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Abstract

The increasing size of neural networks has led to a growing demand for methods of
efficient fine-tuning. Recently, an orthogonal fine-tuning paradigm was introduced
that uses orthogonal matrices for adapting the weights of a pretrained model. In
this paper, we introduce a new class of structured matrices, which unifies and
generalizes structured classes from previous works. We examine properties of
this class and build a structured orthogonal parametrization upon it. We then use
this parametrization to modify the orthogonal fine-tuning framework, improving
parameter and computational efficiency. We empirically validate our method
on different domains, including adapting of text-to-image diffusion models and
downstream task fine-tuning in language modeling. Additionally, we adapt our
construction for orthogonal convolutions and conduct experiments with 1-Lipschitz
neural networks.

1 Introduction

Orthogonal transforms have proven useful in different deep learning tasks. For example, they were
shown to stabilize CNNs [Li et al., 2019, Singla and Feizi, 2021] or used in RNNs to combat the
problem of exploding/vanishing gradients [Arjovsky et al., 2016]. Recent works OFT (Orthogonal
Fine-Tuning) and BOFT (Butterfly Orthogonal Fine-Tuning) [Qiu et al., 2023, Liu et al., 2024b] use
learnable orthogonal matrices for parameter-efficient fine-tuning of neural networks, which prevents
training instabilities and overfitting that alternative methods like LoRA [Hu et al., 2022] suffer from.

Nevertheless, parametrization of orthogonal matrices is a challenging task, and the existing methods
typically lack in either computational efficiency or expressiveness. Classical methods like Cayley
parametrization and matrix exponential map cannot operate under low parameter budget, while
Givens rotations and Householder reflections requires computing products of several matrices, which
makes their use less efficient in deep learning tasks. Alternative approach in OFT method uses block-
diagonal matrix structure in an attempt to be more computationally efficient and use less trainable
parameters. Unfortunately, this simple structure can be too restrictive. Thus, arises the problem of
constructing dense orthogonal matrix while still being parameter-efficient. While attempting to tackle
this task, BOFT method uses a variation of butterfly matrices, parametrizing orthogonal matrices as a
product of several matrices with different sparsity patterns, enforcing orthogonality on each of them.
This parametrization is able to construct dense matrices while still being parameter-efficient. However
it requires to compute a product of multiple matrices (typically up to 6) which can be computationally
expensive. In this paper, we aim to overcome these issues and build dense orthogonal matrices in a
more efficient way.
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We present a novel structured matrix class parametrized by an alternating product of block-diagonal
matrices and several permutations. Multiplying by these matrices can be seen as a consecutive
application of independent linear transforms within certain small groups and then shuffling the
elements between them, hence the name Group-and-Shuffle matrices (or GS-matrices for short). This
class generalizes Monarch matrices [Dao et al., 2022] and with the right permutation choices, is
able to form dense orthogonal matrices more effectively compared to approach proposed in BOFT,
decreasing number of matrices in the product as well as the number of trainable parameters. We
build efficient structured orthogonal parametrization with this class and use it to construct a new
parameter-efficient fine-tuning method named GSOFT.

Our contributions:

* We introduce a new class of structured matrices, called GS, that is more effective at forming
dense matrices than block butterfly matrices from the BOFT method.

» Using GS-matrices, we propose an efficient structured orthogonal parametrization, provide
theoretical insights and study its performance in the orthogonal fine-tuning framework.

* We adapt our ideas for convolutional architectures, providing a framework to compress and
speed-up orthogonal convolution layers.

2 Orthogonal Fine-tuning

Orthogonal Fine-tuning method (OFT) introduced in [Qiu et al., 2023] is a Parameter-Efficient
Fine-Tuning (PEFT) method which fine-tunes pre-trained weight matrices through a learnable
orthogonal block-diagonal matrix. Some of the properties that make orthogonal transforms desirable
are preservation of pair-wise angles of neurons, spectral properties and hyperspherical energy. More
precisely, OFT optimizes an orthogonal matrix Q 2 RY9 9 for a pre-trained frozen weight matrix
W0 2 RY M and modifies the multiplication y = (W°)™x toy = (QW )™ x. Note that the identity
matrix | is orthogonal, which makes it a natural initialization for Q. OFT uses block-diagonal
structure for Q, parameterizing it as

Q = diag(Qla Q27 e Qr)7
where Q; 2 R P are small orthogonal matrices and br = d. Orthogonality is enforced by Cayley
parametrization, i.e.

Qi=(+Kp(l Ky %
where K are skew-symmetric: Kij = K;~. This ensures orthogonality of Qj and, hence, of Q.

Nevertheless, block-diagonal matrices can be too restrictive, as they divide neurons into r independent
groups based on their indices. This motivates the construction of dense parameter-efficient orthogonal
matrices. To address this problem, the Orthogonal Butterfly method (BOFT) was introduced [Liu
et al., 2024b]. BOFT uses block-butterfly structure to construct Q. Essentially, Q is parameterized as
a product of m orthogonal sparse matrices:

Q=BmnBm 1:::B1.
Each matrix Bj is a block-diagonal matrix up to a permutation of rows and columns, consisting
of r block matrices of sizes b b. Similarly to OFT, the orthogonality is enforced by the Cayley

parametrization applied to each block. However, BOFT method has some areas for improvement as
well. To construct a dense matrix, BOFT requires at least
m = 1 + dlog,(r)e

matrices. For example, the authors of BOFT use m = 5 or 6 matrices in the BOFT method for
fine-tuning of Stable Diffusion [Rombach et al., 2022]. Large amount of stacked matrices leads to
significant time and memory overhead during training. There is also a room for improvement in terms
of parameter-efficiency. To overcome these issues, we introduce a new class of structured matrices
that we denote GS (group-and-shuffle) that generalizes Monarch matrices [Dao et al., 2022, Fu et al.,
2024] and show how to use this class to construct parameter-efficient orthogonal parametrization.
Similarly to BOFT, our approach uses block-diagonal matrices and permutations, but requires only

m = 1 + dlog,(r)e
matrices of the same size to construct a dense matrix. See details in Section 5.2. The reduced

requirements on M allow us to use M = 2 in experiments to maximize computational efficiency,
while still maintaining accurate results.



3 GSmatrices

Our motivation within this work is to utilize orthogonal matrices of the form:
A= P (LPR)Pr Q)

where matrices andR are block-diagonal matrices withblocks of sized bandP,,P,Pg

are certain permutation matrices, ey. = P>, Pr = | in the orthogonal ne-tuning setting and

Pr = P,P_ = | for convolutional architectures. Note that although the ¢&ase P> ,Pr = |
resembles Monarch matrices [Dao et al., 2022], they are unable to form such a structure, e.g., with
equal-sized blocks ib andR. The issue is that the Monarch class has a constraint that interconnects
the number of blocks in matrik and the number of blocks in matriX (see Appendix C for details).
Moreover, Monarch matrices have not been considered with orthogonality constraints.

To build matrices of the fornil), we rst introduce a general class &S-matrices and study its
properties. We then discuss orthogonal matrices from this class in Section 4.

3.1 De nition of GSmatrices

De nition 3.1. Anm n matrixA isinGYP,., P, Pr) class withk, , kg blocks and block sizes

B b BRf

A = P_L(LPR)Pg,

whereL = diag(Ly, Lo, 15, L ), Li 2 R% R = diag(R1,R2,:::,Rig ), Ri 2 R% B,
PL,P,Pr are permutation matrices artf k. = bt kg = s,Bt k_= m,bg kr = n.

In practice, we xP_,P,Pr depending on the application
and only make matricds, R subject for changes S'matrices

are hardware-ef cient, as they are parametrized by two simple
types of operations that can implemented ef ciently: multipli-
cations by block-diagonal matrices and permutations.

Let us also illustrate a forward pa8g  LP Rx for a matrix

A 2GS(1, P, 1) as a building block for the more general class

with two additional permutations. The rst operatign= Rx

consists of several fully-connected layers, applied individually

to subgroups ox, see Figure 1. The next multiplicatidu y

ensures that these groups interact with each other. Indeed,

the permutation matri® shuf es the entries ofy into new

subgroups. These subgroups are then again processed lbgFaRX) P(Rx)  Rx
number of fully-connected layers usihg This motivates the Figure 1: GS(I,P,1) matrices
naming for our class of matrice&roup-and-Shuf eor G Sfor wi?h bﬁ = bE - 3' b&{ - bﬁ S
short. B LU R T .

X

k. =2, kg = 3. Edges between
Another useful insight on these matrices is that the classdes denote nonzero weights.
G, P,I) consists of block matrices with low-rank blocks.

The permutation matriR is responsible for the formation of

these blocks and de nes their ranks (note that rank may vary

from block to block). The result below formally describes our ndings and is key to the projection
operation that we describe afterwards.

Proposition 1. Let A be a matrix fromGS(l, P, 1) with a permutation matriXP de ned by the
function :f0,:::,n 1g!f 0,:::,n 1g. Letfv] g— be the rows of the block,, :::, Rk, ,

fu;g — the columns of the blocks,,:::, Lk, inthe consecutive order. Then the ma#ican be
written as a block matrix witk, kg blocks using the following formula for each blogk, ,:
X
Akl,kz = u (i)Vi> .
b e=ky
bﬁc: ko

Note that we use zero-indexing for this proposition for simplicity of formulas.
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Figure 2: lllustration of Proposition 1 that provides block low-rank interpretatioB &f , P, |)
matrices. The matriR contains 2 blocks and matrlx contains 4 blocks.

Let us illustrate this proposition in Figure 2. We consi@%1 , P, 1) with k. = 4 andkg = 2
blocks inL andR and with the block size8 3and6 6 respectively. Let us consider the leading
block Ago of the size3 6. According to Proposition 1o = UgVv; + UzV; . Indeed, let us take a
closer look, e.g., at the termpv; . In the permutation matri®, we have a nonzero element in the
position(2,4) asi =4 and (4) = 2. Therefore, we select the third columapin L; and the fth
rowVv; in R;. This leads to adding a rank-one temyv; to Ag as we see in the formula above.

Another direct corollary from Proposition 1 is a projection operatio®R™ " ! GS (P.,P,PRr)
that satis es:
(A) 2 argmin kA Bkg,
B 2GS (P, ,P,PRr)
wherek kg is the Frobenius norm. Thanks to the block low-rank representation of matri-
ces fromGYP_, P, Pr), the projection is simply constructed using SVD truncations of the
blocks(P” AP3 )k, k, and is summarized in Algorithm 1.

Algorithm 1 Projection () of A ontoGYP_,P,PRr)

Input: A,P_,P,Pr
Return: L,R
fork; =1:::k_do
for ko =1:::kg do
ComputeSVD of (P APZ )k, k, = U V7;
Setr = ry, x, —rank of block determined by ;

TakeU, = U[:r,:], r=1[ r,:rl,Vi = VLo,
Pack columns ob, =2 into Lk, and rows of rlzzvr into Rg, according taP;
end for
end for

4 Orthogonal G§P,, P, Pr) matrices

In this section, we study the orthogonality constraint for &P, , P, Pr) to obtain structured
orthogonal representation. This is one of the main contributions of our paper and we utilize this class
in all the numerical experiments. Since we are interested only in square orthogonal matrices, we
additionally assume that = n andb! = ¥ = b_; B} = b = br. Similarly to parametrizations

in OFT and BOFT, a natural way to enforce orthogonalitya&(P, , P, Pr)-matrices is to enforce
orthogonality of each block df andR. This indeed leads an orthogonal matrix since permutation
matrices are also orthogonal as well as a product of orthogonal matrices. However, it is not immedi-
ately obvious that there exist no orthogonal matrices f@8{P_, P, Pr) that cannot be represented

this way. Surprisingly, we nd that such a way to enforce orthogonality is indeed suf cient for
covering of all orthogonal matrices fro@3P, , P, PRr).

Theorem 1. LetA be any orthogonal matrix frol@ P, , P, Pr). ThenA admitsP_ (LPR)Pg
representation with the matricés R consisting of orthogonal blocks.

Proof. MatricesP, , Pr are orthogonal as they are permutation matrices. It means that it is suf cient
to prove theorem in the case wharis fromGS(1, P, 1), which means that we can use low block-



rank structure interpretation from Proposition 1. Consider a skeleton decomposition of the blocks
Aj = Uy V7, Uy 2 R™ i vy 2 R® T such thatdf U = 1, (this can be ensured, e.g.,
using the QJR decomposition). Then

0

U1’1V1>’1 L Ul,kL kaL
Az o :
UkL lek>|_ 1 UkL ’kR Vk>|_ :kR
Take the -th block-column ofA. SinceA is an orthogonal matrix, we get:
0 o1
U, Vl,j
Vl,j Uii M VkL,j Uk>|_,j E‘) = IbR
Ui Vi
Multiplying matrices inthe Lh.s. we &t j U7 Upj Vi + + Vi jUg Uk j Vi = lbe - Since
Uij> Uj = Iy, we concludevy Vlfj + 0+ Vi V;L i = los- Thisimplies tha(Vy; ::0 Vi i)
is an orthogonal matrix. Note that if we now parameteAze LP R with the matriced/; packed
into R andVU;; packed intd_, then(Vy; ::: Vi) is exactly thg -th block matrix inR up to
permutation of rows. Therefore, every blockRnis an orthogonal matrix. Since we now proved that
\/ij> Vj = |, we can use same the derivation for the rowéaind conclude that blocks af are also
orthogonal. O

5 GYPun+1,:::,P1) matrices

In this section we describe an the extensioG& matrices that uses more than two block-diagonal
matrices and show that with the right permutations choig&snatrices are more effective than block
butter y matrices in forming dense matrices. Here by dense matrices we imply matrices that do not
contain zero entries at all.

De nition 5.1. A is said to be ilGYPm+1,:::, P1) if

YI.
A= Pna (BiPy),

i=m

where each matriB; is a block-diagonal matrix wittk; blocks of sizd® 2, matricesP; are
permutation matrices angt ki = b2, K1 .

Remark 1. Similarly to the casen = 2 described in Section 3, we may use orthogonal bloclg; in
i =1, :::,m+1 to obtain orthogonal matrices. However, it is not clear if an analog to Theorem 1
is correct in this case as well.

Remark 2. For each of the classes of Block Butter y matrices [Chen et al., 2022], Monarch
matrices [Dao et al., 2022] and order-p Monarch matrices [Fu et al., 2024], there exist permutation
matricesPm+1 ,:::, P1 such thatGS(Pm 41 ,:::P1) coincides with a respective class. Indeed,
Monarch matrices have the form of alternating block-diagonal matrices and permutations with some
speci ¢ size constraints and sparse matrices in the product of Block Butter y matrices can be easily
transformed to block-diagonal matrices with permutations of rows and columns.

5.1 Choosing permutation matrices

We suggest using the following matrices withs k; for P;. Note that this is ef cient for forming
dense matrices as follows from the proof of Theorem 2. This is by contrast to the permutations used
in [Fu et al., 2024] that are restricted to particular matrix sizes.
De nition 5.2 ([Dao et al., 2022]) LetPy ) be a permutation matrix given by permutatioron
f0,1,:::,n 1g:
n [
i)=(imodk) —+ —
(i)=(imodk) -+



Applying this permutation to a vector can be viewed as reshaping an input of sitgank ¢
matrix in a row-major order, transposing it, and then vectorizing the result back into a vector (again
in row-major column). We provide several examples of such permutations in Figure 3.

P12 P12 P12 P12

Figure 3: lllustraion oP, 1) permutations fok 2 f 3,4, 6, A.

5.2 Comparison to block butter y matrices and BOFT

Block Butter y matrices were introduced in [Chen et al., 2022] and are used to construct orthogonal
matrices in the BOFT method. Block Butter y matrix class is a special case of higher-Gigler
matrices withk; = r and! = ¥ = b = 2s and certain permutation choices. However, we
argue that the choice of these permutations are sub-optimal for construction of dense matrix and
using permutations from De nition 5.2 is more effective. When using block-diagonal matrices with

r blocks, block butter y matrices neetl + dog,(r)e matrices to construct a dense matrix. For

G Smatrices we have the following result.

Theorem 2. Letk; = r,bt = ¥ = b. Then usingn = 1 + dog,(r)e s suf cient for the class

GS(PL,P(rory» 2 P(r ory, Pr) to form a dense matrix for any, , Pr. Moreover, the choice of
P, = = Pm = P( pr) is optimal in the sense that all matrices frdb8(Pm+1,:::, P1) contain
zero blocks for any integen < 1+ dog,(r)eand any permutationB1,:::, Pm+1 .

Proof. See Appendix D. O

For example, let us consider a case of constructing a dense orthogonal matrix of th@2izel024
Suppose also that we use block matrices with block 3%ZeConstructing a dense matrix with Block
Butter y matrices required +log,(32) = 6 butter y matrices, which leads t6 32 parameters in

the representatiotGSP., P, Pr) matrices withP = P(35 1924y Only need two matrices to construct

a dense matrix yielding 32% parameters. ThR&é P, , P, Pr) parametrization is also naturally
more computationally ef cient as fewer number of multiplications is both faster and requires less
cached memory for activations.

6 Applications

6.1 Orthogonal ne-tuning with GSP_,P,Pgr) (GSOFT)

We utilize the pipeline of OFT and BOFT methods with the exception of parametr@ingth
orthogonal permute® (P, , P, Pr) matrices. In particular, for parametrization @2 RY ¢,

we utilize theGSP>,P,1) class, i.e.Q = P> LPR, whereL = diaglLq,:::L;),L; 2 R? P,

R = diagR1,:::,R;), Ri 2 RP . For consistency, we use the same notation for the number of
blocks and block sizes as in BOFT and OFT methods. WeéPysg as a permutation matriR. To
enforce orthogonality, we parameterize each block in mattic&swith the Cayley parametrization.
We initialize Q as an identity matrix by initializing each block to be an identity matrix. Additional



techniques like magnitude scaling and multiplicative dropout that are used in OFT and BOFT can
be utilized the same way in our method, though we only use scaling in our experiments. Note
that likewise in OFT, BOFT weights of the mati@ can be merged with the pretrained weiltit
producing no inference overhead.

6.2 Two-sided orthogonal ne-tuning (Double GSOFT)

ConsiderSVD decomposition of a matriw/® = U V> . Applying orthogonal ne-tuning, we get
WO=(QU) V>, whichis anSVD decomposition for the adapted weight®. This shows that we

can only change left singular vectddswith the standard orthogonal ne-tuning paradigm. At the
same time, the LORA method modi es both matri¢¢sandV . Moreover, recent papers [Meng et al.,
2024, Li et al., 2023] show that initializing matricés B with singular vectors can additionally boost
performance of LORA. This motivates an extension of orthogonal ne-tuning method, that can adapt
both matriced) andV. We introduce a simple approach that multiplies pre-trained weight matrices
from both sides, rather than one. This method modi es forward pass frof\¢ %> x to

z=(QuW°Qy)”x

WhereQy andQy are parametrized as orthogo&&matrices. In cases where BOFT utilizes 5-6
matrices, we can leverage the fact that our method uses only 2 and adapt both sides while still using
less matrices and trainable parameters than BOFT.

6.3 GSOrthogonal Convolutions

Recall, that due to linearity of a multichannel convolution operation, we can express the convolution
of tensorX 2 R% N W withakernelL 2 R« ©n k k| 2X interms of matrix multiplication
[Singla and Feizi, 2021]:

2 3

Y=L?2X veo(Y):ﬁ ;’ : &ZaveO(X), ()

Leow 20 110 Lo 100 12

whereL; ; is doubly Toeplitz matrix, corresponding to convolution betwe¢mand; -th channels
andveqX) is a vectorization of tensor into a vector in a row-major order. Thus, the convolution

is essentially a block matrix, where each block represents a standard convolution operation. Using
this block interpretatioif2), we may apply the concept &S matrices to convolutional layers as

well. Considering each convolution between channels as an element of our block matrix, we can
set some of these blocks to zero, obtaining some additional structure. Thus, we can construct block
matrix which has block-diagonal structure, corresponding to grouped convolution (further, in all
equations we will denote it &rCony. Then, de ningChShuffle as a permutation of channels,

like in [Zhang et al., 2018], we obtain structure, which is similar to GSOFT, de ned in Section 6:

Y = GrCony(ChShuffle ,(GrCony (ChShuffle 1(X)))). )

The proposeds Sconvolutional layer shuf es information between each pair of input channels and
requires less parameters and FLOPs during computations. In this example we can also choose
permutations of channels and change kernel size. This convolutional layer can be treated as
GSPm+1,:::,P1) matrix in vectorized view, that is why choosing permutations between con-
volutional layers is also very important for information transition properties. In Appendix F we
explain the choice o€hShuffle operation.

We can use the proposed layer to construct orthogonal convolutions (transformations with an or-
thogonal Jacobian matrix) similarly to skew orthogonal convolution (SOC) architecture, that uses
Taylor expansion of a matrix exponential. One major downside of methods such as SOC and BCOP
[Li et al., 2019] is that they require more time than basic convolution operation. For instance, in
the SOC method, one layer requires multiple applications of convoludicorfvolutions per layer).

In our framework, we propose a parametrization of a convolutional layer, in which imposing an
orthogonality to convolutions has fewer number of FLOPs and parameters thanks to the usage of
grouped convolutions.



Let us discuss in more details how SOC works and the way we modify it. In SOC, a convolutional
Iter is parametrized in the following way:

L=M ConvTransposgM ),
whereM 2 RCr Cout T Sisan arbitrary kernel and tHeéonvTransposeis the following operation:
ConvTransposeM )i ki1 = Mjir k 1s 1 1

This parametrization of Itel. makes the matrix from Equation 2 skew-symmetric. As matrix
exponential of skew-symmetric matrix is an orthogonal matrix, in SOC the authors de ne convolution
exponential operation, which is equivalent to matrix exponential in matrix-vector notation:

De nition 6.1. [Singla and Feizi, 2021] LeX 2 R® " W be an input tensor and 2 R® ¢ k K
be a convolution kernel. Then, de ne convolution exponehta} X as follows:

L?2X L??2X
+ +
1! 2!
whereL ?' X is a convolution with kerndl appliedi times consequently.

L?eX = X +

As mentioned above, with proper initialization we get a convolutional layer with orthogonal Jacobian
matrix. Using the parametrization of convolution layer from the Equation 3 and substituting there
two grouped convolution exponentials (e.g. in our parametrization we have the same convolution
exponential, but we have grouped convolution instead of basic one) with the parameterized kernel:

Y = GrExpCony(ChShuffle ,(GrExpCony(ChShuffle 1(X))))

In our experiments we tried different layer architectures and we found that making kernel size of the
second convolution equal to 1 speeds up our convolutional layer, maintaining quality metrics. Thus,
if convolutional layer consists of two grouped convolutional exponentials, the second convolutional
exponential hakernel_size=1 1

7 Experiments

All the experiments below were conducted on NVIDIA V100-SXM2-32Gb GPU. We ran all the
experiments within 2000 GPU hours.

Source code is available dtttps://github.com/Skonor/group_and_shuffle

7.1 Natural language understanding

We report result on the GLUE [Wang et al., 2018] benchmark with RoBERTa-base [Liu et al., 2019]
model. Benchmark includes several classi cation tasks that evaluate general language understanding.
We follow training settings of [Liu et al., 2024b, Zhang et al., 2023]. We apply adapters for all linear
layers and only tune learning rate for all methods. Table 1 reports best results on the evaluation set
from the whole training. LORA, OFT and BOFT are implemented with PEFT library [Mangrulkar
et al., 2022]. GSOFT method outperforms OFT, BOFT and also have a slight edge over LoRA.
Note that even though skew-symmetictheoretically matrix only requires approximately half the
parameters of a full matrix, in practice it is parametrizetkas A AT for the ease of computations.
However, after ne-tuning, one can only save upper-triangular pakt oDoing this, orthogonal
ne-tuning methods become approximately 2 times more ef cient in terms of memory savings.

7.2 Subject-driven generation

Subject-driven generation [Ruiz et al., 2023, Gal et al., 2022] is an important and challenging task in
the eld of generative modelling. Given several photos of a particular concept, we want to introduce
it to the diffusion model so that we can generate this particular object in different scenes described by
textual prompts. The main way to do this is to ne-tune the model. However, the large number of
ne-tuning parameters together with the lack of training images make the model prone to over tting,
i.e. the model reconstructs the concept almost perfectly, but starts to ignore the textual prompt
during generation. To solve this problem and stabilize the ne-tuning process, different lightweight
parameterizations [Qiu et al., 2023, Liu et al., 2024b, Hu et al., 2022, Tewel et al., 2023, Han et al.,



Table 1: Results on GLUE benchmark with ROBERTa-base model. We report Pearson correlation for
STS-B, Matthew's correlation for CoLA and accuracy for other tasks. # Params denotes number of
trainable parameters

Method #Params MNLI SST-2 CoLA QQP OQNLI RTE MRPC §STS-B ALL
FT 125M 87.62 9438 6197 915 93.06 80.14 88.97 90.91 86.07
LoRA =3 1.33M 87.82 95.07 64.02 90.97 92.81 8195 88.73 90.84 86.53
OFTh=16 1.41M 87.21 95.07 64.37 90.6 9248 79.78 _89.95 90.71 86.27
BOFTIz2 1.42M 87.14 9438 6257 90.48 9239 80.14 88.97 90.67 85.84

GSOFTh=s 1.42M 87.16 95.06 653 90.46 9246 8195 90.2 90.76 86.67

Table 2: Results on subject-driven generation. # Params denotes the number of training parameters in
each parametrization. Training time is computed for 3000 iterations on a single GPU V100 in hours.

Full LoRA BOFT GSOFT (Ours) Double GSOFT (Ours)
Model rank r,m r r
4 32 128 32,4 32,6 16,5 32 16 8 64 32 16
# Params 999M 0.8M 6.6M 26.6M 13.6M 204M 338M 6.8M 13.6M 27.1M 65M 13.0M 259M
Training time 1.3 1.3 1.3 1.3 2.0 2.2 2.3 15 16 1.8 1.7 2.0 1.8
CLIP-I" 0.805 0.805 0.819 0.813 0.803 0.796 0.789 0.805 0.803 0.78®.815 0.802 0.783
CLIP-T" 0.212 0.246 0.236 0.223 0.244 0.234 0.22®.256 0.245 0.227 0.256 0.242 0.225

2023] and regularization techniques [Ruiz et al., 2023, Kumari et al., 2023] are widely used in
this task. Therefore, we chose this setting to evaluate the effectiveness of the proposed orthogonal
parameterization compared to other approaches.

We use StableDiffusion [Rombach et al., 2022] and the Dreambooth [Ruiz et al., 2023] dataset for alll
our experiments. The following parameterizations were considered as baselines in this task: full (g, k,
v and out.0 layers in all cross- and self- attentions of the UNet are trained), LORA [Hu et al., 2022]
and BOFT [Liu et al., 2024b] applied to the same layer. We use our GSOFT parameterization and a
two-sided orthogonal GSOFT (Double GSOFT) applied to the same layers as baselines. For a more
comprehensive comparison, we consider different hyperparameters for the models, adjusting the total
number of optimized parameters. More training and evaluation details can be found in Appendix E.

CLIP image similarity, CLIP text similarity and visual comparison for this task are presented in
Table 2 and Figure 4. As the results show, GSOFT and DoubleGSOFT are less prone to over tting
compared to the baselines. They show better alignment with text prompts while maintaining a
high level of concept delity. Furthermore, both methods with optimal hyperparameters are more
ef cient than BOFT and comparable to LoRA and full parameterization in terms of training time.
See Appendix E for more visual and quantitative comparison.

7.3 GSOrthogonal Convolutions

Following [Singla and Feizi, 2021], we train LipConvnet-n on CIFAR-100 dataset. LipConvnet-n
is 1-Lipschitz neural network, i.e. neural network with Lipschitz constant equal to 1, his property
provides certi ed adversarial robustness. LipConvnet uses orthogonal convolutions and gradient
preserving activations in order to maintain 1-Lipschitz property.

LipConvnet-n architecture consists of 5 equal blocks, each hdviskew orthogonal convolutions,
where the last convolution at each level downsamples image size. We replace the skew orthogonal
convolution layer with the structured version usi@@orthogonal convolutions and test it in the
setting of [Singla and Feizi, 2021], using the same hyperparameters (learning rate, batch size and
scheduler stable during testing). In layers where we haveaiixpConythe second convolution

has kernel size equal to 1.

We also use a modi ed activation function (MaxMinPermuted instead of MaxMin), which uses differ-
ent pairing of channels. This makes activations aligned wittCth®huffle operation and grouped
convolutions. The choice of permutation f@hShuffle also slightly differs from permutations

de nd in De nition 5.2 because of the interplay between activations and convolutional layers. We
provide de nitions and intuition regarding activations and permutation€fuBhuffle in Appenix F.



Figure 4: Subject-driven generation visual results on 3000 training iterations.

Table 3: Results of training LipConvnet-15 architecture on CIFAR-180) in “Groups” column
denotes number of groups in two grouped exponential convolutions (with kerneBsineld). (a, )
corresponds to only or® Sorthogonal convolutional layer. Before each grouped layer Wighoups
use aChShuffle operator.

Conv. Layer| #Params Groups Speedup Activation Accuracy Robust Accuracy
SOC 24.1M - 1 MaxMin 43.15% 29.18%
GS-s0oC 6.81M 4,-) 1.64 MaxMinPermuted 43.48% 29.26%
GS-sOC 8.91M 4,1) 1.21 MaxMinPermuted 43.42% 29.56%
GS-soC 7.86M 4,2) 1.22 MaxMinPermuted  42.86% 28.98%
GS-SOC 7.3M 4, 4) 1.23 MaxMinPermuted  42.75% 28.7%

8 Concluding remarks

In this paper, we introduce a new class of structured matrices, calBahatrices, build a structured
orthogonal parametrization with them and use them in several domains within deep learning applica-
tions. However, we hope that our orthogonal parametrization can be adapted to different settings in
future (including tasks outside of deep learning), as it makes orthogonal parametrizations less of a
computational burderG Smatrices without orthogonality constraints is another promising direction.

9 Limitations

Although our method for orthogonal ne-tuning is faster than BOFT, it is still slower than LoRA
during training. Additionally, since our parametrization provides a trade-off between expressivity
and parameter-ef ciency, it might be unable to represent some particular orthogonal matrices, which
might be required in other settings apart from parameter-ef cient ne-tuning.
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