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Abstract

Each voxel in a diffusion MRI (dMRI) image contains a spherical signal corre-
sponding to the direction and strength of water diffusion in the brain. This paper
advances the analysis of such spatio-spherical data by developing convolutional
network layers that are equivariant to the E(3)× SO(3) group and account for
the physical symmetries of dMRI including rotations, translations, and reflections
of space alongside voxel-wise rotations. Further, neuronal fibers are typically
antipodally symmetric, a fact we leverage to construct highly efficient spatio-
hemispherical graph convolutions to accelerate the analysis of high-dimensional
dMRI data. In the context of sparse spherical fiber deconvolution to recover white
matter microstructure, our proposed equivariant network layers yield substantial
performance and efficiency gains, leading to better and more practical resolution
of crossing neuronal fibers and fiber tractography. These gains are experimentally
consistent across both simulation and in vivo human datasets.

1 Introduction

Instead of scalar intensities, each voxel of a diffusion MR image (dMRI) contains spatio-angular
measurements of local water diffusion [64]. As in Fig. 1, this yields spatio-spherical images living on
R3×S2 that are used to map neuronal organization in vivo [7, 44] alongside several other biomedical
use cases [35, 37, 56, 65, 71]. Despite its potential, deriving neuronal fiber pathways using dMRI is
hampered by significant partial voluming in both spatial and spherical domains due to limited clinical
scanner resolutions and low SNR [1]. This paper presents a state-of-the-art dMRI deconvolution
method to recover neuronal pathways in practical timeframes by developing highly efficient equiv-
ariant neural networks that account for dMRI’s spatio-spherical data geometry and the voxel-level an-
tipodal symmetry of neuronal fibers, all while demonstrating robustness to clinical dMRI resolutions.

Need for deconvolution. The diffusivity at a voxel reflects the underlying local tissue microstruc-
ture [7, 8, 44]. As multiple neuronal fibers can cross within a given resolution-limited voxel,
recovering these fibers necessitates solving a blind fiber deconvolution problem at each voxel.
Several voxel-level fiber models have been proposed [5, 45, 67, 69, 73, 79] and this work focuses
on the widely used fiber Orientation Distribution Function (fODF) model, which represents the fiber
configuration at a voxel as a sparse non-negative spherical function [66]. fODFs are the first step of
common dMRI applications such as fiber tractography [37]. However, due to noise, subject motion,
and clinically viable sampling resolutions (e.g., ≤ 30 spherical samples per voxel), fODF recovery
is highly ill-posed and requires significant regularization.

Iterative solutions. Constrained spherical deconvolution (CSD) [66] is the workhorse algorithm
for dMRI deconvolution, solving the per-voxel fODF deconvolution problem iteratively, subject
to non-negativity constraints. Several extensions of CSD further regularize fODFs to be sparse
and/or spatially smooth [11, 12, 29, 57, 59, 74]. Further, as fODFs can be assumed to be antipodally
symmetric [40, 67], many iterative algorithms optimize only over the hemisphere to accelerate
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Figure 1: A diffusion MRI (columns 1–3) and a T1w MRI (column 5) derived from a subject in the
HCP Young Adult dataset [70]. The inset (column 4) visualizes a region's spatio-spherical diffusion
signal (b� 1000mm=s2), highlighting crossing-�ber patterns and the grey/white matter interface.

per-voxel optimization. For example, CSD only optimizes for the even-order spherical harmonics
of the fODF and RUMBA [11] uses approximately hemispherical sampling to represent the fODF.
Despite signi�cant progress using iterative solutions, these methods still require high angular
sampling resolutions that are not clinically feasible to resolve crossing �bers within a voxel.

Deep deconvolution networks. Recent deep learning frameworks for dMRI deconvolution
incorporate supervision and/or additional inductive biases to improve results. Supervised approaches
train U-Nets to regress the solutions of iterative models or regress ground-truth fODFs estimated from
ex vivo animal histology. These methods are consequently upper-bounded by the quality of iterative
solutions and the generalizability limitations of small animal datasets. Further extensions incorporate
the underlying spherical geometry of the per-voxel estimation by usingSO(3)-equivariant network
layers but retain the supervised strategy of previous models [62]. ESD [19] instead proposes to
use SO(3)-equivariant network layers andunsupervisedand regularized reconstruction-based
deconvolution losses to surpass supervised solutions.

However, the above methods operate entirely at the voxel level and do not model the strong correlation
between neighboring fODFs. To this end, RT-ESD [20] proposedE(3) � SO(3)-equivariant net-
work layers for dMRI that are equivariant to spatial rotations, translations, and re�ections alongside
voxel-wise spherical rotations to achieve high-quality deconvolution due to the joint spatio-spherical
modeling. However, its high computational requirements limit its use in clinical or large-scale deploy-
ment. For instance, while subject-speci�c iterative �ts with CSD require 3-5 minutes for the whole
brain, RT-ESD requires about a day on an A100 GPU to converge when trained on a single subject.

Contributions. We present an ef�cient equivariant neural network framework for dMRI decon-
volution that respects the data geometry of dMRI while ensuring computational practicality. Our
spatio-hemispherical deconvolution (SHD) method addresses key redundancies and weaknesses of
previous deep networks for dMRI deconvolution in three ways: (1) As fODFs are approximately
antipodally symmetric at clinical resolutions, we replace RT-ESD's full spherical sampling with
hemispherical sampling and �nd substantial ef�ciency gains by reducing the graph Laplacian of the
voxel-wise SO(3) convolutions used in RT-ESD; (2) We then exploit the dense structure of dMRI
data to further introduce optimized implementations and pre-computations, achieving a cumulative
65% reduction in processing time for an E(3)× SO(3)-equivariant U-Net; (3) Finally, we use explicit
smoothness-promoting spatial regularization, leading to further improved fODF recovery.

Experimentally, we achieve state-of-the-art deconvolution results on two widely used simulated
dMRI benchmarks with known ground truth. On realin vivohuman dMRI, our method yields more
spatially coherent fODF �elds and higher robustness to changes in resolution from research-grade
to clinical standards of single-shell low-angular protocols. Lastly, as the achieved ef�ciency gains
enable training on a large set of human datasets, we can now train a single network for amortized
inference on new human dMRI, as opposed to the subject-speci�c optimization of RT-ESD. Our code
is available athttps://github.com/AxelElaldi/fast-equivariant-deconv .

2 Related work

Deep learning for dMRI. Learned networks operating on dMRI have been extensively used to
improve �ber tractography [46, 63], super-resolve diffusion signals or fODFs [48, 58, 78], regress
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