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APPENDIX

A Review Checkmarks

A.1 Broader Impacts

We proposed a causal discovery algorithm that can systematically leverage low-degree conditional
independences. The proposed method will enable causal discovery in settings where dataset sizes are
systemically small, such as healthcare. We do not foresee misuse of the proposed algorithm beyond
potential misuses of learning causal relations in general.

A.2 Limitations

A limitation of the method is that it assumes all independence statements up to degree k can be tested
for some k. In some cases, the set of available, or the set of reliable CI statements might not have
such a structure. Our method is not directly applicable in such scenarios. Another limitation is that
we assume that we can run CI tests for the tests that are deemed reliable. This is a non-trivial problem
when the data is non IID, such as time-series data. We also make some other usual assumptions that
are commonly made in causal discovery, such as acyclicity.

A.3 Theory

We provide proofs of every claim, lemma and theorem in Section

A.4 Experiments

Experimental details are explained both in the main paper and in Section

A.5 Training Details

The proposed algorithm relies on conditional independence tests. We use y-square test for discrete
variables, and Fisher-z test for continuous variables.

A.6 Error Bars

We do not provide error bars. However, 100 graphs, and 3 datasets generated per the filled-out causal
Bayesian network is sufficient to provide stable results. After re-running our experiments, we have
not seen significant changes to the results.

A.7 Compute

We run all our simulations on a MacBook Pro with 2.3 GHz 8-Core Intel Core i9 processor. Most
simulations took less than 20 minutes to complete.

A.8 Reproducibility

We are providing the implementation of £-PC and the code to obtain results which compare with PC.
We will make all code public after acceptance.

A.9 Licenses

We use only synthetic dataset and Asia dataset. The latter dataset [8]], to the best of our knowledge,
does not have licensing restrictions.
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B Proofs

In this section, we provide proofs for the lemmas and theorems in the paper. We also present FCI
orientation rules for completeness, demonstrate why k-PC is incomplete, and give two sample runs of
the k-PC algorithm. Each subsection starts from a new page to clearly separate the proofs of different
lemmas/theorems.

B.1 Proof of Lemma 3.6

We will crucially use the following three lemmas to prove our main results. We say a collider (u, v, w)
is closed, or blocks the path in context if no node in De(v) is in the conditioning set. Similarly, a
path is called closed if it is not d-connecting, and open otherwise.

Lemma B.1. Consider a DAG where X ¢ An(Y'). Suppose there is a d-connecting path p between
X,Y given T that starts with an arrow out of X.

1. There is at least one collider along p.

2. Let K be the collider closest to X on p. Then conditioning on T' = T — De(K) instead of
T does not introduce new d-connecting paths that start with an arrowhead at X.

Proof. 1. Any path that starts with X — ... must either be directed, or there must be at least one
collider along the path. Since the path is between X, Y and X ¢ An(Y"), it must be that the path has
at least one collider on it.

2. First note that without loss of generality, p has the following form for some integer m > 0 (m =0
means X — K):
X—->U —-Uy...>U, > K<+ ..Y. 2)

Suppose for the sake of contradiction that conditioned on T” there is a new d-connecting path ¢ that
starts with an arrowhead into X. ¢ was clearly closed conditioned on T" and become open by us
removing nodes from the conditioning set 7I". This can only happen if we removed some node from 7'
that is a non-collider along g. Consider the non-collider we removed that was closest to X, call this
M. Thus, we have the path ¢ that looks like this:

X«~W...M.. Y, 3)
for some W, where M is a non-collider on this path and is in De(K).

We observe that the subpath between M and X cannot be directed from M to X. Because this would
create the following cycle:

M—-..-X->U0,..U0,, 2 K—...— M. “)

Thus a closer look at the path ¢ reveals the following structure for some integer m’ and node V:

X+Wi Wy .. +Wp =V..M...Y @)

We will consider the following two cases: The edge adjacent to M along the subpath between W,/
and M is a tail or an arrowhead.

Suppose the edge adjacent to M/ along the subpath between W,,,; and M is a tail: This means
there is at least one collider between W,,,» and M. Any such collider must be active since ¢ is active
given T”. Consider the collider that is closest to M. Since it is active, this collider must be an
ancestor of T”. However, observe that K is an ancestor of this collider which implies that K is an
ancestor of 7" as well. However, we obtained 7" by removing all descendants of K from 7', which is
a contradiction.

This establishes that the edge adjacent to M/ along the subpath between W,,, and M is an
arrowhead. Thus, this reveals the following structure for ¢:

X+Wi«Wy...«Wp—...>M...Y (6)

Suppose the directed path from K to M is as follows:
K—6,—..0 M @)
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Recall that M is a non-collider along ¢g. Thus the subpath of ¢ between M and Y must start with a
tail as M — ...Y. Now observe that if the subpath of ¢ between M and Y had no collider, then we
would have the following directed path from X to Y:

X-U-U,—-K—0—...50,—>M—..Y (8)

However, we know X is a non-ancestor of Y. Thus, there must be at least one collider between M
and Y along p, all of which are open given T”. Consider the collider that is closest to M. There
is a directed path from M to this collider, and a directed path from this collider to a member of 7’
since it is open conditioned on 7”. But this means there is a directed path from K to a member of 7"
since there is a directed path from K to this collider. This is a contradiction since we obtained 7" by
removing all descendants of K from 7.

This establishes the claim that removing descendants of the collider along any d-connecting path that

starts with a tail at X cannot introduce a d-connecting path that starts with an arrow into X when
X ¢ An(Y). O

Lemma B.2. Consider a DAG D where X ¢ An(Y) andY ¢ An(X), X,Y are non-adjacent and
k-covered. Then conditioned on any subset T : |T'| < k, there exists a d-connecting path between
X, Y that has an arrowhead at both X and 'Y .

Proof. For the sake of contradiction suppose, conditioned on c, there is no d-connecting path with an
arrow into X and an arrow into Y. Since neither X is an ancestor of Y nor Y is an ancestor of X, it
must be that all d-connecting paths have colliders on them. And all such colliders must be ancestors
of T'.

Consider such a path p where the edge adjacent to X has a tail at X. Let K be the collider that is
closest to X.

Thus we have
X—-U—..-oU,—>K<+V..Y

for some {U; };cm, V. Since the path is open it must be that K € An(T). LetT' = T — De(K),
where De(K) are all descendants of K. Clearly, g is no longer open conditioned on 7”. We investigate
other open paths now, keeping in mind that X, Y being k-covered implies that X ){ Y |T" since
7' < |7 < .

Claim 1: Removing the descendants of the collider closest to X from the conditioning set can only add
d-connecting paths that start with a tail at X but no d-connecting paths that start with an arrowhead
at X.

Proof of Claim 1: Since X is not an ancestor of Y, by Lemma [B.T, we know that removing the
descendants of K from 7' can only introduce d-connecting paths that are out of X. O

Now consider the d-connecting paths under conditioning on 7”. We know that these paths must have
a tail either at X or at Y since we started with such d-connecting paths by assumption and by Claim
1, removing De(K') from T can only introduce new d-connecting paths that have tails at X . Using
the fact that no path that has an arrowhead into both endpoints are opened, we can use recursion and
claim that we can make X, Y d-separated by removing descendants of colliders (that are closest to
the endpoint that is adjacent to a tail) of active paths, which gives the following:

Claim 2: There exists a set T* of size at most k such that X 11 Y |T™*, which leads to a contradiction
since X, Y are k-covered by assumption.

Proof of Claim 2: Given claim 1, we can continue removing descendants of the colliders of the
active paths that are closest to the tail-end node from the set 7. Either no d-connecting path is left
at some point in this process, or that we end up removing all the variables from the conditioning
set. If the former, this is a contradiction since X, Y are k-covered . If the latter, then this is another
contradiction due to the following: This means that given empty set, paths that have a tail adjacent to
one of the endpoints, i.e., the paths with colliders on them (since all paths that have a tail adjacent to
one of the endpoints must have a collider because X ¢ An(Y) and Y ¢ An(X)) are d-connecting,
which is not possible. This proves Claim 2. O

Due to the symmetry between X, Y, the supposition that the only d-connecting paths must have a tail
adjacent to either endpoint must be wrong, which proves the lemma. O
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Lemma B.3. Consider a DAG D where X ¢ An(Y), X,Y are non-adjacent and k-covered. Then
conditioned on any subset T : |T| < k, there exists a d-connecting path between X,Y that starts
with an arrow into X.

Proof. For the sake of contradiction, suppose otherwise. Given T, all the d-connecting paths start
with a tail at X. We will show that we can find some T” of size at most k that d-separates X, Y,
which lead to a contradiction since X, Y are assumed to be k-covered .

Consider any path ¢ that is d-connecting given 7" which starts with a tail at X. Since X ¢ An(Y),
by Lemma [B.T]it must be that this path has at least one collider on it. Let K be the collider that is
closest to X. Thus we have

X—->U —...-U,—-K+V..\Y

for some {U;};, V. Since the path is open, this collider cannot be blocking the path ¢. It must be
that K € An(T). Let T’ = T — De(K), where De(K) are all descendants of K. Clearly, ¢ is no
longer open conditioned on T”. We investigate other open paths now, keeping in mind that X, Y
being k-covered implies that X I Y |T” since |T"| < |T| < k.

Claim 1: Removing the descendants of the collider closest to X from the conditioning set can only
add d-connecting paths that start with a tail at X but no d-connecting paths that start with an
arrowhead at X.

Proof of Claim 1: Since X is not an ancestor of Y, by Lemma [B.T| we know that removing the
descendants of K from 7' can only introduce d-connecting paths that are out of X. O

Now consider the d-connecting paths under conditioning on 7. We know that these paths must
have a tail at X since we started with only such d-connecting paths by assumption and by Claim 1,
removing De(K) from T can only introduce d-connecting paths that have tails at X. Using the fact
that no path that has an arrowhead into X, we can use recursion and claim that we can make X, Y
d-separated by removing descendants of colliders (that are closest to X)) of active paths, which gives
the following:

Claim 2: There exists a set T* of size at most k such that X L 'Y |T*, which leads to a contradiction
since X,Y are k-covered by assumption.

Proof of Claim 2: Given claim 1, we can continue removing descendants of the first colliders of
active paths that are closest to X from the set 7T'. Either, no d-connecting path is left at some point in
this process or that we end up removing all the variables from the conditioning set. If the former, this
is a contradiction since X, Y are k-covered. If the latter, then this is another contradiction due to the
following: This means that given empty set, paths that start with a tail and have colliders on them (as
they cannot be directed and collider-free since X is not an ancestor of Y') are d-connecting, which is
not possible. This proves Claim 2. .

Therefore, the supposition that all the d-connecting paths must have a tail adjacent to X must be
wrong, which proves the lemma. [

The above lemmas will be crucial in proving Lemma[3.6. Now consider a d-connecting path between
x, z given ¢ and a d-connecting path between z, y given c. We have the following lemma:

Lemma B.4. Let p be an active path between x, z given c, and q be an active path between z,y given
¢, where x,y, z ¢ c. If x and y are d-separated given c, then

1. Paths p, g must have no overlapping nodes and

2. Y must be a collider along the concatenated path andY ¢ An(c).

Proof. We would like to allow the possibility that these paths might go through the same nodes. To
address this, it helps to consider walks.

Definition B.5. A walk on a DAG is any sequence of edges.

Definition B.6. A path on a DAG is a sequence of edges where each node appears at most once.
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There is a direct relation between active walks and d-connecting paths [[6]. Indeed, this relation is
leveraged to efficiently check dependence using paths, rather than having to search over all walks,
which is a much larger space.

Definition B.7. A walk between two nodes a, b is called active given c if each collider along the
walk is in ¢ and each non-collider is not in c.

Definition B.8. A path between two nodes a, b is called open given c if each collider along the path
is in An(c) and each non-collider is not in c.

Consider an active walk where a node ¢ appears multiple times. Observe that ¢ must appear with the
same collider status, since otherwise the walk would not be active. If the appearance is of the form

a. St et )

then there must be a collider that is in ¢ between the two appearances of ¢’s. We can skip the
intermediate subpath between the two appearances of ¢’s to obtain the walk
a.. . 5td b, (10)
Since there is at least one collider that is in ¢ along the skipped subpath, we have that ¢t € An(c).
Therefore, ¢ will not be blocking the path that is obtained after repeatedly applying this and other
shortening steps. If the appearances is of the form:
a5t ot b

, (11)

we can similarly skip the subpath between the two appearances of ¢’s to obtain the shorter walk

a... Sl (12)

and repeat this process until ¢ is not repeated. The resulting walk/path is still open since ¢ will appear
in the same collider status, namely as a non-collider and if it was not blocking the walk, it will not be
blocking the path either. This argument holds for any configuration where ¢ is a non-collider. If the
appearances is of the form:

a. Ste . std o, (13)

then it must be that ¢ € ¢, and thus the walk obtained by skipping the subwalk between the two
appearances of t’s, i.e.,

a.. S, (14)
must be d-connecting.

This shows that each active walk corresponds to a d-connecting path and vice verse. Now we can
proceed with the proof of the lemma:

1. Suppose p, q have overlapping nodes. Let w), be the walk that corresponds to p and w, be the walk
that corresponds to g. Consider the concatenated walk w = w),, w,. If any repeated node has different
collider status along w, then the path is not active. But this means that that node was blocking either
wy, or wg, which would be a contradiction. Therefore, repeated nodes cannot have different collider
status along w.

Suppose a node ¢ is repeated in w), and w, and has the same collider status. In this case, consider the
walk obtained by concatenating the sub-walk of w,, between x and ¢, with the sub-walk of w, from ¢
to y. By repeating this process for any repeated node, we can obtain a path that corresponds to this
walk, which would always be active since the repeated nodes have the same collider status along this
path that they had in w,, or w, and were not blocking these walks. Therefore, they cannot block the
concatenated path obtained this way either, which is a contradiction since we are given that x, y are
d-separated given c. Therefore if any node is repeated in w), and w, then the concatenated walk is
always active. Thus, it must be the case that there is no repeated nodes.

2. Since there is no repeated nodes from /., we can operate at the path level instead of considering
walks. Suppose Y is not a collider. Since Y ¢ ¢, it would be d-connecting and thus the concatenating
path would be d-connecting, a contradiction. Suppose Y is a collider but Y € An(c). In this case, Y
would not block the concatenated path either, which is a contradiction. This establishes the result. [J
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The next lemma shows that colliders that are closed in D must remain closed in the k-closure Cy (D).

Lemma B.9. [f a collider is blocked in D conditioned on some c : |c| < k then it must also be
blocked in Cy, (D) conditioned on c.

Proof. Suppose (X — Z < Y)p is a collider that is blocked given c¢. Thus, it must be that
Z ¢ An(c) in D. For the sake of contradiction, suppose that this collider is unblocked in Cj (D).
Thus, it must be the case that Z € An(c) in Cx(D). This means there is a new directed path from Z
to ¢ in Ci (D). If this path existed in D, the collider would be unblocked, which is a contradiction.
Thus, at least one of the edges along this path must have been added during the construction of Cy (D).
Consider the collection of edges on this path that do not exist in D. Note that by construction of
Cr(D), a directed edge o — (3 is added between a k-covered pair «, 5 only if there is a directed path
from « to 5. Consider the path obtained by replacing the directed edge between any k—covered pair
along this path with the corresponding directed path in D. The resulting directed path must be in
D. This shows that there was at least one path already in D that implied Z € An(c), which is a
contradiction. Therefore, any collider in p that is unblocked in Cj, (D) must also be unblocked in
D. O

Lemma B.10. The set of ancestors of any set c of nodes in C,(D) are identical to the set of ancestors

of cin C(D).

Proof. Adding edges to a graph, directed or bidirected, cannot decrease the set of ancestors of any
node. We only need to show that the set of ancestors in Ci (D) is not larger than the set of ancestors
in D.

Suppose otherwise: A node a € An(c) in Ci(D) but @ ¢ An(c) in D. This can only happen if a
collection of edges added during the construction of Ci (D) render a an ancestor of c. However, each
such edge is added only if there is a directed path between its endpoints in D. Consider the path
obtained by replacing each such added edge along the path that renders a an ancestor of ¢ in Ci (D)
with the corresponding directed paths in D. This directed path must be in D, which means that a was
an ancestor of ¢ in D as well, which is a contradiction. O

We are finally ready for the proof of Lemma 3.6
Proof of Lemma3.6;

Since no edge is removed during the construction of the k-closure, one direction immediately follows:
Ifa 1L b|c in Ck (D), then a L b|c in D. The implication is clearly true for any set c of size at most
k as well. Therefore we only need to show the other direction.

Suppose a L b|c in D where |c¢| < k. We will show that a 1L b|c in Ci(D). For the sake of
contradiction, suppose otherwise. Then there must be a d-connecting path p between a, b given c in
Cr(D). The length of any such path must be greater than 1 since otherwise, whether this edge already
existed in D or it was added during the construction of Cy, (D), a, b must have been dependent given
cin D, which is a contradiction. Since the orientation of the existing edges in D did not change in
Cr(D), either this path did not exist in D or that it existed but it was blocked by some collider that
is not in An(c) in D. The latter is not possible due to Lemma @, since any unblocked collider in
Cr(D) must also be unblocked in D. Thus, it must be that this d-connecting path did not exist in D.

Suppose p does not exist in D. At least one edge must have been added to form this path in C (D)
during the construction of Ci (D).

For any added edge u — v, the following is true: Since u — v was added in Cy (D), it must be the
case that v ¢ An(u) since otherwise there would be a cycle. By Lemma [B.3] conditioned on ¢, there
exists a d-connecting path between wu, v where the edge adjacent to v is into v. For any added edge
u +> v, the following is true: Since u +» v was added in Cy (D), it must be the case that u ¢ An(v)
and v ¢ An(u). By Lemma conditioned on ¢, there exists a d-connecting path between u, v
where the edge adjacent to u is into » and the edge adjacent to v is into v. Call any such path implied
by these lemmas a replacement path. Note that a replacement path might be directed or not.

Consider a path ¢ in D that is obtained from p by switching the edges added during the construction
of Cx (D) with the replacement paths using the following policy: Suppose u© — v in C (D) for some
k-covered pair u, v. If a directed path is open given c in D, use that path as the replacement path
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for the edge a — b. If not, use any other path. This means that either the path that replaces an edge
u — v is directed or that both the endpoints have an arrowhead and that u € An(c).

Observe that each replacement path is d-connecting and the subpaths of p that remain intact in ¢
must be d-connecting since p is d-connecting. By Lemma[B.4] any two paths — whether it is a pair
of replacement paths or a replacement path and a subpath of p — have overlapping nodes, then their
concatenation must be d-connecting. Since we assumed that ¢ was not d-connecting, it must be that
one of the endpoints of one of the added edges must be blocking ¢q. We investigate each such node to
verify that ¢ is indeed d-connecting to arrive at a contradiction.

In other words, the collider status of some of these nodes must have changed due to replacing some
edges with replacement paths. Specifically due to Lemma|[B.4, one of the endpoints of replacement
paths must be a collider and not an ancestor of c. Since ancestrality status cannot change from D to
Cr(D) due to Lemma @, the only way for ¢ to not be d-connecting is if some node that is not an
ancestor of ¢ changes status from being a non-collider along p to being a collider along g.

Note that for an edge u <+ v, the nodes u and v are adjacent to an arrowhead in the replacement path.
Thus, if some node ¢ changes collider status in ¢ compared to p, it cannot be due to bidirected edges
along p.

Now consider the directed edges u — v. If the replacement path is directed from u to v, similarly «
is adjacent to a tail and v is adjacent to an arrowhead on the replacement path. Therefore, such edges
cannot alter the collider status of nodes at the junction of different paths. Finally consider the directed
edges u — v where u and v are both adjacent to an arrowhead on the replacement path. Observe that
this edge cannot change the collider status of v. We now focus on u. If the other edge adjacent to u
along q is a tail, u remains a non-collider and cannot block q. Now suppose the other edge adjacent
to u along ¢ is an arrowhead. This makes w a collider in ¢ whereas u was a non-collider along p since
we had u — v along p. However, by construction of ¢, as we ended up adding a path with arrowheads
at both endpoints, it must be that the directed path between u, v (which exists since u — v was added
during the construction of C (D)) must be blocked via conditioning. This means u € An(c) which
means that although the status of u changes from non-collider to collider, it must be that this collider
does not block ¢ since it is an ancestor of c. Therefore, no replacement path can alter the status of a
node to block the path g, and ¢ must be d-connecting, which contradicts with the assumption that the
path was not d-connecting in D.

This establishes that any d-connecting path in Cj (D) is also d-connecting in D, which establishes
thatif a . b|c in Cx(D), then a JL b|c in D. This establishes the lemma.
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B.2 Proof of Lemma[3.8

For a mixed graph to be a maximal ancestral graph, we need to show that it does not have directed or
almost directed cycles and that any non-adjacent pair of nodes can be made conditionally independent
by conditioning on some subset of observed variables [21]. We first define almost directed cycle, and
propose a lemma that shows that k-closure graphs do not have directed or almost directed cycles.

Definition B.11 ([21]]). A directed path p from a to b and the edge a < b is called an almost directed
cycle.

Lemma B.12. For any DAG D, and integer k, C.(D) does not have directed or almost directed
cycles.

Proof. Suppose, for the sake of contradiction that there is a directed cycle in Ci (D). Since each
edge X — Y in C(D) either exists in D or for each such edge in Ci (D), there is a directed path
from X to Y in D, existence of a directed cycle in C (D) would imply a directed cycle in D, which
contradicts with the DAG assumption of D.

Suppose, for the sake of contradiction that there is an almost directed cycle in C (D), i.e., we have a
directed path from a to b for two nodes @ <> b. Since a < b is added during construction of C (D), it
must be the case that neither a nor b are ancestors of each other. However, from the above argument,
there must be a directed path from a to b in D, which is a contradiction. Thus, C;(D) cannot have
almost directed cycles. O

The other condition for a mixed graph to be a maximal ancestral graph is that for any non-adjacent pair
of nodes, there exists a subset of the observed variables that make them conditionally independent. For
the k-closure graphs, this simply follows by construction: Any pair of nodes that are non-adjacent in
C(D) can be made conditionally independent given some set of size at most &k in D by construction
of Cx (D). From Lemma [E, this conditional independence relation must be retained in Cy (D). Thus
any non-adjacent pair of nodes in Cy (D) can be d-separated in Ci (D) by some conditioning set of
size at most k. This establishes the claim.

O
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B.3 Proof of Theorem

Our main observation is that a parallel of Lemma|B.2 works for MAGs with k-covered bidirected
edges. The following lemmas are for any mixed graph K that satisfies the constraints in Theorem [3.9,
i.e., those that are MAGs and that satisfy the condition that for any bidirected edge a <+ b, a, b are
k-covered in the graph K — (a > b).

Lemma B.13. Suppose X ¢ An(Y). Suppose there is a d-connecting path p between X,Y given T
that starts with an arrow out of X.

1. There is at least one collider along p.

2. Let K be the collider closest to X on p. Then conditioning on T' = T — De(K) instead of
T does not introduce new d-connecting paths that start with an arrowhead at X.

Proof. 1. Any path that starts with X — ... must either be directed, or there must be at least one
collider along the path. Since the path is between X, Y and X ¢ An(Y"), it must be that the path has
at least one collider on it.

2. First note that without loss of generality, p has the following form for some integer m > 0 (m = 0
means X — K):
X—-U —-Uy... > U, > K<+x...Y. (15)

* is a wildcard representing either an arrowhead or a tail.

Suppose for the sake of contradiction that conditioned on 7", there is a new d-connecting path ¢
that starts with an arrowhead into X. q was clearly closed conditioned on 7" and became open by us
removing nodes from the conditioning set 7. This can only happen if we removed some node from 7'
that is a non-collider along ¢. Consider the non-collider we removed that was closest to X, call this
M. Thus we have the path ¢ that looks like this:

X—W...M..\Y, (16)
where M is a non-collider on this path and is in De(K).

We observe that the subpath between M and X cannot be directed from M to X. Because this would
create the following cycle, since K is assumed to be the first collider along p, and an ancestor of M.

M—..-X—-U,...Up, > K—...> M. a7
Thus a closer look at the path ¢ reveals the following structure for some integer m’ and node V:
X+WiWoii=Wpx— V.. M...Y (18)

We will consider the following two cases: The edge mark adjacent to M along the subpath between
W, and M is a tail or an arrowhead.

Suppose the edge mark adjacent to M/ along the subpath between W,,,; and M is a tail: This
means there is at least one collider between W,,,» and M. Any such collider must be active since ¢ is
active given T’. Consider the collider that is closest to M. Since it is active, this collider must be an
ancestor of 7. However, observe that K is an ancestor of this collider which implies that K is an
ancestor of 7" as well. However, we obtained 7" by removing all descendants of K from 7", which is
a contradiction.

This establishes that the edge mark adjacent to )}/ along the subpath between W,,,, and M is
an arrowhead. Thus, this reveals the following structure for ¢:

X Wi«Wy...+Wyx—...x—M...Y (19)
Suppose the directed path from K to M is as follows for some {6;}; for some integer m'’:
K—60,—...0,—>M (20)

Recall that M is a non-collider along ¢. Thus, the subpath of ¢ between M and Y must start with a
tail as M — ...Y. Now observe that if the subpath of p between M and Y had no collider, then we
would have the following directed path from X to Y:

X—->U—-..-U,—>K—0,—>...20p—>M—...>Y 21
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However, we know X is a non-ancestor of Y. Thus, there must be at least one collider between M
and Y along p, all of which are open given 7”. Consider the collider that is closest to M. There is a
directed path from M to this collider, and a directed path from this collider to a member of 7”. But
this means there is a directed path from K to a member of 7" since there is a directed path from K to
this collider. This is a contradiction since we obtained T by removing all descendants of K from 7.

This establishes the claim that removing descendants of the collider along any d-connecting path that

starts with a tail at X cannot introduce a d-connecting path that starts with an arrow into X when
X ¢ An(Y). O

The following is the parallel lemma to Lemma B.2|for any mixed graph K that satisfies the conditions
of Theorem

Lemma B.14. Consider a bidirected edge X < Y in K. Suppose conditioned on any subset
T:|IT|<k X ALY|TinG— (X < Y). Then conditioned on any T : |T| < k, there exists a
d-connecting path between X, Y that starts with an arrow into X and an arrow into Y .

Proof. For the sake of contradiction suppose, conditioned on some T' : |T| < k, there is no d-
connecting path with an arrow into X and an arrow into Y. Since neither X is an ancestor of Y nor
Y is an ancestor of X, all d-connecting paths must have colliders on them. And all such colliders
must be ancestors of 7.

Consider such a path p where, without loss of generality, the edge adjacent to X has a tail at X. Let
K be the collider that is closest to X.

Thus we have
X—->U—...—2U,—>K<+xV...Y (22)

for some {U; };, V and integer m. Since the path is open, this collider must be unblocked. It must be
that K € An(T). Let T = T — De(K), where De(K) are all descendants of K. Clearly, p is no
longer open. We investigate other open paths now, keeping in mind that X, Y are dependent given 7"
since |T"] < k.

Claim 1: Removing the descendants of the collider closest to X from the conditioning set can
only add d-connecting paths that start with a tail at X but no d-connecting path that starts with an
arrowhead at X.

Proof of Claim 1: Since a bidirected edge exists between X, Y, and that K is a MAG, neither X nor
Y are ancestors of one another, since then we would have an almost directed cycle. By Lemma|B.13]

we know that removing the descendants of K from 7' can only introduce d-connecting paths that are
out of X. O

Now consider the d-connecting paths under conditioning on 7”. We know that these paths must
have a tail either at X or at Y. Using the above claim that no path that has an arrowhead into
both endpoints are opened, we can use recursion and claim that we can make X, Y d-separated by
removing descendants of colliders (that are closest to the endpoint that is adjacent to a tail) of active
paths, which gives the following:

Claim 2: There exists a set T of size at most k such that X 1L Y |7, which leads to a contradiction
since X, Y cannot be made independent by conditioning on sets of size at most k by the assumption.

Proof of Claim 2. Given claim 1, we can continue removing descendants of the colliders of the active
paths that are closest to the tail-end node from the set 7'. Either no d-connecting path is left at some
point in this process, or that we end up removing all the variables from the conditioning set. If former,
this is a contradiction since X, Y cannot be made conditionally independent given empty set. If the
latter is true, then there is another contradiction due to the following: This means that given empty
set, paths that have a tail adjacent to one of the endpoints, i.e., the paths with colliders on them (since
all paths that have a tail adjacent to one of the endpoints must have a collider because X ¢ An(Y)
and Y ¢ An(X)) are d-connecting, which is not possible. This proves Claim 2.

Therefore, the supposition that the only d-connecting paths must have a tail adjacent to either endpoint
must be wrong, which proves the lemma. O
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Proof of Theorem Now, we are ready to prove the main characterization theorem. We will need
the following lemma:

Lemma B.15. Let K be a mixed graph that satisfies the conditions in Theorem Let K/ be the
graph obtained by removing all the bidirected edges from K. Then

1. K" is a DAG and
2. K ~, K

Proof. Since the only difference between K’ and K is the removal of bidirected edges, any directed
cycle that exists in K’ would also have existed in K, which contradicts with the assumption that K is
a MAG. This establishes that K has no directed cycles.

Clearly, any independence statement in K holds in K, since it is obtained from K by removing edges.
Thus any degree-k d-separation relation that holds in K also holds in K’. Therefore, we only need to
show that for any ¢ of size at most k& (a JL b |c)k implies (a JL b|c)k:.

Suppose for the sake of contradiction that a )£ b|c in K but a 1L b|c in K. Let p be a d-connecting
path between a, b given c in K. This path must be closed in K’. Since the only difference between
the two graphs is the removal of bidirected edges, ancestrality relations cannot be different. Thus, it
cannot be the case that a collider that was open in K is now closed in K’ and is closing the path p.
Any collider that was open must still be open. Thus, the only way for p to be closed in K’ is if some
bidirected edge X <> Y along p is removed. However, by Lemma [B.14] for any such bidirected
edge in K, and for any conditioning set of size at most ¢, we have a d-connecting path called a
replacement path with an incoming edge to both X and Y. Consider the path ¢ obtained by replacing
every bidirected edge along p with a corresponding replacement path. Since a, b are d-separated by
assumption, this path cannot be open. As this path is a concatenation of several d-connecting paths —
either sub-paths of p, which must be open, or replacement paths which must be open, by Lemma [B.4]
they must have no overlapping nodes, and some node at the junction of these paths must be a collider
and non-ancestor of c¢. However, since we replaced bidirected edges X <> Y with paths of the form
X <x...x— Y, both X and Y must have the same collider status on both p and ¢q. Thus, they
cannot be blocking ¢ since they are not blocking p. This means that g is d-connecting in K’, which is
a contradiction. This proves the lemma that K and K’ must entail the same degree-k d-separation
relations, which implies they are k-Markov equivalent. O

The only if direction: Suppose a mixed graph is a k-closure graph, i.e., K = C(D) for some DAG
D and has the edge a <> b. Suppose for the sake of contradiction that a, b are not k-covered in
K — (a <> b). Let K’ be the graph obtained from K by removing all the bidirected edges. Note that
K’ is a DAG since K has no directed cycles. Also note that all edges in D must appear in K’ by
construction of k-closure graphs. D can therefore be obtained from K by removing edges. Thus, any
d-separation statement in K must also hold in D. Therefore, a, b must be conditionally independent
given some subset c of size at most k£ in D. This means K, in which a, b are adjacent, cannot be the
k-closure graph of D, which is a contradiction.

If direction: Suppose a mixed graph K satisfies the conditions in Theorem [3.9| By Lemma|B.15] for
any such mixed graph K, there is a DAG whose k-closure is K, which shows that any such K is a
valid k-closure graph, proving the theorem. O
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B.4 Proof of Lemma[3.12]

Let K7 = Cr(D1), K2 = Ci(D3) be two k-closure graphs with the same skeleton and unshielded
colliders. Suppose for the sake of contradiction that there is a path p that is discriminating for a triple
(u, Y, v) in both such that Y is a collider along p in Cj,(D1) and a non-collider in Ci(D3). Thus, in
Cr(D1) we have the path p as

ax—> 21 > 29 ..oz us Y v (23)

where z; — v, Vi and u — v and a, v are non-adjacent. Note that we cannot have Y <— v instead of
Y < v since this would create the almost directed cycle u — v — Y <+ u. The same path with Y as
a non-collider can take two configurations in Cy,(Dz), either as

ax—> 21 > 2. oz us Y 2o (24)

or as
ak—> 21 > 29 ...z us—Y oo (25)

Other paths where Y is a non-collider would either render » a non-collider, which cannot happen
by definition of a discriminating path, or create a directed or almost directed cycle. Since a, v
are non-adjacent by definition of a discriminating path, there must be some S : |S| < k where
(@ 1L v [S )¢, (p,)- Note that S must include all z;’s and u, and not include Y since otherwise there
would be d-connecting paths between a, v in C (D7) due to the discriminating path. This means that

(@ v]S)e,(ps)-

Since u <> Y in Ci(D;), by Lemma []E, there must be a d-connecting path between u,Y in D,
conditioned on S that has an arrowhead at Y. By construction, this path must also appear in Cy (D1 ).
Since the path is inherited from Dy, it does not have bidirected edges. Consider the shortest of all
such d-connecting paths, call this path g. Let X be the node adjacent to Y along g. Thus, ¢ has the
form

U—...> X =Y. (26)

We have that X — Y in both D; and Ci(D1). In Cr(D1), we have X — Y <+ v. Since the edge
between Y, v has a tail at Y in Cy(D2), this collider cannot exist in C(D5). Thus, it must be the case
that this collider is shielded in Cj (D7), i.e., X and v are adjacent in Cj,(D1). Since Ci (D7), Cx(D2)
have the same skeleton, they must also be adjacent in Cy,(Dz).

Now consider the path obtained by concatenating the subpath of p ax— ... u, and the subpath of ¢
between v and X, and the edge between X and v in Ci (D). Call this path r. Note that the subpath
of ¢ is d-connecting given S, as well as the subpath of p since z;’s and v are in S. Thus, unless X is
a collider on it, the path r between a, v will be open, which would lead to a contradiction since a, v
are d-separated given S in Cx (D1 ). Thus, the edge between X, v must have an arrowhead at X . Let
W be the node before X along g. Thus we have W — X <5 v in C(D1). Note that X < v is not
possible since this would create an almost directed cycle X — Y <> v — X in Ci(D1).

Suppose this collider is unshielded and appears in Ci,(D3) as well: Wx— X <—xv in Cy(D3). Thus
in Cy (D), we have Y — vx— X «*W. Since X,Y are adjacent, it must be that X + Y or
X Y to avoid a directed or almost directed cycle. Thus in C (D), we have X +=«Y. However,
this creates the collider Wx— X <Y in C(D3). Note that this collider cannot appear in Cy,(D1)
since the edge between X, Y has a tail at X in Cy,(D;). Thus the collider must be shielded, meaning
that W, Y must be adjacent, and both in Ci(D3) and in Ci(D;). Since we have W — X — Y
in C(D;), the edge must be W — Y in Ci(D; ). Furthermore, similar to X, W cannot be in the
conditioning set since this would block the path ¢. This means there is a d-connecting path that has
an arrowhead at Y that is shorter than ¢, which is a contradiction.

Thus the collider W — X « v in Ci(D;) must be shielded. Similar to the above argument, W
must be a collider along the path constructed by concatenating the subpath a*— ... u of p, and the
subpath of ¢ between v and W, and the edge between W and v since otherwise this path would be
open, which would contradict with a 1L v |S. Let V' be the node next to W along ¢. Thus we have
V - W — X along g and V. — W <—xu is a collider in C (D). In fact, it must be that W <> v
since otherwise there would be an almost directed cycle v — W — X — Y <> vin Cg(D1).

Suppose the collider V' — W <+ v in C(D;) is unshielded and also appears in Cj(D3). Note that if
V, X were adjacent in Ci, (D), the orientation would have to be as V«— X since otherwise there
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would be a directed cycle V. — W — X — V in Ci(D1). But this would imply that there is a
shorter path than ¢ that connects u, Y and has an arrow into Y. Thus, V, X must be non-adjacent in
Cr(D1) and hence in Ci(D2). Thus, (V, W, X) is an unshielded non-collider in Ci(D;) and must
also be in C,(Dz). Thus it must be that W — X in C(D3). Since vx— W — X in Ci(D3), it
must be that v+— X in C;(D2) to avoid a directed or almost directed cycle. Since Y — vx— X
in C(D3), it must be that X <Y to avoid a cycle or almost directed cycle in Cx (D). However,
now we have a collider W — X <«—«Y in Ci(D3) that is a non-collider in Ci (D) since in Cx(D1)
we have X — Y. Thus, this collider must be shielded, i.e, W, Y must be adjacent in Ci(D2). Thus,
they must also be adjacent in C,(D1). Since W — X — Y in C (D), it must be that W — Y in
Cr(Dy) to avoid a cycle. But this means there is a shorter d-connecting path between u, Y given S
with an arrowhead at Y, which is a contradiction.

Therefore, the collider V' — W < v must be shielded in Cy, (D). We can repeat the above argument
as many times as needed continuing from the parent of V" along q. As we keep shielding more and
more colliders in Cy (D1 ), eventually when we shield the first node along ¢ next to u, we will end up
with a directed path from u to Y. However, this is a contradiction since bidirected edge was added
between u, Y which implies that « is not an ancestor of Y.

Therefore, if two k-closure graphs C (D), C.(D2) have the same skeleton and unshielded colliders,
then they cannot have different colliders along discriminating paths, which proves the lemma.

13



o0 B.5 Proof of Corollary[3.13]

o11 (=) If they are Markov equivalent then by Lemma [3.8] they are two Markov equivalent MAGs.
o1z Therefore by Theorem[3.11]they have the same skeleton, and the same unshielded colliders.

913 («=) If they have the same skeleton and the same unshielded colliders, then by Lemma[3.12} they
ot4 must have the same colliders along discriminating paths. Thus, by Theorem 3.1 they are equivalent.
915
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B.6 Proof of Theorem 3.14]

(=) Suppose D1, Dy are k-Markov equivalent. For the sake of contradiction suppose that Cy (D7)
and Cy(D5) are not Markov equivalent. By Corollary [3.13] this happens when either they have
different skeletons, or different unshielded colliders. Thus, there are two cases:

k-closures have different skeletons: Cj,(D1) and Cj, (D<) have different skeletons. Suppose without
loss of generality that C, (D) has an extra edge, i.e., a, b are adjacent in Cj, (D7) but not in Cx (D).
This can only happen if 35 C V : |S| < k such that (a L b|S) p,, while there is no such separating
setin Dy, implying that (a )L b|S)p,. This is a contradiction with the supposition that Dy, D5 are
k-Markov equivalent. Therefore, C.(D1) and Cj(D2) must have the same skeletons.

For completeness, we restate the definition of unshielded collider in k-closure graphs, which is
identical to how it is defined in MAGs.

Definition B.16. A triple (a,c,b) in a k-closure graph is called an unshielded collider if a, b are
non-adjacent, a, ¢ and c, b are adjacent and the edges adjacent to ¢ have an arrowhead mark at c.

According to the definition, a triple (a, ¢, b) in a k-closure graph Ci (D) can be an unshielded collider
if the induced subgraph on the nodes take either of the following configurations:

l.a—c+b
2.a—c+b
3.a<c+b
4, a+>c+ b

We use asterisk to represent either an arrowhead or a tail. *— represents either —, <. Similarly, <
represents either <— or .

k-closures have different unshielded colliders: Without loss of generality assume that (a*x —
c <xb)c, (p,) but this unshielded collider does not exist in C(D>), i.e., (a, c, b) is an unshielded
non-collider in Ci (D).

Lemma B.17. In a k-closure graph Cy(D), two nodes a, b are non-adjacent iff (a 1L b|S )¢, (p) for
some S C V.

Proof. (=) Suppose a, b are non-adjacent in Cj, (D). Thus it must be the case that (a 1L b|S)p for
some S such that |S| < k, since otherwise a, b would be made adjacent during the construction of
Ci(D). By Lemma 3.6, this means (a 1L b|S )¢, (p)- This establishes the only if direction.

(<) Suppose now that (a 1L b[S )¢, (p). By definition of d-separation, adjacent nodes cannot be
d-separated and thus a, b must be non-adjacent in Cx (D). O

Lemma B.18. In a k-closure graph Ci,(D), any pair of non-adjacent nodes a,b are separable by a
set of size at most k, i.e., 3S : |S| < k, (a 1L b|S )¢, (D)

Proof. Suppose otherwise: For some non-adjacent pair a, b all d-separating sets in Ci (D) have size
greater than k. Let S be the smallest subset that makes a, b d-separated, i.e., (a L b|S )¢, (p) —one
exists by Lemma [B.17} Clearly, |S| > k. Note that non-adjacency of a, b in C(D) implies that
a, b are separable in D with some set T of size at most k: (a 1L b|T")p. Since |T| < k < |S| and
S is the smallest subset that d-separates a, b in Cy (D), it must be that (a JL b|T" )¢, (p). However,
this contradicts with Lemma [3.6| which says that D and Ci (D) must entail the same d-separation
constraints for conditioning sets of size up to k. O

Since a, b are non-adjacent in both graphs, by Lemma|B.18|there are two subsets 57, So of size at
most & such that
(@ 1L b[S1)e,(pyys (@ L b]S2)e, (Dy)- (27)

Clearly, S7 # ¢, S2  csince ¢ is a collider between a, b in C(D1) and a non-collider in Cy(D>). If
we switch the conditioning sets, due to the different collider status of ¢ in both graphs the d-separation
statements will switch to d-connection statements:

(@ b]S1)e, (po)s (@ B]S2)e,(Dy)- (28)
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Since S; and S5 have size of at most k, then from Lemma [3.6|we have that:

(aJ_Lb|Sl)D1,(aJ,J_ b|Sl)D2 (29)
This implies that Dy, Ds are not k-Markov equivalent which is a contradiction.

This establishes that if Dy, D5 are k-Markov equivalent then Cy (D), C. (D<) must have the same
skeleton and the same unshielded colliders. By Corollary[3.13] Ci (D), Cx(D2) are Markov equiva-
lent.

(<)

Suppose that C, (D7) and Cy (D<) are Markov equivalent. Then they impose the same d-separation
statements. Therefore they impose the same d-separation statements when the conditioning set is
restricted to size at most k. By Lemma [3.6] this means that Dy, D, must also impose the same
d-separation statements for conditioning sets of size of at most k. This establishes that Dy, D5 are
k-Markov equivalent. O
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B.7 Proof of Lemma

Suppose in the k-closure graph Cy (D) for some DAG D and integer k, we have a discriminating path
for Y between the nodes a, v of the form

ax—<4> ... us Y oo

By definition of discriminating path, v must be a collider along the path, and v — v. If Y <— v, then
we would have an almost directed cycle v — v — Y <> u. Thus, we have u <+ Y > v.

First, we show that the arrowhead at Y of the edge Y <+ v can be learned by first orienting unshielded
colliders and then applying R1 and R2. Consider the bidirected edge u <> Y. By definition of
discriminating path a, v must be non-adjacent and thus separable by a set of size at most £ by Lemma
Therefore, we have aset S : |.S| < k such thata 1L v |S. By the discriminating path definition,
every collider along the path must be a parent of v, and therefore it must be the case that every collider
along the discriminating path including u must be in .S, since otherwise there would be a d-connecting
path. From Lemma [B.2| conditioned on any set of size at most k, we have a d-connecting path
that starts with an edge into Y. Consider the shortest such path ¢g. Let X be the node immediately
before Y along ¢. Since this path exists in the DAG by the lemma, we have X — Y. If X v are
non-adjacent, then X — Y < v would be an unshielded collider and we are done.

Suppose X, v are adjacent. Note that conditioned on S, a and X are d-connected. If X is a non-
collider along the path obtained by concatenating the subpath of g between a, X and the edge between
X, v, then a,v would be d-connected given .S, which is a contradiction. Therefore, X must be a
collider along this path. Thus we have X < v. Note that we cannot have X < v since this would
create an almost directed cycle in Cx (D). Let V' be the node immediately before X along . Thus we
have V' — X « v (not V <+ X since this edge exists in D).

Suppose V, v are non-adjacent. Thus, the collider V' — X <—xuv is unshielded, and therefore can be
learned. Furthermore, V, Y must be non-adjacent since otherwise, we must have V' — Y to avoid a
cycle and there would be a path that is shorter than ¢, which “jumps over" the node X along g. Thus,
we can learn that X — Y from R1. Finally, since now we have learned v*— X — Y and that Y, v
are adjacent, by R2, we must have Y <—v. Thus the arrowhead mark at Y of the edge Y <> v can
be learned, and we are done.

Suppose V, v are adjacent. Following a similar argument, we either have some unshielded collider
that can be propagated using the argument above to orient Y <—x*wv, or we can continue covering
unshielded colliders, which would imply the previous nodes are always parents along ¢. But this
implies that « has a directed path to Y, which cannot happen since we have u <+ Y in C (D). This
establishes that Y <—v can be learned by orienting unshielded colliders and applying the rules R 1
and R2.

For the arrowhead mark at Y of the edge v <+ Y, similarly consider the shortest d-connecting path
q between Y, v in D given S that starts with an arrow into Y. The argument follows similarly that
either there would be directed path from v to Y, which is a contradiction with the existence of the
edge Y < v in the k-closure graph, or that there exists an unshielded collider along ¢ that can be
learned by orienting unshielded colliders, which can be propagated to learn ux— Y using rules R1,
and R2. This establishes the lemma. O
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B.8 Proof of Theorem 4.4

We show soundness of the two new rules with the following two lemmas:

Lemma B.19. Let K be a mixed graph that is sandwiched between ¢1,(D) and PAG(C(D)), i.e.,
ex(D) € K C PAG(Cx(D)). RI11 is sound on K for learning the k-essential graph, i.e., if
K' =R11(K), then e, (D) C K' C K.

Proof. For the sake of contradiction, suppose otherwise: R11 orients an edge ao— bin K asa — b,
and there is a DAG D’ with a k-closure graph Ci(D’) that is Markov equivalent to C (D) and is
consistent with K where a < b. This means a, b are k-covered in D’. Then from Lemma
conditioned on any subset S of size at most k, there must be a d-connecting path that starts with
an arrow into both a and b in D. By construction of the k-closure graph, this path must also exist
in Ci(D’). Therefore, there must be some node w such that ¢ + w. Since a has no incoming
edges, it must be the case that w € C. However, b is chosen so that b is non-adjacent to any node
in C. Therefore, b must be non-adjacent to w in K. However, this creates the unshielded collider
w — a <> b. However, note that wo—oao— b in PAG(Cy(D)), and thus (w, a, b) is a non-collider
in C,(D). Therefore, Cy,(D’) cannot be Markov equivalent to Ci (D), which is a contradiction. [

Lemma B.20. Let K be a mixed graph that is sandwiched between ¢1,(D) and PAG(C(D)), i.e.,
ex(D) € K C PAG(Cx(D)). RI12 is sound on K for learning the k-essential graph, i.e., if
K' =R12(K), then e, (D) C K' C K.

Proof. For the sake of contradiction, suppose otherwise: R12 orients an edge ao—oc in K as a—c,
and there is a DAG D’ with a k-closure graph Ci(D’) that is Markov equivalent to C (D) and is
consistent with K where a <+ c¢. This means a, ¢ are k-covered in D’. Then from Lemma
conditioned on any subset S of size at most k, there must be a d-connecting path that starts with an
arrow into both a and c in D. By construction of the k-closure graph, this path must also exist in
Cr(D’). Therefore, there must be some node w such that a < w. Since a has no incoming edges, it
must be the case that w € C. However, c is chosen so that ¢ is non-adjacent to any other node in C'.
Therefore, ¢ must be non-adjacent to w in K. However, note that wo—oao—oc in PAG(Cy (D)), and
thus (w, a, ¢) is a non-collider in Cy (D). Therefore, C,(D’) cannot be Markov equivalent to Cy, (D),
which is a contradiction. O

Now consider the execution of the algorithm k-PC . When the algorithm completes Step 4, from

Corollary 4.2 we have that K’ = PAG(Cy,(D)). Since we start Step 5 with K = PAG(Cy(D)), from
Lemma and [B.20] any arrowhead and tail orientation of the K obtained at the end of step 5 must
be consistent with the k-essential graph of D. Therefore, we have that e, (D) C K.

O
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C FCI Orientation Rules

Algorithm 2 FCI_Orient

Input: Mixed graph K

Apply the orientation rules of R1, R2, R3 of [22] to K until none applies.
Apply the orientation rules of R8, R9, R10 of [22].

Output: K

We restate the FCI orientation rules in detail and demonstrate how they are applicable for learning
k-closure graphs. The following definitions are from [22].

Definition C.1 (Partial Mixed Graph (PMG)). Any graph that contains the edge marks arrowhead,
tail, circle is called a partial mixed graph (PMG).

Definition C.2 (Uncovered path). In a PMG, a path (u1, us ... u,) is called an uncovered path if
U;, ;42 are non-adjacent for all ¢ € {1,2,....m — 2}.

Definition C.3 (Potentially directed path). In a PMG, a path (u1,us . .. u,,) is called a potentially
directed (p.d.) path if the edge between u; and u;y; does not have an arrowhead at u; for all
1€{1,2,....m—1}.

Definition C.4 (Circle path). In a PMG, a path (ug, ... u,,) is called a circle path if u;0—ou; 41 for
alli € {1,2,....m —1}.

Note that circle paths are special cases of p.d. paths.

Rules 1, 2, 3 are straightforward extensions of the orientation rules for constraint-based learning to
mixed graphs. For completeness, we restate them below. The star marks that appear both before and
after the application of the rules are edge marks that remain unchanged by the rule.

R1: If ax— bo—= c, and a, c are not adjacent, then orient the triple as ax— b — c.
R2: If a — bx— cor ax— b — c and a *—oc, then orient a x—oc as ax— c.
R3: If ax— b <—*c, a ¥—odo—x c, a, c are non-adjacent, and d *—ob then orient d *—ob are dx— b.

We now restate FCI+ rule R8, RY, R10 and explain their relevance for learning k-closure graphs.
Note that the rules are simplified since we do not have undirected edges that represent selection bias,
and our undirected edges are treated as if they are circle edges.

R8. Ifa — b— cand ao— c, orient ao— cas a — c.

R9: Ifao— c¢,and p = (a,b,u1,us . .. Up, c) is an uncovered p.d. path from a to ¢ such that b, ¢
are non-adjacent, then orient ao— c as a — c.

R10:  Suppose ao— ¢,b = ¢,d — ¢, p; is an uncovered p.d. path from a to d and ps is an
uncovered p.d. path from a to b. Let t; be the node adjacent to a on p; (¢4 can be d) and ¢, be the
node adjacent to a on py (t. can be c). If ¢4, t. are distinct and non-adjacent, then orient ao— c as
a— c.

R11 and R12 cannot replace any of the above rules. For example, consider Figure[5. None of the
FCI rules apply to the output of Step 3, thus we can only learn of the unshielded colliders at the end
of Step 4 of the algorithm. The completeness of FCI implies that any edge xo— y can be oriented as
x <> yor x — y and give a MAG consistent with the PAG. However, not all such MAGs are valid
k-closure graphs. R11 can be applied to orient several tails, which gives the graph in (d). Similarly
in Figure[6] R12 helps orient the tail edges between a, b which cannot be learned by FCI rules.

3This version was originally called A-FCI, short for augmented FCI rules by [22]. Augmented graphs are
recently used in a different context in the causality literature, which is why in this work we are calling this
version FCI+ to avoid confusion.
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D Sample Runs of £-PC Algorithm

Consider the figures below for two sample runs of k-PC algorithm. Note that k-PC outputs the
k-essential graph in these examples, i.e., it can orient every invariant arrowhead and tail mark in the
k-closure graph of D.

a— ph—— Cca— ph—— Cao— po— @ — po—— ca — ) ca — h+—— ¢
U v U v 71&/ 71} U v U v U v
(a) D () Ck(D)  (c) K After Step (d) K after Step (¢) D' ~, D () Cr(D’) is
4 5. R11 applied consistent with
on a,u,v. the output of
k-PC .

Figure 5: An example where R11 helps orient tails. (a) A DAG D. (b) k-closure graph of D for
k = 0. (c¢) K after Step 4 of k—PC, the same as PAG(C(D)). (d) R11 helps orient several tail
edges. (¢) A DAG D’ that is k-Markov to D. (f) k-closure graph of D’, which is Markov equivalent
to Cx (D), showing that the circle at bo— c¢ is not an invariant tail. Thus k-PC outputs k-essential
graph € (D) in this case.

a e a e a e a e a e a e
Lo N N N T 1IN
b— ¢ b—c bo— bo— ¢ b—— ¢ b c
(a) D (b) Cx(D)  (c) K after Step (d) K at the end (e) D’ (fy D"

4. of Step 5.

Figure 6: (a) A causal graph D. (b) k-closure of D for k = 0. (¢) K at the end of Step 4. (d) Node
a has one edge ao—o, ao—ob. Thus we have C = C* since b is non-adjacent to any other nodes in C
since there are no other nodes in C'. Thus it is oriented as a—b due to R12. e — c is oriented due to
R11, similarly since C = ) and the node c is trivially non-adjacent to all nodes in C. (e, f) D', D"
are k-Markov equivalent to D and their k-closure graphs contain a <+ c and b <> c, respectively.
This shows that the graph in (d) given by k-PC is the k-essential graph (D).
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E Discussions

E.1 No Local k-Markov Equivalence Characterization on DAG Space

f f
YRR YARRN
a— C e—ph a—c e—p
NS NS
d d
(a) D1 (b) D2

Figure 7: As a collider, d blocks the path (a, ¢, d, e, b) in D3, but not in Dy. Accordingly, (a 1L b)p,
(a L b)p, and Dy, Dy are not k-Markov for k& = 0. However, this does not appear as a local
condition since c, e are not separable by conditioning sets of size up to 0 in both graphs. Therefore, a
local characterization of equivalence like Verma and Pearl is not possible when we are only allowed
to check degree-k d-separation tests.

Consider the graphs in Figure[7] The only difference is the orientation of the edge between e, d. Due
to the collider ¢ — d <+ e, we have ¢ 1L b in D; but not in D5. Therefore for k = 0, we have that
Dy, D5 are not k-Markov equivalent. However, this is not detectable locally: The endpoints of the
collider responsible for the change of the k-Markov equivalence class cannot be d-separated. The
effect of the collider can be detected only farther out in the graph between a, b. This shows that a
local characterization similar to Theorem [2.10}is not possible for k-Markov equivalence.

E.2 k-closure Graphs vs. MAGs

uUp Us Ur U2
1A 1A
c d c—d
Lol [
a b a b
(a) D (b) K = Ci(D) for k =
1

Figure 8: The mixed graph on the right is a valid k-closure graph for k£ = 1: It is the k-closure graph
of the DAG in (a). However, it is not a valid k-closure graph for k£ = 2. Because after removing
¢ <> d, it is possible to d-separate ¢, d by conditioning on uy, us.

In this section, we give an example for a MAG that is not a valid k-closure graph. Consider the
graph in Figure K in (b) is a valid k-closure graph for k = 1 since it is the k-closure graph of D.
However, K is not a valid k-closure graph for k£ = 2. This is because the bidirected edge ¢ <> d is
added between a pair that is not k-covered for k = 2: We have ¢ 1L d|u1,us in D. In fact, using the
if and only if characterization in Theorem @, we can show that there does not exist any D’ with the
given k-closure graph where ¢, d have a bidirected edge.

E.3 Bidirected Edge in k-essential Graphs

In Figure[9, since every endpoint is an arrowhead and is part of an unshielded collider, there is no
other Markov equivalent k-closure graphs, which implies that the k-essential graph is the same as
the k-closure graph. Thus, the edge ¢ <+ e is in £, (D). This example shows that we can learn that
two nodes do not cause each other using conditional independence tests that are not even powerful
enough to make them conditionally independent. It is worth noting that LOCI [20] can also infer this
fact by removing this edge.

21



1105

1106
1107

1108
1109
1110
1111
1112
1113
1114
1115
1116
1117

1118
1119
1120
1121
1122
1123
1124

1125

1126
1127
1128
1129
1130

1131
1132
1133

d d
/N / N\
a—C e+——} a4 —>C—— e}

(@) D (b) Cr(D)

Figure 9: A DAG with a size-1 k-Markov equivalence class for kK = 1. Observe that C (D) only has
unshielded colliders and thus there is no other k-closure graph that is Markov equivalent. Thus, this
k-closure is at the same time the k-essential graph of D and can be learned from data. In this case,
we can learn c, e do not cause each other despite not being separable in the data.

E.4 £k-PC is Incomplete

One might hope that k-PC is complete and outputs the k-essential graph £, (D). This, however, is
not true. We discuss an example where k-PC cannot orient an invariant tail mark.

First, observe that k-PC does not leverage the value of k. If we had an efficient way to answer the
question “Is there a k-closure graph that is consistent with K in which a, b are k-covered?" then we
could leverage this to orient more o— edges as — edges. As an example, consider the causal graph
in Figure[10. d may have an incoming edge that prevents us from eliminating the possibility that
do— b is a bidirected edge d ++» b. However, we can only have a single d-connecting path between
d,b. Since d is a non-collider along a—d—c, one of the edges must be out of d. Suppose d <— a and
d — c. For ¢ to not block this path it has to be a non-collider, and thus ¢ — b. This is the only way
we can have two d-connecting paths between d, b in the underlying DAG. However, now we have the
path d — ¢ — b, which makes d an ancestor of b. Therefore the edge d <> b is inconsistent. Thus in
k-essential graph of D, we must have a tail at d as d — b. This cannot be learned by k-PC .

d/a\b N -

N < do— = b
~. . 7 d ~. . 7 b . CO/
(a) Dy (b) Cx(D1) (¢) k-PC Output

Figure 10: A graph where k-essential graph contains an invariant tail that cannot be learned by k-PC
algorithm. k = 1; thus d, b are k-covered but not a, ¢, which gives the k-closure graph on the right.
k-PC algorithm outputs the graph in (c). However, there is no k-closure in the Markov equivalence
class where d <+ b. Thus the edge in the k-essential graph should be d — b. Similarly, ao— b should
be a — b, however this requires reasoning about the number of d-connecting paths between a, b in K
that is not captured in k-PC .

We observe that a local algorithm such as k-PC cannot be used to assess if there is some k-closure
graph that is consistent with the current graph in which two nodes are k-covered without the edge
between them. One practical strategy would be to take the output of the k-PC algorithm and list all
MAGs consistent with the circle edges, and then check if they are valid k-closure graphs by pruning
every edge using Theorem [3.9] For small or sparse k-closure graphs, k-PC could be a practical way
to reduce the search space efficiently, and then we can conduct an exhaustive search as the next step
to obtain a sound and complete algorithm for learning the k-essential graph.

E.5 Heuristic Uses of Bounded Size Conditioning Sets

For large number of variables, and except for very sparse graphs, constraint-based algorithms take
significant time to complete. This is because the progressive nature of such tests is not able to
sufficiently sparsify the graph with low-degree conditional independence tests, and they have to
perform many tests: If the neighbor size is O(n), where n is the number of nodes, algorithm needs to
check exponentially many subsets of nodes in the conditioning set.

To prevent this issue, several implementations of these algorithms have the added functionality to
restrict this search by limiting the size of the conditioning set. For example, causal-learn package has
this functionality. However, this is a heuristic that simply prematurely stops the search algorithms.
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The results of our paper build the theoretical understanding of what is learnable in this setting with a
new equivalence class and its graphical representation.

E.6 Comparison of £-PC Output to LOCI Output

Lemma E.1. Consider three nodes a,b,c. Suppose a L. b|S ;b L ¢|S ,a 1L c|S for some set
S:|S|<kandb ¢ S. Ifb,care k-covered , then k-PC orients the edge between b, c as b <—xc.

Proof. In the following, we show that given the CI pattern that LOCI uses to orient edges, k-PC also
orients the same edges. Consider the CI pattern that LOCI uses between three nodes a, b, c.

Conditioned on .S, there is a d-connecting path between a, b; let us call this path p. Conditioned on
S, there is a d-connecting path between b, ¢; let us call this path ¢. Consider the path obtained by
concatenating p, . Since this path must be d-separating, b must be a collider on it and it must be the
case that b ¢ An(S). Let the node that is adjacent to b along p be a’ and the node adjacent to b along
g be ¢’. Thus we have a’ — b+ (.

Case 1: Now suppose that a’ and ¢ are separable by some 7" : |T| < k. k-PC would then orient
a'*— b <—x*c since b, c remains adjacent throughout the execution of k-PC . Thus b <—xc would be
oriented in this case.

Case 2: Suppose that o', ¢ are k-covered . Then, given S, there is a d-connecting path between a’, c.
Now consider the path obtained by concatenating the subpath of p between a, a’ and this d-connecting
path. Since a, ¢ are d-separated given S, a’ must be a collider along this path and a non-ancestor of .S.
Thus we must have a”’ — a’ — b as the last three nodes of path p.

Case 2.a: Suppose a’’, ¢ are separable by some T : |T'| < k. Since @', ¢ are k-covered , they remain
adjacent throughout the execution of k-PC . Thus, k-PC would orient a”’*— a’ <xc. Now we
consider two sub-cases:

Case 2.a.i: Suppose a”, b are separable by some set of size at most k. Then, a’’*— a’ — b is an
unshielded triple and it would be oriented by the first Meek rule of k-PC as a”*— a’ — b. Now we
have the following edges oriented: b <—xa’ <—xc, and b, c adjacent. By the second Meek rule, k-PC
will then orient b <—xc. This establishes that in this sub-case, k-PC would also orient the arrowhead
adjacent to b for the edge between b, c.

Case 2.a.ii: Now consider the second sub-case: Suppose a”, b are k-covered . Thus, throughout
the execution of k-PC , a”, b are adjacent. In this case, a” 0—obo—oc forms an unshielded collider
and the algorithm would orient them as a”’*— b —xc due to the independence statement o’ Ll ¢|T'.
Therefore, the arrowhead at b would be oriented in this case as well.

Case 2.b: Now suppose a”, c are k-covered . Thus, there must be a d-connecting path between
a”,c given S. Now consider the path obtained by concatenating the subpath of p between a, o’
and this d-connecting path. Since a 1L ¢|S, it must be that a” is a collider along this path and that
a” ¢ An(S). Thus, along this path we have o’/ — o’ + .. .. Therefore, the last four nodes of the
path pis "’ — a” — o’ — b, and d’, c are k-covered , a”, c are k-covered .

Case 2.b.i: Now suppose o', ¢ are separable by some T": |T'| < k.

Case 2.b.i.c:  If the pair ', b is k-covered , following the above argument, we would orient
a'’x— b < xc with the statement o’/ 1L ¢|S, and the arrowhead adjacent to b along the edge
between b, ¢ would have been oriented.

"

Case 2.b.i.3: Suppose a’”, b pair is separable.

Case 2.b.i.3.1: Suppose a’’,a’ is k-covered . We would orient '/« — a’ < *c due to the
statement @’ 1l ¢|S. And since a’”, b are not k-covered , Meek rule one would orient the subgraph
a"' x— a’o—ob as a’”'x— a’x— b. Since b +—xa’ <—x*c and bo—oc, second Meek rule would orient
the arrowhead at b along the edge between b, c.

"

Case 2.b.i.5.2: Finally, suppose a’”’,b and a”’, a’ are both separable. Now k-PC applies Meek rule
one directly to orient a’/+— a”’*— a’. Now that we have a’ <—a” <—*c, and that o', c are adjacent,
Meek rule two will orient a’ <—c. Another application of Meek rule one would give a”'*— a’*— b
and now since we have b <—*a’ <—*c and that b, ¢ are adjacent, Meek rule two would orient b <—xc.
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Case 2.bj and beyond: Finally, if o', c are k-covered , following a similar argument, either the node

adjacent to a’”’ along p (towards a) is separable with ¢, in which case following a similar argument
as above would orient b <—c, or we continue until a, c become adjacent. The latter cannot happen
since that contradicts with the fact that a 1L ¢|S. Thus, there must exist some node u along p that
is separable from ¢, and the subpath of p between u, b is directed. Following the argument above,
repeated application of Meek rules one and two will result in the orientation of the edge between b, ¢
as b <—xc. This establishes that k-PC orients at least as much arrowheads as LOCI. O

The corollary of this lemma is that k-PC orients all arrowheads oriented by LOCI:
Corollary E.2. Any arrowhead oriented by LOCI is also oriented by k-PC .

Proof. Suppose a L. b|S ,blL ¢|S ,a 1L ¢|S for someset S : |S| < kand b ¢ S. Observe that if
a,b and b, c are k-covered then k-PC would orient the edges between them as ax— b <—xc due to
the independence statement a 1L ¢|S. Moreover, if a,b and b, ¢ are both separable by some sets
of size at most k, then both LOCI and k-PC would make a, b and b, ¢ non-adjacent and thus neither
algorithm orients an edge between them. Therefore, the only non-trivial case is when only one of
the two pairs is k-covered . For this case, since the pre-condition of Lemma E.1|is identical to the
condition of LOCI to orient any edge.

LOCI applies the three Meek rules after orienting these arrowhead marks. Since k-PC repeatedly
applies a set of Meek rules that include these three rules, k-PC orients at least as many arrowheads as
LOCI. Thus, the corollary follows. O

Next, we show that they both carry the same adjacency information.

Corollary E.3. Any pair that is non-adjacent in LOCI output is either non-adjacent, or adjacent via
a bidirected edge in k-PC output.

Proof. LOCI makes a pair non-adjacent in two ways. If LOCI makes a pair non-adjacent since they
are separable, k-PC also will make them non-adjacent. Suppose LOCI makes a pair a, b non-adjacent
due to the following CI pattern, which are otherwise k-covered : u d a|Sy ,a L b|Sy ,u 1L b|Sy
anda L ]Sy ,b U v|Se ,a 1L v|Sy for some u, v, Sy, Ss. Note that by LemmalE.1| k-PC marks
both endpoints of the edge between a, b as arrowheads. This concludes the proof. O

These results can be combined with the example in Figure [2 to show that the k-PC output carries
strictly more information about the set of causal graphs that entail the set of degree-k d-separation
statements than the output of LOCI, even though k-PC is not complete for learning our equivalence
class as discussed in Section[E4]
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F.1 Experiments vs. LOCI
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Figure 11: Empirical cumulative distribution function of various F} scores on 100 random DAGs on
10 nodes. We pick the parents of each node in a fixed total order randomly so that the expected value
of parents is 3. The conditional distribution of every node given any configuration of its parent set is
sampled independently, uniformly randomly from the corresponding dimensional probability simplex.
Three datasets are sampled per instance. Performance of k-PC and LOCI [20] are similar as expected.
We still observe a similar trend as PC that arrowhead score of k-PC is better. For tail accuracy, the
result depends on the value of k. For small k£, LOCI outperforms k-PC whereas for larger k, k-PC
outperforms LOCI in the small sample regime. Different from Figure[3, we compare the outputs to
the true DAG instead of essential graph since no algorithm in this comparison can achieve essential
graph.
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F.2 Experiments vs. NOTEARS
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Figure 12: Empirical cumulative distribution function of various F} scores on 100 random DAGs on
5 nodes. For each DAG, a linear SCM is sampled as follows: Each coefficient is chosen randomly
in the range [—3, 3]. Exogenous noise terms are jointly independent unit Gaussian. Performance of
k-PC vs. NOTEARS [25]. We observe a similar trend as PC. NOTEARS is slightly better than PC
consistently. Despite this, k-PC outperforms both in the low-sample regime. Metrics are computed
against the true DAG.

26



1217 E3 More Experiments vs. PC

1218 In this section, we show a larger range of N (number of samples). We also explore the behaivor for
1219 graphs with different edge densities and higher number of nodes (10).
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Figure 13: Empirical cumulative distribution function of various F scores on 100 random DAGs on
10 nodes. For each DAG, conditional probability tables are independently and uniformly randomly
filled from the corresponding probability simplex. Three datasets are sampled per instance. The
lower the curve the better. The maximum number of edges is 30. Even in the extreme case of just 10
samples (10 node-graphs), k-PC for k£ = 0 provides improvement to all scores. k should be gradually
increased as more samples are available to make best use of the available data. For example, for 1000
samples, £ = 2 provides the best arrowhead score while not giving up as much tail score as k = 0.

1220 Next, we present combined metrics for this same setup. Namely, we show the advantage of our
1221 algorithm in terms of the sum of arrowhead and tail F scores, and the sum of arrowhead, tail and
1222 skeleton F scores.
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1223 F.4 Experiments of Section[F.3]
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Figure 14: Results of the experiments in Section@in terms of combined scores. For each instance,
arrowhead and tail F} scores are added before computing CDFs on the left. On the right, arrowhead,

tail and skeleton F7 scores are added together.
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1224

1225

F.5 Experiments vs. Conservative PC

We use pcalg package in R as the implementation for conservative PC [[13].

CDF of F§", N=10

CDF of Fi2, N=10

1.0 e 1.0
0.8 {
; 0.8
0.6
04 —— Cons_PC 0.6 i1 —— cons_PC
---- kPC,k=0 I ---- kPC,k=0
0.2 —— KkPC,k=1 oa] ST ! —— kPCk=1
kPC,k=2 ' kPC k=2
0.0 ————— TR e
—-0.50 —-0.25 0.00 025 0.50 0.0 01 0.2 03
(a) Arrowhead F} Score (b) Tail F; Score
CDF of F2r, N=50 CDF of Ft2, N=50
0f P 1.0
0.8 0.8
0.6 . 0.6 iy
—— Cons_PC 7 [ —— Cons_PC
0.4 ;
0.4 ---= kPC,k=0 | ---= kPC,k=0
- —— kPCk=1 —— KkPCk=1
0.2 kPC,k=2 kPC k=2
0.0 02 04 0.4
(d) Arrowhead F} Score (e) Tail F} Score
CDF of F2', N=100 CDF of Ft2, N=100
1.0 1.0 .
0.8 0.8
0.6 ; 0.6
1 —— Cons_PC 7 _4 —— Cons PC
0.4 F J - 0.4 / s -
5 - keek=0 [ - kPCk=0
0.2{ == —— kPC,k=1 0.2 —=--- — ~.— kPCk=1
kPC,k=2 s kPC k=2
0.0~ 0.0~ 77 "
0.0 02 0.4 0.6 0.0 02 0.4
(g) Arrowhead F; Score (h) Tail F; Score
CDF of F¢", N=500 CDF of F{7, N=500
1.0 - 1.0 .
0.8 0.8 .
0.6 ) 0.6
04 —— Cons_PC 0.4 ',»'l —— Cons_PC
---= kPC,k=0 ,r ~-= KkPC,k=0
0.2 —— kPC,k=1 0.2 kPC,k=1
kPC,k=2 £ kPC k=2
0.0 0.01 ™
00 02 04 06 08 00 02 04 06 08

Figure 15: Empirical cumulative distribution function of various F} scores on 100 random DAGs on
10 nodes. For each DAG, conditional probability tables are independently and uniformly randomly
filled from the corresponding probability simplex. One dataset is sampled per instance. The lower
the curve the better. The maximum number of edges is 15. k£-PC maintains an advantage against
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conservative PC in the arrowhead and skeleton F) scores in the low-sample regime.
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