qualitatively with
only one training trajectory, although there is a quantitative mismatch. This mismatch is corrected
when further samples are shown to the model. In particular, 8&ttrajectories, the error with

this model 0:031) is actually lower than FNO witli28 trajectories Q:037) although it is higher

than the corresponding model where all the parameter®eERON-B are netuned 0:014). This
experiment demonstrates that the latent representations learned from the equations of uid dynamics
during pretraining are very rich and can unexpectedly contain information about reaction-diffusion
equations, which are then leveraged by ftezen-latentmodel to learn the underlying solution
operator.

D.4.3 Poisson-Gauss

In our nal case study, we consider the Poisson-Gauss task. The underlying PDE is the Poisson
equation(68) and the solution operator maps the coef cient, which is a superposition of Gaussians,
into the solution. A visualization of the solution operator for a single random sample is shown in
Figure 74 and shows how the sourcdiffused and smoothed out

We remark that this task is very different from the pretraining dataset in various ways. First,
the underlying PDE is time-independent in contrast to the two time-dependent PDEs seen during
pretraining. Second, the underlying physicsddfusion of features and theismoothing ouis

patently different from the physics seen in the pretraining dataset. Finally, the Dirichlet boundary
conditions considered here are also different from the periodic boundary conditions of the pretraining
dataset. Nevertheless, we see from the scaling plot Figure 20 and Table 1 andP83h&bON

models perform very well in this case. This is also observed from Figure 74, where we observe that
PoseIDON-B learns this particular random sample far better than CNO and FNO, with the same
number (512) of training samples. To understand the reasons bebgEiDONs performance, in

Figure 43, we again plot how this foundation model approximates this particular random sample,
when trained with an increasing number of task-speci c samples. We see from this gure that
for 1 sample, the approximation is very poor, indicating how mawehof-distributionthis task is,

with reference to the pretraining dataset. In fact, the model simply learns to approximate the input.
However, within a few samples (16), it has learnt that the input needs to be spread (diffused) out. It
takes about 128 samples for the model to realize that the input needs to be both spread out as well as
smoothened and by 512 samples, the local adjustments needed to further smoothen the output have
been made.

A few remarks are in order to explain this qualitative picture. FPstsEIDONcould have used the

rst few samples in training tdorgetthe information from the pretraining phase. Yet, it does not do

that and uses the very rst sample to already just output the identity operator. Then, there appears
to be awarmupphase where the model slowly learns the underlying physics, for instance diffusion
and smoothening and then a fast learning phase where the operator can be better approximated. This
gualitative picture is also consistent with the observgadhasicpower scaling, see the subsection on
scaling laws in section D.1, and the fact that therepdase transitiobetween the warmup and fast
learning phases in the power I48R2). This case study sheds further light into hB@seEIDONcan
learnunseen physidsom a few task-speci ¢ training examples.

As with the Allen-Cahn equations of the previous section, we further study the factors underpinning
the ability of POSEIDONto generalize to this PDE Hyeezing the latent spac# PoseiDoNduring
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Figure 43: HowPOSEIDON-B approximates a random sample for the Poisson-Gauss task when
trained with different numbers of task-speci ¢ samples.

Figure 44: HowPOSEIDON-B, with aFrozen LatenRepresentation, approximates a random sample
for the Poisson-Gauss task when trained with different numbers of task-speci ¢ samples.

netuning by setting® = b for all r, in the gradient descent procedy®) for netuning.

Thus, only theembedding and recoveparameters are learned and the rest frozen. As shown in
Figure 44, even this frozen-latent formBbseiDONhas already learned the basic features of the
underlying solution operator, i.e., Diffusion and Smoothing, qualitatively with only a few training
samples, although there is a quantitative mismatch. This mismatch is corrected when further samples
are shown to the model. In particular, wiii2 trajectories, the error with this moded:{1) is

signi cantly lower than FNO Q:282) although it is higher than the corresponding model where all
the parameters ?FOSEIDON-B are netuned 0:022). This experiment further demonstrates that the
latent representations learned from the equations of uid dynamics during pretraining are rich enough
to even contain information about the a priori unrelated physics of steady state diffusion, which are
then leveraged by thieozen-latentmodel to learn the underlying solution operator.

62



D.5 Results with DPOT

Table 10: Efciency gain EG (L1) with S = 1024 for time-dependent an8 = 4096 for time-
independent PDESs) and Accuracy Gaitty ((11) with S = 128 for time-dependent anl = 512
for time-independent PDEs) for DPOT and tested downstream tasks.

Finetuned DPOT DPOT from Scratch
M L M L
EG AG EG AG EG AG EG AG

NS-PwC 448 125 39.7 120 170 6.1 233 102
NS-SL 45 24 47 24 21 13 30 16
FNS-KF 00 10 00 ©09 00 08 00 08
CE-RPUI 535 37 6536 36 261 25 312 29
SE-AF 35 12 47 14 44 13 51 14
Wave-Layer 235 55 289 6.0 141 36 178 4.2
Wave-Gauss 25.2 44 278 45 180 33 205 3.6

The DPOT foundation model p] has been trained on operators for the compressible and incom-
pressible Navier-Stokes equations, Reaction-Diffusion equations and Shallow-Water equations. The
model has been setup to take a sequence of time steps for a time-dependent PDE and output the next
time step. However, we can modify it for netuning for o@LT operator learning task by following

exactly the same procedure as for netuning the MPP foundation model. For steady state problems,
an identical procedure as with MPP is used. This allows us to perform a fair comparison between
DPOT and the BseiboNmodels proposed here.

To this end, we consider DPOT-M (wittROM parameters) and DPOT-L (withO9M parameters)

which are comparable in size to tReSEIDON-B andPOSEIDON-L models, respectively. Given
compute constraints, we focus this comparison on a representative subset of 7 downstream tasks
which are listed in Table 10. Moreover, a trained-from-scratch DPOT model, with the Adaptive
FNO architecture, is also employed for each task to evaluate DPOT's model performance. For both
netuning and training models from scratch, we employed the Adam optim2&mjith a weight

decay ofL0 8, and alcyclelearning rate policy. For netuning DPOT models, the maximum learning

rate was set td0 4, and training was conducted for 100 epochs. When training models from scratch,
we used a maximum learning ratexd 3 and trained for 200 epochs.

The resulting EG and AG scores are presented in Table 10. These scores should be compared with
the corresponding EG and AG scoresRafseIDONL and scOT from Table 1 anBlosSEIDONB from
Table 8. Comparing these results, we make the following observations,

* For all these tasks except SE-AF)SEIDONIS signi cantly better, both in terms of ef ciency
and accuracy gains, to the corresponding DPOT model. Even for SE-AF, the models are very
comparable. The superiority in performanceRafSEIDONIS seen very clearly when we
consider the mean AG scores over these 7 downstream tasks which amBostEimonN-L
(8:14), POSEIDONB (6:5), DPOT-M (4:39) and DPOT-L &:4). Hence, thdPOSEIDON-L
model is almostwice more accurate than both the DPOT models considered here. In fact,
the DPOT models' performance lies in-between CNO-FM with an average AG sc@rétf
and the ®seiDoNmodels. Similar results also hold for the ef ciency gain score.

« Surprisingly, DPOT foundation models do not seem to scale with model size, at least on
this set of 7 representative downstream tasks as seen from the mean AG sdofderof
both the DPOT-M and DPOT-L models where an increase of the number of parameters by a
factor of5 does not lead to any noticeable increase in model performance on downstream
tasks.

* As surprisingly, the stand-alone DPOT neural operators performed well on this dataset. For
instance, the average AG score of trained-from-scratch DPOBI5& which is only25%
lower than the DPOT-L foundation model. On the other h&@sSEIDON-L is almost5
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times more accurate than the underlying scOT neural operator. These results indicate that
DPOT foundation models do not harness latent representations as WelsasboNdoes

and they rely on the capacity of the underlying neural operator to learn downstream tasks.

Taken together, our results indicate that (our modi cation of) DPOT performs better than the CNO-
FM and MPP foundation models but is signi cantly inferior to tReseiboNmodels. Moreover,
the lack of scaling with model size for DPOT on downstream tasks and questions over how it uses

latent representations further point to the advantagd2o®EIDON over this competing model.
Nevertheless, this comparison merits further study.

64



D.6 Further Ablations and Results
D.6.1 On all2all training

The all2all training strategy, described in the Main Text, aims to leverage the semi-group structure
of the solution operator of the time-dependent RRo scale-up the training data per trajectory.

As shown in Figure 2 (d), we use every possible pair of snapshots, per trajectory, in the learning
process leading to the loss functi@). It is instructive to compare this strategy with thanilla

training strategy based on the loss funct{bh As this strategy is applicable for any (time-dependent)
operator learning algorithm, we study it for the CNO mod]] [here. To this end, we consider the
NS-SL task and compare the all2all and vanilla strategies and plot the results in Figure 45 to observe
that the all2all training strategy signi cantly outperforms the vanilla training strategy for this task.

However, there is a caveat with the all2all strategy. It lies in the computational cost of training as
the number of training pairs growgiadraticallywith the number of available time snapshots at
which the trajectory is sampled. One option to reduce this costdslaxt a subset of snapshértsm

within all available snapshots per trajectory and apply all2all training to this subset, bringing down
the computational cost proportionately by the relative reduction in the cardinality of the selected
subset. Yet, there is the possibility that by sampling too few snapshots, the overall error will increase.

To investigate this trade-off, we consider the NS-PwC task and the CNO model. The data for this
task is available in the time-interval [0,0.7], sampled at 14 time snapshots (excluding the initial time

shapshots,

T14: Snhapshots ap = 0 andty4 = 0:7. The training only considers learning the map between
initial datum and solution at nal time;4. Samples corresponding to identity function are
also included.

T7: Snapshots ab;t7;t14
To: Snapshots db; to; t4; te; ts; tio; t12; t1a
Ti: Snapshots &, forall0 j 14

For each of the above subsets of time snapshots, all2all training is used leadiBg36and120
training pairs per trajectory fori4; T7; To; T1, respectively.

In Figure 46, we plot the test error vs. number of trajectories. From the left panel of this gure, we
see that there is consistent gain in accuracy as a more dense sampling of the snapshots is performed.
The models are monotonically more accurate as we go fronthroughT- to T,. However, we also

observe from Figure 46 that going beyohgdto T, does not yield any further decrease in test error

as the difference between the newly added snapshots and the existing Bnésriot statistically

signi cant enough to aid the training process. Moreover, by choo$pgver T;, we reduce the
computational cost of training by a factor &f3. These considerations motivate us to a not too dense
sampling strategy for pretraining (and netuning) our foundation models.

D.6.2 Direct. vs. Autoregressive Inference

As mentioned in the Main Text, our time-conditioned models can either be directly evaluated at the
time of interest, or an autoregressive rollout can be performed (see Equation 8 of the Main Text).
This can per se be of any form that the user wants, i.e. with homogeneous step-sizes in time, or
with heterogeneous step-sizes in time. For simplicity, we only consider homogeneous autoregressive
rollouts forPOSeEIDON, scOT and FNO models, for the CNO models we nd a slight performance
boost with a heterogeneous rollout strategy.

Figure 47 shows for the NS-PwC and the Wave-Layer downstream task how the error behaves when
using direct or (homogeneous) autoregressive rollouts. We can directly see that it depends very
much on the task at hand, as autoregressive rollout works better for the NS-PwC task, whereas direct
lead-time input works better for Wave-Layer; this seems to be very dataset- and dynamics-dependent.
We therefore choose the best strategy for each task which is listed in Table 6.
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Figure 45: NS-SL. Testing errors of the CNO models trained iralitall and vanilla manner.
Performance improves with all2all training.

Figure 46: NS-PwC. Testing errors of the CNO models trained ial@all manner on different

T trajectories. (Left) Errors from directly evaluating the trained models. Performance improves as
denser trajectories are incorporated. (Right) Saturation effect observed. Adding denser trajectories no
longer enhances performance, as the additional samples are statistically less signi cant.

D.6.3 Error Growth over Time for P OSEIDON-B

Autoregressive inference can only work better than direct lead-time input when the error that ac-
cumulates at every step is smaller than the error obtained by direct lead time input. In Figure 48,
we can directly see that the error scadeb-linearlyfor the NS-PwC experiment and this is true in
general for our downstream tasks. This leads to two observations. First, there is no blow-up (for
instance exponential growth) of error in time with these models. Second, the fact that the error grows
in time proves that it is harder to predict the solution at nal time from initial data than predicting
time-averaged quantities. In other words, tHe-error in time will be greater than tHe*-error. This

justi es our choice of evaluating different models at the nal lead time of the underlying task.

To further demonstrate hoROSEIDONcompares with FNO over time, we plot errors for the NS-PwC
and NS-SL experiments as a function of time with both models in Figure 49. We observe from this
gure that the difference in error between FNO aPdsSEIDON-B actually grows over time and is

the highest at the nal time as FNO has much larger rate of error growth over timé>thsmi DON,
justifying our decision to evaluate models with respect to error at the nal time.
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Figure 47: Homogenenous autoregressive rollout vs. direct lead-time input on NS-PwC (left) and
Wave-Layer (right).

Figure 48: Error accumulation for autoregressive rollolPoEEIDON-B netuned on 128 trajectories
of the NS-PwC dataset.

D.6.4 Out-of-distribution Time Extrapolation

Here, we consider the NS-SL downstream task. As mentioned before, FNO (and other neural
operators) were trained from scratch as welPasselDoN (and other foundation models) were
netuned to learn the solution up to a nal lead time ©f= 0:7. We want to investigate how the
PosEelDoNfoundation model and the neural operator baseline (relatively) perform when we consider
anout-of-distribution time extrapolatioat the downstream task level. To this end, in Figure 50, we
plot the test errors, with respect to increasing number of task-speci c trajectories, for both FNO and
PoseIDON-B, but evaluated at nal times of = 0:7 and the extrapolated nal time of = 1:0.
A homogeneous autoregressive rollout is used in all cases. We observe from this gure that both
PoseiboN-B and FNO are worse at extrapolating in time than they are at predicting within the
time-period that they have been trained on. In addition to signi cantly outperforming FNO at both
timeT = 0:7 and at the extrapolated time &f= 1:0, POSEIDON-B in fact performs relatively better
at out-of-distribution than FNO. It is best seen from B® metric(11), wherePOSEIDONS EG
20fortimeT = 0:7isimprovedtoEG 30fortimeT = 1:0. This gain can be attributed to the
fact that during pretraining, ®sEIDONmodels have been trained for a longer time horizon.
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Figure 49: Error accumulation for the netun&bseIiDON-B and FNO for 128 training trajectories
on NS-PwC (left) and NS-SL (right).

Figure 50: Out-of-distribution extrapolation in time fBosSEIDONB and FNO on NS-SL up to
T=1.

D.6.5 Generalization of RbSEIDON with respect to Changing PDE Parameters

Several of our downstream tasks such as GCE-RT, Wave-Layer, Wave-Gauss and Helmholtz involve
operators that map the coef cient in the PDE to its solution. This setup is very different from the
pretraining dataset where the underlying solution operators only map the initial data to solutions
at later times and there is no PDE coef cient that is encountered. Nevertheless, from Tables 1
and 8, we observe that tiOSEIDON models generalize very well to these very different setups
for the operators for downstream tasks. To further test the abiliBosfEIDONtO generalize for
different PDE parameters, we consider the Navier-Stokes Equat®@h With a viscosity coef cient

=4 10 3. The ground truth data is generated using the Azeban spectral hyper viscosity solver
[62]. This new viscosity coef cient is very different from the setup of the pretraining data and
downstream tasks considered so far as in all of them, only a hyperviscodity b® 4 was applied to
high-enough Fourier modes in order to model the incompressible Euler equations with zero viscosity.
In this newtask, the initial conditions are identical to the NS-PwC downstream task. We see from
Figure 51 that Poseidon-B generalizes very well to this new viscosity coef cient and outperforms
FNO readily, in terms of both sample ef ciency and accuracy. In particular, the AG and EG scores
of Poseidon-B ar&G = 925:5andAG = 47:5, which are completely comparable to (even better
than) the scores &G = 1024 andAG = 19:7 (see Table 8 for the original NS-PwC task). Taken
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Figure 51: Error for the NS-PwC downstream task, but with viscosity4 10 3 (on all modes)
instead o4 10 “ applied only on high-enough Fourier modes to simulate the inviscid limit

together with other downstream tasks involving different PDE coef cients, this experiment clearly
demonstrates the ability ofd3EIDONto generalize to different PDE parameters via netuning.

D.6.6 PoseIDON Evaluated on Different Grids

As POSEIDONIs based on an operator transformer (scOT), it can be evaluted on grid resolutions,
different from the underlying computational grid. Following],[ we can simply downsample
(upsample) the input function from the given grid to the computational grid, process the input with
PoseiboNand upsample (downsample) the output from the computational grid to the given grid
resolution. We perform this evaluation BOSEIDON-B on multiple grid resolutions for the NS-PwC

task and present the result in Figure 52 to observe that the test error is (approximately) invariant to
the grid resolution.

D.6.7 Robustness of Poseidon with respect to Noise

To study how robusPOSEIDON s to noise, we consider the downstream CE-RPUI task and at
inference time, we add Gaussian noise to the inputs (initial conditions) at different noise-to-signal
ratios (NSRs) 0D:1%, 1% and3% respectively. The resulting errors, computed with respect to a
Ground Truth where the outputs are not noisy, for varying numbers of training trajectories, are shown
in Figure 53. The errors in the zero noise (clean) case are also shown in this Figure. We observe
from this gure thatPOSEIDON-L's performance is robust to input noise and the error does not grow
signi cantly even when the noise level is an apprecic@f# demonstrating the robustness of this
foundation model with respect to noise.

D.6.8 Histograms of Errors for Different Tasks

In Figure 54, we plot the distribution of errors across the test set for all downstream tasks with the
PoseEIDON-B model, netuned with 128 trajectories (samples).
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Figure 52: Test performance BPHSEIDON-B netuned on 128 trajectories of the NS-PwC dataset
for multiple resolutions.

Figure 53: Effect of injecting Gaussian noise in the initial condition on CE-RPUI (before normalizing
the data; normalization constants are as before) witBEPDON-L.
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Figure 54: Error distribution oPOSEIDON-B netuned on all downstream tasks (for 128 trajectories
in the time-dependent, and 512 in the time-independent case). The kernel density estimate is done
over the mean of all functions/quantities of interest.
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E Computational Resources

All experiments were run on different types of GPUs, on the Euler cluster of ETH Zurich. Depending
on the experiment, we use between 8 and 128 CPU cores and up to 512GB of RAM, with pretrainings
using the most CPU cores and RAM. However, we note that this is more than is actually needed, as
we tried to minimize being bottlenecked by dataloading. For all our models and baselines, we used
consumer-grade GPUs with 24GB of VRAM. All our pretrainings were performed in (data-)parallel
on 8 NVIDIA GeForce RTX 4090 GPUs. All netuning experiments and most scratch trainings were
performed on a single GPU, while some scratch training runs with a lot of data were performed in
(data-)parallel. Pretraining times can be read off from Table 11.

Table 11: Approximate pretraining times on 8 NVIDIA GeForce RTX 4090 GPUs. Batch sizes are
given in parentheses.

PoseibonL  PoseiDONB  PoseibonNT  CNO-FM

165h (16) 118h (40) 22h (80)  178h (32)

In Table 12, we provide an overview over the inference times of each model for a single call to it. We
observe from this table that even the biggésseEIDON-L has an (average) inference time of less
than10 2 secs. This is contrast to the PDE solvers that were used to generate the data in this paper.
Their run times, for a resolution dR28& ranged from anywhere betwe6ri sec (for highly optimized

GPU solver 2] for the NS datasets tb0 secs for FENICS40] FEM solver for the Poisson-Gauss
dataset to approx00secs for NEWTUN 45] for generating the airfoils datasets 360 secs for

the well-balanced scheme to generate the GCE-RT. Thus, we observe a gain in inference time from
anywhere betweeh 5 orders of magnitude.

Table 12: Approximate inference times (per call and normalized to a single sample) for different
models, all reported on a NVIDIA GeForce RTX 4090 GPU for the FNS-KF experiment. Batch sizes
are given in parentheses. We note that the values given here are just proxies as this was not tested in a
controlled environment.

Model Approximate inference time

PoOsSEIDONL 4 ms (16)
PosSEIDON-B 2.9ms (40)
POSEIDONT 1.6ms (40)
CNO-FM 1.8ms (32)
MPP-B 10ms (4)
CNO 0.9ms (32)

scOT 3ms (40)

FNO 2ms (40)

F Pretrained Models, Datasets, and Source Code

The source code corresponding to this work is available on Github (https://github.com/camlab-
ethz/poseidon). Everything is tightly integrated into Huggingface Transformigrafid we make
heavy use of Huggingface Accelerate for distributed training.

In addition to the code, we make (pretrained) models and datasets available on the Huggingface
Hub (https://huggingface.co/camlab-ethz), see the Poseidon collection for pretrained models and
pretraining datasets, the Poseidon — Downstream Tasks collection for all downstream tasks, or the
PDEGYM collection for all datasets in PD&EYM.
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G Visualizations

() Inputs: horizontal velocity and vertical velocity.

(b) (Top) Ground truth. (Bottom) Samples predicted kysRIDON-B atT = 1.

Figure 55: NS-Sines. Visualization of a random sample.
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(a) Inputs: horizontal velocity and vertical velocity.

(b) (Top) Ground truth. (Bottom) Samples predicted lysRIDONB atT = 1.

Figure 56: NS-Gauss. Visualization of a random sample.
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(a) Inputs: density, horizontal velocityu, vertical velocityv and pressurg.

(b) (Top) Ground truth. (Bottom) Samples predicted lysRIDONB atT = 1.

Figure 57: CE-RP. Visualization of a random sample.
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(a) Inputs: density, horizontal velocityu, vertical velocityv and pressurp.

(b) (Top) Ground truth. (Bottom) Samples predicted lysRIDONB atT = 1.

Figure 58: CE-CRP. Visualization of a random sample.
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