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Abstract

Predictive coding (PC) is an energy-based learning algorithm that performs iterative
inference over network activities before updating weights. Recent work suggests
that PC can converge in fewer learning steps than backpropagation thanks to its
inference procedure. However, these advantages are not always observed, and
the impact of PC inference on learning is not theoretically well understood. To
address this gap, we study the geometry of the PC weight landscape at the inference
equilibrium of the network activities. For deep linear networks, we first show that
the equilibrated PC energy is equal to a rescaled mean squared error loss with a
weight-dependent rescaling. We then prove that many highly degenerate (non-strict)
saddles of the loss including the origin become much easier to escape (strict) in the
equilibrated energy. Experiments on both linear and non-linear networks strongly
validate our theory and further suggest that all the saddles of the equilibrated energy
are strict. Overall, this work shows that PC inference makes the loss landscape of
feedforward networks more benign and robust to vanishing gradients, while also
highlighting the fundamental challenge of scaling PC to very deep models.

1 Introduction

Originating as a general principle of brain function, predictive coding (PC) has in recent years been
developed into a local learning algorithm that could provide a biologically plausible alternative to
backpropagation (BP) [32, 31, 43]. Deep neural networks (DNNs) trained with PC have shown
comparable performance to BP on standard small-to-medium machine learning tasks, including
classification, generation and memory association [31, 43, 41]. PC networks (PCNs) are also highly
versatile, allowing for arbitrary computational graphs [45, 10], hybrid and causal inference [44, 59],
and temporal prediction [35].

In contrast to BP, and similar to other energy-based algorithms [e.g. 49, 38], PC performs iterative
(approximately Bayesian) inference over network activities before weight updates. This has been
recently described as a fundamentally different principle of credit assignment for learning in the brain
called “prospective configuration” [54], where weights follow activities (rather than the other way
around). While the inference process key to PC incurs an additional computational cost, it has been
suggested to provide many benefits for learning including faster convergence [54, 3, 18]. However,
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these speed-ups are not consistently observed across datasets, models and o#jnaadrthe
impact of PC inference on learning more generally is not theoretically well understood (see §A.2.1).

To address this gap, we study the geometry of the effective landscape on which PCtreamsight
landscape at the inference equilibrium of the network activi{tiesned in §2.2). Our theory considers

deep linear networks (DLNSs), the standard model for theoretical studies of the loss landscape (see
8A.2). Despite being able to learn only linear representations, DLNs have non-convex loss landscapes
with non-linear learning dynamics that have proved to be a useful model for understanding non-linear
networks [e.g48]. In contrast to previous theories of P&, P, 18], we do not make any additional
assumptions or approximations (see 8A.2), and we empirically verify that our linear theory holds for
non-linear networks.

For DLNs, we rst show that, at the inference equilibrium, the PC energy is equal to a rescaled
mean squared error (MSE) loss with a non-trivial, weight-dependent rescaling (Theorem 1). We then
compare saddle points of the loss, which have been recently charact@3sél fo those of the
equilibrated energy. Such saddles, which are ubiquitous in the loss landscape of neural networks
[11, 1], can be of two main types: “strict”, where the Hessian is inde nite (Def. 1); and “non-strict”,
where an escape direction is found in higher-order derivati/8s2B, 1]. Non-strict saddles are
particularly problematic for rst-order methods like (stochastic) gradient descent (SGD) since they
are by de nition at least second-order critical points. While SGD can be exponentially slowed in the
vicinity of strict saddles12], it can effectively get stuck in non-strict one7[ 7] (see 8A.2 for a
review). This is the phenomenon of vanishing gradients viewed from a landscape persf@&ctye [

By contrast, here we prove that many non-strict saddles of the MSE loss, speci cally saddles of rank
zero, become strict in the equilibrated energy of any DLN (Theorems 2 & 3). These saddles include
the origin, whose degeneracy (i.e. atness) in the loss grows with the number of hidden layers. Our
theoretical results are strongly validated by experiments on both linear and non-linear networks, and
additional experiments suggest that other (higher-rank) non-strict saddles of the loss are strict in the
equilibrated energy. Based on these results, we conjecture that all the saddles of the equilibrated
energy are strict. Overall, this work suggests that PC inference makes the loss landscape more benign
and robust to vanishing gradients, while also highlighting the fundamental challenge of speeding up
PC inference on deeper networks.

The rest of the paper is structured as follows. After introducing the setup (82), we present our
theoretical results for DLNs (83), including some illustrative examples and thorough empirical
veri cations of each result. We then report experiments on non-linear networks supporting our theory
and more general conjecture (84). We conclude by discussing the implications and limitations of
our work, as well as potential future directions (85). Appendix A includes a review of related work,
derivations, experiment details and supplementary results. Code to reproduce all the experiments is
available ahttps://github.com/francesco-innocenti/pc-saddles

1.1 Summary of contributions

» We derive an exact solution for the PC energy of DLNs at the inference equilibrium (Theorem
1), which turns out to be a rescaled MSE loss with a weight-dependent rescaling. This
corrects a previous mistake in the literature that the MSE loss is equal to the output energy
[34] (which holds only at the feedforward pass) and enables further studies of the PC energy
landscape. We nd an excellent match between our theory and experiment (Figure 1).

» Based on this result, we prove that, in contrast to the MSE, the origin of the equilibrated
energy of DLNs is a strict saddle independent of network depth. We provide an explicit
characterisation of the Hessian at the origin of the equilibrated energy (Theorem 2), which
is perfectly validated by experiments on linear networks (Figures 3, 4 & 8).

» We further prove that other non-strict saddles of the MSE than the origin, speci cally saddles
of rank zero, become strict in the equilibrated energy of DLNs (Theorem 3). We provide an
empirical veri cation of one of these saddles as an example (Figures 9 & 10).

* We empirically show that our linear theory holds for non-linear networks, including con-
volutional architectures, trained on standard image classi cation tasks. In particular, when
initialised close to non-strict saddles of the MSE covered by Theorem 3, we nd that SGD
on the equilibrated energy escapes much faster than on the loss given the same learning rate
(Figures 5 & 12). In contrast to BP, PC exhibits no vanishing gradients (Figure 11).



» We perform additional experiments, again on both linear and non-linear networks, showing
that PC quickly escapes other (higher-rank) non-strict saddles of the MSE that we do
not address theoretically (Figure 6), supporting our conjecture that all the saddles of the
equilibrated energy are strict.

2 Preliminaries

Notation. We use the following shorthand .- = W :::W - for ";k 2 1;:::;L, denoting the

total product of weight matrices &8 | ., = W :::W 1. |, isthen n identity matrix, whileO,
denotes either the-zero vector or th@ n null matrix, andn will be omitted when clear from
context.jj jj denotes thé, norm, and is the Kronecker product between two matrices. We will
consider the gradient and Hessian of an objedtiemly with respect to the network weightsand
sometimes abbreviate them@gs:= r f andH; = r 2f, respectively, omitting the independent
variable for simplicity. The largest and smallest eigenvalues of the Hessian,aiél s ) and

min(H 1 ), with ¢nmax @and¢min as their associated eigenvectors. See 8A.1 for more general notation.

De nition 1. Strict saddle.Following [15] and later work, any critical point of f ( ) where

g¢ () = Ois de ned as a strict saddle when the Hessian at that point has at least one negative
eigenvalue, min(Hf () < 0. Any other critical point with a positive semi-de nite Hessian and at
least one negative eigenvalue in a higher-order derivative is said to be a non-strict saddle.

2.1 Deep Linear Networks (DLNSs)

We consider DLNs with one or more hidden layéts= L 1 1 de ning the linear mapping
Wig @ R&% 1 RY whereW- 2 R™ " 1 with layer widthsfn-g-_, and input and output
dimensionsip = dy;n. = dy. We ignore biases for simplicity. The standard MSE loss for DLNs
can then be written as

L—ixq iyi  WLaxiji; 1)
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for a dataset oN gxampled (xi;yi)dY; wherex 2 R%,y 2 R% . The total number of weights
is given byp = \Lzl n-n- 1, and we will denote the set of all network parameters as

2.2 Predictive coding (PC)

DNNs trained with PC typically assume a hierarchical Gaussian model with identity covariances,
so we will adopt this formulation for linear fully connected layers N (W -z- 1;1-) where the

mean activity of each layer is a linear function of the previous layer. Under some other common
assumptions about the generative model, we can derive an energy function, often referred to as the
variational free energy, which is a sum of squared prediction errors across layers [9]:

1N %
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Note that this objective de nes an energy for every neuron, highlighting the locality of the algorithm.

To train a PCN, the last layer is clamped to some data, = y;, which could be a label for
classi cation or an image for generation. In a supervised task, the rst layer is also xed to some

input, zo;; = X;. The energy (Eq. 2) is then minimised in two phases, rst w.r.t. the activities
(inference) and then w.r.t. the weights (learning):
oF . @
Inference: z/ — 3 Learning: W-/ —— 4
= ®3) 9 a. @

where we omit the data indexor simplicity. In practice, the inference dynamics (Eq. 3) are often
run to convergence until z2 0, before performing a weight (e.g. GD) update (Eq. 4). Importantly,
the effective weight landscape on which PC learns is therefore the energy at the inference equilibrium
Fj 2z o( ), which we will refer to as the equilibrated energy or sometimes simply the energy.



Figure 1:Empirical veri cation of the theoretical equilibrated energy of deep linear networks
(Theorem 1). For different datasets, we plot the energy (Eqg. 2) at the numerical inference equilibrium
Fig =@ o for DLNs with different number of hidden layek$ 2 f 2;5;10g (see 8A.4 for more
details), observing an excellent match with the theoretical prediction (Eg. 5).

3 Theoretical results

3.1 Equilibrated energy as rescaled MSE

As explained in §2.2, the weights of a PCN are typically updated once the activities have converged
to an equilibrium. The equilibrated energy g -@=o0 ( ), which we will abbreviate a ( ), is
therefore the effective learning landscape navigated by PC and the object we are interested in studying.
It turns out that we can derive a closed-form solution for the equilibrated energy of DLNs, which will

be the basis of our subsequent results.

Theorem 1 (Equilibrated energy of DLNs)For any DLN parameterised by =

ence equilibrium@ =@ = 0 is the following rescaled MSE loss (see 8A.3.2 for derivation)
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where the rescaling i§ = g, + _, (W )(W )T,

The proof relies on unfolding the hierarchical Gaussian model assumed by PC to work out the full,
implicit generative model of the output, and the rescafingpmes from the variance modelled by PC
at each layer (see 8A.3.2 for details). Figure 1 shows an excellent empirical validation of the theory.

Intuitively, the PC inference process (Eq. 3) can then be thought of as reshaping the (MSE) loss
landscape to take some layer-wise, weight-dependent variance into account. This immediately raises
the question: how does the equilibrated energy landsgajpe) differ from the loss landscage( )?

Is the rescaling—and so the layer variance modelled by PC—useful for learning? Below we provide a
partial positive answer to this question by comparing the saddle point geometry of the two objectives.

3.2 Analysis of the origin saddle ( = 0)

Here we prove that, in contrast to the MSE loss, the origin of the equilibrated energy (Eq. 5, where
all the weights are zero, = 0) is a strict saddle (Def. 1) for DLNs of any depth. To do so, we
derive an explicit expression for the Hessian at the origin of the equilibrated energy. For intuitive



Figure 2:Toy examples illustrating the (Theorem 2) result that the saddle at the origin of the
equilibrated energy is strict independent of network depth.We plot the MSE los& ( ) (top) and
equilibrated energy landscape ( ) (middlg around the origin for 3 linear networks trained with
SGD on atoy problem (see 8A.4 for details). We also show the training losses for a representative
run with initialisation close to the origirbptton). For the one-dimensional networks, we visualise

the landscape around the origin as well as the SGD updates. For the wide network, we project the
landscape onto the maximum and minimum eigenvectors of the Hessian, follofjimgpfe that in

this case the projection of the loss is at because the Hessian at the origin is zéte>fat (Eq. 6).

comparison, we rst brie y recall the known results that, at the origin, the loss Hessian is inde nite
for one-hidden-layer networks and zero for any deeper network (see 8A.3.1 for a re-derivation)
" #

8
3 | Oe exyo " H=
H( =0)= e ; (6)
3
. Op; H>1
P
where following previous work€,, = Ni IN xiy[! is the empirical input-output covariance.

One-hidden-layer networkd = 1 are a special case where the origin saddle of the loss is strict (Def.
1) and was studied in detail byt§] (see left panel of Figure 2 for an example). For deeper networks
H > 1, the saddle is non-strict as rst shown by [23]:

8
< mn(HL( =0) <0 H=1 [strictsaddle]
: (7
min(HL( =0)=0; H> 1 [non-strict saddle]
More speci cally, the origin saddle of the loss is of ordét, becoming increasingly degenerate ( at)

and harder to escape with depth, especially for rst-order methods like SGD (see middle and right
panels of Figure 2).

By contrast, now we show that the origin saddle of the equilibrated energy is strict for DLNs of any
number of hidden layers. Figure 2 shows a few toy examples illustrating the result. In brief, we

Thenth-order of a saddle simply indicates thret{+1) derivative where the rst negative (escape) direction
is found. So, for example, a rst-order (strict) saddle has a zero gradient and an inde nite Hessian, while a
second-order (non-strict) saddle has a zero Hessian but a third derivative with a negative direction.



Figure 3:Empirical veri cation of the Hessian at the origin of the equilibrated energy for DLNs

tested on toy data.We show the Hessian and its eigenspectrum at the origin of the MSBdms (

and equilibrated energyniddle for DLNs with Gaussian targgt = x wherex N (1;0:1) (see

8A.4 for details). Note that purple bars show overlapping loss and energy Hessian eigendensity. In
the right panel, we vary one of the output dimensions tge x,. We con rm the strictness of

the origin saddle in the equilibrated energy and observe an excellent numerical validation of our

theoretical Hessian (Eq. 8). Figure 8 shows the same results for one-dimensional networks, and
Figure 4 shows similar results for more realistic datasets.

observe that, when initialised close to the origin saddle, SGD takes increasingly more time to escape
from the loss than the energy as a function of depth (for the same learning rate). Now we state the
result more formally. The Hessian at the origin of the equilibrated energy turns out to be (see 8A.3.3
for derivation)

0 0 3 ; (8)
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where®,, = & yiy{ is the empirical output covariance. We see that, in contrast to the loss
Hessian (Eg. 6), the energy Hessian has a non-zero last diagonal block gi@#f by@v 2, for
any number of hidden layets . It is then straightforward to show that the energy Hessian has always
negative eigenvalues, since the output covariance is positive de nite.

Theorem 2 (Strictness of origin saddle of the equilibrated energyfle Hessian at the origin
of the equilibrated energy (Eqg. 5) for any DLN has at least one negative eigenvalue (see
8A.3.3 for proof)

mn(HE ( =0) <0, 8H 1 [strictsaddle, Def. 1] 9)

Figures 3 & 4 show a perfect match between the theoretical (Eq. 8) and numerical Hessian at the
origin of the equilibrated energy, which we computed for a range of DLNs on a random batch of toy
as well as more realistic datasets.



Figure 4:Empirical veri cation of the Hessian eigenspectrum at the origin of the equilibrated
energy for DLNs tested on more realistic datasetsThis shows similar results to Figure 3 for
the more realistic datasets MNIST and MNIST-108] (see 8A.4 for details). We again nd a
perfect match between theory and experiment for DLNs with different number of hidden layers
H 2 f 1;2; 4g, con rming the strictness of the origin saddle of the equilibrated energy.

Theorem 2 proves that the origin is a strict saddle of the equilibrated energy for DLNs of any depth.
This is in stark contrast to the MSE loss where it is only true for one-hidden-layer netitorks

(Eq. 7). The result predicts that, near the origin, (S)GD should escape the saddle faster on the
equilibrated energy than on the loss given the same learning rate, and increasingly so as a function of
depth. Figure 2 con rms this prediction for some toy linear networks, and Figures 5 & 6 in §4 clearly
show that it holds for non-linear networks as well.

3.3 Analysis of other saddles

Is the origin a special case where the equilibrated energy has an easier-to-escape saddle than the loss?
Or is this result pointing to something more general? Here we consider a speci ¢ type of non-strict
saddle of the loss (of which the origin is one) and show that indeed they also become strict in the
equilibrated energy. We address other saddle types experimentally in 84 and leave their theoretical
study for future work.

Speci cally, we consider saddles of rank zero, which for the MSE can be identi ed as critical points
where the product of weight matrices is z&% ., = 0 [1]. For the equilibrated energy (Eg. 5), we
consider the critical points (W = 0O; W 1.1 = 0), since the last weight matrix needs to be null

in order for the energy gradient to be zero (see §A.3.3 for an explanation). It turns out that at these
critical points there exists a direction of negative curvature.

Theorem 3 (Strictness of zero-rank saddles of the equilibrated ener@pnsider the set
of critical points of the equilibrated energy (Eq. 5) (W, = O;W_ 1.1 = 0) where
gr ()= 0. The Hessian at these points has at least one negative eigenvalue (see 8A.3.6
for proof)
9 (HE ( )) < 0 [strict saddles, Def. 1] (10)

Note that Theorem 2 can now be seen as a corollary of Theorem 3, although for the origin we
derived the full Hessian. This result also stands in contrast to the (MSE) loss, where many of the
considered critical points (speci cally when 3 or more weight matrices are zero) are non-strict saddles

as proved by1]. The prediction is again that, in the vicinity of any of these saddles, PC should
escape faster than BP with (S)GD given the same learning rate. For space reasons, the subsequent
experiments focus only the origin as an example of a saddle covered by Theorem 3 (and Theorem
2), but 8A.5 includes an empirical validation of another (zero-rank) strict saddle of the equilibrated
energy (Figures 9, 10 & 12). Our code also makes it relatively easy to test for other saddles.



4 Experiments

Here we report experiments on linear and non-linear networks supporting our theoretical results
as well as more general conjecture that all the saddles of the equilibrated energy are strict. In all
the experiments, we trained networks with BP and PC using (S)GD with the same learning rate,
since the goal is to test our theory of the saddle geometry of the equilibrated energy landscape.
Code to reproduce all the results is availablatgts://github.com/francesco-innocenti/

pc-saddles .

First, we compared the training loss (MSE) dynamics of linear and non-linear networks, including
convolutional architectures, on standard image classi cation tasks with SGD initialised close to the
origin (see 8A.4 for details). For computational reasons, we did not run the BP-trained networks
to convergence, underscoring the point that the origin saddle of the loss is highly degenerate and
particularly hard to escape for rst-order methods like SGD. In all cases, we observe that PC escapes
the origin saddle substantially faster than BP (Figure 5), and Figure 11 shows that PC exhibits no
vanishing gradients. We nd practically the same results when initialising close to another non-strict
saddle of the loss covered by Theorem 3 (Figure 12). These ndings support our theoretical results
beyond the linear case.

Figure 5:PC escapes the origin saddle much faster than BP with SGD on non-linear networks.

We plot the training loss (MSE) for a representative run of BP and PC for linear and non-linear

networks trained on standard image classi cation tasks (see 8A.4 for details). All networks were
initialised close to the origin with scale= 5e 2), and trained with SGD and learning rate= 1e 3.

The networks trained on MNIST and Fashion-MNIST had 5 fully connected layers, while those

trained on CIFAR-10 had a convolutional architecture. See Figure 11 for the corresponding weight
gradient norms during training. Results were consistent across different random seeds.

From Figure 5, we also observe a second plateau in the loss dynamics of PCNs, suggesting a saddle
of higher rank (presumably rank 1). This is consistent with the saddle-to-saddle dynamics described
for DLNs by [19], where for small initialisation GD transitions through a sequence of saddles, each
representing a solution of increasing rank.

To explicitly test for higher-rank, non-strict saddles of the loss that we did not study theoretically, we
replicated one of the experiments 9] cf. Figure 1] on a matrix completion task. In particular,
networks were trained to t a rank-3 matrix, which meant that starting near origin GD visited 3
saddles (of successive rank 0, 1 and 2) before converging to a rank-3 solution as shown in Figure 6.
We nd that, when initialised near any of the saddles visited by BP, PC escapes quickly and does not
show vanishing gradients (Figure 6), supporting the conjecture that all the saddles of the equilibrated
energy are strict.
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