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Abstract

We propose a novel approach to molecular simulations using neural network
reparametrization, which offers a flexible alternative to traditional coarse-graining
methods. Unlike conventional techniques that strictly reduce degrees of freedom,
the complexity of the system can be adjusted in our model, sometimes increasing
it to simplify the optimization process. Our approach also maintains continuous
access to fine-grained modes and eliminates the need for force-matching, enhanc-
ing both the efficiency and accuracy of energy minimization. Importantly, our
framework allows for the use of potentially arbitrary neural networks (e.g., Graph
Neural Networks (GNN)) to perform the reparametrization, incorporating CG
modes as needed. In fact, our experiments using very weak molecular forces
(Lennard-Jones potential) the GNN-based model is the sole model to find the
correct configuration. Similarly, in protein-folding scenarios, our GNN-based CG
method consistently outperforms traditional optimization methods. It not only
recovers the target structures more accurately but also achieves faster convergence
to the deepest energy states. This work demonstrates significant advancements in
molecular simulations by optimizing energy minimization and convergence speeds,
offering a new, efficient framework for simulating complex molecular systems. 1

Scientific simulations, particularly in molecular dynamics (MD), face fundamental challenges in
finding optimal configurations. The energy landscapes of these systems are characterized by numerous
saddle points and local minima, making it difficult for traditional optimization methods to discover the
most stable states. This complexity stems from the interplay between different scales of interactions,
from strong covalent bonds to weak van der Waals forces, leading to slow convergence in gradient-
based methods and often suboptimal results. For instance, in protein folding, the strong peptide bonds
create steep energy barriers while weak hydrophobic interactions guide the overall folding process,
creating a hierarchy of energy scales that is challenging to optimize simultaneously.

To address these challenges, coarse-graining (CG) methods have emerged as a popular approach,
reducing computational complexity by decreasing the number of degrees of freedom (DOF) and
clustering them into collective modes. While these methods have shown success (Pak & Voth, 2018;
Hollingsworth & Dror, 2018), they face significant limitations. Traditional CG approaches require
cumbersome procedures such as back-mapping (returning to the original DOF) and force-matching
(finding the forces experienced by CG modes) (Jin et al., 2022), which can limit their efficiency and
scalability. Moreover, the strict reduction of DOF in conventional CG can sometimes oversimplify
the system, losing important fine-grained details necessary for accurate energy minimization.

1The code can be found at https://github.com/nimadehmamy/coarse_graining_reparam

38th Conference on Neural Information Processing Systems (NeurIPS 2024).
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In this paper, we introduce an innovative alternative that overcomes these limitations through neural
reparametrization. Instead of strictly reducing DOF as in conventional CG, our approach leverages an
overparametrized neural ansatz to represent fine-grained (FG) modes as functions of CG modes. This
reparametrization concept, similar to techniques such as Deep Image Priors (Ulyanov et al., 2018),
enables the neural network to dynamically represent the FG system while maintaining continuous
access to FG modes and eliminating the need for force-matching. The overparametrization provides
additional flexibility in navigating the energy landscape - while the physical system has n� d degrees
of freedom (n particles in d dimensions), our neural representation can use a higher-dimensional
latent space to find paths around energy barriers that might be difficult to traverse in the original
space.

A key innovation in our approach is the incorporation of Graph Neural Networks (GNN) with a
structure informed by ‘slow modes’–inherently stable collective modes identified through spectral
analysis of the system’s dynamics. We show that these modes arise naturally from the structure of
physical Hessians, which are Laplacian matrices over particle indices for a broad class of potential
energies. By focusing on these slow modes, which typically cause convergence bottlenecks in
traditional optimization, we can significantly accelerate the learning process. The GNN architecture
allows us to safely increase learning rates without stability issues, resulting in both faster dynamics
progression and the discovery of lower energy states compared to direct optimization methods.

The effectiveness of our approach is demonstrated through experiments on both synthetic systems
and real molecular structures. In particular, for protein folding with weak Lennard-Jones interactions,
where traditional methods often struggle with the shallow energy landscape, our GNN-based model
consistently finds deeper energy minima. This success can be attributed to two key factors: the ability
of the overparametrized representation to explore the energy landscape more effectively, and the
incorporation of physically meaningful slow modes into the neural architecture, which helps guide
the optimization toward stable configurations.

The main contributions of this work are:

1. CG via reparametrization: A new paradigm that circumvents traditional challenges like
force-matching and back-mapping.

2. Robust slow modes: Effective identification and utilization of stable modes across various
systems.

3. MD simulations: Demonstrated improvements in efficiency and depth of energy exploration
in protein dynamics.

4. Overparametrization benefits: Evidence that an overparametrized framework can outper-
form traditional DOF reduction in terms of convergence speed and energy minimization.

5. Data-free optimization: Our method modifies the optimization landscape without the need
for training data, enhancing its applicability and efficiency.

1 Background

Traditional optimization in physics-based models, like (MD), faces unique challenges due to the
shallow nature of these models, where physical DOF are the trainable weights. Additionally, the
interactions occur at multiple scales, from strong covalent bonds to weak van der Waals forces,
leading to slow convergence in gradient-based methods.

To address these challenges, conventional strategies include preconditioning with methods like
adaptive gradient (Duchi et al., 2011; Kingma & Ba, 2014) or quasi-Newton (Fletcher, 2013), and
CG, which simplifies the system by truncating DOF to focus on collective modes. However, both
approaches have limitations: preconditioning methods struggle with cost and inefficacy due to non-
diagonal Hessians in physics problems, and CG can be restrictive and require intensive back-mapping
and force-matching steps (Jin et al., 2022).

In contrast, our approach utilizes neural network reparametrization to dynamically adjust system
complexity, which may involve overparametrization. This method allows for flexible system represen-
tation, which can simplify the optimization process. It can help avoid local minima and accelerates
convergence by exploring the configuration space more efficiently.
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Neural Reparametrization in Practice Our neural reparametrization approach is not limited
to reducing DOF but can also increase them when bene�cial, offering an adaptive solution to the
speci�c needs of a simulation. This �exibility is crucial for addressing the hierarchy of interactions
in molecular systems, where different forces operate at vastly different scales.

Implementation and Comparison to CG While CG methods focus on prede�ned collective modes
and often involve laborious optimization steps like force-matching and back-mapping, our neural
reparametrization approach de�nes modes based on the spectrum of a canonical Hessian, directly
incorporating these into the neural network's architecture. This not only bypasses the need for
traditional CG steps but also enhances the adaptability and speed of the optimization process.

Advantages Over Traditional Methods Our method diverges from traditional data-driven ML
approaches that require extensive datasets, which are often unavailable or costly to produce in
molecular and material design. By not relying on training data, our approach provides a robust
framework for tackling complex optimization problems, from molecular dynamics to protein folding,
with improved ef�ciency and without the constraints of data availability.

1.1 Traditional Coarse-graining

Let X 2 X ' Rn � d represent the degrees of freedom (DOF), such as particle positions or bond
angles, and letL : X ! R denote the energy or potential function. The objective is to simulate the
dynamics of the system or to �nd high-likelihood con�gurationsX � that represent deep local minima
of L . Given thatn is typically large andL is a steep non-convex function, computations can be
slow. Traditional coarse-graining (CG) mapsX to a reduced space of CG variables,Z ' Rk � d,
wherek � n. Implementing dynamics using CG modes requires determining the inter-mode forces
(“force-matching”) and how to revert toX (“back-mapping”).

Force-matching. The �ne-grained (FG) energy function,L F G : X ! R, needs an approximate
potentialL CG : Z ! R such that forX 2 X ,

CG: � :X ! Z ; L CG (� (X )) � L F G (X ): (1)

The process of �ndingL CG is called force-matching, traditionally solved analytically but increasingly
with machine learning for enhanced accuracy Jin et al. (2022); Majewski et al. (2023).

Back-mapping. The mapZ � Rk � d is not unique, often resulting in multiple possibleX for a
givenZ . Back-mapping typically involves sampling or optimization to �nd physically plausibleX
con�gurations, avoiding scenarios like overlapping atoms or high energies. This can be complex
when manyX map to the sameZ , with current methods ranging from geometric reconstruction
Lombardi et al. (2016) to re�nement with molecular dynamics Badaczewska-Dawid et al. (2020);
Roel-Touris & Bonvin (2020) and data-driven approaches Yang & Gómez-Bombarelli (2023); Wang
et al. (2022).

1.2 Neural Reparametrization as an Alternative to Coarse-graining

Instead of traditional CG, which reduces DOF through a mapping to a reduced space, our approach
reparametrizes the DOFX as a function of CG-like modes. This reparametrization, given by
X = � (Z ), where� : Z ! X , offers a �exible, reversible mapping that inherently includes bene�ts
such as direct access to �ne-grained modes and elimination of force-matching and back-mapping
needs:

Reparametrization: X = � (Z ); � : Z ! X (2)

1. Flexible parametrization: Leveraging neural overparametrization and architecture design.

2. Direct access to �ne-grained modes:X = � (Z ) avoids the need for back-mapping.

3. Simpli�ed energy computation: The energy for CG-like modes isL CG (Z ) = L (� (Z )) .

While this method can be computationally intensive asL CG (Z ) is computed usingX , the ef�ciency
gains in optimization speed and depth of energy minimization can offset the costs.
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Input: LossL , con�g X 0 , modesk
Output: OptimizedX
/* 1. Compute Hessian backbone */
H  rrL (X 0)
Samples  f X 0 + �X j �X � N (0; � )g // Perturbed samples
H ij  

P
X 0

P
�;� (H ��

ij (X 0)) 2 // Hessian backbone (xyz norm)
/* 2. Extract slow modes */
L  Lap(H ) // Laplacian of backbone graph
�; 	  eigvecs(L )
	 slow  	[: ; argsort(j� j)[: k]] // Pick k bottom eigenvectors
/* 3. Construct GNN */
A  	 slow	 T

slow // use slow mode projection as adjacency
gnn GNN(A; dims= [ h; h; 3])
Z � N (0; 1)n � h

/* 4. Optimize */
while not convergeddo

X  gnn(Z )
�  � � � r � L (X ) // � : Z and GNN weights

end
return X

Figure 1: Overview of the neural reparametrization method.Top: Architectures used for
reparametrization. In linear reparametrization,X = Z T 	 slow. In the GNN case, we use the
slow modes to construct a graph with adjacencyA = 	 slow	 T

slow and use it in GCN layers to obtain
X = gnn( Z ). Left: Flowchart showing the key steps of the method.Right: Detailed algorithm for
implementation.

Neural Architectures for Reparametrization The reparametrization function� can range from
simple linear projections to complex neural networks. Initially, we employ a linear projection onto
identi�ed slow modes:

X = � (Z ) = Z T 	 Slow �
X

i 2 Slow

Z T
i  i (3)

More generally,� may be a deep neural network (DNN), similar to the approach taken in prior work
suggesting neural priors (e.g. Deep Image Priors Ulyanov et al. (2018)).

Graph Neural Networks (GNN) for Dynamic Reparametrization: Extending beyond linear
models, we explore the use of GNNs, inspired by recent advancements in graph-based optimizations
Both et al. (2023). Here, the GNN reparametrizes node states and was shown to �nd both lower
energy states and exhibit faster convergence. Our idea is to use a “Hessian backbone” as a graph,
which acts as a weighted graph adjacency matrix for a GNN. In our experiments, we observe this
GNN to have signi�cant advantages over the direct as well as linear reparametrization equation 3.
The details of our GNN architecture are discussed in Section 3. Next, we derive the properties of the
slow modes for a large class of energy functions important in molecular systems.

1.3 The role of the Hessian

The success of optimization in molecular systems is fundamentally limited by the disparity in
evolution rates along different modes of the system. Near any con�gurationX , the dynamics of
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gradient-based optimization can be understood through the eigendecomposition of the Hessian
H = rr L . The eigenvectors ofH de�ne the natural modes of the system, with their eigenvalues
determining how quickly these modes evolve under gradient descent. Modes with large eigenvalues
(fast modes) evolve rapidly but constrain the learning rate to ensure stability, while modes with
eigenvalues close to zero (slow modes) evolve orders of magnitude more slowly, leading to extremely
slow convergence, particularly near saddle points.

This disparity presents a fundamental challenge: To maintain numerical stability, the learning rate
must be small enough to handle the fastest modes, but this makes the slow modes evolve at a glacial
pace. Traditional approaches like adaptive gradient methods attempt to address this by approximating
a diagonal preconditioner, but they struggle with the strongly coupled nature of physical systems
where the Hessian is far from diagonal. While conventional coarse-graining partially addresses this
by eliminating fast modes, it introduces other challenges such as force-matching and back-mapping.

Our approach takes a different perspective: instead of eliminating modes, we seek to identify
and directly incorporate slow modes into our optimization process. However, this raises two key
challenges. First, as the system evolves, the Hessian changes, potentially altering which modes are
slow. Second, even if we can identify slow modes, we need a way to modify the optimization to
preferentially explore these directions. The next section addresses the �rst challenge by proving that
slow modes of physical Hessians are remarkably robust, arising from fundamental symmetries of
the underlying interactions. We then show how these robust slow modes can be effectively utilized
through neural reparametrization.

2 Properties of Physical Hessians

We will now show that the Hessian of potential energies important in physics and molecular systems
enjoy certain properties that lead to the robustness of slow modes. In short, if we �nd a stable
backbone for Hessians of different con�gurationsX , then the slow modes of the Hessian atX are
close to the slow modes derived from the backbone.

Invariant potentials. In systems of interacting particles in physics, leading interactions are often
pairwise and involve relative features,r ij � X i � X j (distance vector, relative angle, etc). These
interactions are invariant under global symmetries, such as Euclidean symmetries (translation and
rotation) or Lorentz symmetry (relativistic particles). These symmetries maintain the invariance of
certain norms,v2 = kvk� � vT � v , where� may be the Euclidean metric� = diag(1 ; 1; 1) or the
Minkowski metric� = diag( � 1; 1; 1; 1). For example, the Euclidean normvT v in d dimensions is
invariant under rotationsv ! gv, whereg 2 SO(d).

Energy function structure. Let r denote the matrix of distances withr ij = kr ij k� . Any function
of r ij is invariant under symmetries that keepk � k� invariant. Assuming additivity, the energy
function can be written as:

L (X ) =
X

ij

f ij (r ij ) (4)

wheref ij (z) = f ji (z). For example, the Coulomb potential between particlesi andj with chargesqi

andqj respectively, is given byf ij (z) = kqi qj =z. The Lennard-Jones potentialf ij (z) = A ij =z12 �
B ij =z6 in molecular systems is also of this form.

2.1 Hessian of invariant potentials

The Hessian of potentials of the form equation 4 has the special property that it is the graph Laplacian
of a weighted graph which depends onX , as we show now (see appendix E for details). This will
play a crucial role in our argument about the robustness of the slow modes.

Hessian as a graph Laplacian. Recall the Laplacian of an undirected graph with adjacency
matrix A is de�ned asL = Lap( A) = D � A, whereD is the degree matrix with elements
D ij = � ij

P
k A ik . The components of Laplacian can also be written asL ij =

P
k A ik (� ij � � jk ).

We show that the Hessian ofL in equation 4 is a Laplacian. Let@i � @=@Xi and letr̂ = � r =r
be the dual unit vector ofr . First, observe that@i r jk = r̂ jk (� ij � � ik ) wherer̂ jk is the unit vector
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of r jk and� ij is the Kronecker delta (1 if i = j , 0 otherwise). LetHes[g] denote the Hessian of a
functiong. We �nd that (app. E)

Hes[L ](X ) ij = @i @j L (X ) =
X

k

(� ij � � jk )H ik (X ) = Lap( H ) ij (5)

whereH ik (X ) = Hes[f ik ](r ik ). Note thatH has four indices, with componentsH ��
ij , having two

particle indicesi; j and two spatial indices�; � . Thus, for every pair of spatial indices�; � , the
HessianH �� is a Laplacian over particle indices. The Hessian being Laplacian has an important
effect on its null eigenvectors. To show this we make use of the incidence matrix.

We are interested in the eigenvalues and eigenvectors ofH , as these characterize the slow and fast
modes of the system. First, given a weighted adjacency matrixA of a graph, letÂ andL̂ be the
“unweighted” adjacency and Laplacian matrices, whereÂ ij = 1 if A ij 6= 0 and zero otherwise. It
follows that the null spaces ofL andL̂ are shared:

Theorem 2.1(Null Space of the Laplacian). Let Null [M ] denote the null space of a symmetric real
matrixM . The null space of the unweighted LaplacianL̂ is contained within the null space of the
weighted LaplacianL , i.e.,Null [L̂ ] � Null [L ].

Sketch of proof.For any vector,v 2 Rn , vT Lap(A)v =
P

ij A ij (vi � vj )2. SinceÂ ij = 0 yields

A ij = 0 , but not necessarily vice versa, null vectors ofNull [L̂ ] � Null [L ]. See appendix for full
proof.

De�nition 2.1 (Slow manifold). LetL be a graph Laplacian (undirected, weighted or unweighted),
with spectral expansionL =

P n
i =1 � i  i  T

i . Let " � 1 and � max = max f � i g be the largest
eigenvalue ofL . We de�ne the slow manifold as

Slow " [L ] = Span
�

 i
�
� j� i j < " 2� max

	
(6)

Theorem 2.2(Slow modes of weighted Laplacians). LetA be the adjacency matrix of a weighted
graph andÂ be its unweighted counterpart. LetL = Lap( A) andL̂ = Lap( Â). ThenSlow " [L ]
overlaps withSlow " [L̂ ] up toO("2) corrections from the rest of the modes.

The sketch of the proof relies on relating the spectra of the weighted and unweighted Laplacians using
the incidence matrixC, asL = 1

2 CWCT andL̂ = 1
2 CCT . For a random con�gurationX the edge

weightsW will be random, as they arising from derivatives off ij (r ij ) in equation 20 (unlessf ij is
quadratic which makesW constant). Then, using the assumption of randomness on the weightsW ,
we can show the slow modes ofL are perturbations of order"2 on slow modes of ^L . See Appendix
D for proof.

Implications for Coarse-Graining. The identi�cation of slow modes in the Hessian is crucial for
coarse-graining, as these modes capture the essential dynamics of the system at larger scales. By
focusing on these slow modes, we can develop reduced models that retain the key physical properties
while being computationally more ef�cient.

Coarse-Graining via Slow Modes. The identi�cation of slow modes in the Hessian enables an
effective coarse-graining approach, where fast dynamics are averaged out, retaining only the slow,
relevant dynamics. This method is particularly advantageous in reducing computational complexity
while preserving critical structural information.

2.2 Hessian Backbone and Robust Slow Modes

The slow modes of the HessianHes[L ](X ) = Lap( H (X )) can dynamically change during
optimization. To ensure the robustness of these modes, we need a proxy for the unweighted
adjacency matrixÂ � H . To this end, we aggregate Hessians from perturbed con�gurations
Samples (X ) = f X 0 = X + �X g:

Backbone: H ij =
X

X 02 Sample (X )

kH ij (X 0)k2 (7)
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Figure 2:Synthetic loop experiments.Example runs of the synthetic loop experiments withn = 400
nodes. On the left (Bond+LJ), the potential is the sum of a quadratic bond potentialEbond and a
weak LJ (12,6)ELJ . The bonds form a line graphAbond connecting nodei to i + 1 , and a 10
weakerA loop connecting nodei to i + 10 via the LJ potential. To the right (Pure LJ) where the
interactions are all LJ, but with a coupling matrixA = Abond + 0 :1A loop . In Bond+LJ, GD already
�nds good energies and the con�guration is reasonably close to a loop, though �attened. Both linear
CG reparametrization (CG Rep) and GNN also �nd a good layout. The pure LJ case is much more
tricky. But in most runs, GD almost gets the layout, but some nodes remain far away. The CG Rep
fails to bring all the pieces together. Only GNN succeeds in �nding the correct layout.

Figure 3: Synthetic loop folding (n = 1000). Lower means better for both energy and time. In
Bond+LJ (left), a quadratic potential

P
i (r ii +1 � 1)2 attracts nodesi andi + 1 . A weak LJ potential

attracts nodesi andi + 10 to form loops. In LJ loop (right) both the backbonei; i + 1 and the 10x
weaker loop are LJ. Orange crosses denote the baseline GD, green is GNN and blue is CG. The dots
are different hyperparameter settings (LR, Nr. CG modes, stopping criteria, etc.) with error bars over
5 runs. In Bond+LJ, CG yields slightly better energies but takes longer, while GNN can converge
faster to GD energies. In pure LJ, using CG and GNN can yield signi�cantly better energies.

This aggregation helps identify consistently signi�cant components across con�gurations, aiding in
the extraction of reliable slow modes that remain effective over extended periods of optimization.
In equation 7,i; j 2 Zn are the particle indices and the Frobenius normkH ij k2 =

P
�;� (H ��

ij )2

sums over the feature indices (note thatX �
i has a particle indexi and a feature index� 2 f 1; : : : dg).

Then, we extract the slow modes of the backbone, by doing a spectral expansionH =
P

i � i  i  T
i

and picking i with j� i j < " 2 maxj [� j ], for some small" < 1. The intuition behind equation 7 is
to identify the components in the sampled Hessians which have consistently high magnitudes. If
we had taken a simple mean we could get very small values, because the components can �uctuate
randomly. Also, if we had taken the variance instead of the norm, we would get zero for quadraticL ,
whereH is constant and has no variance. As we discussed above, the slow modes of the backboneH
approximate the slow modes of sampledH (X 0) up toO("2) errors.

3 Experiments

We apply our method to protein folding using classical MD forces.
Settings: We use gradient descent to minimizeL (X ). All experiments (both CG and baseline) use
the Adam optimizer with a learning rate10� 2 and early stopping withj� L j = 10 � 6 tolerance and5
steps patience. We ran each experiment four times.
Baseline:we use gradient descent (GD) with Adam optimizer on the MD energy as baseline.
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Figure 4:Protein folding simulations Figure (a) shows the energy improvement factor (FG energy /
GNN energy) in the function of the speedup factor (FG time / GNN time) for the six selected proteins
marked with different colors (c). In all cases, the GNN parameterization leads to speed improvement
while it converges higher energy. (b) However, the higher energy in some cases, 2JOF and 1UNC
proteins, results in a slightly lower RMSD value, which measures how close the �nal layout is to the
PDB layout. The data points are averaged over ten simulations per protein.

Figure 5:2JOF (Trp-Cage) protein folding. Figure (a) shows the RMSD value evolution of the 2JOF
protein as it goes from an unfolded to a folded stage. At every step, we calculated the RMSD of the
current layout compared to the PDB layout. We ran the OpenMM simulations at298K temperature
with 2fs timestep for 800000 steps, while the GNN and GD simulations were performed for 400000
steps with various hidden dimensions (10, 100, 300, 500). The black curves show the stochastic
nature of protein folding using OpenMM. (b) The �rst �gure shows the PDB (red) and unfolded (blue)
layout; the second one is the GNN 500 �nal layout (blue), while the third is one of the OpenMM
layouts, corresponding to the black curve.

CG model: We use four different choices for the fraction of the eigenvectors to use in CG equation 3:
3 � (#AminoAcids) , 30%, 50%, and70%. We use a two stage process. First, we use CG as in
equation 3X = � (Z ) = Z T 	 Slow and minimizeL CG (Z ) = L (� (Z )) overZ . After convergence
to X 0 = � (Z0), we add�X to X 0 and optimize the �ne-grained�X , starting with�X = 0 .

GNN model: We use a GNN consisting of a graph convolution (GCN) layer with self-loops and
one node-wise MLP layer, projecting the GNN output to 3D to get particle positions. The GCN takes
Zh0 2 Rn � h0 as input, withh0 > 3 and has weightsWG 2 Rh0 � h1 . Then, GCN output gets a Tanh
activation and is passed to the MLP layer to yieldX . The CG parameters in this case areZh ; WG
and the weights and biases of the MLP.

Synthetic coil: We use quadratic and LJ potentials to make synthetic systems whose minimum
energy state should be a coil (looping every 10 nodes), inspired by MD potentials. Figure 3 shows
many experiments using GD, CG, and GNN. In the quadratic Bond+LJ case, GNN yields a good
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Figure 6:Learning rate and initialization in protein folding for pdb 2JOF: We conducted a sweep
of the learning rate to see how robust the advantage of GNN over direct GD is. Ina andb we show
the energy achieved by GD and GNN vs the number of iterations and wallclock time. GNN1 and
GNN2 use one and two GCN layers, respectively. We used early stopping which generally stopped
the runs after 3-5k steps. The grey star shows the OpenMM results after 5k steps, which has a worse
(higher) energy than our GD and GNN runs, but it takes a fraction of the time (it has many ef�ciency
tricks that our code doesn't have). The dashed line shows the energy achieved by OpenMM after
10k steps. As we see, some of our GNN models reach energies close to the 10k steps of openMM
in a fraction of the steps. All experiments show the best energy among three runs.c shows the
effect of initialization on the GD runs. We do �nd the protein converges to signi�cantly different
conformations based on the init.

speedup, while CG yields better energies. The bene�t of CG and GNN become more apparent in the
harder pure LJ problem, where GD fails to �nd good energies, while CG �nds much deeper energies,
followed by GNN (Fig. 2).

Protein folding with classical MD: We implement a simpli�ed force-�eld with implicit solvent
(i.e. water molecules are not modeled and appear as hydrogen-bonding and hydrophobicity terms;
app. A). In protein folding our energy function consists of �ve potential energies: bond lengthEbond ,
bond anglesEangle , van der WaalsEvdW , hydrophobicEhp and hydrogen bondingEH Ceci et al.
(2007). Figure 7 shows an example of these coupling matrices for the Enkephalin (1PLW) protein. To
evaluate the effect of our CG model, we run experiments on four small proteins: Chignolin (5AWL),
Trp-Cage (2JOF), Cyclotide (2MGO) and Enkephalin (1PLW).

Protein Folding with Classical MD Using AMBER Force Field In the updated simulation
approach, we incorporate the AMBER force �eld, known for its accurate representation of molecular
interactions, particularly in proteins. This force �eld is implemented using the parameters from
OpenMM Eastman et al. (2017), and it comprehensively models the following interactions:

• Bond lengthsEbond and bond anglesEangle

• Torsional anglesE torsion

• Non-bonded interactions including van der WaalsEvdW and electrostaticEelec forces

We utilize the functional forms and parameters speci�ed in the AMBER force �eld:

Ebond =
X

bonds

kbond (r � r 0)2 Eangle =
X

angles

kangle (� � � 0)2 (8)

E torsion =
X

torsions

Vn [1 + cos(n! � 
 )] EvdW =
X

i<j

A ij

r 12
ij

�
B ij

r 6
ij

(9)

Eelec =
X

i<j

qi qj

4�� 0� r r ij
(10)

Here,r and� represent the bond lengths and angles, respectively, withr 0 and� 0 as their equilibrium
values. The torsional termE torsion includes a sum over all torsion angles! , with periodicityn,
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amplitudeVn , and phase
 . The Lennard-Jones potential inEvdW is characterized by parameters
A ij andB ij , andEelec is calculated using the Coulombic potential with partial chargesqi , qj and the
relative permittivity� r .

In this simulation, we exclude the modeling of solvent effects entirely, focusing solely on the protein in
vacuum. This approach simpli�es the computational model while emphasizing the direct interactions
within the protein.

The overall energy of the system is then given by:

L (X ) = Ebond + Eangle + E torsion + EvdW + Eelec (11)

Figure 7 shows the interaction matrices for the Enkephalin (1PLW) protein. Our framework has been
extended to ef�ciently compute these energies and gradients, facilitating the simulation of protein
folding dynamics in our coarse-grained model. We test our model on several small proteins including
Chignolin (5AWL), Trp-Cage (2JOF), Cyclotide (2MGO), and Enkephalin (1PLW) to evaluate the
effectiveness of our approach.

Protein results: Denoting the �nal energy and run time of the GNN model byEGNN andtGNN ,
and baseline byE0 andt0, we compute the energy improvement factor� Ê = E0=EGNN and speedup
factor� t̂ = t0=tGNN , to plot different proteins together. Figure 4a shows the mean of� Ê vs � t̂ over
the 10 runs for GNN the model with hidden dimensions 300 (error bars are 1 STD). Overall, we �nd
that all GNN models outperform the baseline in terms of run time and, eventually, also with energy
improvement. To measure the folding quality, we use RMSD, comparing the �nal layouts to the PDB
structure.

Figure 5 shows the RMSD value evolution using different methods. While, in most cases, OpenMM
reaches a deeper RMSD value, our models could serve as a good initializer for accelerating molecular
dynamics. To evaluate the robustness of these results, we ran sweeps over the learning rate, varied
the number of GNN layers (one or two layers), and varied the initialization.

Figure 6 shows the results of these tests for the protein 2JOF. We used early stopping for switching
from CG to FG in our GNN models and GD, resulting in 3-5k iteration steps. Compared with 5k
steps of OpenMM simulations, both our GNN models and GD with Adam reach signi�cantly deeper
energies with fewer steps (a), with the lowest energies being all GNN. However, OpenMM takes less
wall-clock time (b). Nevertheless, the depth of the energies achieved by GNN at 3-5k steps is close to
10k steps with OpenMM. More ef�cient implementations of our GNN may further improve these
results.

4 Discussion

We showed preliminary evidence that CG through reparametrization can yield some improvements
over non-CG baseline in protein folding, both in terms of run time as well as energy. This method has
the advantage that it does not require force-matching or back-mapping. However, more experiments
are needed to compare it against traditional CG methods. In fact, using ML to learn force-matching
might provide further advantage by removing the need to evaluateL CG (Z ) = L (X ) via the �ne-
grained modesX . Also, while our canonical slow modes are derived for physical Hessians, the
reparametrization approach to CG is general and could be applied to other ML problems.

Acknowledgment

JM was partly supported by a grant from the MIT-IBM Watson AI Lab. CB's work was done partly
during his internship at the MIT-IBM Watson AI Lab.

References

Aleksandra E Badaczewska-Dawid, Andrzej Kolinski, and Sebastian Kmiecik. Computational
reconstruction of atomistic protein structures from coarse-grained models.Computational and
structural biotechnology journal, 18:162–176, 2020.

10



Csaba Both, Nima Dehmamy, Rose Yu, and Albert-László Barabási. Accelerating network layouts
using graph neural networks.Nature Communications, 14(1):1560, 2023.

G Ceci, A Mucherino, M D'Apuzzo, Daniela Di Sera�no, S Costantini, A Facchiano, and G Colonna.
Computational methods for protein fold prediction: an ab-initio topological approach.Data Mining
in Biomedicine, pp. 391–429, 2007.

John Duchi, Elad Hazan, and Yoram Singer. Adaptive subgradient methods for online learning and
stochastic optimization.Journal of machine learning research, 12(7), 2011.

Peter Eastman, Jason Swails, John D Chodera, Robert T McGibbon, Yutong Zhao, Kyle A Beauchamp,
Lee-Ping Wang, Andrew C Simmonett, Matthew P Harrigan, Chaya D Stern, et al. Openmm 7:
Rapid development of high performance algorithms for molecular dynamics.PLoS computational
biology, 13(7):e1005659, 2017.

Roger Fletcher.Practical methods of optimization. John Wiley & Sons, 2013.

Vineet Gupta, Tomer Koren, and Yoram Singer. Shampoo: Preconditioned stochastic tensor optimiza-
tion. In International Conference on Machine Learning, pp. 1842–1850. PMLR, 2018.

Scott A Hollingsworth and Ron O Dror. Molecular dynamics simulation for all.Neuron, 99(6):
1129–1143, 2018.

Jaehyeok Jin, Alexander J Pak, Aleksander EP Durumeric, Timothy D Loose, and Gregory A
Voth. Bottom-up coarse-graining: Principles and perspectives.Journal of Chemical Theory and
Computation, 18(10):5759–5791, 2022.

Diederik P Kingma and Jimmy Ba. Adam: A method for stochastic optimization.arXiv preprint
arXiv:1412.6980, 2014.

Greg Landrum, Paolo Tosco, Brian Kelley, sriniker, gedeck, NadineSchneider, Riccardo Vianello, Ric,
Andrew Dalke, Brian Cole, AlexanderSavelyev, Matt Swain, Samo Turk, Dan N, Alain Vaucher,
Eisuke Kawashima, Maciej Wójcikowski, Daniel Probst, guillaume godin, David Cosgrove, Axel
Pahl, JP, Francois Berenger, strets123, JLVarjo, Noel O'Boyle, Patrick Fuller, Jan Holst Jensen,
Gianluca Sforna, and DoliathGavid. rdkit/rdkit: 2020_03_1 (q1 2020) release, March 2020. URL
https://doi.org/10.5281/zenodo.3732262 .

Leandro E Lombardi, Marcelo A Martí, and Luciana Capece. Cg2aa: backmapping protein coarse-
grained structures.Bioinformatics, 32(8):1235–1237, 2016.

Maciej Majewski, Adrià Pérez, Philipp Thölke, Stefan Doerr, Nicholas E Charron, Toni Giorgino,
Brooke E Husic, Cecilia Clementi, Frank Noé, and Gianni De Fabritiis. Machine learning coarse-
grained potentials of protein thermodynamics.Nature Communications, 14(1):5739, 2023.

James Martens and Roger Grosse. Optimizing neural networks with kronecker-factored approximate
curvature. InInternational conference on machine learning, pp. 2408–2417. PMLR, 2015.

Alexander J Pak and Gregory A Voth. Advances in coarse-grained modeling of macromolecular
complexes.Current opinion in structural biology, 52:119–126, 2018.

Jorge Roel-Touris and Alexandre MJJ Bonvin. Coarse-grained (hybrid) integrative modeling of
biomolecular interactions.Computational and structural biotechnology journal, 18:1182–1190,
2020.

Dmitry Ulyanov, Andrea Vedaldi, and Victor Lempitsky. Deep image prior. InProceedings of the
IEEE conference on computer vision and pattern recognition, pp. 9446–9454, 2018.

Wujie Wang, Minkai Xu, Chen Cai, Benjamin Kurt Miller, Tess Smidt, Yusu Wang, Jian Tang, and
Rafael Gómez-Bombarelli. Generative coarse-graining of molecular conformations.arXiv preprint
arXiv:2201.12176, 2022.

Soojung Yang and Rafael Gómez-Bombarelli. Chemically transferable generative backmapping of
coarse-grained proteins.arXiv preprint arXiv:2303.01569, 2023.

11



A Protein folding with classical MD

In protein folding our energy function consists of �ve potential energies for: bond lengthEbond , bond
anglesEangle , Van der WaalsEvdW , hydrophobicEhp and hydrogen bondingEH Ceci et al. (2007).
Note that we are ignoring the solvent (e.g. water) and writing using potentials, or force �elds. To
calculate the force �eld, we use distance,r , and angle-based,� , potentials. For each amino acid, we
use the rdkit Landrum et al. (2020) package to acquire bond length,r 0, and bond angle,� 0 (every
triplet of atoms de�ning the bond), information that we use to de�ne quadratic energiesEbond and
Eangle . We use Lennard-Jones (LJ) potentials,Vp;q (r ) = r � p � r � q, to approximateEvdW between
all pairs of atoms,EH between atoms prone to form a hydrogen bond (certainH andO, in our case),
Ehp between atoms in hydrophobic residues, yielding

L (X ) = Ebond + Eangle + EvdW + EH + Ehp

= kbond (r � r 0)2 + kangle (� � � 0)2

+ � vdW V12;6

�
r

� vdW

�
+ � H V6;4

�
r

� H

�
+ � hp V6;4

�
r

� hp

�
(12)

Here the coupling matrix[� vdW ]ij = ai + aj whereai is the vdW radius of atomi . For atoms which
form H-bonds,[� H ]ij = ( bi � bj )1:5Å (hydrogen bonding radius) withbi = 1 if i forms an H-bond,
andbi = 0 otherwise.[� hp ]ij = ci + cj whereci = 2Å if atom i is in a hydrophobic residue and
ci = 0 otherwise.

We note that our choices for� H ; � vdW ; � hp andkbond ; kangle , can be a source of error. Additionally,
we “softened” the LJ potential toVp;q = 1=(r p + � ) � 1=(r q + � ) with � = 0 :65, which is large and
signi�cantly reduces the penalty for overlapping atoms and may reduce accuracy.

B Additional Figures

Figure 7: Enkephalin (1PLW). a) The peptide chain is built by stacking amino acids on each other
using the peptide bond length from the literature,1:32 Å. b) Van der Waals, hydrogen bond, and
hydrophobic interaction matrix, that we use in the energy optimization.

C Energy minimization

Let X 2 X ' Rn � d be a set of degrees of freedom (e.g. particle positions, bond angles, etc.) and let
L : X ! R be the energy (loss) function. We are interested in �nding con�gurationsX � which are
local minima ofL . We can �nd suchX � using a gradient descent (GD), or its continuous variant,
gradient �ow (GF)

dX
dt

= � " r L (X ) (13)

where" is the matrix of learning rates (LR). In simple GD where" = cI is a single constant times
identity, GD evolves at different rates in different directions, with some being much slower than
others. At a givenX , these “slow modes” are the eigenvectors of the HessianH (X ) = rr L (X )
with eigenvalues closest to zero, as we review below. We will �rst de�ne fast and slow modes in the
simple quadratic case and then generalize them to non-convex cases in the next section.
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