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Abstract

The challenge of overfitting, in which the model memorizes the training data and
fails to generalize to test data, has become increasingly significant in the training
of large neural networks. To tackle this challenge, Sharpness-Aware Minimization
(SAM) has emerged as a promising training method, which can improve the
generalization of neural networks even in the presence of label noise. However,
a deep understanding of how SAM works, especially in the setting of nonlinear
neural networks and classification tasks, remains largely missing. In this paper,
we fill this gap by demonstrating why SAM generalizes better than Stochastic
Gradient Descent (SGD) for the certain data model and two-layer convolutional
ReLU networks. Our result explains the benefits of SAM, particularly its ability
to prevent noise learning in the early stages, thereby facilitating more effective
learning of weak features. Experiments on both synthetic and real data corroborate
our theory.

1 Introduction

The remarkable performance of deep neural networks has sparked considerable interest in creating
ever-larger deep learning models, while the training process continues to be a critical bottleneck
affecting overall model performance. The training of large models is unstable and difficult due to the
sharpness, non-convexity, and non-smoothness of its loss landscape. In addition, as the number of
model parameters is much larger than the training sample size, the model has the ability to memorize
even randomly labeled data (Zhang et al.l [2021), which leads to overfitting. Therefore, although
traditional gradient-based methods like gradient descent (GD) and stochastic gradient descent (SGD)
can achieve generalizable models under certain conditions, these methods may suffer from unstable
training and harmful overfitting in general.

To overcome the above challenge, Sharpness-Aware Minimization (SAM) (Foret et al., [2020), an
innovative training paradigm, has exhibited significant improvement in model generalization and
become widely adopted in many applications. In contrast to traditional gradient-based methods that
primarily focus on finding a point in the parameter space with a minimal gradient, SAM also pursues
a solution with reduced sharpness, characterized by how rapidly the loss function changes locally.
Despite the empirical success of SAM across numerous tasks (Bahri et al., 2021; |Behdin et al., | 2022;
Chen et al., [2021}; [Liu et al.| 2022a)), the theoretical understanding of this method remains limited.

Foret et al.| (2020) provided a PAC-Bayes bound on the generalization error of SAM to show that it will
generalize well, while the bound only holds for the infeasible average-direction perturbation instead of
practically used ascend-direction perturbation. |Andriushchenko and Flammarion| (2022)) investigated
the implicit bias of SAM for diagonal linear networks under global convergence assumption. The
oscillations in the trajectory of SAM were explored by [Bartlett et al.|(2022), leading to a convergence
result for the convex quadratic loss. A concurrent work (Wen et al.|[2022) demonstrated that SAM
could locally regularize the eigenvalues of the Hessian of the loss. In the context of least-squares
linear regression, Behdin and Mazumder| (2023)) found that SAM exhibits lower bias and higher
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Figure 1: Illustration of the phase transition between benign overfitting and harmful overfitting. The
blue region represents the regime under which the overfitted CNN trained by SGD is guaranteed to
have a small excess risk, and the yellow region represents the regime under which the excess risk is
guaranteed to be a constant order (e.g., greater than 0.1). The gray region is the regime where the
excess risk is not characterized.

variance compared to gradient descent. However, all the above analyses of SAM utilize the Hessian
information of the loss and require the smoothness property of the loss implicitly. The study for
non-smooth neural networks, particularly for the classification task, remains open.

In this paper, our goal is to provide a theoretical basis demonstrating when SAM outperforms SGD.
In particular, we consider a data distribution mainly characterized by the signal p and input data
dimension d, and prove the following separation in terms of test error between SGD and SAM.

Theorem 1.1 (Informal). Let p be the strength of the label flipping noise. For any ¢ > 0, under
certain regularity conditions, with high probability, there exists 0 <t < T such that the training loss
converges 1o €, Le., LS(W(t)) < €. Besides,

1. For SGD, when the signal strength || p||2 > Q(d*/*), we have LY *(W®)) < p + . When the
signal strength |||z < O(d"/*), we have LY (W®) > p 4+ 0.1,

2. For SAM, provided the signal strength ||p||s > (1), we have LY (W®) < p 4 e.
Our contributions are summarized as follows:

* We discuss how the loss landscape of two-layer convolutional ReLU networks is different from
the smooth loss landscape and thus the current explanation for the success of SAM based on the
Hessian information is insufficient for neural networks.

* To understand the limit of SGD, we precisely characterize the conditions under which benign
overfitting can occur in training two-layer convolutional ReLU networks with SGD. To the best of
our knowledge, this is the first benign overfitting result for neural network trained with mini-batch
SGD. We also prove a phase transition phenomenon for SGD, which is illustrated in Figure[I]

* Under the conditions when SGD leads to harmful overfitting, we formally prove that SAM can
achieve benign overfitting. Consequently, we establish a rigorous theoretical distinction between
SAM and SGD, demonstrating that SAM strictly outperforms SGD in terms of generalization error.
Specifically, we show that SAM effectively mitigates noise learning in the early stages of training,
enabling neural networks to learn weak features more efficiently.

Notation. We use lower case letters, lower case bold face letters, and upper case bold face letters

to denote scalars, vectors, and matrices respectively. For a vector v = (vq,--- ,v4) ", we denote
by |[v]2 == (Z?Zl vf)l/2 its I, norm. For two sequence {ay} and {b;}, we denote aj, = O(by)
if |ag| < C|by| for some absolute constant C, denote ar, = Q(by) if by = O(ay), and denote
ar, = O(by) if ar, = O(by,) and ay, = Q(by). We also denote ay, = o(by,) if lim |ay /bg| = 0. Finally,

we use O(-) and €(-) to omit logarithmic terms in the notation. We denote the set {1, - -- , N} with

[N], and denote the set {0, --- , N — 1} with [IV], respectively.
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2 Preliminaries

2.1 Data distribution

Our focus is on binary classification where the label y € {£1}. We consider the following data
model.

Definition 2.1. Let 2 € R be a fixed vector representing the signal contained in each data point. Each
data point (x,y) with input x = [x(DT x@T x(P)IT|T ¢ RPxd x(1) x(2)  x(F) ¢ Re
and label y € {—1, 1} is generated from a distribution D specified as follows:

1. The true label 3 is generated as a Rademacher random variable, i.e., P[y = 1] = P[y = —1] = 1/2.
The observed label y is then generated by flipping § with probability p where p < 1/2, i.e.,
Ply =9l =1 —pand Ply = =] = p.

2. A noise vector £ is generated from the Gaussian distribution N (0, a%I).

3. One of x™) x@ ... x(P) is randomly selected and then assigned as ¥ - p, which represents the
signal, while the others are given by &, which represents noises.

The data distribution in Definition has been extensively employed in several previous works
(Allen-Zhu and Li, 2020; Jelassi and Li, 2022} |Shen et al., 2022} |Cao et al.| [2022; Kou et al.|, [2023)).
When P = 2, this data distribution aligns with the one analyzed in Kou et al.|(2023)). This distribution
is inspired by image data, where the input is composed of different patches, with only a few patches
being relevant to the label. The model has two key vectors: the feature vector and the noise vector.
To avoid harmful overfitting, the model must learn the feature vector rather than the noise vector.

2.2 Neural Network and Training Loss

To effectively learn the distribution as per Definition [2.1] it is advantageous to utilize a shared weights
structure, given that the specific signal patch is not known beforehand. When P > n, shared weights
become indispensable as the location of the signal patch in the test could differ from the location of
the signal patch in the training data.

We consider a two-layer convolutional neural network whose filters are applied to the P patches
X1, - ,Xp separately, and the second layer parameters of the network are fixed as +1/m and —1/m
respectively, where m is the number of convolutional filters. Then the network can be written as
fW.x) = F1(W41,x) — F_1(W_1,x), where F'.1(W_1,x) and F_1(W_1,x) are defined
as

Fj(Wj,x) =m ™' 30 300 o((wjp, xP))). (0

Here we consider ReLU activation function o(z) = 1(z > 0)2, w;,. € R denotes the weight for
the r-th filter, and W is the collection of model weights associated with F; for j = £1. Denote the
training data set by S = {(Xi, ¥;) }ic[n)- We train the above CNN model by minimizing the empirical
cross-entropy loss function

LS(W) = n_lzze[n]g(yzf(v‘ﬁxl))a
where £(z) = log(1 + exp(—2z)) is the logistic loss.

2.3 Training Algorithm

Minibatch Stochastic Gradient Descent. For epoch ¢, the training data set .S is randomly divided
into H := n/B mini batches Z, , with batch size B > 2. The empirical loss for batch Z; ;, is defined
as Lz, , (W)= (1/B) Y ez, , ¢(y; f(W,x;)). Then the gradient descent update of the filters in the

CNN can be written as

W(t,b+1) — W(t,b) E VWLIt,b(W(t’b))’ (2)
where the gradient of the empirical loss Vw th , is the collection of V. Lz, , as follows
b b
Vo, Ly (W) = L2 52000 (it ) e
1€L¢p
+ Foys Z 6/(]& g 0/ ]trb)a @\le’>) ’ @\zyzju7 (3)
7€It b
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forall j € {£1} and r € [m]. Here we introduce a shorthand notation E;(t’b) =y - FIWED )]
and assume the gradient of the ReLU activation function at 0 to be ¢’ (0) = 1 without loss of generality.
We use (¢, b) to denote epoch index ¢ with mini-batch index b and use (¢) as the shorthand of (¢,0).
We initialize SGD by random Gaussian, where all entries of W (%) are sampled from i.i.d. Gaussian
distributions N(0, 03), with 03 being the variance. From (3)), we can infer that the loss landscape of
the empirical loss is highly non-smooth because the derivative of the ReLLU activation function is
t,b
to zero, even a very small perturbation can greatly change the activation pattern a’((wéf,’.b ), )) and
thus change the direction of V. Lz, , (W(“’)). This observation prevents the analysis technique
based on the Taylor expansion with the Hessian matrix, and calls for a more sophisticated activation
pattern analysis.

indicator function 1 (), which is not continuous at the origin. In particular, when (w &) is close

Sharpness Aware Minimization. Given an empirical loss function Lg(W) with trainable parameter
‘W, the idea of SAM is to minimize a perturbed empirical loss at the worst point in the neighborhood
ball of W to ensure a uniformly low training loss value. In particular, it aims to solve the following
optimization problem

min L¥*™M(W),  where L¥M(W):= max Lg(W +¢), 4

w llellz<7

where the hyperparameter 7 is called the perturbation radius. However, directly optimizing L¥*™ (W)
is computationally expensive. In practice, people use the following sharpness-aware minimization
(SAM) algorithm (Foret et al., 2020; Zheng et al., 2021)) to minimize L%AM (W) efficiently,

VwLs(W)

WD = WO — ) VwLs(W +€), where é=7 - ———"1
Vwhs(W+é) NwLs(W)

&)

When applied to SGD in (@), the gradient Vw Lg in (3) is further replaced by stochastic gradient
Vw LIM (Foret et al., [2020). The detailed algorithm description of SAM in shown in Algorithmm

Algorithm 1 Minibatch Sharpness Aware Minimization

Input: Training set S = U, {(x;,y:)}, Batch size B, step size n > 0, neighborhood size 7 > 0.

Initialize weights W(©).
fort=0,1,...,7 —1do
Randomly divide the training data set into H mini batches {Z; ; }; .
forb=0,1,...,H —1do
(t,b)
We calculate the perturbation €(**) = HVVV‘\},VLL;:((V‘:’\ZwU?‘F .
Update model parameters: W0+ = WD) — nVw L (W) |y owen peten -
end for '
Update model parameters: W (t+1.0) = W (t.H)
end for

3 Result for SGD

In this section, we present our main theoretical results for the CNN trained with SGD. Our results
are based on the following conditions on the dimension d, sample size n, neural network width m,
initialization scale o and learning rate 7).

Condition 3.1. Suppose there exists a sufficiently large constant C, such that the following hold:
1. Dimension d is sufficiently large: d > ﬁ(max{nP_QaszH,uH%, n?, P‘QU;QBm}).

2. Training sample size n and neural network width satisfy m,n > fNZ(l)
3. The norm of the signal satisfies ||||2 > Q(Po,).
4. The noise rate p satisfies p < 1/C.

5. The standard deviation of Gaussian initialization o is appropriately chosen such that oy <

6((max {Po,d//n, ||u||2})*1).
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6. The learning rate 7) satisfies 7 < O (( max {PQUZd?’/z/(Bm), P202d/B, n|\pll2/ (o0 BVdm),
-1
nPoy|lplla/(B*me)}) 7).

The conditions imposed on the data dimensions d, network width m, and the number of samples n
ensure adequate overparameterization of the network. Additionally, the condition on the learning
rate 7 facilitates efficient learning by our model. Comparable conditions have been established in
Chatterji and Long|(2021);|Cao et al.|(2022)); [Frei et al.| (2022); |[Kou et al.|(2023)). Based on the above
condition, we first present a set of results on benign/harmful overfitting for SGD in the following
theorem.

Theorem 3.2 (Benign/harmful overfitting of SGD in training CNNs). For any € > 0, under Condi-
tion with probability at least 1 — § there exists t = O(n_le_lmnd_lP_QU;Q) such that:

IN

1. The training loss converges 1o ¢, i.e., LS(W(t)) €.

2. When n||p||5 > C1dP*ay, the test error LT WO <p+e
3. When n||p||5 < CsdP*ay, the test error LYY W) >p+0.1.

Theorem [3.2)reveals a sharp phase transition between benign and harmful overfitting for CNN trained
with SGD. This transition is determined by the relative scale of the signal strength and the data
dimension. Specifically, if the signal is relatively large such that n||u|5 > Cid(P — 1)*o7, the
model can efficiently learn the signal. As a result, the test error decreases, approaching the Bayesian
optimal risk p, although the presence of label flipping noise prevents the test error from reaching zero.
Conversely, when the condition n||u||3 < Csd(P — 1)*o; holds, the test error fails to approach the
Bayesian optimal risk. This phase transition is empirically illustrated in Figure 2] In both scenarios,
the model is capable of fitting the training data thoroughly, even for examples with flipped labels.
This finding aligns with longstanding empirical observations.

The negative result of SGD, which encompasses the third point of Theorem [3.2] and the high test
error observed in Figure 2] suggests that the signal strength needs to scale with the data dimension to
enable benign overfitting. This constraint substantially undermines the efficiency of SGD, particularly
when dealing with high-dimensional data. A significant part of this limitation stems from the fact that
SGD does not inhibit the model from learning noise, leading to a comparable rate of signal and noise
learning during iterative model parameter updates. This inherent limitation of SGD is effectively
addressed by SAM, as we will discuss later in Section@

3.1 Analysis of Mini-Batch SGD

In contrast to GD, SGD does not utilize all the training data at each iteration. Consequently, different
samples may contribute to parameters differently, leading to possible unbalancing in parameters. To
analyze SGD, we extend the signal-noise decomposition technique developed by [Kou et al.| (2023));
Cao et al.[(2022) for GD, which in our case is formally defined as:

Definition 3.3. Let w(t ") for j € {z1}, r € [m] be the convolution filters of the CNN at the b-th

) and p( . such that

batch of ¢-th epoch of gradient descent. Then there exist unique coefficients ; ;. i

t,b 0,0 tb
wit? = w00 0 )52 u+—2pj I&llZ? - &

Further denote pgtrbl) = pg M) ]l(pgtrbz) >0), Bﬁ-t;bﬁ = Etrbl) ]l(pgtrbl) < 0). Then

t,b 00 t,b —
wit? = w5l e+ 5 Zp] 1226+ 5 Zpgzbzuanz &
(6)
The normalization terms 5=, ||pt]|5 >, and ||€;||5” ensure that 'y](trb) ~ y,b),m and p(f )~

(P—1)(w Strb), &,;). Through signal-noise decomposition, we characterize the learning progress of
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signal p using 7( :b) , and the learning progress of noise using p( ) This decomposition turns the
analysis of SGD updates into the analysis of signal noise coefﬁ01ents Kou et al.[(2023)) extend this
technique to the ReLU activation function as well as in the presence of label flipping noise. However,
mini-batch SGD updates amplify the complications introduced by label flipping noise, making it
more difficult to ensure learning. We have developed advanced methods for coefficient balancing
and activation pattern analysis. These techniques will be thoroughly discussed in the sequel. The

progress of signal learning is characterized by *yj(t :b)

b+1 ,b n b b
LA I S )

, whose update rule is as follows:

Bm €Ly pNS 4
b b
— S L (W g >>]||u||§. @
iEIt,bﬂS,

Here, 7, ; represents the indices of samples in batch b of epoch ¢, S denotes the set of clean samples

where y; = ¥;, and S_ represents the set of noisy samples where y; = —g;. The updates of 'yj(f;b) en-
tail an increase due to clear sample learning, offset by a decrease attributable to noisy sample learning.

Both empirical and theoretical analyses have demonstrated that overparametrization allows the model
to fit even random labels. This occurs when the negative term ;.7 g {; 1(E:b) 51 ((wgtrb), Yi - 1))
primarily drives model learning. Such unfavorable scenarios could be attributed to two possible fac-

tors. Firstly, the gradient of the loss 62(“}) might be significantly higher for noisy samples compared
to clean samples. Secondly, during certain epochs, the majority of samples may be noisy, meaning
that 7, ;, N S_ significantly outnumbers Z; ; N S..

To deal with the first factor, we have to control the ratio of the loss gradient with regard to different
samples, as depicted in Equation (8)). Given that noisy samples may overwhelm a single batch, we
impose an additional requirement: the ratio of the loss gradient must be controllable across different
batches within a single epoch.

é;(t’bl)/ggt7b2) < . 8)

As 0'(z1) /0 (z2) =~ exp(z2 — 21), we can upper bound E;(t’bl)/djt’bﬂ with g; - fF(WED) x;) —
yr - FOWE02) x5y And y; - F(WED) x;) — g - F(W(E2) ) can be further upper bounded by
> p (t,61) >, p(t 2) with a small error. Therefore, Equation (8) is equivalent to the symmetry of

Yi Tyt Yi,rk
—(t,b) m  —(t,b1) m  _—(t,b2)
pyl,rz Zr:l YisTyi Zr:l Yk, Tk <K

However, achieving this upper bound turns out to be challenging, since the updates to ﬁg-t;bg are not

evenly distributed across the epoch. Each update utilizes only a portion of the samples, meaning
that symmetry can only be fully achieved once an entire epoch has been processed. Consequently,

we have to first reconstruct the symmetry of p( b) ; at the epoch level, and then control the maximal
asymmetry within one epoch. The full batch update rule is established as follows:

CN L (t41,0) (11,0 TN (10) (80 n(P—1)% [ 5660 gt
S [ = ol = D [ = o] = T (18I - el
—t r=1 )
~ t,b(t) t,b(.t)
S S AR T

BB
Here, b( ) denotes the batch to which sample ¢ belongs in epoch ¢, and S Bb) represents the
parameters that learn &; at epoch ¢, as formally defined in Equation (10). Therefore the update

of 7 | [py i ,o( 0 } is indeed characterized by the activation pattern of parameters, which

Y,k
serves as the key technique for analyzing the full epoch update of Zr:l [pgf ’2)1 p;i OT) k] However,

analyzing the pattern of Si(t’b) directly is challenging since (wl,(f“r), ;) fluctuates in batches without

sample ¢. Therefore, we introduce the set series Si(t’b) as the activation pattern with certain threshold
as follows:

S = {r s (with) &) > 000, Vd/VRY: S = s (Wi &) > 08 (10)
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The following lemma suggests that the set of activated parameters Si(t’o) is a non-decreasing sequence

with regards to ¢, and the set of plain activated parameters gi(t’b) always include Si(t"o). Consequently,

SZ-(O’O) is always included in §£t’b), guaranteeing that £; can always be learned by some parameter.

And this further makes sure ﬁ?(f’l;)v is symmetric, as well as 4(“’1) / E;C(t’bQ) < Cs.

Lemma 3.4. Forallt € [0,T*] and b < H, we have
Si(t—l,O) c Si(t,O) c ggt,b). (11)
(t,b)

As we have mentioned above, if noisy samples outnumber clean samples, ;" may also decrease.

To deal with such scenario, we establish a two-stage analysis of Wj(t;b) progress. In the first stage,

when —¢/ is lower bounded by a positive constant, we prove that there are enough batches containing
sufficient clear samples. This is characterized by the following high-probability event.

Lemma 3.5. (Informal) With high probability, for all T € [6(1), T*), there exist at least ¢ - T
epoches among [0,T], such that at least co - H batches in each of these epoches satisfying the

following condition:
St NS, NIl €[0.25B,0.758]. (12)

After the first stage of T = ©(n~'m(P — 1)~%¢,2d"") epochs, we would have 'y(T 0 =

Q( %) The scale of ’y( 0) guarantees that (w (7Tb), ) remains resistant to intra-epoch

fluctuations. Consequently, this implies the sign of 5 . ), ) will persist unchanged throughout the

entire epoch. Without loss of generality, we would suppose that (w (t, PR ), ) > 0, then the update of

'y](t7 ) can be written as follows:

t+1,0 t,0 t,b) (t.b)
O =A% 4 2L [Zenzlgg NS 0 81 = max 1G4S0 S| -l (3)
As we have proved the balancing of logits ¢, (1) across batches, the progress analysis of 'y(tH )
established to characterize the signal learmng of SGD.

4 Result for SAM

18

In this section, we present the positive results for SAM in the following theorem.

Theorem 4.1. Choose T = @(;’;‘/\%), we train neural networks with SAM for

O(n’leleflmnH,uHQ_Q) iteration. Then we can train the model with SGD, for any ¢ > 0,
under Condition with o9 = O(P~* ’1d’1/2), with probability at least 1 — § there exists
t—O( e 1B imnd=P 20 )such that:

1. The training loss converges to ¢, i.e., Lg(W®) < ¢
2. The test error L}y H(W®) < p +e.

In contrast to Theorem [3.2] Theorem [.1|demonstrates that CNNs trained by SAM exhibit benign
overfitting under much milder conditions. This condition is almost dimension-free, as opposed to the

threshold of ||p||3 > Q((d/n)P*c +) for CNNss trained by SGD. The discrepancy in the thresholds
can be observed in Flgurem This dlfference is because SAM introduces a perturbation durmg the
model parameter update process, which effectively prevents the early-stage memorization of noise by
deactivating the corresponding neurons.

4.1 Noise Memorization Prevention

In this subsection, we will show how SAM can prevent noise memorization by changing the activation
pattern of the neurons. For SAM, we have the following update rule of decomposition coefficients

t,b) —(t,b
’YJ(T)ﬂpgrB?pytrbl)
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Lemma 4.2. The coefficients 'y( %) ,05 ’. 2, p(t ) deﬁned in Deﬁnmonsansfy the following iterative

g
equations for allr € [m], j € {£1} and i 6 [ )2

’YJ(OTO)vﬁgOrOz)a p§orol) - 0

5 _ 1 :
A ol g[S A )

’L’EIt,bﬁSﬁ.

C Y (D L g >>]-||u|%7
iEItybﬂS_

_(t,b _@py (P —1)? b b N
gD —pet) I peh) (gt D) gy g8 (s = )10 € Tuy),

2,752 2,752 Bm J r 7

n(P —1)° b b b N
e = ) MO ) ot &) ) &l 1 = ) 1 € T,),

2,y =4,y Bm Cor €

where L, , denotes the sample index set of the b-th batch in the t-th epoch.

The primary distinction between SGD and SAM lies in how neuron activation is determined. In SAM,
the activation is based on the perturbed weight w( b4 Egtrb), whereas in SGD, it is determined by
the unperturbed weight w( ) This perturbation to the weight update process at each iteration gives
SAM an intriguing denmsmg property. Specifically, if a neuron is activated by the SGD update, it
will subsequently become deactivated after the perturbation, as stated in the following lemma.
Lemma 4.3 (Informal). If (w'""”) &) > 0, k € T, and j = yy., then (w'".” + €57 &) <.

J,r 0 ]’I‘ )

By leveraging this intriguing property, we can derive a constant upper bound for the noise coefficients

ﬁ§t7bl) by considering the following cases:

(¢,0)

1. If &; is not in the current batch, then ;") will not be updated in the current iteration.

J»
2. If &; is in the current batch, we discuss two cases:

(a) If (w (f b),£1> > 0, then by Lemma L one can know that o’ (( Etrb Ayrb ,€)) =0and
thus ﬁ§trb2 will not be updated in the current iteration.

(b) T (w'", &) < 0, then given that (w'"?, &) ~ 52" and plD < 10 4 nP= LI
( )

we can assert that, provided ) is sufficiently small, the term ;.-

small constant.

can be upper bounded by a

In contrast to the analysis of SGD, which provides an upper bound for pg . of order O(log d),
the noise memorization prevention property described in Lemmaf.3] allows us to obtain an upper

bound for p( ) of order O(1) throughout [0, T3]. This indicates that SAM memorizes less noise
compared to SGD. On the other hand, the signal coefficient 'y(-t). - also increases to (1) for SAM,

. . . J5T5 . . .
following the same argument as in SGD. This property ensures that training with SAM does not
exhibit harmful overfitting for the same signal-to-noise ratio at which training with SGD suffers from

harmful overfitting.

5 Experiments

In this section, we conduct synthetic experiments to validate our theory. Additional experiments on
real data set can be found in Appendix

We set training data size n = 20 without label-flipping noise. Since the learning problem is rotation-
invariant, without loss of generality, we set st = ||p/|2 - [1,0,...,0]". We then generate the noise
vector £ from the Gaussian distribution N (0, 021) with fixed standard deviation o, = 1. We train a
two-layer CNN model defined in Section 2] w1th ReLU activation function. The number of filters is
set as m = 10. We use the default initialization method in PyTorch to initialize the CNN parameters
and train the CNN with full-batch gradient descent with a learning rate of 0.1 for 100 iterations. We
consider different dimensions d ranging from 1000 to 20000, and different signal strengths || ]2
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Figure 2: (a) is a heatmap illustrating test error on synthetic data for various dimensions d and signal
strengths o when trained using Vanilla Gradient Descent. High test errors are represented in blue,
while low test errors are shown in yellow. (b) displays a heatmap of test errors on the synthetic data
under the same conditions as in (a), but trained using SAM instead with 7 = 0.03.

0.0
0.0

ranging from O to 10. Based on our results, for any dimension d and signal strength p setting we
consider, our training setup can guarantee a training loss smaller than 0.05. After training, we estimate
the test error for each case using 1000 test data points. We report the test error heat map with average
results over 10 runs in Figure[2]

6 Related Work

Sharpness Aware Minimization. |Foret et al.|(2020), and Zheng et al.|(2021) concurrently introduced
methods to enhance generalization by minimizing the loss in the worst direction, perturbed from the
current parameter. Kwon et al.| (2021)) introduced ASAM, a variant of SAM, designed to address
parameter re-scaling. Subsequently, Liu et al.[(2022b) presented LookSAM, a more computationally
efficient alternative. [Zhuang et al.|(2022) highlighted that SAM does not consistently favor the flat
minima and proposed GSAM to improve generalization by minimizing the surrogate. Recently, Zhao
et al.| (2022)) showed that SAM algorithm is related to gradient regularization (GR) method when loss
is smooth, and proposed an algorithm which can be viewed as an generalization of SAM algorithm.
Meng et al.|(2023)) further studied the mechanism of Per-Example Gradient Regularization (PEGR)
on the CNN training and reveals that PEGR penalizes the variance of pattern learning.

Benign Overfitting in Neural Networks. Since the pioneering work by Bartlett et al.| (2020) on
benign overfitting in linear regression, there is a surge of research studying benign overfitting in linear
models, kernel methods and neural networks. |Li et al.| (2021)); Montanari and Zhong|(2022) examined
benign overfitting in random feature or neural tangent kernel models defined in two-layer neural
networks. (Chatterji and Long|(2022) studied the excess risk of interpolating deep linear networks
trained by gradient flow. Understanding benign overfitting in neural networks beyond the linear/kernel
regime is much more challenging because of the non-convexity of the problem. Recently, |Frei et al.
(2022) studied benign overfitting in fully-connected two-layer neural networks with smoothed leaky
ReLU activation. |Cao et al.|(2022)) provided an analysis for learning two-layer convolutional neural
networks (CNNs) with polynomial ReLLU activation function (ReLUY, ¢ > 2). [Kou et al.[(2023)
further investigates the phenomenon of benign overfitting in learning two-layer ReLU CNNss.

7 Conclusion

In this work, we rigorously analyze the training behavior of two-layer convolutional ReLU networks
for both SGD and SAM. In particular, we precisely outlined the conditions under which benign
overfitting can occur during SGD training, marking the first such finding for neural networks trained
with mini-batch SGD. We also proved that SAM could lead to benign overfitting under circumstances
that prompt harmful overfitting via SGD, which demonstrates the clear theoretical superiority of
SAM over SGD. Our results provide a deeper comprehension of SAM, particularly when it comes
to its utilization with non-smooth neural networks. An interesting future work is to consider other
modern deep learning techniques, such as weight normalization, momentum, and weight decay, in
our analysis.
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A Preliminary Lemmas

Lemma A.1 (Lemma B.4 in Kou et al.|(2023)). Suppose that 6 > 0 and d = Q(log(6n/d)). Then
with probability at least 1 — 0,

opd/2 < |&ll3 < 3o7d/2,

(&, &)| < 207 - \/dlog(6n2/5),

(&, )| < [lpll20p - /210g(6n/6)
foralli,i’ € [n].
Lemma A.2 (Lemma B.5 in[Kou et al.|(2023)). Suppose that d = Q(log(mn/4d)), m = Q(log(1/4)).
Then with probability at least 1 — 9,

o5d/2 < |wii” | < 30d/2,
(Wi ) < v/21og(12m/6) - oolle,

(w2, &)] < 2\/log(12mn/6) - 590, Vd

forallr € [m], j € {£1} and i € [n]. Moreover,

00 1y < \/2log(12m/5) - o0 k]2,

oollpell2/2 < g%j (w

o0opVd/4 < max j - (w (0.0) €7> < 2y/log(12mn/d) - ogo,Vd

re[m] ] T

forall j € {£1} and i € [n].

Lemma A.3. Let Sl-(t’b) denote {r : <w@(,f,l7’~), ) > o0o,Vd/\V2)}. Suppose that § > 0 and
m > 501og(2n/6). Then with probability at least 1 — 4,

1S9 > 0.8B(—1)m, Vi € [n].

Proof of Lemma[AZ3] Since wé?ﬁ), ) ~ N(0,02|1&|3), we have
P((wi?), &) > 000, Vd/V2) = P(WID, &) > o0ll&ll2) = (=),

yr7 ym”

where ®(-) is CDF of the standard normal distribution. Note that |Sf0’0)| =y".1 [(wz(,?,?), i) >

o00opVd/+/2] and P((wz(ff,g), i) > 000pVd/\/2) > &(—1), then by Hoeffding’s inequality, with
probability at least 1 — 6 /n, we have

i Y L e
m 2m

Therefore, as long as 0.2,/m®(—1) > W, by applying union bound, with probability at
least 1 — §, we have
15 > 0.8®B(—1)m, Vi € [n].
O
Lemma A4. Let S( Y) denote {ien]:y=17, <W1(f“l;), i) > 000,V/d/\/2}. Suppose that § > 0
and n > 32 log(4m/6) Then with probability at least 1 — 6,

|S§,°2| > n®(-1)/4, Vj € {£1},r € [m].
Proof of Lemma[&4), Since (w' W) 0 &) ~ N(0,02||&]|2), we have

P((wj " &) > 000,Vd/V2) = P((w}i” &) > o0&ill2) = @(-1),

7.7 7,7

where ®(-) is CDF of the standard normal distribution.
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Note that |S(OO | = > 1y = j]ﬂ[(W§?27€i> > 000pVd/V/2] and P(y; = j, <W§-?2,€i> >
aoap\f/\f) > ®(—1)/2, then by Hoeffding’s inequality, with probability at least 1 — &/2m, we
have

Sl (°)| log(4m /)

o(-1)/2+1 2T

Therefore, as long as ®(—1)/4 > 4/ w, by applying union bound, we have with probability
at least 1 — 9,
1S] > nd®(-1)/4, Vj € {£1},7 € [m].
O

Lemma A.5 (Lemma B.3 in|Kou et al.|(2023)). For [S. N Sy| and |S_ N Sy| where y € {£1}, it
holds with probability at least 1 — §(0 > 0) that

|S- NSy — n’§\1210g<6) Vye {£1}.

Lemma A.6. It holds with probability at least 1 — 0, for all T € [log(iﬂ, T* and y € {1},
3
there exist at least c3 - T epochs among [0, T), such that at least ¢4 - H batches in these epochs, satisfy

B 3B
Sy NS, NI - — .
|+ Y t;b|€|:4’4:|

\smsy\—(i( < —1og( ).

(14)

Proof. Let

1= {In epoch t, there are at least c¢5 - % batches such thatholds fory = 1},
&1,1,6 := {In epoch ¢ natch b,[T4]holds for y = 1}.

First let n big enough, then we have S, N S, € [@, W]. We consider the first ¢; H
batches. At the time we are starting to sample h-th batch in the first ¢; H batches, suppose there are
ny samples that belong to S N S, and there are ny samples that don’t belong to S N .S,. Then

3(1— 5(1— 3(1— 5(1—
ny > ( 8p)n —en > ( 16p)n and ny > ( Sp)n —en > ( 16p)n_

3B/4 I B-l
Z Cnlcng

I=B/4
P(&1,n) = . ok
3B/4 _
21:1/3/4 053015(1,13)" Cf(l—lp)n
> 16 16
> CB
A o WL
- nB /B!
B B/4 9(1 - p) B
=—C _ = 2¢o.
9B 32 2
Then, the probability that there are less than ¢y co H batches in first ¢; H batches such that@holds is:
cieoH—1
Z Z P[1(E1,1,0) = lo]P[1(E1,6,1) = L] 1(Ex,60) = lo] -+
i=0 Zlh:i

P& teim—1) =leym—1]1(E1e0) =0, L(E1t,erm—2) = ley H—2]

cieaH

Z 1H 1_262)CIH '

< Clch . (202)(11(12]‘1(1 . 262)C1H—C1CQH

13
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Choose Hy such that cco Hy - (2¢2)1¢2H0 (1 — 2¢g)c1Ho—c1c2Ho — 1 — 25, then as long as H > H,,
with probability c3, there are at least c;co H batches in first ¢c; H batches such that@]holds. Then
]P)[gl,t] Z 203.
Therefore,

t2

(Y (&) — 2Tes < —1) < exp(—%)

LetT > %. Then, with probability at least 1 — §/(27*),

D () > esT.
t
Let c4 = c1co. Thus there are at least csT™ epochs, such that they have at least ¢4 H batches satisfying
EquatiorfA.6] This also holds for y = —1. Taking a union bound to get the result. O

B Result of SGD

In this section, we build the result for SGD. We first define some notations. Define H = n/B as

the number of batches within an epoch. For any #1, t5 and by, by € @, we write (t1,b1) < (¢,0) <
(t2,b2) to denote all iterations from ¢1-th epoch’s by -th batch (included) to ¢»-th epoch’s bo-th batch
(included). And the meanings change accordingly if we replace < with <.

B.1 Signal-noise Decomposition Coefficient Analysis

This part is dedicated to analyzing the update rule of Signal-noise Decomposition Coefficients. It is
worth noting that

1 m P 1 m
Fy(W.X) = — 33 0wy x,)) = = > 0w, i) + (P = Do (w1, ).
r=1

r=1p=1

Let Z; ;, denote the set of indices of randomly chosen samples at epoch ¢ batch b, and |Z; 5| = B, then
the update rule is:

forb e [H]  wi"™ =wi" -V, Lz, (W)
P-1 .
=wy % S Ao (W 6)) - ik
€L
n /(,b) " W .
_%Z el '0- Wir ’ylu>)']yzyzu’
€Ly b
and  wil Y = Wit (15)

B.1.1 TIterative Expression for Decomposition Coefficient Analysis
Lemma B.1. The coefficients ’y(trb), pEthZ) p(t b) defined in Deﬁmtlonsansfy the following itera-
tive equations:

7;0100) Y p‘goroz) ) p‘goroy) - 0 (16)

tb+1 tb n tb t.b) =
R N PP S (e )
1€T; pNS+

~ Y w5 >>]||u||§, an

1€Ly pNS_

P—1)? N
i =gl M 00 (D, 60) 6B 1 = ) 16 € T, (18)
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451

452

453
454

455

456

457

458

459

461

P—1)2 N
s = gty MO L7 0 o189 ) &3 10 = —) Ui € Tup). (19)

Ziorii Bjri Bm 4 ] roo
forallr € [m], j € {£1}and i € [n).

Proof. First, we iterate the gradient descent update rule ¢ epochs plus b batches and get

P—-1
with) =00 P D S ) g (P 1

Bm
(b)) <(t,b) i€Tys
n (t',b") b o~ .
- Bm Z Z g §r )7yiﬂ>) “YiYi b
(t",b")<(t,b) i€Ls
According to the definition of fy(t) and p§t7)w,
t,b 0,0 t,b _ tb
wit? = w0 4+ Az p Zp(,ri €72 €.

Since &; and p are linearly independent with probability 1, we have the unique representation as
follows:

: (P —1)° Y "y : .
P = LD s O wl 60) - €316 € Ty
(t,b7)<(t,b)

t,b n t b t'b
ne =g D > e (w g )

(t',b")<(t,b) ieIt/Yb/ﬂS+

I,b/ /,b/
— Y (W ) |3

Z—GIrl I nsS_
Since we define pEtrbl) = pgtfl) ]l(pgfﬂ) >0), ;31 = pgibz) ]l(pgtﬂ) < 0), we obtain

. P-1 : ' , |
A= P S O (w0 60 630G € T 1 = )
(t',b")<(t,b)

P—1)2 Y 'y ) )
pt0) = IE D7 5 ) () ) B 16 € T ) 1y = )

=J,myi Bm
(#,6")<(t,b)
And the iterative update equations (T7), (I8), and (T9) follow directly. O

B.1.2 Scale of Decomposition Coefficients

We first define T* = = !poly(e~*, d, n,m) and

a = 4log(T™), (20)

8 = 2max{|(wi”, ), (P = Dltwiy” €)1}, 1)
[

NRi=——"——. 22

SNR (P —1)o,Vd 22

By Lemma[A:2]and Condition[3.1] 3 can be bounded as
B = 2max| (wj; D ), (P Dl 0 €Ny

< 2max{+/2log(12m/d) - oo || ||z, 2v/log(12mn/3) - oo(P — 1)o,Vd}
= 0(\/log(mn/3) - a(P — 1)a,Vd)
Then, by Condition 3.1} we have the following inequality:

max {ﬂ, SNR\/?MOggm/a)na, 5\/10g(6§2/6)na} < % (23)

We first prove the following bounds for signal-noise decomposition coefficients.
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a2 Proposition B.2. Under Assumption[3.1] for (0,0) < (t,b) < (T*,0), we have that

70 o0 =0 (24)
0< 7 <a, (25)
log(6n2/6
0> B;.t;,bg >—-p3-10 %na > —aq, (26)
463 and there exists a positive constant C' such that
(t,b) >
BTE <9 < C'ya, 27

asa  forallr € [m), j € {+1} and i € [n], where § := n - SNR?,

465 We will prove Proposition [B.2]by induction. We first approximate the change of inner product by
as6  corresponding decomposition coefficients when Proposition [B.2] holds.

s67  Lemma B.3. Under Assumption 3.1} suppose @23), 26) and @27) hold after b-th batch of t-th epoch.
as  Then, forallr € [m), j € {1} and i € [n],

32log(6n/é
(W w00 ) — o0 < sy | 20D, 28)
(1) _ 4, (0:0) L o 5 [log(6n?/s) .
Wy = w3, ,£i>fp A< 5 o i (29)
log(6n2/¢ _
it w00 g ) < 5 RO oy o)

469 Proof of Lemma[B3] First, for any time (¢,b) > (0, 0), we have from the following decomposition
470 by dinitions,

t,b 0,0 . tb t,b _
(Wit — w0 ) =g + Zﬂﬁrma/nf & 1)

1 (t,b)
+ ﬁ Z ] i’ ||£Z/||2 <£i/7u>

=1
471 According to Lemma[A’T] we have

n n

1 b) -
12 A€tz - (€ ) e DN A | 3 PR ()

i'=1 =1

1~ (b _
< SN i + s S €l 1)
i'=1 7,’ 1
2|| s 2log(6n/d -
< 2llpll2/21og( /)<Z —(t,b) ‘+Z|p(tb

— _ JTZ e’
(P 1)Ud =1 /=1 -

8log( 6n d)
= sy SO (57 )11 5 e )

=1 i'=1

321
og(6n/0) na,
d
472 where the first inequality is by triangle inequality, the second inequality is by Lemma[A-T] the equality
473 is by SNR = ||pa||2/((P — 1)0,V/d), and the last inequality is by @23), (26). It follows that

< SNR

(t,b) (0,0)

3210g(6n/0
(Wl w0y 4P| < SNR 32log(6n/9)

d
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474 Then, for j # y; and any t > 0, we have
<W(t,b) wl® 0)’ )

7T

(t,b)

b _
=5 llZ? - (e, &) + Zpgtrmmm<si/,sz->

+57 Z P €5 - (€ s &)

(t,b

=AWl (g +—Zp<“’> €152 - (€ &)

7,74’

1 1
N () . (t,b) £
= o+ Dl <u,s,>+P_1§/¢j 20 €u 152 - (6o, £0),
475 where the second equality is due to p(_t’b? = 0 for j # y;. Next, we have

J ’yj r ||H’||2 <H 51 + o 1 Zp]t b) Hél’ng : <£Z’7£1>

/#Z
t,b)
< i Mesllz - 1w, &) |+—Z|pm,||\£ﬂ||2 (&, €]
/7574
(t,b log( 6n /0)
< Iy Ml o/ 2108 (6n/6) + \/ >l

)

SNPF1 2log(6n /0 log( 6n d)
/ ( /)| (t) / /9) Z|pfrbt)|

SNR /8C? log 6n/5 log(6n?/4)
=p_1V —1\/ a
2
< 5  [log( n/5 nor,
- P-1 d

476 where the first inequality is by triangle inequality; the second inequality is by Lemma [AT} the
477 equality is by SNR = ||||2/0,V/d; the third inequality is by 26) and ([27); the forth inequality is by
a7 SNR < 1/v/8C"2. Therefore, for j # y;, we have

(t,b) (0 0) 1 (t b) o log(6n2/6)
’<Wj,r a£l> 17‘7,’”1‘ < -1 d no
479 Similarly, we have for y; = j that

<W(_t,b) w(® 0)7 )

7T

(t,b

. _ 1 =~ _(t _
=3 el - (&) + 5 D P lEn ]2 - (6 6
/=1

o Z P03 - (6o &)

tb t,b
= -5 |l <u,ez>+—zpﬁrina 152 (&, &)
/=1
1 b tb b _
= P A g (.8 + s S P57 - (6 ),
i £
480 and
tb tb
FoA el (&) + BN 012 - (€0 €

i/ £
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481
482

483

484
485

486

487

488

489

490
491

492

493

494

495

SNR v [2log 6n/5 (t b) 4 log( 6n /9) (,b)
< | P—1 ZI ]rz’

il i

2 2
S SNR /8C log 6n/5 4 1 llog(G;L /6)7104

5 log(6 n2/5)
=P_1 a e

where the second inequality is by (23) and (27), and the third inequality is by SNR < 1/v/8C"2.
Therefore, for j = vy;, we have

b b 5 log(6n2/9)
|< gtr) §0r0 7£1> 1 jtr,)‘ = d no

O
Lemma B.4. Under Condition[3.1] suppose 23), 26) and 27) hold after b-th batch of t-th epoch.
Then, for all j # yi, j € {£1} and i € [n], F;(W"? x;) < 0.5.

Proof of Lemma According to Lemma we have

FW ) = S o((wll, yan)) + (P = Dor(w, €0)]

r=1

< 2max{(w'", yip), (P — 1)(w!i ¢,),0}

32log(6n/d
<6max{< §027y1“> (P )< §0727€z> SNR % aylj’yj(trb)a
5 log(6 n2/6) (y+_py;?}
21 1 2
<6max{ﬁ/2 SNR /321og 6n/6 3 jr )5 /og 6n log(6n2/0) }

<0.5,
where the second inequality is by (28), (29) and (30); the third inequality is due to the definition of 8
and p(t b) < 05 the third inequality is by (23) and 'yj( b < < 4.

O

Lemma B.5. Under Condition 3.1} suppose 23), 26) and 27) hold at b-th batch of t-th epoch.
Then, it holds that

(P —1)(with) &) > —0.25,

(P —1)(wii, &) < (P = Do((wii) &) < (P = 1)(w(i7), &) +0.25,

foranyi € [n].

Proof of Lemma(B-3] According to (30) in Lemma [B.3] we have

_ log(6n2/8
(P 10,60 = (P 1D, &) + 102, — sy [BEP
2
>_-B8-5 Ma
d
> 0.25,

where the second inequality is due to p;t br)l

5n4/log(6n2/9)/d - o < 1/8 by Condition

0, the third inequality is due to 5 < 1/8 and
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497

498

499

500
501

502
503

504

505

506

507

508

509
510

511

512

For the second equation, the first inequality holds naturally since z < ¢(z). For the inequality, if
(wi)r, &) < 0, we have

(P —o((wii), &) = 0 < (P —1)(wii) &) +0.25.

yz T — y, T
Andif (w"? &) > 0, we have
(P—1Do((wihh), &) = (P = 1)(wiiD &) < (P = 1)(wlh), &) +0.25.
O

Lemma B.6 (Lemma C.6 in|Kou et al.{(2023). Ler g(z) = ¢'(z2) = —1/(1 + exp(2)), then for all
z9 — ¢ > z1 > —1 where ¢ > 0 we have that

exp(c) < g(Zl) < exp(c).
4 9(22)
Lemma B.7. For any iteration t € [0,T*) and b,b1,bs € [H]|, we have the following statements

hold:

1SSy [ = ] = S ) = At ]| < 0.
2wyt &) > (Wi &) — 000, Vd/ V2

3. Let S(t D = ={rem: (Wg(,t“l;), i) > 0}, then we have

S(t,o) c §(t,b)

4. Let gj(-f;,b) ={ien:y=74(w () &) > 0}, then we have

Wi
G(t0) = Gltb)
= T

7T

Proof. For the first statement,
m
7(t 0 (t bl) t b2)
\Z R D Dl e |
r=1

n(P —1)? —1,b1 -1, T—1,b: —1,b
< P max {5 el ST AT w3

- Bm

_ (P —1)*307d
- B 2
< 0.1k,

—(t;b)

where the first inequality follows from the iterative update rule of p; %,

to Lemma[A.2] and the last inequality is due to Condition 3.1}

the second inequality is due

For the second statement, recall that the stochastic gradient update rule is

U t,b—1 _
(wieh) &) = (with D &) — 5= D0 o (WY ) - (g €y

V€L b1

U(P— 1) b—
- T 3 (0D ! (w 0= €,)) - (€0, &),
i'€Typ—1/i
Therefore,
N 77(P— 1) 2
(w z(/f V&) > (w 1(;:2),8) B llgell2op/210g(6m/6) — E 202+/dlog(6n?/3)

> (wiit) &) — 000, Vd/V2,

19



513

514

515

516
517

518
519

520

521

522

523

524

525

526

527

528
529

530

531

532

533
534

535

536
537

where the first inequality is due to Lemma[A.T] and the second inequality is due to Condition [3.1]
For the third statement. Let r* € Si(t’o), then
(Wi &) = (W0 &) — 000V V2 > 0,

where the first inequality is due to the second statement, and the second inequality is due to the

definition of gf 9 Therefore, r* € gi(t’b) and Si(t’b) - gz-(t’b). The forth statement can be obtained
similarly. O

Lemma B.8. Under Assumption[3.1] suppose 23), 26) and @7)) hold for any iteration (t',b') <
(t,0). Then, the following conditions also hold for Vt' <t and V', b}, b € [H]:

1LY, [pz(fl roz ﬁ?(fk S)k] < kforallik € [n).
2. yi - fOWE) x) — g - FOWED) %0 ) < C foralli, k € [n),
3. E;(tl’bi)/égt/’bé) < Cy = exp(Ch) forall i, k € [n].

4. Si(o’O) C Si(t/’o), where Si(t/’o) = {r € [m] : <W$,79)a i) > anp\/g/ﬂ}’ and hence
|SZ.(t ’0)| > 0.8m®(—1) forall i € [n).

S. S(O 0) - S(t 0 , where S(t 0= ={ien]:y =7, < (t 0)7&) > U()O'p\/g/\@}’ and hence
|S§fT O > ®(—1)n/4forall j € {£1},7 € [m].

Here we take v and Cy as 10 and 5 respectively.

Proof of Lemma|[B.8] We prove Lemmaby induction. When ¢’ = 0, the fourth and fifth conditions
hold naturally by Lemma[A-3]and[A-4]

_(0,0) _ . . . .
For the first condition, since we have p, ;' /" = 0 for any j, r, 7 according to (29), it is straightforward
that >, [p;?,g)l ﬁz(/(i OT),J = 0 for all ¢, k € [n]. So the first condition holds for ¢’ = 0.

For the second condition, we have

f(W(O 0 x;) =y - F(WED %)

VVOO 0,0

F ( ) yz( (—y),xi)+F—yk(W( yk)’ 7,)71_71yk(vv(00) z)
0,0

< By, (W >+F—yk(w(—yk),xi)

%Z w00 i) + (P — D)o((w0, &))]

£ ol eaa)) + (P = Do (w0, 0)]

<4p <1/3 <0,
where the first inequality is by F} (W(0 0 x;) > 0, the second inequality is due to (1)), and the
third inequality is due to (23).
By Lemma[B.6and the second condition, the third condition can be obtained directly as

e/(o 0)

6/(0 5y < exp (i - FOW OO ) — g - FOW O ;) < exp(Ch).

Now suppose there exists (£, b) < (¢, b) such that these five conditions hold for any (0,0) < (¢, b') <
(t,b). We aim to prove that these conditions also hold for (¢/,4') = (t,b).
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sss  We first show that, for any 0 < ¢’ < tand 0 < b},b, < b, y; - f(W(t/”’ll)7
] with a small constant approximation error. We

(t',b7)
Py ri

m

_(t',bh
m p( )

Yk,T,k

[P

can be approximated by % >
begin by writing out

539
540

t’ bl
(92) x4,)

yi - FOWE) 5y — g - (W

. ‘/1b,1 . /,b,
Z J'Fj(w;f ) %) — i Z J'Fj(Wﬁt 2

je{£1}
(t',b1)
W_yq , X5
(t',b1)
—Yi

je{=£1}
t’ bl
= F_yk(W( 2

—Yk k)
=F_y, (W

7Xk)

F y’t(
- F_yi (W

7

(t',b5)
~—Yr

+ Z
-3l

7Xi)

(',01)

Wy ayz ‘) + (P — 1)0(<Wy1:77’

Qs

(' ,b})

(',b5)
ylcTa

Wy Yk s ) + (P = Do((w

/,b/
(%) — Foy (WO )

(',b5)
Wy,

)y m)) = o((

)+ B, (Wi

&)l

Yk )]

I

',

(t',01) w/
k

(P =1D)o((wWy:,r", &) — (P —1)o((

x;) — yr - FIWE2) %)

Xk)

/7b/
) xi) = Fy (W™ xy)

,6i))]

(3D

v e,

Is

where all the equalities are due to the network definition. Then

For |I;|, we have the following upper bound by Lemma [B.4}

541

5

»

2

(t',b3)
W,
(t',b3)
—Yk

L] < [Py, (

= F_yk(w
<1.

)

s43  For [I3|, we have the following upper bound:

S ol

r=1

(t',b%)
Yk,T

(t',b7)

Wyu ) yl

m
1
fEUW
m
r=1

(t',61)
,YJT

L] < max{

(0,0
kr)vyk

<3ma}({<wy1r7yz ), [(w !l

< 3max {B, C'~Ja, SNR ?M(Ngc(;m/é)na}

< 0.25,

544

545 the third inequality is due to Condition[3.1]and (23).

21

Xk) + F—Z/i (W—

77]1"

we bound I, I and I5.

/,b/
)| + [F_y, (WP x))|

(#.b)
Yi

) Xi)
(32)

i)}

32log(6n/9)
d

(' bl

) SNR

m}

(33)

where the second inequality is due to (28)), the second inequality is due to the definition of 5 and (27)),



546

547
5

B

8

549

550
551

5!

o

2

553

554

555

For I3, we have the following upper bound

m

1 l,b/ b
I3 = o Z [(P — 1)0(<W§i’r1)7&.>) _ (P _ 1)0(< étk b )7€k>)}
r=1
1 & o b,
SEZ[(P*”W& V&) — (P - 1wl €] +0.25
L~ [peen e log(6n2/0)
Smg[pyw” 7pykrk+10 Tna + 0.25
m b, B
<= Z [P0 5] 05,

(34)

where the first inequality is due to Lemma B3] the second inequality is due to Lemma[B.3] the third

inequality is due to 54/log(6n2/d)/dna < 1/8 according to Condition
Similarly, we have the following lower bound

Is =

SO IP - Do((wil)€)) — (P — Do((wll 2, )]

1

3=

T

[(P = 1wl &) — (P = 1)(win ), &4)] —0.25

IV
3=
NE

ﬁ
Il
_

WV,
3=
Ms

[(t b)) S(0a) 0 W

pyl,m 7pyk77k d na} —0.25

Il
_

r

[ (t',b1) p(t/’b;)] _05’

Pysri = Pyi,rik

Ms

3=

r=1

(35)

where the first inequality is due to Lemma[B.5] the second inequality is due to Lemma|[B.3] the third

inequality is due to 54/log(6n?/§)/dna < 1/8 according to Condition
By plugging (32)-(34) into (ZI)), we have

yi - FOWEN) 5y — - FOWE) 30y < 1| + [T + 13

72 (t b)) tbz)]+175

ylrz yk'r‘k

| A

yi - FOWE) 5y — - FOWER) 50y > *|Il| — L +13

*Z [Pyt =P 175,

\ \

which is equivalent to

< 1.75.

/N / 1 = b/ — b
e FOWEM,50) — g W5 — 37 [l ) gl
r=1

Therefore, the second condition immediately follows from the first condition.

Then, we prove the first condition holds for (%v, E) Recall that from Lemma that
i) ) NP =1)% up b N
P = o) = T o (it €0) 16l Lo = ) 10 € L)
forall j € {£1},r € [m],i € [n],(0,0) < (¢,b) < [T™,0]. It follows that
m
(t,b+1) (t,b+1)
> [Py’ =Py ]
r=1

22
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- (tb ,(t b) U(P— 1)2 S(t,b) ) p(t,b) 2.

; Dyi i = Pyimi) — B <|Si 17 N&illa (i € Zp)
— 1SN ERlB Ak € T ),

ss7 foralli, k € [n]and0 <t <T*, b < H.

sss Ifb e {1,2,---, H—1}, then the first statement for (¢, ') = (£, b) and for the last (¢', V) < (£, b) are

sso the same. Otherwise, if b = 0, we consider two separate cases: y .-, [71(5,—;{0) - 73(/1_,,1}3)} <09k
se0 and Y " [p yi,rllo) ﬁ;_:,}g)] > 0.9k.
sst  When )" [pyi’rlzo) ﬁ;:if)] < 0.95, we have
~ (E0) _ —(50)
> [Pyini = Plnal
r=1
m _ 2
_ (f-1,00 —@GF-107 0P —1) (F=1,65") | r(F—1,b 12
=2 [ =) - S (15! it el
SE=1,607 1) (=168
— [SEHEET )
. (t=1,0)  _(—1,0) n(P-1)?% i 1,600y =168 9
< X:j Pyri” = Pyer ] = =5 |5 [ D3
G t—1,00  —(t—1,0 n(P — 1)2
<SR B ]+ T gl
r=1
<09k + 0.1
= /4;’
1(t— 1b 71))

s62 where the first mequahty is due to £,
1(t—1 b )

GF-1,6%"1)
< 0; the second inequality is due to |S ‘ <

se3 m and —/; < 1; the third inequality is due to Cond1t10n

se4  On the other hand, for when > | [pyt 77,110) ﬁg;: ] > 0.9, we have from the (36) that
= (t—1) - (t—1)
i .f(w(t—17b¢ ). x:) — gk - FOWETL0 )

(t—1) IR CES Y
72 (t 1,b; ) p(t 1,by, )] _1.75

Z yl,r i yk""ak
(t 1,0) (t=1,0) 37
> —Z Py i =Py o] — 0.1k — 175
> 0.95 — 0.1k — 0.54k
= 0.26k,
s6s where the second inequality is due to x = 10. Thus, according to Lemma|[B.6] we have
5/(?71’1)5?71)) = -1 =~ (-1
m < exp (yk . f(W(t_l’bk ),xk) — i - f(W(t_l’bi ),xi)) < exp(—0.26k).
I
~1,0) SE-1,6871) S@E—1,60 ) .
566 Since S C S, , we have |S, > 0.8®(—1)m according to the fourth
(i—1,0{"

s67 condition. Also we have that |S; )| < m. It follows that

1oy o1 pED
|St 1,b5 )| ’(t Lo, ) exp(—0.26k)

(-1, 1>>| (160 ) — 0.8B(—1)

< 0.8.
]S
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568

569

570

571
572

573

574
575

576

577

579

According to Lemma[A-T} under event &;yclim, We have
|||€z||§ —d- 02| = O(O'g . dlog(6n/5)), Vi € [n].

Note that d = (log(6n/d)) from Condition it follows that

@Yy @) @By @YD)
|S; |(—£; )&z < 1S (=67 ) - N1€kll3-

Then we have
m m
(tO) tO) (t—1,0) ,(t 1,0)
E py“fz yk,rk E : py7,rz yk r.k } < K,
r=1 r=1

which completes the proof of the first hypothesis at iteration (', ') = (£, b). Next, by applying the
approximation in @ we are ready to verify the second hypothesis at iteration (t b) In fact, for any
(', b)), (', b)) < (t,b), we have

> [ w4 1T

1oyt 1ot ]_

yi - FOW D) ) — g - FWIE0) 5,y < —

m
r=1

IA

3

< —Z B0 =50 0] + 0.1k + 175

S Clu

where the first inequality is by (36); the last inequality is by induction hypothesis and taking « as 10
and C; as 5.

And the third hypothesis directly follows by noting that, for any (¢, 5,), (',b,) < (£, b),

el'(t/7b/1) , ),
Wgexp(yk-f(w(t ’11),xk)—yi~f( ( b) )) < exp(Ch) = Cs.
k
For the fourth hypothesis, If be{l,2 — 1}, then the first statement for (¢,b') = (£, b) and

for the last (¢, b') < (£, b) are the same. Otherw1se if b = 0, according to the gradient descent rule,
we have

H-1

n 1h Ty
(wied &) = (Wi &) — 5 0 T o (W ) e i)

b'=01€Tr_y 4

Z Sl (WD €00 - (€0, &)

=04 €L;_ 4 4
H-1

= Wi g) = g YT Y TN (W o)) - (g iy

b'=04'€T;_; 4

P_ 1 = ,b(-t 1) T
_nP-1 .ggt Lb ) o (w0 €0 - 1&13

Bm
Z Z E(tb) U/ y,r 762 >)<£Z’a€2>]l(ll7éz)

=01i'€Z;_ 1,67

P— -1,V
— (w0 a>—¥~€§ SRENTRE

Wyir Bm
Iy
Z Z E(t Lb) O'(< Z(f;7 1Y) Sz >)<£z’a€l>1(l/7éz)
=04 €Z7_ 4 4

Is
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b ~7 ’
Z ST (W ) - (i, €0y,

=0 V€L 1,p
I
(t—1,0) o (t—1 b .
ss0 forany r € S, , where the last equality is by (wy, , ,£¢> > (. Then we respectively

ss1  estimate 14, I5, Is. For I, according to Lemmal[A.T] we have
@167 o
—1y > ¢, |- 0pd/2.

ss2  For I, we have following upper bound

|I5|<Z S 1T o (W ) - (€, €I L £ )

=04 €Ly_q 4

H-1 o

< ST e, €I LG # 4)
=0 i’eI;be/

H-1 _

< S ) 202 - \/dlog(6n2/6)

(-1 2
: ’ - 20, - \/dlog(6n?/6),

583 where the first inequality is due to triangle inequality, the second inequality is due to o/(z) € {0, 1},
se+  the third inequality is due to Lemmal[A] the forth inequality is due to the third hypothesis at epoch

585 t — 1.

sss  For Ig, we have following upper bound

b "7 /
II6I<Z ST o (W ) - (e, €]

OZEIt 1,07

Z ST g, &)

=09'€T7_q

i —1)
< nCo €75 oo/ Zog(6n/8),

ss7  where the first inequality is by triangle inequality; the second inequality is due to o’/ (z) € {0, 1}; the
ssg  third inequality is by Lemma the last inequality is due to the third hypothesis at epoch ¢ — 1.

ss9  Since d > max{32C3n? - log(6n?/6),4Con||pllo, ' \/21og(6n/5)}, we have —(P — 1)1y >
seo  max{(P — 1)|I5|/2, [I¢|/2} and hence —(P — 1)I4 > (P — 1)|I5| + |I¢|. It follows that

< t (+:0) £1> = < t rl’())7€i> > O-Oo'p\/g/\/i7

Wyiir'
s91  foranyr € Si(t*l"o). Therefore, Sl_(o,o) - SZ-(t*l’O) - SZ-(?’O). And it directly follows by Lemma
sz that |57 > 0.8m®(—1), Vi € [n].
s93  For the fifth hypothesis, similar to the proof of the fourth hypothesis, we also have

0) 1,0 n(P—1) G101 2
(w z(/tm’ i) =(w z(/tL )£i>_W'£i -[1&ll2
Iy
H-1
P-1)
_77( Z Z g(t 1,b") o < g(/i,lb 51 >)<Ez’a£z>]l(ll7éz)
=01’ GIE!;’
Is
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H—
n (t-1,b") 1,0
" Bm Z Ci : J/(<Wz(4i,r ),yz"#» Ay, &i)yir,

€Ly 1,6/

Is

s94 foranyi € S (t 1.0) , Where the equality holds due to { gtr Lb ,€Z> > 0 and y; = j. By applying

595 the same techmque used in the proof of the fourth hypothesis, it follows that

0) 1,0
< ;t'r ?£l> = < §:tr )7£i> > 0)
s6 forany i € S](ffl’o). Thus, we have Sj(-’ro) Cc ijfl’o) - Sj(-’t;o). And it directly follows by Lemma

s [adthat [S5] > nd(—1)/4.

598 O

s99  Proof of Proposition[B.2] Our proof is based on induction. The results are obvious at iteration (0, 0)
600 as all the coefficients are zero. Suppose that the results in Proposition @ hold for all iterations

so1 (0,0) < (£,b) < (£,b). We aim to prove that they also hold for iteration (Z, b).

s02 Firstly, We prove that (26) exists at iteration (£, ), i.e., B;-t}bi > —pB — 104/log(6n?/4)/d - na for
603 any r € [m], j € {£1} and i € [n]. Notice that Bf;i? = 0 for j = y;, therefore we only need to

04 consider the case that j # y;. We also only need to consider the case of b= bgt) + 1 since Bffg

605 doesn’t change in other cases according to (T9).

s06  When J(trbt < —0.58 — 54/log(6n?/5)/d - na, by (30) in Lemmawe have that

Tp® log(6n?/4
T g < )T 4+ (P )i &) + 5RO,

(P — 1w, :

a<0
607 and thus

=7 @y nP—1)2 @® T
pE8) = pE®) M7 o) (T ey 2

T =g, Bm ? 75T

G 2
:@T?)Z—B—lo!%g%lgﬂm
608 where the last inequality is by induction hypothesis.

609  When p( )> —0.58 — 54/log(6n?/§)/d - na, we have
e @y n(P-1% up® £ b
(00 = plth ) 4 B 0 o (w2 ) - Nl

Bj,r,i g, Bm ?
log(6n2/5) n(P —1)*-307d

> —0.50 — -

> -0.56-5 7 no 5Bm

2
> —-0.56-10 Mna
2
510,/ EEEP,,

(Z
610 where the first inequality is by E;(t’bi € (—1,0) and [|&;]|3 < (3/2)07d by Lemma the second
s11  inequality is due to 5y/log(6n2/9)/d - na > 3nozd/(2Bm) by Condltlon
612 Next we prove (23) holds for (t~, E) We only need to consider the case of j = y;. Consider
|£{(EE)| _ 1
¢ (£.b) (t.b)
L+ exp{y: - [Fh1 (W37, %) — FLo(WI7, xi)]}
b b
< exp(—yi - [P (W, xi) = Fa (WO, x,)
< exp(iFyi (Wg(f;b)a Xi) + 05)7

(38)
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613 where the last inequality is by F; (W§t’b), x;) < 0.5 for j # y; according to Lemma Now recall

614 the iterative update rule of pgt b,

) ) n(P=12% b )

Poai = oyt = T o (wil €) - 613 1 € Te):
m

615 Let (t;.,b; ;) be the last time before (7, b) that p(tJ " #biri) < 0 5a. Then by iterating the update

s16  rule from (t;,.;,b; ;) to (f, b), we get

_(%,b)
7,70
P —1)? b b
= gt ML it g ((llinetind gy > 0)- 1 € T3
m
I (39)
P —1)?
- 2. P L 1w, ) 2 0)- 16 € ).

(tg.m:5.r,1) < (t,b)<(T,b)

Is
617 We first bound I, as follows:
7| < (P = 1)*/Bm) - &3 < (n(P —1)*/Bm) - 303d/2 < 1 < 0.25a,

s1s  where the first inequality is by gltimibina) (—1,0); the second inequality is by Lemma the
619 third inequality is by Condition the last inequality is by our choice of & = 4log(T*) and T™ > e.

620 Second, we bound Is. For (t;,,.4,b;,.i) < (t,b) < (£,b) and y; = j, we can lower bound the inner

621 product <w§f;b), &;) as follows
(t,b) (0 0) 1T _wy 5 log(6n?/4)
< j,r. a£l>2< 7£l> —1pj’r’i_P—]. d no
0.5 0.5 5 log(6n2/9) (40)

> _ _
S T S L . a

0.25 o
=P )

622 where the first inequality is by (29) in Lemma the second inequality is by p( b > 050

7,7y

623 and ( g)ro ,&) > —0.56/(P — 1) due to the definition of ¢, ,; and 3; the last inequality is by

624 (3 <1/8 <0.la and 54/log(6n?/6)/d - na < 0.2a: by Condition

(#:0)

R

625 Thus, plugging the lower bounds of (w ,&;) into Ig gives

n(P—1)* &>, (tb) ¢
Is| < 3 e exp( — > (P = Do((w); ,gl>)+o.5)
(tj,r,i:b5,r:)<(t,b)<(t,b) r=1
b
1wl &) > 0) - [1&l13

INT*n(P — 1)2 302d
< %m) - exp(—0.25a) exp(0.5) - i

2nT*n(P —1)? . 302d
F it SV — 5) -
< B exp(—log(7™)) exp(0.5) 5

2nn(P —1)2 302d
= ""(Bm iy 2= exp(0.5) < 1< 0250,
626 where the first inequality is by (38); the second inequality is by (@0); the third inequality is by
627 o = 4log(T™); the fourth inequality is by Condition 3.1} the last inequality is by log(7™*) > 1 and
628« = 4log(T™). Plugging the bound of I7, I into (39)) completes the proof for 7.
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620 For the upper bound of (27), we prove a augmented hypothesis that there exists a ¢* € [n] with
630 ;= = j such that for 1 < ¢ < T™* we have that 'y](-’t;o) /P i~ < C'3. Recall the iterative update rule

631 ofv( b) andpg’m), we have
_(t.b _(t,b P—1)> b b N
Pt = gt = MO e ot (. €0) Nl - 10 = ) 16 € T
n ;
,yj(thJrl) (trb) Bm[ Z Eg(tb)g/“ §trb),yz )
iGItybﬂS_*_

— 3 " (WD g )| el

’L‘GIf,,bmS_

632 According to the fifth statement of Lemma for any * € S J(-Sjo) it holds that j = y;~ and

633 (W jtrb)fz ) > 0 for any (¢,b) < (,b). Thus, we have
7,0 _(I-1,0 n(P — 1) 1(F-1,6E0 S (=10 n(P —1)? 1(F-1,6071)
pgm)* ZP;,M* )_W.Zi* ’ ||Ez 13 > §m* )_T'Ei* 'U;%d/Q-

634 For the update rule of *yj( -b) , according to Lemma we have

b b b ’
Z‘ S d e (W e m) = > 4 (WD )

b<H iEIt,bﬂS+ iEIt,bﬁS,

/T 1b(T D
< Cyn ( )‘

635 Then, we have

(t,0) (t—1,0) 1(t—1, b Dy 9
Vjr < max { Vj,r Cond;. _ |pll3 }
24/2

—(%0) —_(-1,0)" D
p]rz* pjrz* (P— 1)2 E;Ef L) e
(i-1,0)
= d Do 2Cnlpl3 (41)
=107 (P —1)%02d
i
200 pl3
= (P-1)%02d
636 where the last inequality is by vj(t L0y ]tr L0 <9047 = 20,n||p|2/(P — 1)%02d. Therefore,
(t,0)
’yj,T‘ ~
o) =200
7,7 1*

637 For iterations other than the starting of en epoch, we have the following upper bound:

(T.b) <?0>
Vi 2

G S oy S40A
7,7,0* 7,7,0*

ese Thus, by taking C’ = 4C5, we have fy(t b) /p(t b < 3.

3,7,0*

639 On the other hand, when (¢,b) < (w, 0), we have

203
o) o, _logT"/6) ' 0o 1
Yir 2 232 Bm " lpllz > Bk

640 where the first inequality is due to update rule of 'y;i’f, and the second inequality is due to Condition
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64t When (t,b) > (log(zT £3) 0), According to Lemma we have
A>3 Bi [mme( ) min{|Zy » N Sy N S_1],|Zey NSy N Se|}
(#7,")<(t,b)
_ I?%lxgé(t’,b’nzt,’b/ N S—H w3
t—1

B ’ / /
(D (esear L min ) —ngma () — ngma (7)) 3
= ! |

>
Bm
>0,

642 where the first inequality is due to the update rule of 'y( :b) , the second inequality is due to Lemma
e4s  and the third inequality is due to Condition [3.1] O

644 B.2 Decoupling with a Two-stage Analysis
645 B.2.1 First Stage

e46 Lemma B.9. There exist
= Csn 'Bm(P —1)"%0,%d™ ", Ty = Cyn~ ' Bm(P — 1) 20, 2d ™"
647 where C3 = O(1) is a large constant and Cy = ©(1) is a small constant, such that

(T4,
648 P

Oi) > 2foranyr* € S(OO ={rem: <W§??7-,£i> >0}, j € {£1l} andi € [n] withy; = j.
649 IMAX; fyj(»f;b) = O(7) forall (t,b) < (1T1,0).
650 ® MAX,,; |B(.t;b2| = max{, O(ny/log(n/8)log(T*)/Vd)} for all (t,b) < (T1,0).

(t,0) _

651 ¢ ming, v, Q) forall t > Ts.
652 * MAax,, p§7;110) = O(1) foralli € [n).

653 Proof of Lemma[B.9} By Proposition [B.2| we have that p(t b > —f — 10n4/ Ma for all

es¢  j € {£l}, 7 € [m],i € [n]and (0,0) < (¢,0) < (T*,0). Accordmg to Lemma[A.2] for 3 we have
8 = 2max{|(wj”, w), (P = DI(wji,”, €)1}

B}

< 2max{+/2log(12m/d) - oo || /|2, 2v/log(12mn/3) - oo(P — 1)o,Vd}
= 0(\/log(mn/3) - a(P — 1)a,Vd)
655 where the last equality is by the first condition of Condition Since Bﬁ-t;f’ﬁ < 0, we have that

max |p{t? | = max —p(t:?)
J,ryt *J T gy =Tt

2
<B+10 71%(6; /9

= max {ﬁ, O(\/log(n/é8)log(T*) - n/\/&) }

es6  Next, for the growth of vj(fr),

t,b+1 7(t,b
’73(',r ) Z [ ) / J'f‘ 73/1' >) : ||H’H§
ZGItb

we have following upper bound

t,b n
<y 4 w3,
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663

664

665

666

667

668

669

670

671

672

673

674

675

676
677

678

where the inequality is by |¢/| < 1. Note that 7( 0

times we have

= 0 and recursively use the inequality tB + b

tH +b
7P < MEH D) e, (42)
m

Since n - SNR® = nl|p[|3/((P — 1)%02d) =7, we have
= Con ' Bm(P — 1) 200" = Oy~ mlull; 4B /n.

And it follows that
(t) (tH + b)

Vir = m ’ HHHQ

for all (0,0) < (¢,b) < (T1,0).

nnTl

lell3 < G579,

For p\") .. recall from (TS) that

]T"L’

_(t4+1,0)  _(t,0 n(P —1)° t.5{") 08
(t4+1,0) _ —(t,0) D o (w 7£z>) - [1&:ll3-

pyv,ﬂ i Yisrsi Bm % Wy,,r

According to Lemma 8] for any r* € S(O 0 = ={rem]: (wé??r,£i> > 090,V/d/\/2}, we have
(w (£:) &;) > 0forall (0,0) < (¢,b) < (T*,0) and hence

7/7"’

—_(t+1,0) _ —(¢,0) U(P - 1)2 /(t b )Hg H2

p]r )4 pj,'r*,i Bm

5(t:0)

For each 7, we denote by Tl(i) the last time in the period [0, T}] satisfying that Dys e i

< 2. Then for
i —(t,b b
(0,0) < (t,b) < (T1( ),0), man,r{|p§t )| |B;trbz)|} = 0O(1) and maxjr'y](tr) O(1). Therefore,

, e
we know that F_1 (W) x;) F, i (W) x;) = O(1). Thus there exists a positive constant C
such that € (t,6) >C>Cyfor0<t< T()
Then we have 5 o
S(t0) Cn(P—1) Updt
YTt = 2Bm '
(,0)

Therefore, p, ', ; will reach 2 within

= Csn'Bm(P — 1), d""

iterations for any r* € Si(o,o)’ where C'3 can be taken as 4/C.

Next, we will discuss the lower bound of the growth of fyj(f;b). For ﬁg . 2, we have

b b n(P—1)> b b N
it =) = ML 00 o (. 0) - 63 U = )10 € Tun)

3n(P —1)%02d
< p(‘ub) 4 n( ) Tp
i 2Bm
According to @) and p\>% =

7,7y

_(1b) 3n(P —1)%0pd(tH +b) (14 < NtH + )

Jrst = 2Bm T m

= 0, it follows that

lpll3- (43)

Therefore, max; ,; p( ) will be smaller than 1 and 7( ®) smaller than O(n[|ul3/(P —1)%c2d) =

7,7y

O(n - SNR?) = ©(7) = O(1) within
=Cyn ' Bm(P —1)"%0,%d""

iterations, where Cj; can be taken as 2/3. Therefore, we know that
F_i(W®D x) F y(WED x.) = O(1) in (0,0) < (t,b) < (T»,0). Thus, there exists a
positive constant C' such that E/(t b >Cfor0<t<Ts.

30



679

680

681
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683
684

685

686

687

688

689
690

691
692

693

694

Recall that we denote {i € [n]|y; = y} as Sy, and we have the update rule

I ,
Y = v](-frb)—-[ S d e (W G- )

Bm |
lEI{,)bmS+

— Y P (w g >>]||u||§.

’L’GIf,VbﬁS_

For the growth of fy(t,b) if (w §t7b), p) > 0, we have

J,r
t,b+1 t,b n t t
DR < 2l HID DI AR S Al [
i€Z, sNS4 NS, i€Ts ,NS_NSy (44)
> Aty T B [CITs N Sy NS =Ty NSNS ]] - w3
Similarly, i (w'"”, ) <0,
A 2 50 4 S [O1Zi NS4 N S| = [Zis N S- 0 Sal] - lul. 45)

Therefore, for ¢t € [1,T7], we have

t,0 n .
W= > L [Cmin{[Zuw 1Sk NSl [T NSNS} = [T NS ] -l
(t,b")<(t,0)

> L (estes HO'S — Ting)| a3
= s (esestC; — Ting) 3

o neseaCtnp3

- 8Bm

S c3caCCynl|pl|3
~ (P—1)%02d

(46)
— ©(n-SNR?) = 0(3),

Where' Fhe second inequality is due to Lemma the third inequality is due to ¢ < %ﬁf““ in
Condition 311

And it follows directly from (43)) that

_(T1,0) 3n(P —1)?02dTn H _3Cs A0 _ o)

i — 2Bm 9 i

which completes the proof. O

B.2.2 Second Stage

By the signal-noise decomposition, at the end of the first stage, we have

n

(t.b 1
i el i+ 5 Zp] el + g 3ol

i=1

(tb) _ (0 0)

for j € [£1] and r € [m]. By the results we get in the first stage, we know that at the beginning of
this stage, we have the following property holds:

« o0 > 2 forany r* € SOV = {r € [m] : (wi), &) > 000,V/d/V2), j € {£1} and i € [n]
with y; = j.
* max; |p§7;110)| = max {8, O(ny/log(n/d) log(T*)/\/C?)}.

. ’YJ(TTMO) ©(7) forany j € {£1},r € [m].
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eo5 where 5 = n - SNR%. Now we choose W* as follows

w

; :W(o,o>+2010g(2/6){§:]1(._yi). & ]

: ] = .
SO P 1&

696 Lemma B.10. Under the same conditions as Theorem we have that ||[W (0 — W*||p <
ss7  O(m!/?n'/2(P — 1)71c7p’1d71/2(1 + max{ 3, n\/log(n/d) log(T*)/V/d})).

Proof.

[WO W
< [WO WO | 4 [ W — WO

n

(T1,0) &i (T1,0)
p . .
Z A P Z Biira ||£z||2

=1

< (i) max o1l + 75— O (/i) max

2
+O0(m!'*n!?log(1/e)(P — 1) 'o, td™ 1/2)
— O(m"%3ull; ") + O(m2nM/2(P = 1)~ o 2d=Y/2(1 + max{ 8, n+/log(n/0) log(T*) /V/d})
+ O(m?n'/?log(1/€)(P — 1)_101,_1d_1/2)
= O(m'?n-SNR - (P — 1)*1a;1d*1/2(1 + max{8, n\/log(n/8) log(T*) /Vd}))
+O0(m'*n?log(1/e)(P — 1) "o, d™1/?)
= O(m'*n'?(P — 1)7la;1d71/2(1 + max{ 3, n/log(n/d) log(T*)/Vd})),
698 where the first inequality is by triangle inequality, the second inequality and the first equality are by

e90 our decomposition of W(T:0) 'W* and Lemma the second equality is by n - SNR? = ©(7)
700 and SNR = |||/ (P — 1)0,d"/?; the third equality is by n'/? - SNR = O(1). O

700 Lemma B.11. Under the same conditions as Theorem[3.2} we have that
yi(V (WD x;), W*) > log(2/e)
72 forall (T1,0) < (¢,b) < (T*,0).

708 Proof of Lemma[BT1} Recall that f(W) = (1/m)>>, j - [0((W§trb),ylu)) + (P —
704 1)o({w ]th),&))],thuswehave

yi(VF(WED x;), W)

1 . P-1 .
=— Za’« Wit G il w5 ) + == > o (w5 &) (i w3 )
_ 2
LS S w0 20t08(2/0) 1 = ) - 8081

o Ik

+ %Z Zg/( gth),yZ ))201og(2/€) 1(j = yir) - M

gy oir=1 ||£7/||2

~ P-1
T Z” Wi Gt i 790 %) =0 Do (o ) it )

Jir

3 o ) on(2/e) — 30 Y o (i )2010g2/) - L)
J=Yi,T J,r i'#i i {12
Iy (tb) ~ (G, &) 1 h) ~
7EZZO’(<WJT Uik >)20103(2/6)'W*E20(< i Yi)B
j,r =1 i |12 i
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706

707

708

709

710
71

712

713

714

715

716

717

718

> o (wlY €)20l08(2/e) — = 37 o' (wlt €0)20los(2/e)O (/o /5)/ V)

7,7
Iy Iio
1 _ 1
= 0 ((wi GO (n/log(n/5) - SNR - d /%) — — 37" (Wit yap)) 5,
Jsr Jsr
I1a Iz

(47)

where the first inequality is by Lemma[A.2]and the last inequality is by Lemma[A.T] Then, we will
bound each term in respectively.

For 1.9, I11, I12, I14, we have that

Lio| < O(ny/log(n/6)/Vd), [li1| < O(n\/log(n/5) - SNR-d~'/?),

(48)
T12] <O(B),

Forj =y, andr € Si(o), according to Lemma we have

log(4n2/6
(P 1w, €) > (P 1w &) + 712 — ony | ELY
2
oo [P,
>15-8>0

where the first inequality is by Lemma the second inequality is by 514/ W < 0.5; and

the last inequality is by 5 < 1.5. Therefore, for Iy, according to the fourth statement of Proposition
we have

Iy > %Iﬁit”’)l‘zo log(2/€) > 2log(2/e). (49)
By plugging (@8) and (@9) into and according to triangle inequality we have
Y VHWED ), W) > Tg = [Lp| = [Lia| = [z = [Laa| > log(2/e),
which completes the proof. O
Lemma B.12. Under Assumption[3.1} for (0,0) < (t,b) < (T*,0), the following result holds.
IV Lz, , (W3 < O(max{||p3, (P — 1)%07d}) Lz, , (WD),

Proof. We first prove that
IVF W i) || = O(max{]|psll2, (P = 1)o, Vd}). (50)

Without loss of generality, we suppose that 7j; = 1. Then we have that

IV AW sl < - 57 [o! (w2 ma (P = 1o (w8, &)

Jsr 2
1 b P-1 b
< 3o (W ) lle + == Y7 o ((wil €)1l
j‘rr j,"’

< 4max{] ]2, 2(P — o, V),
where the first and second inequalities are by triangle inequality, the third inequality is by Lemma[A.T]

Then we upper bound the gradient norm ||V Lg(W *9)|| - as:

2
VLI,,,5<WWJ>>||%<[ S P (WD ) [V (WD, xz>||F}

7€If b
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719
720
721

722

723

724

725
726

727
728
729

2
[ S Otmax{ |l (P — Doy (— ¢ (g f (WD, x,)))

i€Lyp

< O(max{|lul}3, (P~ 1%02d}) - = 3~ (i f (W, )

iGIt,b
< O(max{]|p]3, (P = 1)opd}) Lz, , (WD),

where the first inequality is by triangle inequality, the second inequality is by (30), the third inequality
is by Cauchy-Schwartz inequality and the last inequality is due to the property of the cross entropy
loss —¢' < /. O

Lemma B.13. Under the same conditions as Theorem[3.2] we have that
W(t,b) _ W* 2 W(t+l,b) _ W* 2 Z LZ W(t,b) —ne
|| F F n t,b n
forall (T1,0) < (t,b) < (T*,0).

Proof of Lemma[B.13] We have
WD — W3 — WD — w3
= 20(VLz, ,(WE), WD — W) —?|[ VL (WD) |7

2n *
=5 > G WO ) — (VAW ), W) =V Lz, , (WD)
iGIt,b

2
S En > G i f (WD i) —log(2/e)] — 0 [V Ls (W) 3
€Lt b

Z FOWED xi)) — /2] = n?||V Lz, , (WD)
’LEIt b

>nLz, ,(W®) — e,

where the first inequality is by Lemma [B.TT}, the second inequality is due to the convexity of the
cross-entropy function; the last inequality is due to Lemma[B:12] O

Lemma B.14.
‘Lz(t,b) (W(t’b)) - Lz(t,b) (W(t’o))‘ <e

Proof.

’Lw) (WEDY L0 (w<f70>)‘

gé > ‘é(yif(wﬁ»b),xi))—e(% f(W(t’O),xi))‘

iEItb
< FOWED ) =y f(WED )|

i€L¢p

(t0) _ o (£.0) (t,b) (t,0)

DY Z(] =Wl ]+ (P = | - Wi g

1€L¢p

Hy(P —1) Hy(P—1)%_ ,

<= 7 HIN — ) 2
< B leell2op/210g(6n/8) + B 2024/ dlog(6n2/9)
<e,

where the first inequality is due to triangle inequality, the second inequality is due to |¢;| < 1, the third
inequality is due to triangle inequality and the definition of neural networks, the forth inequality is due
to parameter update rule (I3) and Lemma[AT] and the fifth inequality is due to Condition[3.1} [

34



730
731

732

733

734

735

736
737

738

739

740

741

742

743

744

745

Lemma B.15. Under the same conditions as Theorem [3.2] for all Ty < t < T*, we have

max; i |B§trb2| = max {O(/log(mn/d) - co,Vd), O(n+/log(n/8)log(T*)/Vd) }. Besides,

1 W (T1.0) _ W||2

— > Lz, , (WD) < E

(s—TVH T )< nGs—TOH €
(T1.,0) < (t.)<(5,0)

forall Ty <t < T*. Therefore, we can find an iterate with training loss smaller than 2¢ within
T="T + LHW(Tl) - W*||%/(ne)J Ty +O(n! e 'mnd "o, ?) iterations.

Proof of Lemma[B.I3] Note that max;,.;[pl) | = max{O(y/log(mn/s) - oo(P -

Zjryi
1o,Vd),0(n/log(n/s)log(T*)/V/d) } can be proved in the same way as Lemma.

For any T} < s < T*, by taking a summation of the inequality in Lemma [B.13]| and dividing
(s — T1)H on both sides, we obtain that

1 [W(T2:0) — W~ |2

— Lz, , (WD) < Ete

(s—Th)H Z 7 )< n(s —T1)H e
(T1,0)<(,b)<(5,0)

According to the definition of 7', we have

1
TR 2 m W<
VS (11,0)< (6,6) < (T'0)

Then there exists an epoch 77 < ¢ < T such that

Thus, according to Lemma[B.T4] we have

Lg(WH9) < 3¢

Lemma B.16. Under the same conditions as Theorem[3.2) we have
ij 2 i) = ©(SNR2) (51)

forall j,j" € {£1}, r,r" € [m] and (12,0) < (¢,b) < (T*,0).

Proof. Now suppose that there exists (0,0) < (T,0) < (T*,0) such that Dy p] oy /wyj(lt i’) =
©(SNR™2) for all (0,0) < (£,0) < (T',0). Then for ﬁg . z) according to Lemrna we have

t+1,0 tb Ui 1(¢,6$1) ")
s <20 Ml I DI (R )
b<H “i€SiNZ;,

1) 4, (4,50
ST (w3,
iES,ﬂZt’b

10) oy n(P—1)? £,b{” ¢, .
PO =gt~ M D o (w0 - el 100 = ),
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746

747
748

N

749

750

751

752

753

754

755

It follows that

ZP(TO
R

1Yi=J
et n(P—1)? J(T1,pTD) (T-16" 1)

=2 B T Xk (i el

iyi=j =i

n - 2 T T—

_(T-10 NP —1) (T=16770)

S B R R €13

i=1 VAT S

€S ¢

n - P —1)202dH®(-1 F_ 1 p(T-1)

> ,;_’q;j1)_~_77( ) D ( ) ”min |€;(T 1,b; )|)

where the last equality is by the definition of S](T Y as {i €n]:y; =7, ( (T~ 1),£Z> > 0}; the last
inequality is by Lemmal[A T|and the fifth statement of Lemma[B.8]

And
7.0 T-1,0 Ui (71,671 (T—1,TY
B <At =g 3o o (Wt G ) -l
) " Z€2S+ ) (53)
SVJ(/T“;17O) 4 nllellz -I_nax|£;(T_1)|.
’ m icS
According to the third statement of Lemma we have max;ecg, |€/(T 16 )| <
Comin . 54 \EQ(T Y|, Then by combining (]3_7[) and (33)), we have
ies;,. 7
n  —(T,0) n  —(T—-1,0)
LimtPori sy § 2 Pirs - (P00 g g (54)
(T0) — (T-1,00 7 16Co||p|3 '
Jlr’ Jr!
n  —=(t,0)
On the other hand, we will now show % < O(SNR™ ) for t > T5 by induction. By Lemma
[A-T]and (32)), we have s
(T30) o S p(Te10) | 3n(P —1)*opdn
S < S i
- 317(P —1)%02dnT,
- 2Bm

And, by Equation 46 we know that at ¢ = T, we have

(12.0) < nescsCTon)| |3
= 8Bm
Thus,
n 7(T2,0)
Zz (1ijrz S @(SNRiZ)
2,0)
Vi et

n  —(T,0)
Suppose % < @(SNR_Q). According to the decomposition, we have:

i’

Tb) ~ b) o~
(Wi Gy = (w0 Gip) + 500 -
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+—Zp§€? 1€l15 (€, Gipe) +—Zp<”> I&l15 (& Tip)  (55)

=g,

757 And we have that

0) ~ 1 < (b _ ~
\<w§-?f>7ym>+ﬁ2 b+ €illo (€. ) +—Zp§7;§ (131 [Ptt 3R]
< (T.b) 4||M|| \/2log(6n/d)

6/2+|Z ],7‘7,| _
pd(P 1)
<8+ O(SNR™ )7 {1
B v
<75,

758 where the first inequality is due to triangle inequality and Lemma the second inequality is due
759 to induction hypothesis, and the last inequality is due to Condition

760 Thus, the sign of ( (T ’b), Yi ) is persistent through out the epoch. Then, without loss of generality,

(T,

761 We suppose (W ), u) > 0. Thus, the update rule of - is:

(t,b+1)
7,r
_(tb) Ui [ /(T,b) /(Tb
o A B SRS [l
Bm €L bﬁS+ﬂSI iEIT »NS_NS1 (56)
(T b) n (T,b) _ 2
+ —— [ min £ 7|Zr, NS4 N S| max |ITbﬁS NS_q]] - [leel3-

- Bm  ‘“ieZr,
762 Therefore,

(T) (T)
AT 5 @0 T i 4705, 8y = max €70 SC A S ] w3 57)

Bm
763 And, by (52)), we have

- P —1)%02dH®(—1 (1)
Z i < yopine y MEZ WAL mal®) (58)
i=1 m
764 Thus, combining (57) and (58)), we have
n —(T+1,0
Zi:l ;r,i )
(T+1,0)
J,r
—(T,0 /(7,6
R O S iy (P = 1)202dn@(—1) - max|¢;"" |
- (T,0) 7 o (T) (T,0{™) 2
Vi 8[min¢; " |Sy N S| — max |S_ N S_ql] - [|l3
< O(SNR™?) (59)

765 where the last inequality is due to induction hypothesis, third statement of Lemma [B.8] and
766 Lemma[A.3] Thus, by induction, we have for all 71 < ¢ < T™* that

n  —(t,0)
Zz 1p]7z
t,0
e

< O(SNR™?)

767 And for (T1,0) < (¢,b) < (T, 0), we can bound the ratio as follows:
n —(t,b —(t,0
Zz 1 g T, z) < 4 Zz 1 g T, z)

-2
(t, b) - (t, 0) @(SNR )’
Vo Vo
768 where the first inequality is due to the update rule of ﬁﬁtrbz and p§ . 2 Thus, we have completed the
769 proof. O
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B.3 Test Error

In this section, we present and prove the exact upper bound and lower bound of test error in
Theorem [3.2] Since we have resolved the challenges brought by stochastic mini-batch parameter
update, the remaining proof for test error is similar to the counterpart in|Kou et al.| (2023).

B.3.1 Test Error Upper Bound

First, we prove the upper bound of test error in Theorem [3.2] when the training loss converges to €.

Theorem B.17 (Second part of Theorem [3.2). Under the same conditions as Theorem [3.2] then
there exists a large constant Cy such that when n||p||3 > C1(P — 1)*o3d, for time t defined in
Lemmal[B.I3] we have the test error

P(x,y)ND (y 7é Sign(f(w(t,())a X))) <p+exp ( - n”ﬂ'”g/(C?(P - 1)402d))7
where Cy = O(1).

Proof. The proof is similar to the proof of Theorem E.1 in|Kou et al.|(2023). The only difference is
substituting & in their proof with (P — 1)&. O

B.3.2 Test Error Lower Bound

In this part, we prove the lower bound of the test error in Theorem [3.2] We give two key Lemmas.
Lemma B.18. For (T1,0) < (t,b) < (T™,0), denote g(§) = >_; . j(P — 1)0((W§’t;,b),£>). There
exists a fixed vector v with ||v||2 < 0.060,, such that

> l9(E+v) — g(7€)] = 4Ce max { D101, (60)

jref{x1} Jel£l
forall ¢ € R4,

Proof of Lemma[B.18 The proof is similar to the proof of Lemma 5.8 inKou et al.| (2023). The only
difference is substituting & in thrir proof with (P — 1)&. O

Lemma B.19 (Proposition 2.1 in|Devroye et al|(2018)). The TV distance between N (0,0214) and
N(v,0214) is smaller than ||v| 2/ 20y,

Then, we can prove the lower bound of the test error.
Theorem B.20 (Third part of Theorem[3.2). Suppose that n||p||3 < C3d(P — 1)*o;, then we have
that L%_l (WEDY > p 4-0.1, where Cs is an sufficiently large absolute constant.

Proof. The proof is similar to the proof of Theorem 4.3 in [Kou et al.|(2023)). The only difference is
substituting £ in their proof with (P — 1)&. O

C SAM algorithm

The following lemma shows the update rule of the neural network

Lemma C.1. We denote E;(t’b) = 0'[y; - F(W®ED) x,)], then the adversarial point of W) s
W) L &t ywhere

b
o) _ T Ziezu, Z ]gl(t )J yio'((w ﬁ )»Xi,p>)xi7p

ST m IIVszt,b(W(t*”))HF

Then the training update rule of the parameter is

wittld) _ (tb) 77 Z Z g/(t Yo ( (tb)JrA(t b) Xip))j - Xip

7,7 7,7 0
lEIt b pe[P]
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812

813

814

Wit = L ST S A (W i)+ @ Xip))i i

lEItbpe[P]
(trb) Z E /(t,b) / §trb)’yu> n <€t,j,r7yl1f>)jll
lEIrb
W(P_ 1) b b b )
~ Bm Z G (¢ Jtr)7£Z> + (€ jfr)7£i>)3yi£i
i€Ty

NoiseTerm

We will show that the noise term will be small if we train with SAM algorithm. We consider the first
stage where ¢t < T; where Ty = mn/(12Bn||p||3). Then the following property holds.

Proposition C.2. Under Assumption[3.1} for 0 < t < Ty, we have that

Wj(oro)ﬁgoroz), pﬁ“ﬁ =0 ©b
0.<pi) <1/12, ©
1 2/

Besides, fy( 00 =Q(1).

Lemma C.3. Under Assumption[3.1} suppose 23), 26) and hold at iteration t. Then, for all
r€[m],je{£l}andi€ [n]

32log(6n /6
(w3t —wi ) = v]“f | < SNR %na, (65)
log(6n2/6 )
(Wit = wii?6) — 500 < 5 ( ; 19 0, § # 3, (66)
5 log(6n2/6 .
’< Eth) _’ 7€z> 1 jtrbz)‘ < (d / )na,] = y;. (67)

Proof of Lemma[C.3] Notice that 1/12 < «, if the condition (62), (63), (64) holds, 23), 26) and
(27) also holds. Therefore, by Lemma[B.3] we know that Lemma|C.3]also hold. O

Lemma C.4. Under Assumption 3.1} suppose (62), (63), (64) hold at iteration t,b. Then, for all
je{xl}andi€ [n], Fj(WEt’b),xi) < 0.5. Therefore —0.3 > ¢ > —0.7.

Proof. Notice that 1/12 < a, if the condition (62), (63), (64) holds, (23), 26) and (27) also holds.

Therefore, by Lemma L we know that for all j # y; and i € [n], F) (W;t -b) x;) < 0.5. Next we
will show that for j = v;, Fj(Wy b), x;) < 0.5 also holds.

According to Lemma[C.3] we have

FW ) = S o(wll, o)) + (P = Dor(wil) €0)]

r=1

< 2max{|(wi", yag)], (P = D)W1), &)}

~ 32log(6n/é
< 6maX{I<W§?3 ) (P Dl wl?), €], SRy | 20,
1 2
5 Mnog | (t b)| |p§trb2|}
21 1 2
< 6maX{5,SNR\/3 og((iGn/é) na,S\/ og(Gg /6)71 |7](th l, p§trb1}
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< 0.5,

where the second inequality is by (63), (66) and (67); the third inequality is due to the definition of 3;
the last inequality is by 23), (62), (63).

Since Fj(W§-t’b), x;) € [0,0.5] we know that

1 1
03> ———"—— >l > > 0.7
~ 14exp(0.5) = "7 1l4exp(—0.5) —

O

Based on the previous foundation lemmas, we can provide the key lemma of SAM which is different
from the dynamic of SGD.

Lemma C.5. Under Assumption[3.1} suppose (62), (63) and (64) hold at iteration t,b. We have that
if (W &) > 0,k € Ty and j =y, then (w';” + &7 &) <0

J T j ro
Proof. We first prove that there for ¢ < 77, there exists a constant C5 such that

IVwLz, , (W) ||p < C2Po,y/d/B.

Recall that
L (W(t ,b) Z g ’Lf W(t b) ))
ZEIf b
we have
VWJ LIt b(W(t -b) Z VWJ r (yzf(w(t ) ))
’L€I1 b
B Z yil yz tb) XZ))ij,Tf(W(th)yxi)
ZEIt ,b
o 3wl ()t o (W €) - (P - D
ZEIt b
We have
IIij Lz, ,(WED) |
b) b
< o ST o () - mf| | ST o (w6 (P - 1
€L p 1€ 2
<0.7m Y|pls + 1.4(P - 1)m~to,\/d/B
<2Pm™'o,\/d/B
and
IVwLz, (W% = S [V, Lz, , (WED) 3 < 2m(2Pm™"0,/d/B)?,
3ir
leading to
IVwLz, (W) < 2v2Po,\/d]Bm.
From Lemma[C.1] we have

b T
@5 &) = = VwLz, (WO Y Ze’% io ((w)13, % ) (i 1 &)

€Ly pE[P
T _ b) . b
=mB||vaL,,,<W“vb)>||F1-( > 6y (P =)o’ ((wy')” €)) (& &)
€Ly p,iFEk

+ 00 jyi - (P =)o’ (W), €4)) (€x, &)
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830
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837

838

839
840

841

842

843
844
845

846

847

849

+ 3 05 o (WS )<u,§k>)

i€Ltp
T

<——|08B opy/dlog(6n?/§) + 0.4Bo 2log(6n2/4)
mczpap@[ (P — 1)0%/dlog(6r2/3) a2/ Tog(672/3)

—0.15(P — 1)0;54

707%\/;1
mvB
1
- _ 68
T (68)
where we the last equality is by choosing 7 = e ';L)‘F Nk Now we give an upper bound of (w 52, &),
by (67) we have that
log(6n2/4

(Wit &) < 3max{|< w0 €], EOT) 0 b)l} </MAP-1). (69
Combining (68) and (69) completes the proof. O

Lemma C.6. Under Assumption[3.1] suppose ©62), (63), (64) hold at iteration t,b. Then (63) also
holds fort,b+ 1

Proof. Now consider the SAM algorithm. Recall that

P—1) . .
plt D) — gy P ZD7 et rqp® L @0 g0y 2 1y = 5) 10 € Toy).

oty Bm i Jor
Casel:i ¢ 7, . In this case, clearly we have that ﬁg sz+1) = ﬁgtrbz <1/12.

Case2:i € 7, and ( Etrb ,&) > 0, then by Lemma we have that <w§t2 + E;?,,&) <0,
therefore we have that p *(t bH) pgtrbz) <1/12.

—(t;b)

R

Case3:i € 1; ;, and (wj’;, ,&;) < 0 then by (67) and triangle inequality, we can conclude that 5 ;
can not reach a constant order,

1 2
og(G;l /9,

since we only take one small step further,

—(t,b) <(P—l)‘<w(-t’b) 00)751 ’+5

pgrz— 7,r

Then we can give an upper bound for ﬁgt:' 11 -b)

log(6n2/4 P—1)?
,51’&;1’);%1) < (P—1)|<Wj(’t;b) 00)751 ’_|_5 %na—&—%?dcﬁ < 1/12_
O

Proof of Proposition|C.2] 'We will use induction to give the proof. The results are obvious hold at
t = 0 as all the coefficients are zero. Suppose that there exists T < Ty such that the results in
Propositionhold for all time (0,0) < (t,b) < (T — 1,b — 1).We aim to prove that (62), (63).
(64) also hold for iteration (T' — 1,b).

First, we prove that (62) holds for hold for iteration (T' — 1,b). Notice that

(tb+1) _ (t b) Z él(t b) " (t,b)
j T

t,b Ui
7 i) ll3 <2557 + a3

€Lt b

/(t,b+1)

where the last inequality is by the fact that |¢; \ < land o’ < 1. Notice that T — 1 < T}, we

can conclude that,

T.b n
WP STy (n/B) - Ll < 1/12.
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Second, by Lemma . we know that @) holds for (T — 1,b).

Last, we need to prove that (64) holds (7" — 1 b) The prove is similar to previous proof without
SAM.

When (7; kl b=1) —0.5(P —1)3 — 64/ %na, by (29), we have

=g,k P-1 d - P-1 d

T—1,6—1 0,0
(w0 ) < (Wi g +
and we have

e - . - Ty
<g§’1; 1,b U,Ei):@HVWLITAVEA(W(T 1,b 1))”F1 Z Z £;(T 1,b 1)‘7.%
€15y -1 PE[P]

P P_1~

T—1,b—1
o (WY i )) (i, €8

T 15— - T—1,b—1) .
= @”VWLIﬁLg,I(W(T LEDy It ( Z A iy
ieIf"—l,E—l’ifk

(P— 1o’ (W10 g, 64) + 00 jye - (P — 1)’ (w'), €0)) (€, &x)
+ Y 4”l’b”j-a’(<w§-il’g”,yimw,sk))

iezf‘—l,g—l

T [0 8B(P — 1)0%+\/dlog(6n2/8) + 0.ABop| |2 /2 log(6n2/5)

P —
~ mCyPo,V/Bd

<C 7V Ba,+/log(6n2/0)
<Oy

m
_c By/log(6n2/0)
Y osPVd

2
<1 log(6n?/0) no,
P d

and thus (w; (T Lb-1) +e€ A(T Lb= 1),£i> < 0 which leads to

Fo1b) _ (T-1b-1) , NP =1 T 151 (T-15-1) ¢

O T ¢ o' ((w ) &3 s = MG € Ty 5,
(T—1,b— 1)
Byrz

Therefore, we have

Bglf;;lfl;) :BETT;L'E*U > —(P—-1)8—5P wna
When B§T Lb=1) > _0.5(P —1)8 — 5/ loal6n%/9) v, we have that
2 SO
(T—1,b) (T—1,b—1) (P_l) P (T=1b=1) &2
Pt > iy Bl el
13 0.4n(P —1)2
(T—1,6—1) _ J-An~ — )= 2
— T4, Bm QdUP
2
> (P—1)8—5P Mna

d

Therefore, the induction is completed and thus Proposition [C.2] holds.
Next, we will prove that fy(,), can achieve Q(1) after 7y = mB/(12nn||p||3) iterations. By
Lemma E we know that there exists cg - 11 epochs such that at least ¢4 - H batches in these
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epochs, satisfy

_[B 3B
47 4

for both y = +1 and y = —1. For SAM, we have the following update rule for ; ;.

, , Ui ,
gt =00 ST 0 (B €Y ) - 3

(ZOR

r »r Bm
i€Ly NSt
n /(t,b t, t,b
+ 5, ST 2w &R ) - 3.
ieIt,bﬁS’,

If (w; (t b4 Aﬁib), @) > 0, we have

b1 ,b n
L e [P VENAE D VAl 7

iGIt,bﬁS+mS1 iEItﬁbﬂS+ﬂS_1
t,b Ui
>0 4 B (031 NS4 N 81| = 07T N1 S5 N1 Sa) - a3

If (w; (t P4 Agtrb), ) < 0, we have

b+1 b n
i = §-TT’+Bm-[ DTS DA [P

1€L, »NSLNS_1 1€L; NSNSy

b
> A0 Bm (03T, N Sy N S_1| = 0.7|T1s N Sy N S4]) - || pl]3-

Therefore, we have

(1,00 5 " B ——(0.3-¢3Ty - ¢4 H - 0.25B — 0.7T1nq)|| |3

Jr =

= %(0.07503C4T1n —0.7T1nq)|| |3

Ui 2
> — T
= 16Bm6304 1|l
C3Cq
= — = Q(1).
192 (1)

Lemma C.7. Suppose Condmonholds Then we have that HW(TI’O) H2 = @(Uo\/a) and
(wi i) = Q(1),
< (};1;"0)5.]/"0 - Q(l)a
> T 0 T 0
B = 2max{|(wi, w)], (P = D)l(w ", &)[} = 0(1).

9,7

Besides, for Si(t’b) and S j(f;b) defined in Lemmaand we have that
1577 = Q(m), Vi € [n
(Th)) _ .
15,1 = Q(n), Vj € {£1},7 € [m].

Proof of Theorem Recall that
t,b 0,0 t,b) (t,b -
win! = w4 gl et —ij Ll - &
by triangle inequality we have

O 1152 &

w2l = 9 o] < g1 el
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873

874

875

876

877

1 —1 \/ﬁ 2 —1/2
< v

1 _
< <lluliz".

By the condition on o and Lemma[A2} we have
w52, = e (lwi?|l,) = e(euva).

By taking the inner product with @ and &;, we can get

and

(t,b

<Wj,r

Loy = (Wi

< jtrb)aé’b> _< (0 O)7€’L>

= (w'% &)

Then, we have

(71,0)

(VVj,r17 ajl"’
and

Ty,
(w0

)= (w

>

1
>

-2

)= (w

IN

I /\

(0,0
Jir

(T1,0)

7T

n
> {0 — \/2log(12m/3) - oo lpall2 — BE -1

(T
J.r

(0

)

s Jm) +

7T

NOESE

A

b
+i

(T1,0)

:0)

0) .
i dm) =g =

(T1,0)

S A

Ty,
vijr )

]7”’

)

’YJT

[l e

[l e

(Tl’ )

(0,0)

+ (w0 m)l

- (T1,0) =2
T 2_3 PSEIR

(t,

1+ 5 Zp§if,’3 1)

(t,b
H2 <ll'3€l + ijTZ)’

1’1

_ 1 t,b
172 (&) + 58] +

ijT“ Il - (&,

;2 : <£iall'>7

1€0ll2% - (&ir, &)

Z p(t b?/ .
R

z;éz’

jn)

71,0 _
*Z\fé O le5 % (6 )]

)

1 < T’
Fep ) DA Rl 13 PR (38

i=1

(o5d/2)" || ll20 -

jn)

(&, )]

€132 - (€, &)

21log(6n/0)

2log(12m/5) - llle + 13515 (5d/2) " Illaoy - /2Tog(6n/0)

_ 1 (T41,0)

273',

r

b

where the last inequality is by the condition on oy and 7( 10) = Q(1). Thus, it follows that

< (T1,0)

7,7

By triangle inequality, we have

[(w

(11,0)
Wiir

ol

<

IN

K =

Q@), (w9 ) = ().

il + g+ g Z|pj”>| lel5? - 1{€: )]
1ﬁ+i+ L6227 oo, -/ 21oa(6n/0)
2 P—1 12 Hil2op oglon

1

554' ﬁ + m\\ﬂ“z 2log(6n/d)/(opd)

!

67
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and

71,0 0,0 70,0 _ 1 T) 0
(Wit &)l < l(w ‘r),sz>|+|v§r el s €] + 5105

b P
(T1,0)
+ D_1 Z |p],7 i’ HEl ||2 ’ |<£1’a£1>|
1757/
< — — 21 _—
2 —15 2 5
+ 12(P— 0 (0,d/2)" 20, - \/dlog(6n?/0)
<284 ————+ ully o, VIog(6n/0)
=27 TP —1) TgHlz Tprvieeldn
1
< —.
-6

This leads to R (1.0 o
B = 2max{|(wi;", W, (P - DI(wiy &)} = 0(1).

i,5,r
And we also have for ¢ < T} and j = y; that

< jtrb)7 £Z> < 507‘0 ’£1>

1
> oo = lz? 1 € — 5= 2 I 1€ 7 - 1€, €00
z;éz’
Z ’YJT ”“HQ |<l'l’ 51 Z‘p]ﬂ’l ng ||2 |<£z’a£z>‘
z;éz’
1
> — sl . )] - 12( )H&Hz (€, €]

z—iHullz‘lcfr 2log(6n/9) — (02d/2)"120% - \/dTog(6n7/3)

"
2(P— 1)
H,u||2 op - v/ 2log(6n/d) — \/log 6n2/6)/d
> —6||N||5 7y /108 (60/5).

Now let 5" denote {r : (wi'? &) > opo,V/d)} and let 5”](-’0;0) denote {i € [n] : y; =

7, <w7(f br), i) > 090,V/d}. By the condition on ¢, we have for ¢t < T} that

(t,b) L (@0
i )y Qb 2 bR Y2
(w7, &) ﬁ< i 2 &i)s

forany r € S'i(o’o) ori € S](?T’O). Therefore, we have Si(o,o) - Si(Tl’O) and 5'](-,0;0) - SJ(,TTI’O) and hence
0.80(—v2)m < |8 < |89 = a(m),
&(0,0 71,0
0.250(—v2)n < [S00] < |STTH)| = (),
where ®(-) is the CDF of the standard normal distribution. O

Now we can give proof of Theorem ]

Proof of Theorem[d  After the training process of SAM after T}, we get W (71:0) | To differentiate
the SAM process and SGD process. We use W to denote the trajectory obtained by SAM in the
proof, i.e., W(T1-:9) By Proposition we have that

7 (Tl 70)

~(0 0) ~(T1,0) M 1< ~(T0) & I o &
7 + 57 2 Pl Tt 572 L5
RO D A T R ey DI T
(70)
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where fy(Tl’O) = 0(1), 7§7;110) € [0,1/12], Eﬁlzo) € [-8 — 104/log(6n2/d)/dn,0]. Then the
SGD start at W00 := W(T1.0) Notice that by Lemma we know that the initial weights
of SGD (i.e., the end weight of SAM) W (0:0) gti]] satisfies the conditions for Subsection and
[B2] Therefore, following the same analysis in Subsection [B.I]and [B:2} we have that there exist
t=0(mte tmnd= P2 0, %) such that Ls(W(*0)) < ¢. Besides,

n n

(t0) _ (0.0) , . (t0) M 1 o) & 1 oy &

. — \ . N \ [ AR 71

Wir = Wir TJ Vs IME Tp1 pr,z BE TP Zﬁg,m €12 71
i=1 i=1 2

for j € [£1] and r € [m] where

]rz

Pyj(tTO — O(SNR?) Z ﬁyrol o0 ¢ € [0,q], BEZOZ € [—a,0]. (72)
i€[n]

Next, we will evaluate the test error for W (%) Notice that we use (¢) as the shorthand notation of

(t,0). For the sake of convenience, we use (x,y,y) ~ D to denote the following: data point (x, y)

follows distribution D defined in Definition and ¥ is its true label. We can write out the test error

as

Psy)~p (y # sign(f (W, x)))
= Plseyyon (3/ (WP, %) <0)
= P(x,y)~D (yf(W(t),x) <0,y #7) +Pgy~p (yf(W x) <0,y =7) (73)
=1 Plagayn (TF (WY, %) 2 0) + (1= p) - Pxgyyon (5./ (WP, x) < 0)
< p+ Py~ (GF (WY, x) <0),

where in the second equation we used the definition of D in Definition [2.1] It therefore suffices to
provide an upper bound for P 5)~p @f(W(t), x) < 0). To achieve this, we write x = (yu, &),
and get

/y\f(W(t)7 Zyj r’yl‘l’>) (< ]r7£>)]
=%Z[ (w5 + (P — Der((wll), €]
—fz (W' G + (P = Do((w') €))] (74)

The inner product with j = ¥ can be bounded as

n

~ 0 _ ~ 1
(Wit ) = (i) ) + ) + Py -||£i||22-<a-,yu>+(P_l)ng” €52
0) ~ 210g(6n/6)
> (Wi Gm) + él—ﬁ-%num (07d/2)" prﬁleSU

<wy ) ) + 750 — 0(1/log(n/0) - (Popd)™"||sll2) - O(SNR™2) - vgl
= (W), ) [ O (V1og(n/8) - Pay/llull2) |75
= (Wi Gp) + (1))
=Q(1 )
(75)
where the inequality is by Lemma[A T} the second equality is obtained by plugging in the coefficient
orders we summarized at (]7_7[) the third equality is by the condition SNR, = ||||2/Po,V/d; the

fourth equality is due to [|]|3 > C'- P20 log(n/6) in Condltron , so for sufficiently large constant
C the equality holds; the last equality i 1s by Lemma [C.7} Moreover we can deduce in a similar
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907 manner that

(W gy = (W) ) — +Zp<_*;r,,||eiu2 &, —T) +Zp<t> - N&illz? - (& )

Y,

< (W G) — 2+ /TTog6n9) - oIl - (02d/2) [Z RS SEN

—Y,7
i=1 i=1

=W gu -6 )
=-0Q(1)<0

(76)
908 where the second equality holds based on similar analyses as in (73).

909 Denote g(£) as ), a(( 7y »&)). According to Theorem 5.2.2 in|Vershynin| (2018), we know that
910 for any z > 0 it holds that
2

B(9(€) — Eg(§) > 2) < exp (= —r— ), an

2(( 4112
Oy Hg”Lip
911 where c is a constant. To calculate the Lipschitz norm, we have

m

9(6) — o(€)| = Zﬁ“w%’@)‘i"“ yr,s>>‘
g§|a<<w§;,7.,s>> o((w &)
g§< W) e—g)
<iH w - 1€ =€l

912 where the first inequality is by triangle inequality; the second inequality is by the property of ReL.U;
913 the last inequality is by Cauchy-Schwartz inequality. Therefore, we have

t
lglLip < Z W, (78)
o14 and since <w(_%,r, £ ~N(0, ||w_y I302), we can get
lw'*) l20p _
=3 Eoliny ) = 3 A G et
gor gt gy
915 Next we seek to upper bound the 2-norm of wj(tl First, we tackle the noise section in the decomposi-

916 tion, namely

2
&2 &
2

1) 2 _ t t _ _
:Zpg,f.,i ez +2 0 >0 A €I €122 (s E)
=1

1<iy <iz<n

n
2
<4027 P T2 ST e\ e\ | (160, 4d72) - (202/dlog(6n2/6))

i=1 1<iy<ia<n

n 2 n 2
SRR IR ES Rl O ST I o

=1 =1
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_zd prf_k@ —2d 3/2 (Z’/’Jt) ’)
i=1

i=1

< [6(0;2d 'nY) + O(0, 2d~3/?)] (Z|P§t2l|+2|f’]”)
< O(0,%d 'n) (Zpﬁtiz)
i=1

017 where for the first inequality we used Lemma[A.T} for the second inequality we used the definition of
918, p; for the second to last equation we plugged in coefficient orders. We can thus upper bound the

fw® ae:
ot9  norm of w; " as:

(®

— t —
lwi o < w2 lla + 78 - pll; <,’,A-\|si||22-5i

< lwjollla +757 - ellz* + ©(P 1o, 20 2) Zpﬂz

i=1
n

= O(ooVd) + O(P 1o, td V20 12) N Bl (79)

920 where the first inequality is due to the triangle inequality, and the equality is due to the following
921 comparisons:

v llellz’

@(P_lo';ld 1/2 —1/2) Ezl 1/)5121
=O(P o, 1d 02 |u])

—=0(1)

= O(P0,d"/*n'/? ||, 'SNR?)

22 based on the coefficient order Y ;- ; 2 . l/'yj M (SNR_Q) the definition SNR. = || p||2/(0pVd),

923 and the condition for d in Condition and also Hw i ||2 = O(0¢V/d) based on Lemma With
924 this and (73), we analyze the key component in (B3):

Sooltwin i) o(1)
(P = 1o, S, Wi, ©louvd) +O(P—1oy d-12n12) - S50 1)
o(1) (80)
O(0oVd) + O(P~lo, td=1/2n1/2q)
> min{Q(oy 'dY?),Q(Po,d/?n"2a71)}
> 1.
925 It directly follows that

N (P—-1)o -

S o((wi) gu)) - ) pZHw Ol @81)

T r=1

926 Now using the method in (77) with the results above, we plug (76) into (74) and then (73)), to obtain

P(x,@,y)w’D (/y\f(W(t)’ X) < 0) (82)
< P<x,g,y>~p(zo<<w<_%ws>> > (1P -1) Y o((w (m»)

- m -Y,

r=1

=P<X,g,y>wp<g<§>—ﬁg<s>z(1/<P—1>>Za<< O Guy) — 2 Z|w<tlr||2)
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Table 1: ImageNet accuracy of ResNet-50 when we vary the starting point of using the SAM update
rule, baseline result is 76.4%.

T 10% 30% 50% 70% 90%

001 769 769 769 7677 76.7
002 771 770 769 768 76.6
005 762 764 763 763 762

l c((1/(P_1))2Ta(<wgl,§u>)—(%N@Zr 1||W(_t§,r||2)2]
<exp|—
0%( ey |[w (-?MH)
>, o (W) ) ?
- [_ C<<P Doy Sy w0 [, Um) }
> o((w r’§“>) ?
(P_l)Uer 1||W(—)§ H2> )

where the second inequality is by and plugging into (77), the third inequality is due to the
fact that (s — t)? > s2/2 — t2,Vs,t > 0.

And we can get from (80) and (83) that

< exp(c/2m) exp < - O.5c< (83)

P g~ (TF (W, x) < 0) < exp(c/27) exp ( _ 0.56( >, o((wi) Gu)) )2)

(P =)o, S0, w1l
< exp (% — C'min{oy2d™", Paf)dn_ a_2})

< exp ( — 0.5Cmin{o,%d™", Pof,dn_la_Q})

<6

where ¢ = O(1), the last inequality holds since o2 < 0.5Cd~!log(1/e) and d >
2C~'P~ 1o, ?na?log(1/e).

O

D Additional Experiments

In this section, we provide the experiments on real data sets.

Varying different starting points for SAM In section ] we show that the SAM algorithm can
effectively prevent noise memorization and thus improve weak feature learning. Is SAM also effective
if we add the algorithm at the end of the training? We conduct experiments on the ImageNet dataset
with ResNet50. We choose the batch size as 1024 and the model is train for 90 epochs with the
best learning rate in grid search {0.01,0.03,0.1,0.3}. The learning rate schedule is 10k steps linear
warmup then cosine decay. As shown in Table[D] the earlier SAM is introduced, the more pronounced
its effectiveness becomes.

SAM with additive noises Here, we conduct experiments on the CIFAR dataset with WRN-16-8.
We add Gaussian random noises to the image data with variance {0.1, 0.3, 1}. We choose the batch
size as 128 and train the model over 200 epochs using a learning rate of 0.1, a momentum of 0.9,
and a weight decay of 5e — 4. The SAM hyperparameter is chosen as 7 = 2.0. As we can see from
Table[2] SAM can consistently prevent noise learning and get better performance, compared to the
SGD, vary from different additive noises level.
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Table 2: CIFAR accuracy of wide ResNet when adding different level of Gaussian noise.

Model Noise Dataset Optimizer Accuracy
WRN-16-8 - CIFAR-10 SGD 96.69
WRN-16-8 - CIFAR-10 SAM 97.19
WRN-16-8  N(0,0.1) CIFAR-10 SGD 95.87
WRN-16-8 N(0,0.1) CIFAR-10 SAM 96.57
WRN-16-8 N (0,0.3) CIFAR-10 SGD 92.40
WRN-16-8  N(0,0.3) CIFAR-10 SAM 93.37
WRN-16-8  A(0,1)  CIFAR-10 SGD 79.50
WRN-16-8  A(0,1)  CIFAR-10 SAM 80.37
WRN-16-8 - CIFAR-100 SGD 81.93
WRN-16-8 - CIFAR-100 SAM 83.68
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