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Abstract

A wide array of modern machine learning applications — from adversarial models to
multi-agent reinforcement learning — can be formulated as non-cooperative games
whose Nash equilibria represent the system’s desired operational states. Despite
having a highly non-convex loss landscape, many cases of interest possess a latent
convex structure that could potentially be leveraged to yield convergence to an
equilibrium. Driven by this observation, our paper proposes a flexible first-order
method that successfully exploits such “hidden structures” and achieves conver-
gence under minimal assumptions for the transformation connecting the players’
control variables to the game’s latent, convex-structured layer. The proposed
method — which we call preconditioned hidden gradient descent (PHGD) — hinges
on a judiciously chosen gradient preconditioning scheme related to natural gradi-
ent methods. Importantly, we make no separability assumptions for the game’s
hidden structure, and we provide explicit convergence rate guarantees for both
deterministic and stochastic environments.

1 Introduction

Many powerful Al architectures are based on the idea of combining conceptually straightforward
settings coming from game theory with the expressive power of neural nets. Some prominent
examples of this type include generative adversarial networks (GANs) [14], robust reinforcement
learning [36], adversarial training [26], multi-agent reinforcement learning in games [35, 39, 40], and
even multi-player games that include free-form natural-language communication [4]. Intuitively, in
all these cases, the game-theoretic abstraction serves to provide a palpable, easy-to-understand target,
i.e., an equilibrium solution with strong axiomatic justification. However, from a complexity-theoretic
standpoint, such targets are excessively ambitious, requiring huge amounts of data to express and
compute, even approximately. Because of this, the agents’ policies must be encoded via a universal
function approximator (such as a neural net) and training this architecture boils down to iteratively
updating these parameters until the process — hopefully! — converges to the target equilibrium.

Unfortunately, despite the ubiquitousness of these settings, the design of algorithms with provable
convergence guarantees is still relatively lacking. This deficit is not surprising if one considers
that even the — comparatively much simpler — problem of equilibrium learning in finite games is
hindered by numerous computational hardness [9, 10] as well as dynamic impossibility results
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[15, 16, 19, 24, 30, 31]. In this regard, our best hope for designing provably convergent algorithms is
to focus on specific classes of games with some useful structure to exploit.

One of the most well-established frameworks of this type is the class of monotone games whose
study goes back at least to Rosen [37]. As special cases, this setting includes single-agent convex
minimization problems, two-player convex-concave min-max games, diagonally convex N -player
games, etc. Owing to this connection, there has been a proliferation of strong positive results at
the interface of game theory and optimization, see e.g., [28, 38] and references therein. In our case
however, the agents do not play this monotone game directly, but can only access it indirectly via
an encoding layer of control variables — like the weight parameters of a neural net that outputs a
feasible strategy profile for the game in question. In this sense, from a machine learning perspective,
the strategies of the game are latent variables, so we can think of each player as being equipped
with a smooth mapping from a high-dimensional space of control variables to the strategy space
of the game. Importantly, in contrast to the control variables, the latent variables are not directly
accessible to the players themselves and should only be viewed as auxiliary variables — to all extents
and purposes, the goal remains to find an operationally desirable control layer configuration. In this
sense, the convex structure of the game becomes “hidden” behind the control layer, which entangles
multiple input/control variables into nonlinear manifolds of latent variables.

As aresult, the convex structure of the underlying game is effectively destroyed, resulting in highly
non-convex end-to-end interactions. This raises the following central challenge:

Can we design provably convergent algorithms for non-convex games with a hidden
structure in the presence of general couplings between control and latent variables?

Prior work in the area has shown that this is a promising and, at the same time, highly challenging
question. In [41], the setting of hidden bilinear games was introduced and a number of negative results
were presented, to the effect that gradient-descent-ascent can exhibit a variety of non-convergent
behaviors, even when the game admits a hidden bilinear structure. Subsequently, [13] provided
an approximate minimax theorem for a class of two-agent games where the players pick neural
networks, but did not provide any convergent training algorithm for this class of games. Instead,
the first positive result on the dynamics of hidden games was obtained by [42] who established a
series of non-local convergence guarantees to the von Neumann max-min solution of the game in the
case of two-agent hidden strictly convex-concave games for all initial conditions satisfying a certain
genericity assumption. This approach, however, only applied to continuous-time dynamics — not
algorithms — and it further imposed strong separability assumptions on the representation of the game
in the control layer. More recently, [32] established the first global convergence guarantees in hidden
games but, once again, these apply only to continuous-time dynamics and a special case of two-agent
convex-concave games (akin to playing a convex combination of hidden games with one-dimensional
latent spaces). This paper is the closest antecedent to our work as it introduces a dynamical system,
called Generalized Natural Gradient Flow, which makes the L2 norm between the equilibrium in the
hidden game and the current set of latent variables a Lyapunov function for the system.

Our results & techniques.  Our paper seeks to provide an affirmative answer to the key challenge
above under minimal assumptions on the coupling between latent and control variables. To that effect,
we only assume that each agent is able to affect a measurable change along any latent variable by
updating their control variables appropriately; without this assumption spurious equilibria can emerge
due to the deficiency of the control layer architecture. Importantly however, even though the map
from control to latent variables is known to the players, we do not assume that it can be efficiently
inverted (e.g., to solve for a profile of control variables that realizes a profile of latent variables).
Otherwise, if it could, the entire game could be solved directly in the latent layer and then ported
back to the control layer, thus rendering the whole problem moot — and, indeed, when working with
realistic neural net architectures, this inversion problem is, to all intents and purposes, impossible.

For intuition, we begin by designing a new continuous-time flow, that we call preconditioned hidden
gradient dynamics, and which enjoys strong convergence properties in games with a hidden strictly
monotone structure (Proposition 1). Similarly to [32], this is achieved by using the L2 norm in the
latent layer as a Lyapunov function in the control layer; however, the similarities with the existing
literature end there. Our paper does not make any separability or low-dimensionality assumptions, and
is otherwise purely algorithmic: specifically, building on the continuous-time intuition, we provide a
concrete, implementable algorithm, that we call preconditioned hidden gradient descent (PHGD);
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Figure 1: A hidden game of Rock-Paper-Scissors with strategies encoded by two multi-layer percegtrBss, (
whose4-dimensional input is dictated by the two players (82]). The nonlinearity of theMLP representation

maps leads to a highly non-convex non-concave zero-sum game. However, by employing PHGD, both players'
MLP control variables accurately identify tli&=3; 1=3; 1=3) equilibrium in the game's latent space.

this algorithm is run withstochastic gradientsand enjoys a series of strong, global convergence
guarantees in hidden games.

First, as a baseline, Theorem 1 shows that a certain averaged process ach@(/bspeﬁ) conver-

gence rate in all games with a hidden monotone structure and Lipschitz continuous loss functions. If
the hidden structure is strongly monotone, Theorem 2 further shows that this rate can be improved
to O(1=t) for theactualtrajectory of the players' control variables; and if the algorithm is run with

full, deterministic gradients, the rate beconge®metrig(Theorem 3). To the best of our knowledge,
these are the rst bona de algorithmic convergence guarantees for games with a hidden structure.

2 Problem setup and preliminaries

Throughout the sequel, we will focus on continudusplayer games where each player, indexed by

i 2N = f1;:::;Ng, has a convex set @ontrol vgi;iables i 2 i = R™ and a continuously
differentiableloss function;: ! R,where = ~, ; denotes the gametontrol space For
concreteness, we will refer to the tuple ( N; ;) as thebase game

The most relevant solution concept in this setting is thataah equilibriumi.e., an action pro le

2 that discourages unilateral deviations. Formally, we say th& is aNash equilibriunof
the base game if

\i( ) \i(i; i) forall {2 ,i2N (NE)

where we employ the standard game-theoretic shorthand ;) to distinguish between the action of
thei-th player and that of all other players in the game. Unfortunately, designing a learning algorithm
that provably outputs a Nash equilibrium is a very elusive task: the impossibility results of Hart &
Mas-Colell[15, 16] already preclude the existence of uncoupled dynamics that converge to a Nash
equilibrium in all games; more recently, Milionis et g81] established a similar impossibility result
even for possiblyoupleddynamics (in both discrete and continuous time), while Daskalakis et al.
[9, 10] has shown that even tkemputatiorof an approximate equilibrium can be beyond reach.

In view of this, our work focuses on games with a hiddatentstructure that can be exploited to
compute its Nash equilibria. More precisely, inspired by [41, 42] we have the following de nition.

De nition 1. We say thatthe game ( N; ;°) admits datent— or hidden— structureif:

1. Each player's control variables can be mapped faithfully to a closed convexlagttfvariables
Xi 2 X; RY: formally, we posit that there exists a Lipschitz smooth map ; ! X ; with
no critical points and such that( i( i)) = X.

2. Each player's loss function factors through the garant spaceX = Qi Xi as
GO)=fiC et nOn)) )
for some Lipschitz smooth functidin: X ! R called the player'$atent loss function

For concreteness, we will refer to the product mgp) = ( i( i))i2n as the game'sepresentation
map and the tuplé&s G (N ; X; f) will be called thehidden/latent gameTo simplify notation later
on, we also assume thdt has nonempty topological interior, so, in particuim(X;) = di m;.

We illustrate the above notions in two simple — but not simplistic — examples below; for a schematic
representation, cf. Fig. 2.



m

Control variables R )
, Latent variables

R

.
—

Figure 2: Schematic representation of a game with a hidden/latent structure.

Example 2.1. Consideg a single-agent gani¢ & 1) where the objective is to minimize the non-
convex function ( )= ', (sigmoid( ) )2 over a datasdd = fs g. This problem can be

recast as a hidden convex problem wfittx) = jDil (x s )?and ()= sigmoid( ).

Example 2.2. A more complex scenario involves non-convex/non-concave min-max optimization
problems of the fornrmin , max , 1( 1)! C 2( 2) where ; and , are precon gured multi-layer
perceptronsNILPs) constructed with smooth activation functions (such as CelLUs). This problem

can be reformulated as a hidden bilinear problem by settifwy; ; X5) = x'1Cx2 = fa(x1;X2).

Before moving forward, there are some points worth noting regarding the above de nitions.

Remarkl. First, the requiremendl( ()) = X means that all latent variable pro les2 X can be
approximated to arbitrary accuracy in the game's control space. The reason that we do not make the
stronger assumption() = X is to capture cases like the sigmoid map: {f) =[1+exp( )] *

for 2 R, the image of is the interval0; 1), which is convex but not closed.

Remark2. Second, the requirement thahas no critical points simply means that, for any control
variable con guration 2 , the Jacobiadac( ( )) of at has full rank. By the implicit function
theorem R3], this simply means that locally looks like a projection (in suitable coordinates around

), so it is possible to affect a measurable change along any feasible latent direction by updating each
player's control variables appropriately. This is no longer true fifas critical points, so this is a
minimal requirement to ensure that no spurious equilibria appear in the game's latent space.

To proceed, we will assume that the latent gandiagonally convexn the sense of Rosd87], a
condition more commonly known in the optimization literaturevamotonicity{12]. Formally, let

g(x)=rifi(x) =1 xfi(x) (2)
denote the individual gradient of the latent loss function of play@ N , and writeg(x) =

« Monotoneif hg(x% g(x); x° xi Oforallx;x%2 X: (3a)
« Strictly monotonéf (3a) holds as a strict inequality whenevété x: (3b)
« Strongly monoton# hg(x% g(x); x° xi kx® xk? for some > 0Oand allx;x% (3c)

Clearly, strong monotonicity implies strict monotonicity, which in turn implies monotonicity; on
the other hand, when we want to distinguish between problems that are monotone but not strictly
monotone, we will say thag is merely monotoned-inally, extending the above to the base game, we
will say that admits ahidden monotone structukghen the latent gam@ is monotone as above

(and likewise for strictly / strongly monotone structures).

Examples of monotone games include neural Kelly auctions and Cournot oligofmle20, 25],
covariance matrix optimization problems and power con@) 9, 38], certain classes of congestion
games 34, etc. In particular, in the case of convex minimization problems, monotonicity (resp.
strict/ strong monotonicity) corresponds to convexity (resp. strict/ strong convexity) of the problem's
objective function. In all cases, it is straightforward to check that the image ( ) of a Nash
equilibrium 2 of the base game satis es a Stampacchia variational inequality of the form

hg(x );x xi 0 forallx2X: (SVI)
In turn, by monotonicity, this characterization is equivalent to the Minty variational inequality
hg(x); x xi 0 forallx2X: (MVI)



To avoid trivialities, we will assume throughout that the solutionsetof (SVI)/(MVI) is nonempty.
This is a standard assumption without which the problem is not well-posed — and hence, meaningless
from an algorithmic perspective.

Notation. To streamline notation (and unless explicitly mentioned otherwise), we will denote
control variables by; and , andpve will writex; = i( {) andx = () for the induced latent
variaples. We will also writen ;== ; m; for the dimensionality of the game's control spacend

d:= ,d; for the dimensionality of the latent spaXe(so, in generalm  d). Finally, when the
representation map is clear from the context, we will writd; ( ) = Jac( i( i)) 2 Rd M for

the Jacobian matrix of; at ; 2 ;,andJ( )= ; Ji( i) for the associated block diagonal sum.

3 Hidden gradients and preconditioning

We are now in a position to present our main algorithmic scheme for equilibrium learning in games
with a hidden monotone structure. In this regard, our aim will be to overcome the following limitations

in the existing literature on learning in hidden game}ti{e literature so far has focused exclusively

on continuous-time dynamics, with no discrete-time algorithms proven to ef ciently converge to a
solution; (i ) the number of players is typically limited to two; and ) the representation maps are
separabldn the sense that the control variables are partitioned into subsets and each subset affects
exactly one latent variabfe.

We start by addressing the last two challenges rst. Speci cally, we begin by introducing a gradient
preconditioning scheme that allows us to design a convegmninuous-timalynamical system

for hidden monotone games with arbitrary number of players ando separabilityrestrictions for

its representation maps. Subsequently, we propose a bona de algorithmic scheme — which we call
preconditioned hidden gradient desc¢RHGD) — by discretizing the said dynamics, and we analyze

the algorithm's long-run behavior in Section 4.

3.1. Continuous-time dynamics for hidden games.To connect our approach with previous works

in the literature, our starting point will be a simple setting already captured within the model of
[32], min-max games with a hidden convex-concave structure and unconstrained one-dimensional
control and latent spaces per player, i.e.= R = X; fori =1;2. We should of course note that

this speci ¢ setting is fairly restrictive and not commonly found in deep neural network practice:
in real-world deep learning applications, neural nets generally comprise multiple interconnected
layers with distinct activation functions, so the input-output relations are markedly more complex
and intertwined. Nevertheless, the setting's simplicity makes the connection with natural gradient
methods particularly clear, so as in [32], it will serve as an excellent starting point.

Concretely, Mladenovic et al. [32] analyze thatural hidden gradient dynamics
- 1 O
TR @

The reason for this terminology — and the driving force behind the de nitiofNéfGD) — is the

observation that, in one-dimensional settings, a direct application of the chain rule to the de ning

relation™; = f; of the game’s latent loss functions yiel@=@; = P( i) @f=@xso, in turn,
(NHGD) becomes
1 @f

L= =1 4
N X i) @x “)
where, for simplicity, we are tacitly assuming tha{ ;)°> 0.

foralli 2 N : (NHGD)

This expression brings two important points to light. First, even thqb#GD) is de ned in terms

of the actual, control-layer gradien®;=@; of , Eq. (4) shows that the dynamics are actually
driven by the latent-layer, “hidden gradieng'(x) = @f=@xof G. Second, the preconditioner
i % 1)j 2 in (NHGD) can be seen as a Riemannian metric aninstead of de ning gradients
relative to the standard Euclidean metric of RN, (NHGD) can be seen as a gradient ow relative

- . . . P .
1The separability assumption also rules out the logit represenixiof; ) exp( i ) thatis standard
when the latent structure expresses mixed strategies in a nite game.



to the Riemannian metrig; ( )= § 2( i), which captures the “natural” geometry induced by the
representation map.?

From an operational standpoint, the key propertfNtfiGD) that enabled the analysis &7] is the
observation that the? energy function

E()= 2k () xK (%)

between the latent representatios () of and a solutiorx of (SVI)/ (MVI) is a Lyapunov
function for (NHGD). Indeed, a straightforward differentiation yields

1d X
E()= S5k x K=" x (6 x)= (N0 x) 0 (©
with the penultimate step following froif@) and the last one fror(MVI) . It is then immediate to see

that the latent orbitg(t) = ( (t)) of (NHGD) converge to equilibrium in strictly monotone games.

The approach in the example above depends crucially on the separability assumption which, among
others, trivializes the problem. Indeed, if there is no coupling between control variables in the game's
latent space, the equations= ;( j) can be backsolved easily for(e.g., via binary search), so

it is possible to move back-and-forth between the latent and control layers, ultimately solving the
game in the latent layer and subsequently extracting a solution con guration in the control layer.
Unfortunately however, extending the constructiorfiHGD) to a non-separable setting is not clear,

so it is likewise unclear how to exploit the hidden structure of the game beyond the separable case.

To that end, our point of departure is the observation that the Lyapunov pr¢fedfythe energy
functionE () is precisely the key feature that enables convergenéstdGD). Thus, assuming that
control variables are mapped to latent ones via a general — but possibly highly coupled — representation

map : !X ,we will consider an abstract preconditioning scheme of the form

+= Pi()vi() (1)
where

vit)=r 5i() (8)

denotes the individual loss gradient of playewhile the preconditioning matriR;( ;) 2 R™ ™M
is to be designed so théa) still holds undel(7). In this regard, a straightforward calculation (which
we prove in Appendix A) yields the following:

Lemma 1. Under the dynamicé7), we have
X

E()= o G M ICHOPICOECNCiC) xp) )
where, as per Section d;( ) 2 RY ™M denotes the Jacobian matrix of the mapg ;! X ;.
More compactly, letting® := ; P; denote the block-diagonal ensemble of the players' individual
preconditioning matrice®; (and suppressing control variable arguments for concigsiare have

E= gx) JPI! (x x) (10)

In view of Lemma 1, a direct way to achieve the target Lyapunov progéjtyould be to nd a
preconditioning matri® such thattiPJ | = |. However, sincd is surjective (by the faithfulness
assumption for ), the Moore-Penrose inversé of J will be a right inverse td, i.e.,JJ* = I.
Hence, letting? = (J! J)* = J*[J*], we obtain:

JPIL =33l =33 @A al =1 1= (11)
In this way, unraveling the above, we obtain tireconditioned hidden gradient ow
+= Pi(D)riiC) with Pi()=[3i( D' 3" (PHGF)

By virtue of design, the following property of (PHGF) is then immediate:

Proposition 1. Suppose that admits a latent strictly monotone structure in the sens€b). Then
the energy functiob) is a strict Lyapunov function fofPHGF) and every limit point of (t) isa
Nash equilibrium of .

2We do not attempt to provide here a primer on Riemannian geometry; for a masterful introductic@®] see [



Figure 3: Exploiting a hidden convex struc-
ture in the control layer. On the left, we
present the dynamid®HGF)in the example

of minimizing the simple functiorf ( ) =
KL(logit( 1; 2)k(1=2;1=3;1=6)) over

R2. In the sub gure to the right, we illustrate
the hidden convex structure of the energy land-

scape, from the non-convex sublevel sets of
to the latent spac¥ f (x1;x2) 2 R?, :
X1+ X2 1g.

Proposition 1 validates our design choices for the preconditioning nfratas it illustrates that

the dynamic§PHGF) converge to Nash equilibrium, without any separability requirements or
dimensionality restrictions; in this regard, Proposition 1 already provides a marked improvement over
the corresponding convergence result3ff|[for (NHGD). To streamline our presentation, we defer

the proof of Lemma 1 and Proposition 1 to Appendix A, and instead proceed directly to provide a
bona de, algorithmic implementation of (PHGF).

3.2. Preconditioned hidden gradient descent.In realistic machine learning problems, any algorith-

mic scheme based ¢RHGF)will have to be run in an iterative, discrete-time environment; moreover,
due to the challenges posed by applications with large datasets and optimization objectives driven
by the minimization of empirical risk, we will need to assume that players only have access to a
stochastic version of their full, deterministic gradients. As such, we will make the following blanket
assumptions that are standard in the stochastic optimization literature [17, 21]:

Assumption 1. Each agent's loss function is an expectation of a random funttion I R
over a complete probability spate; F;P),i.e.,”i( )= E[Li( ;!)]. We further assume that:

1. Li( ;!)ismeasurableih and -Lipschitzsmoothin (forall 2 and! 2 respectively).
2. The gradients df; have bounded second moments, sep , E[kr Li( ;!)k’] M2

Taken together, the two components of Assumption 1 imply that gashdifferentiable and Lipschitz
continuous (indeed, by Jensen's inequality, we Hesfe L;( ;! )k® E[kr Li( ;!)k?] M?2).
Moreover, by standard dominated convergence argumemtg, ;! ) can be seen as an unbiased
estimator ofr “( ), thatis,”j( )= E[r Li( ;! )] forall 2 . Inview of this, we will refer to the
individual loss gradients ;L;( ;! ) of playeri 2 N as the player's individuadtochastic gradients

With all this in mind, thepreconditioned hidden gradient descatgorithm is de ned as the stochastic
rst-order recursion
il =i tPit Vit (PHGD)
where:

1. i denotes the control variable con guration of playe N at each stage=1;2;:::

2. > Ois avariable step-size sequence, typically of the foymh 1=t° for somep 2 [0; 1].

3.Pit = Pi(i)=[Ji( i) Ji( ix)]" isthe preconditioner of playér2 N at thet-th epoch.

4. Vi = r iL( it;!¢)isanindividual stochastic loss gradient generated at the control variable
con guration ¢ by ani.i.d. sample sequente2 ,t=1;2;:::

The basic recursioPHGD) can be seen as a noisy Euler discretization of the continuous ow
(PHGF) in the same way that ordinary stochastic gradient descent can be seen as a noisy discretization
of gradient ows. In this way(PHGD)is subject to the same dif culties underlying the analysis of
stochastic gradient descent methods; we address these challenges in the next section.

4 Convergence analysis and results

In this section, we present our main results regarding the converge(eel&D)in hidden monotone

games. Because we are interested not only on the asymptotic convergence of the method but also
on itsrate of convergence, we begin this section by de ning a suitable merit function for each
class of hidden monotone games under consideration; subsequently, we present our main results in



Section 4.2, where we also discuss the main technical tools enabling our analysis. To streamline our
presentation, all proofs are deferred to Appendix B.

4.1. Merit functions and convergence metrics.In the variational context ofSVI)/(MVI), the
quality of a candidate solutichis typically evaluated by means of thestricted merit function

Gapc(R) = supyxocg(x); ® - xi (12)

where the “test domainCis a relatively open subset &f [3]. Theraison d'étreof this de nition is
that, if g is monotone and 2 C is a solution of (SVI)/(MVI), we have

hg(x); x xi hgx);x xi 0 forallx2C,; (13)

so the supremum i(B.6) cannot be too positive ¥ is an approximate solution ¢&VI)/ (MVI) . This
is encoded in the following lemma, which, among others, justi es the terminology “merit function”:

Lemma 2. Suppose thag is monotone. IR is a solution of(SVI)/ (MVI) , we haveGap:(%X) =0

whenever 2 C. Conversely, ilGap:(%) = 0 andCis a neighborhood at in X, then® is a solution
of (SVI)/(MVI).

Lemma 2 extends similar statements by Auslender & Tebd8]land Nesteroy33]; the precise
variant that we state above can be found ih put, for completeness, we provide a proof in
Appendix B.

Now, since a latent variable prolg = ( ) solves(SVI) if and only if the control variable
con guration  is Nash equilibrium of the base game, the quality of a candidate solon with
2 = (") can be assessed by the induced gap function

Gap(") = Gapy ( (") =supx Mo(X); R xi: (14)

Indeed, sinc& = (") 2 X, Lemma 2 shows thabBap(”) 0 with equality if and only if#

is a Nash equilibrium of the base game In this regard, Eq. (14) provides a valid equilibrium
convergence metric for, so we will use it freely in the sequel as such; for a discussion of alternative
convergence metrics, we refer the reader to Appendix B.

4.2. Convergence results.We are now in a position to state our main results regarding the equilib-
rium convergence properties (!HGD). To streamline our presentation, we present our results from
coarser to ner, starting with games that admit a hiddegrelymonotone structure arstochastic
gradient feedback, and re ning our analysis progressively to games with a hétideiglymonotone
structure andull gradient feedback.In addition, to quantify this distortion between the game's latent
and control layers, we will require a technical regularity assumption for the game's representation
map : !X .

Assumption 2. The singular values of the Jacobia( ) of the representation mapare bounded as

G €9Q0()IO)) A (15)
for some min; max 2 (0;1 ) and forall 2

With all this in hand, we begin by studying the behavio(BHGD)in games with a hidden monotone
structure.

Theorem 1 (PHGDin hidden monotone gamespuppose that players ruffHGD)in a hidden
monotone game Witrrt,learning ratg / 1=t'*2. Then, under Assumptions 1 and 2, the averaged

process{2 't!? tS:l Xs enjoys the equilibrium convergence rate

E[Gap( )] = Oflogt=" ©): (16)

As far as we are aware, Theorem 1 is the rst result of its kind in the hidden games literature — that
is, describing the long-run behavior of a discrete-time algorithm with stochastic gradient input. At
the same time, it is subject to two important limitations: the rst is that the averaged stzd@not

3As expected, convergence rates improve along the way.
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be ef ciently computed for general representation maps; second, even if it could(libgt="t)
convergence rate is relatively slow. The two results that follow show that both limitations can be
overcome in games with a hiddstronglymonotone structure.

In this cas€SVI)/(MVI) admits a (necessarily) unique solutonin the game's control space, so
we will measure convergence in terms of the latent equilibrium distance

Em(" =ik () x k% (17)
With this in mind, we have the following convergence results:

Theorem 2(PHGDIin hidden strongly monotone gamesuppose that players r{PHGD)in a
hidden -strongly monotone game with = =t for some > . Then, under Assumptions 1 and 2,
the induced sequence of play2 ,t=1;2;:::, enjoys the equilibrium convergence rate

E[Err ( )]= O(1=t): (18)

This rate is tight, even for standard strongly monotone games. To improve it further, we will need to
assume thatPHGD)is run with full, deterministiogradients, i.e.{; = g( ¢). In this case, we obtain
the following re nement of Theorem 2.

Theorem 3 (PHGD with full gradient feedback in hidden strongly monotone gamé&s)ppose

that players runfPHGD)in a hidden -strongly monotone game with full gradient feedback, and a
suffciently small learning rate> 0. Then, under Assumptions 1 and 2, the induced sequence of
play { 2 ,t=1;2;:::, converges to equilibrium at a geometric rate, i.e.,

Er ()=0(") 19)
for some constant 2 (0; 1) that depends only on the primitives ofand the representation map

Importantly, up to logarithmic factors, the convergence rates of Theorems 1-3 mirror the correspond-
ing rates for learning in monotone games. This take-away is particularly important as it shows that,

when it exists, a hidden convex structure can be exploited to the greatest possible degree, without any
loss of speed in convergence relative to standard, non-hidden convex problems.

The proofs of Theorems 1-3 are quite involved, so we defer the details to Appendix B. That said,
to give an idea of the technical steps involved, we provide below (without proof) two lemmas
that play a pivotal role in our analysis. The rst one hinges on a transformation of the problem's
de ning vector eldv( )=(r i i( ))ian Which, coupled with the speci ¢ choice of preconditioner

Pi( )=[Ji( D'Ii( NI* in (PHGD)allows us to effectively couple the latent and control layers of
the problem in a “covariant” manner:

Lemma 3. Fix someR 2 X , and consider the energy functi@{ ;%) = (1 =2)k () 2#k2. Then,
forall 2 ,wehave
JOPOI) E(:®R)= () % (20)

Our second intermediate result builds on Lemma 3 and provides a “template inequality” for the
energy functiork ( ;®) in the spirit of [7, 11, 18].

Lemma 4 (Template inequality) Suppose that Assumptions 1 and 2 hold. Then, with notation as in
Lemma 3, the sequenBg = (1=2)k ({) 2Rk? t=1;2;:::, satises

Eer Et  9x)! (Xe R+ ¢ o+ 2 ¢ (21)

wherex; = (1), ¢ =(J( )P( OV gx)! (x¢ R)and . isarandom error sequence with
sup E[ ¢]J< 1.

This inequality plays a pivotal role in our analysis because it allows us to couple the restricted merit
function (B.8) in the game's control space with the evolution of the algorithm's quasi-Lyapunov
function in the game's latent space. We provide the relevant details and calculations in Appendix B.

5 Experiments

This section demonstrates our method's applicability in a couple of different and insightful se-
tups. Technical details of those setups, as well as additional experimental results are deferred to
the supplementary material. We start with a regularized version of Matching Pennies zero-sum
game where the players' strategies are controlled by two individual precon gured differentiable
MLPs. EachMLP acts as the player's representation mapwhich for each input; outputs a
uni-dimensional latent variablg = ;( i) guaranteedto lie iX;  [0; 1]; the player's latent space.

9



Figure 4 illustrates the trajectory PHGD), represented

by the black curve. The algorithm employs a constant

step-size 00:01 and is initialized at the arbitrary state

(1:25; 2:25) in the control variables' space. The color

map in the gure serves as a visual representation of the

level sets associated with the proposed energy fun¢iipn

Notably, the trajectory of the algorithm intersects each of

the energy function’s level sets at most once, indicating its

non-cycling behavior, which is an issue that shows up often

in the equilibration task. Due to the design of our hidden

maps, the stabilization at the poi( 0) corresponds to

the( 1(0); 2(0)) = ( %; 3) the unique equilibrium of the _ _ _
game. Figure 4: The trajectory of(PHGD)in a

_ hidden Matching Pennies game over the sub-
In the second, more complex, example, we considefegel sets of the energy function in (5)

strongly-monotone regularized modi cation of an (atomic)

El Farol Bar congestion game amoNg= 30 players P,

43). In this setup, we let the control space of each playse multi-dimensional, namely,; RS,

i 2 N, and, as in the previous example, the representation map of each player is instantiated by
some precon gured differentiablLP whose outpuk; = ( ;) is guaranteed to lie if0; 1]. The

MLP's output is going to be the probability with which playewisits the El Farol bar. For the
interested reader, further details, including technical speci cation ofhEs, and loss functions of

the games, can be found in the supplementary material. Figure 5 provides a comparative analysis of

Figure 5: The evolution of the.? error functionErrx ( ( )) of (PHGD)and gradient descenGD) with
constant step-siz&01 in the regularized games of Matching Pennies and El Farol Bar as depicted in a semi-
logarithmic scale. In the Matching Pennies game (left) we depict a single trajectory initialige@%t2:25),

while in the El Farol Bar game (right) game we depict the mean and con dence bourid¥ edndom
trajectories.

the performance betwe€RHGD), and the standar@D method in the aforementioned two game
scenarios. In Figure 5 (left) we explore the Matching Pennies game, v@i2exhibits slightly

erratic behavior. Despite eventually converging to the game's equilibrium @®iis, convergence

rate, in this case, can be described as linear at best. In Figure 5 (right), we examine the El Farol Bar
game. Interestingly, in this highly complex set@i) fails to reach the equilibrium point entirely.

In contrast(PHGD) not only manages to converge in both of these setups, but it also consistently
maintains an exponential rate of convergence. This stark difference underscores the ef cacy and
robustness of our algorithm.

6 Conclusion

This paper proposed a new algorithmic framework with strong formal convergence guarantees in
a general class non-convex games with a latent monotone structure. Our algorithmic method —
which we call preconditioned hidden gradient descent — relies on an appropriately chosen gradient
preconditioning scheme akin to natural gradient ideas. Our class of games combines the useful
structure of monotone operators as well as the notion of latent/hidden variables that arise in neural
networks and can thus model numerous Al applications. Our results indicate the possibility of deep
novel algorithmic ideas emerging at the intersection of game theory, non-convex optimization and
ML and offers exciting directions for future work.
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A Omitted proofs from Section 3

In this rst appendix, we provide the technical proofs of our results for the continuous-time dynamics
(PHGF) namely Lemma 1 and Proposition 1. For convenience, we restate the relevant results as
needed.

Lemma 1. Under the dynamicér), we have
X

E()= o 1 ( M ICHOPICOECN i) xp) %)
where, as per Section 3;( ) 2 RY mi denotes the Jacobian matrix of the map ;! X ;.
More compactly, letting® := ; P; denote the block-diagonal ensemble of the players' individual
preconditioning matrice®; (and suppressing control variable arguments for concisiare have

E= gx) JPI! (x x) (10)

Proof. Observe that if we expand the dynamical system of equatio(BHiGF)with respect to
each individual coordinate, we have that for each playzN , for all proles 2 , and for all

. :X]' P, (.)@i\().

-+ . I | @i
Now, since has a hidden monotone structure, and due to the decompositiore f;(x), we can
expand the above as

(A.1)

X X @f(x) @x
+ = Pi i - A2
0 ey e (A-2)
Furthermore, if we expand the left-hand side (LHS) of (9) we also get
XX o)
E0= g, (A3)
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where each of the summands of the above expression can also be expanded further to

)gl
CQ@EI )+ = (Xi| Xil)%+ : (A.4)

1=1
Putting everything together (9) follows by some trivial substitutions.

Proposition 1. Suppose that admits a latent strictly monotone structure in the sens€b). Then
the energy functioib) is a strict Lyapunov function fofPHGF) and every limit point of (t) isa
Nash equilibrium of .

Proof. First, observe that for any playe2 N ,and ; 2 ;, since the player's representation map
i is faithful, i.e.,J;i( i) is maximal rank, it holds:

JCOPICDICH = 3 (DI 3D ')
= 3D (A5)
=1I:

P. P
Thatis, ™., ™, g—?“g*; Pi (i)=  foralll;r 2f1;:::;d g, where | is the Kronecker
delta.

Now, by Lemma 1 we have that:

R X @f(x)
E()= r(Xi X))
i=1 I=1 r=1 | | | @K
X i @f(x) (A.6)
= (Xi Xii )
i=1 1=1 | | @x
= g(x); x X

which is negative, since is an optimizer of , i.e., it satis es thgMVI) due to monotonicity of.
Additionally, sinceg is strictly monotonex is the unique optimizer df, and, therefore, the above
condition holds with equality if and only ¥ = x .

B Auxiliary results from Section 4

B.1. Convergence metrics and merit functions.In this appendix, we provide the technical scaf-
folding required for the analysis @fHGD), namely Lemmas 2—4 in Section 3.2. As before, we
restate the relevant results as needed.

Lemma 2. Suppose thag is monotone. IR is a solution of(SVI)/ (MVI) , we haveGap:(X) =0
whenever 2 C. Conversely, ilGap:(%) = 0 andCis a neighborhood at in X, then® is a solution

of (SVI)/(MVI).

Proof of Lemma 2Let® 2 X be a solution ofSVI)/(MVI) sohg(®); x Ri Oforallx 2 X.
Then, by the monotonicity af, we get:
hg(x); 8 xi h g(x) g(&);® xi+hg®&);R xi
= hg® ogX);® xi hg®);x R O (B.1)

soGap(%x) 0. On the other hand, # 2 C, we also geGap(®) h g(%); * Ri =0, sowe
conclude thaGap(%) = 0.

For the converse statement, assume Gt (X) = 0 for somex 2 C and suppose th& contains a
neighborhood oR in X . We then claim thag is a solution of (MVI) overC, i.e.,

hg(x); x ®i 0 forallx2C: (B.2)
To see this, assume to the contrary that there exists K@rieC such that
hg(x1); X3 Ri<O0 (B.3)
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S0, in turn, we get
0=Gapc(R) hg(xi); R xii > 0; (B.4)
a contradiction.

With this intermediate “local” result in hand, we are now in a position to provegisatves(SVI).
Indeed, if we suppose to the contrary that there exists sgri@deX such thatg(k); zz Ri < 0,
then, by the continuity of, there exists a neighborhottf of 2 in X such that

hg(x); zz xi <0 forallx 2U% (B.5)
Hence, assuming without loss of generality thidt U C (the latter assumption due to the
assumption tha€ contains a neighborhood a@f), and taking > 0 suf ciently small so that
x =%+ (z1 R)2U°%wegetthatg(x); x Ri = hy(x); z; Ri < 0, in contradiction tqB.2).
We thus conclude thatis a solution of (SVI) — and hence, by monotonicity, also of (MVI).

For intuition, we discuss below some other merit functions that could be considered as valid con-
vergence metrics. In this regard, the rst thing to note is that the de nitio@ap('\) effectively

goes through the gamdatent spaceso it is natural to ask whether a similar merit function can

be de ned directly on the gametontrol space To do so, it will be more convenient to start with

a linearized variant oGapy de ned over the cone of tangent directiontahamely the so-called
“tangent residual gap”

TGapy (%) =  minzz1c, (x)kzk 1MI(R); i (B.6)
i.e., the maximum “ascent” stép g(x); zi over all admissible displacement directiansom %.*
Just likeGap, this linearized merit function correctly identi es solutions of (SVI)/(MVI1):

Lemma B.1. For all # 2 X, we haveTGapy (X) 0 with equality if and only if® solves
(SVI/(MVI).

Proof. Let 8 2 X be some arbitrary pro le of latent variables. By de nition, we have that
TGapy (8) = mingre, (x):kek 1MB(R); zi, whereTCy (R) is the tangent cone t§ at®. Ob-
serve that sinc&Cy (%) isaconep 2 TCx (%), soTGapy (X)) h g(%); 0i = 0. Now assume
thatTGapy (%) = 0. Then, the following are equivalent:

TGapy (8)=0 0 Minzo1c, (x):kzk 1MO(X); zi =0
0 h 9o(&);zi 0 forallz2 TCx (%), kzk 1 (B.7)
0 h g®);zi 0 forallz2 TCx (%);
where the last equivalence follows becal$&y (%) is a cone. Rearranging the terms, we may
equivalently writeh g(%); zi Oforall z2 TCx (%). Notice that, by the de nition of the tangent

cone, the latter is equivalentto g(®); * zi  Oforallz 2 X . Therefore TGapy (%) =0 ifand
only if R satis es (SVI).

Now, if  is a Nash equilibrium of the base game, the latent variable con guration ( )
solves(SVI)/(MVI), soTGapy is a valid equilibrium convergence metric for However, since
TGapy is still de ned on the game's latent space, it does not give a straightforward way of de nining
the quality of a candidate solution directly on the game's control space. To that end, one could
consider the gap function

TGap ()= min srmi « V(D) i = kv(Mk (B.8)
wherev( ) =(r i’i( ))ian collects the players' loss gradients relative to their control variables,

andk k denotes its dual norm (SBGap (A) is evaluatedlirectly on the game's control space). Of
course, as control variables are mapped to latent variabliesroduces a certaint distortion (due to
nonlinearities). This distortion can be quanti ed by the following lemma (see also Fig. 6 above):

LemmaB.2. Letr = (") forsome™2 . We then have
min TGapX (k) TGap (A) max TGapX (k) (B_9)
In particular, TGap (") Oforall “2 , with equality if and only if'is a Nash equilibrium of .

“In the aboveTCx (&) denotes the tangent coneXoat®, that is, the closure of the set of all rays emanating
from ® and intersecting in at least one other point.
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Figure 6: The distortion of a ball byl ( ).

Proof. To begin with, letusdenethebalB f 2 R™ :k k 1g,andBx f z2 RY:
kzk  1g. Now, let"2  be some arbitrary pro le of control variables. By Assumption 2, we have
that the singular values of the Jacobili) of the representation mapare bounded from above
and below by max < 1 and nin > Orespectively. Thatis,mink k k J(A) k max K k for

all 2 R™, which implies that i, Bx J(A)B max Bx - By de nition, we also have that,

v(h=3Ng () =3(M'g®), and, hence

TGap (= mintv("); i=  min hy&); zi (B.10)
2B J(MHB

z2J(")

Now, recall that the set of Nash equilibria is non-empty. In particular, since the R™

is an open set, the solution set lies in an open set, which, in conjunction with the fact that the
representation maps are faithful representations af X , also implies that () lies in the interior

of X.. Finally, since is smooth, and in conjunction with the previous observations, it follows that

TGap (") = kv(Mk andTGapy (&) = kg(%)k, hence it is easy to see from the above discussion

that
min TGapx( (A)) TGap (A) max TGapx( (A)) (B-ll)
and our proof is complete.

In view of the above discussion, the reader may wonder why not use the tangéregpp directly
as a performance metric. The reason for this is that, if the solutiond (SVI)/(MVI) do not belong

to the image of , the dual norm of/(") may be too stringent as a performance metric as it does not
vanish near an equilibrium (e.g., think of the operat) = x for x betweerD and1). In this case,
equilibria can be approximated to arbitrary accurarcy but never attained, so the latent gap functions
Gap andErr are more appropriate as performance measures.

B.2. Convergence analysis and template inequalities.

Lemma 3. Fix someR 2 X , and consider the energy functi@{ ;®) = (1=2)k () 2Rk Then,
forall 2 ,we have
JOPO) E(:R)= () % (20)

Proof. Leti 2 N be some arbitrary player, let2  be some arbitrary pro le of control variables,

prole ® 2 X , we have that
@& ;% _ X @,
@ . (X k.,)@i : (B.12)
Thatisr |, E(y;®)= Ji( i)' (xi ®i). Now, we can multiply both sides of the above expression
with P ( ) to get

Pi()r (EC:R)=Pi( DI ) (i %)
TGP MINTEI NI G (B.13)
Ji( D) i R);
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where in the last equality we used the fact thatititie player's representation map is a faithful
representation, i.eJ; ( ;) is maximal rank. Finally, by expanding th&lS of (20), and applying the
above simpli cation the result follows.

Lemma 4 (Template inequality) Suppose that Assumptions 1 and 2 hold. Then, with notation as in
Lemma 3, the sequenBg = (1=2)k ({) 2Rk?,t=1;2;:::, satises

Ewr  Er o o) (e R+ ¢ o+ 2 (21)
wherex; = (1), + =(J()P( OV g(x))! (x; R)and . isarandom error sequence with

sup E[ ¢]< 1.

Proof. Foreach =1;2;::: we expand+1 using its second-order Taylor approximation gti.e.,

for each player =1;:::;N and each coordinate=1;:::;di
Xig 41 = it (t+1)
= aCe)+ dhroaCie)r e il (B.14)

+ i ) HIGie)Cieer i)

whereH; (7. ) is the Hessian of the latent map at some convex combinatiof of i+ and i +1 .
Then, further expanding.; , we also get

Xit 1 = Xitt N0 i Cie )i P Vi i+ 2(Pie Vi ) Hir (i )(Pige Vi ): (B.15)
Plugging the above expansionEq :.; ;R) for arbitrary stat we get

Et+1 = E( t+1:%)

lX\I i 5
=35 (Xt42 %)
i=1 1=1
XX R h Pit Vit i
= = Xi: i i (it)iPit Vi
- |=1[ ilit il t |I( |,t) iit Vit (B.lG)
+ tz(Pi;t Vi:t )l Hi (~i;t )(Pi:t Vi;t )]2
X _ )
=E ¢ hro s (i) Pic Viei(Xie Ra)+ ¢
i=1 1=1
=E (P (xe R+ 2
where the second-order termis given by the formula
X i
t = hr i ( i;t);Pi;tVi;tiZ
i=1 1=1
X i
+ (Pt Vit )" Hi (i )P Vi )(Xiie )
i=1 1=1
B.17
X i . ( )
t hr i (Cie)s Pie Vi E (Pie Vi) Hir (i )(Pie Vit )
i=1 1=1
2)(\I X 2
+ [(Pix Vi ) Hit (Tt )(Pie Vi )%
i=1 1=1
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For the second-order term, observe that by Assumption 2, we hakah]a]+ ﬁ}el . Using that

fact, it follows that min
X i "
hr il( i;t);Pi;t Vi;t| :(‘]tPtVt)lJtPtVt
i=1 |=1

V31307 31 3 0L 3 v (B.18)
= th [J![ ‘]t]+ Vt

1

2 .
min

kVt kz,

Furthermore, since the representation mapare -Lipschitz smooth for some Lipschitz modulus

we have thatH;; ( i) | for each player and coordinaté. Consequently, we have that
(Pit Vi) Hi (5 )(Pie Vir ) Vi PR Vi ——KVie kK ——kVik?: (B.19)
min min

LetD =diam( ), then, by applying the Cauchy-Schwarz inequality, we also get that
p— Pp—

2
t 21 kVik? + dDz kVik+  ——kVk? + ng—kvtkz; (B.20)
min min min min

P N
where =supi-; ... t,andd= 7, d.

Finally, let us consider the rst-order term (8.16). Letv; = (r i i( ¢))i2n , andg: = g(X¢). Then,
by de nition, we also have that; = J! g. Moreover, recall that, by constructiod,PJ! = 1.
Consequently, we can write
@GPV (X R) = (IPv) (¢ R)+[IP(M vl (xe  R)
= (3P O RA)+[IP (M ]l (e R) (B.21)
=g R+H(IPM @) (e R);

which concludes the proof.

C Proofs of Theorems 1-3

We are now in a position to prove Theorems 1-3 regarding the convergence propeifiEi&ar).
We proceed sequentially, restating the relevant results as needed.

Theorem 1 (PHGD in hidden monotone gamesyuppose that players r(ffHGD)in a hidden
monotone game wittblearning ratg / 1=t=2. Then, under Assumptions 1 and 2, the averaged

process;{2 lt!? tszl Xs enjoys the equilibrium convergence rate

E[Gap( ()] = O(log t:p t): (16)

Proof. Let 1 2 be some arbitrary initialization of the algorithm, and*e2 X be some arbitrary
pro le of latent variables. Next, by Lemma 4, we have that fortall 1.

Et+v1 Ey thg(Xe); Xe  Ri+ ¢ ¢+ tz t
(JCOP( OVt gx)! (x¢  R) (C.1)

¢ = kwWk? forsome > O

t

Rearranging the terms, the above is equivalent to
¢ OXe);Xe % By B+ o o+ 20 (C.2)

Furthermore, by the monotonicity of we also have thatg(x;) g(*); Xt * 0, and by
combining the two, we get that for all  1:

£ g0 xe ¥ 1 g(Xe);xe ¥ Ey Epit+ i+ &0 (C.3)
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Summing up the above terms in both sides of the inequality, we also get that

Xt
s g(x); xs X% Es Esa* ss* & s
s=1 s=1
Xt Xt )
=E; Eia t s st s s (C-4)
s=1 s=1
Xt Xt )
E1+ s st s S
s=1 s=1
- P .
Dividing allterms by~ =, s, alsoyields
D X E
g(¥); Xt x = g(%); —Xs X
s=1 !
Xt
= ?s g(%); xs % (C.5)
s=1 !
E P t P t 2
=1, s=1 S S 4 szlSS;
~t ~t ~t

P . .
wherex; = ;:1 =Xs s the time-average.

Next, let us de ne the following auxiliary process that will assist us in further bounding the above
expression:

yi= X1
Vi+1 = arg min ky; tt xk forallt 2 (C.6)
x2X
where { = J( )P( )Vt 9g(x¢) foralli 2 N . Observe that
tt= thgxe = thgyy i+ (hegxe wi foralt 1 (C.7)
Let us, rst, focus on the former of the two terms. Notice that fortall 1, we can write
theyye XM= thgy X+ thgye Yl (C.8)
Furthermore, by the optimality ok.; ,t 2, we have also have that
Wier i+ ¢t toYear X O (C.9)

Thatis, th¢;yier X W ye Vs Vv M.

Let us also recall a couple of useful quadratic identities, namely, we havgthaxk?® = Ky; Y41 +
Vier XK= Kyr Y K2+2hye Viers Y X+t Kyer k% andk ¢ oo (Ve Vier )K2 =

2k k2 2 ¢h; vt Yieri + Kyr  yie1 K2, Then, in conjunction with the above, we get that for
allt 1.

thyye *¥i= thyyywa ¥+ hgye Yl
hye Y Yeer X+ the Ve Ve

1 1 1 2
= 5kn xk? SKYe xk? Sk n yt+l)k2+7tktk2 (C.10)

}ky xk?2 }ky xk? + —tzk G
2 t 2 t+1 2 t
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Finally, summing both sides of the above inequalities, we also get that

Xt 1 X 1 X 1 X
shsiys i 5 kys xk? 5 Ksn xk? + 5 2k k2
s=1 s=1 s=1 s=1

Xt
= }kyl xk? }kytﬂ i+ 1 2k k2
2 2 2
s=1
1 2 1><t 2 2
Sk dE+ T Tk (C.11)
s=1
Xt
= %kxl xk? + % 2k ¢k?
s=1
1 X
= El+ E SZk Sk2
s=1

With the above established, let us reconsider the quard{t); x; x . Speci cally, due to the
above derivations, we have that forall 1:

P t P t 2
x x Eie s, s
~t 1 ~t =
E, 1X X iy 2
:jl — theye i+ — thxe yi+ —=2=2
t s=1 s=1 t
E; 1 1 X . X
% 5o SkeKr = hgxe owit = 2Kk
R ] e ts=1
Considering the mean of supremum oxe2 X of the LHS, we end up with
3, 1 X X
E sup g();xi % =2+ _—  2EKk K]+ —  2E[KVskY]
*2X 2w 2w, Tt
2 Xt 2 Xt
T, MmN, M
27 s L
2 Xt C.12
= ? +(1+ )MT 2 ( )
~ -
Xt
=0 52:—«t
s=1 p
= O(logt="t);

where the last inequality is direct consequence of the bounded second moment of the stochastic
gradient in Assumption 1

Theorem 2(PHGDIin hidden strongly monotone gamesuppose that players r{PHGD)in a
hidden -strongly monotone game with = =t for some > . Then, under Assumptions 1 and 2,
the induced sequence of play2 ,t=1;2;:::, enjoys the equilibrium convergence rate

E[Err ()]= O(1=t): (18)

Proof. Let ; 2  be some arbitrary initialization of the algorithm, and let zi be arbitrary.

Since the map is -strongly monotone, we have, by the de nition of strong monotonicity, that
g(xy); X X kx x k¥ forallx2X: (C.13)
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Next, by Lemma 4, we have that for all 1:

Et+1 E: tho(xe); xe Ri+ ¢ ¢+ tz t
(= (JCOPC Ve gx)) (x¢ R) (C.14)
¢ = kVk?; forsome > O

That is
Etv1 By tkxg X Ke+ ¢+ tz t
=E 2 (Ei+ ¢+ 2t (C.15)
=(1 2 B+ 1t tz t:
LetH, = f s:s=1;:::;tgbe the history of play up to iteratidn In expectation, it follows from

the above that, foratl  1:
E[Ei+1] (1 2 )E[Ed]+ tELt]"' ZE[ .
b T h (C.16)
=1 2 E[E]J+ (EE[ ¢jH] + {EE[ tjH{]:
Note thatx; is H;-measurable; hence, we have that
E[ (jHd= I(OP(QEMIHI gx) ' (xe %)
= J(OP( V() gx) (xR
= I(OP( DI gx) gx) (xR (C.17)

= gx) gx) ' ®)
=0:

Furthermore, since, by Assumption 1, we have V. k?jH.] M 2, it also holds that
E[ {jH]= EKVK’jH] M ? (C.18)
Next, by some simple substitutions, we have

E[Ei+a] (1 2 )E[EJ+ M 22

= 1 — E[E]+ ——
t [ t] t2
Finally, since > Zi,we may apply Chung's lemma [8] to get that, fortall 1:

M22 1 1 1
+ +

E[E] 57— 1+0 5+ o (C.20)

Theorem 3 (PHGD with full gradient feedback in hidden strongly monotone gamé&s)ppose

that players runfPHGD)in a hidden -strongly monotone game with full gradient feedback, and a
suffciently small learning rate> 0. Then, under Assumptions 1 and 2, the induced sequence of
play { 2 ,t=1;2;:::, converges to equilibrium at a geometric rate, i.e.,

Er ()= 0(") (19)
for some constant 2 (0; 1) that depends only on the primitives ofind the representation map
Proof. Due to the absence of randomness, and therefore the absence of noise, Lemma 4 may be

simpli ed to
Eter  Er ¢ g(Xe);Xe X+ Zkvk? (C.21)

for some constants> 0, wherev; = (r i i( t))iz2n -

Let be the modulus of Lipschitz continuity of the gradiemts= J( {)! g(x¢), and lets be the
modulus of the strong monotonicity gf Recall that, by Assumption 2, we have that the singular
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values of the Jacobiah( ) of the representation map are bounded from above and below by
max < 1 and min > Orespectively. Therefore, sinegis -Lipschitz, it follows that
2
kv vk %k, k? —kxi  x K? (C.22)

min

In conjunction to the above, we then also have

Eter  Et ¢ g(X0)ixe X+ Zkvk?
=E ¢ g(x);xe x +  Zkvp vk
1 2 2
E: tékxt X k2 + ; kXt X k2
min (C.23)
2 272
= E tEt + ——E¢
min
2 2 2
= Et 1 I+ 2t
min

Restricting  such that

1 i+ 53— <19 (< (C.24)
min 2
2.
we nally have that, for the choice of; =" = % it holds
32
E.=0("') where = 1 % <1 (C.25)

Leveraging the equivalence Bfr ( ) andErry (x;) = E; completes the proof.

D Experiments

This section demonstrates the method's applicability in a series of different applccations. Along with
revisiting the established examples of Section 5 in greater detail, we also present HMGBe
method performs in a couple of additional settings of interest. We begin with a high-level description
of the common test suite, and afterward, we move to the de nitive details of each of the presented
applications.

i control am-dimensional vector of control variables 2 R™, which they feed in an individual
differentiable precon guredLP with two hidden layers that act as the player's representation map

i : R™M 1 X . The dimensions of each layer of tMLPs vary among the different examples.
However, theMLP's outputx; = ( i) is guaranteed to be a representation of a discrete probability
distribution among the player's actions in some normal-form game, e.g., a Rock-Paper-Scissors game.
The actual latent gam@ of , is given by the “hidden” loss functiorfs : X ! R,i 2 N . Each
loss functiorf; is a regularized variation pf the aforementioned normal-form game, tuned by some
z-strongly convex regularizér (x) = » on kxi % k% , wherex is the normal-form game's
unique equilibrium point. The modulusis a hyper-parameter, which we tune such that the vector
eld g(x) = r x fi(x) ,,, tobe strongly monotone, and to avoid nite-precision numerical errors,
which can potentially arise during the computatiorxof

A Hidden Game of Matching Pennies. As a rst example, we revisit the two-player hidden game
of Matching Pennies we introduced in Section 5. Here, each playedsitrol variables; are
uni-dimensional, and are fed to each player's individual MLP given by the representation maps

i()=sigmoid @ ceLu( ® ) foralli=1;2 (D.1)
where i(l) ; i(z) 2 [ 1;1]are randomly chosen. Although the de nition of the activation functions
sigmoid : R! [0;1], andCelLU : R! ( 1;1 ) are widely common, we give them below for
reference; that is:

sigmoid(x) = 1+exp( Xx) ! (D.2a)
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(a) A trajectory of PHGDIn a regularized game of Matching Pennies over the sub-levels of the energy function

in (5). The trajectory is depicted with reference, both, the space of control variables (left), and the space of
latent variables (right). Notice that the trajectory crosses each sub-level set of the energy function, at most, once,
indicating that the function's value is monotone along the trajectory.

(b) A trajectory of GD in a regularized game of Matching Pennies over the sub-levels of the energy function
in (5). The trajectory is depicted with reference, both, the space of control variables (left), and the space of
latent variables (right). Notice that the trajectory crosses each sub-level set of the energy function multiple times
indicating that the function's value is not monotone along the trajectory.

(c) The distance ox to the latent game's equilibrium poirt = ( %; %) along similar trajectories ?®#HGDand
GD in a regularized game of Matching Pennies. The distance is depicted in a logarithmic scale in order to reveal

the exponential rate of convergence of PHGD.
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CeLU(x) = maxf0O;xg+minf0;exp(x) 1g: (D.2b)

In this, and the following examples, without any loss of the generality, we deliberately set the bias
of each of theMLP's hidden layers to zero, in order for the base game's unique equilibrium to lie

in =10, and to simplify the notation. Each of tihLP's outputx; = ( ;) is thei-th player's
probability of playing Heads in a regularized game of Matching Pennies, given by the loss functions
fi(x)= fa(x)= (2x1 1) (2x2 1)+ ho75(x): (D.3)

The latent game's unique equilibrium, in this case, isat () =(1;3).

In this particular example it is possible to visualize the trajectoriddHED and gradient descent
with reference, both, the space of control variatitésand the space of latent variab[@s1]. In

Fig. 7a we depict the trajectory ®HGD, with step-sizé:01, in the above game, initialized at the
arbitrary stat€1:25; 2:25) with respect to, both, the space of control variables (left), and the space of
latent variables (right), over the sub-level sets of the energy functi®).iik similar trajectory of

the GD algorithm is depicted in Fig. 7b. Observe that BtléGDs crosses the sub-level sets of the
energy functiorat most onceintil it asymptotically reaches the game's equilibrium point gtas
opposed to the trajectory @D, which exhibits an erratic behavior. In particular, as is depicted in the
semi-log plot in Fig. 7cPHGD converges to the game's equilibrium point at an exponential rate as
opposed to the rate of GD, which, at best, can be described as linear.

A Hidden Game of Rock-Paper-Scissors. In the next example we consider a regularized hidden
game of Rock-Paper-Scissors between two players. In a standard Rock-Paper-Scissors game each
player may choose among three strategies, namely, Rock, Paper, or Scissors. No strategy dominates
over the others, with Rock ruling over Scissors, Paper ruling over Rock, and Scissors ruling over
Paper. In this example, each playe&ontrols a5-dimensional vector; 2 R® of control variables,
which, once again, they may feed their individual differentiable precon givie®, whose output
x;i = (i) lies in the2-dimensional simplex that encodes the space of probability distributions
among the three strategies of the latent game. ThétiwBs are given by the following representation
maps:

i()=softmax A® ceLuA® ) foralli=1;2 (D.4)

where the matriceA™ 2 [ 1,1 5 andA® 2 [ 1;1] * are random, and the activation
functionCeLU : R! ( 1;1), given as in(D.2b), is applied pair-wise. The de nition of

softmax : RY ! d 1, Wwhere 4 jisthe(d 1)-dimensional simplex is given, for reference, by
softma; (x) = pM forallj =1:::::d: (D.5)
k=1 EXP(Xk)

In this case, the latent game's loss functions are given by the following polynomial system of
equations, whose unigue equilibrium lies at the uniform distributigns:  ( ;) = ( %: 3:3),

i=1;2 "
o 1 1
fi(x)= fa(x)= xLAxo+ hga(x) whereA= 1 0 1. (D.6)
1 1 0

Although, in this example, it is not possible to visualize the trajectoriéd-6DandGD in the space

of control variables due to the large dimensionality of the base game, we may still get a glimpse of the
trajectories' behavior in the space of latent variables. Fig. 8a depicts an arbitrary trajedRifa

with step-sizé:01, as it evolves in the simplices of the two players. Notice, that the trajectory, clearly,
converges to the equilibrium of the latent game. A trajectorDbf with the same step size and
initialization point, is depicted in Fig. 8b. In this case, the erratic behavi@idfs more apparent

than in the previous example. A more in-depth comparison of the algorithms in the current setup
is depicted in the semi-log plot of Fig. 8c, where we visualize the mean distance, and con dence
bounds, to the equilibrium point acro$80random trajectories of the two algorithms. Observe, that
PHGD exhibits an exponential rate of convergence, as opposed to the linear rate of GD.

A Hidden Shapley's Game. The next game we are interested in is a hidden Shapley's game. The
standard Shapley's game is a two-player normal-form game with payoff matrices:
10 1 0
A= 1 0 and B = 0 1; (D.7)
0 1 1 0
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AA

(a) A trajectory of PHGD in a regularized game of Rock-Paper-Scissors as depicted in each player’s 2-
dimensional simplex of latent variables. Notice that the trajectory converges to the latent game’s equilibrium
point X*.

AA

(b) A trajectory of GD in a regularized game of Rock-Paper-Scissors as depicted in each player’s 2-dimensional
simplex of latent variables. Notice that the trajectory exhibits erratic behavior.

|
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(¢) The mean distance and confidence bound of X to the latent game’s equilibrium point X* along similar

trajectories of PHGD and GD in a regularized game of Rock-Paper-Scissors. The distance is depicted in a
logarithmic scale in order to reveal the exponential rate of convergence of PHGD.
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