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Appendix

Organization of the Appendix In Section A, we introduce additional notations that will be used
throughout the Appendix, then proceed to prove useful technical lemmas. We proceed in Section B
to prove the results presented in the main text. Section C contains details about our experimental
settings as well as some additional simulations.

A Additional notations and technical lemmas

For a vector a, we denote ||a| its £2-norm, ||a||; its #!-norm and ||a||~ its £>°-norm. For matrices H,
|| H || denotes the operator norm associated to the £ norm and || H ||r denotes the Frobenius norm. For
real-valued functions f, || f||cc denotes the supremum norm.

In all of the Appendix, we denote ug = —n/2 and u,,+1 = 1 + 1/2. Note that o, (x — ug) = 1 for
all z € [0,1], meaning that o,,(- — ug) corresponds to the bias term. This notation allows to treat
the bias term in a unified fashion with respect to the other terms of f(x;a,w). Since u; € (0,1) for
i €{1,...,m}, we assume in the following w.l.o.g. that the (u;)o<i<m+1 are ordered in increasing
order. Note that we prove in the following that the (u;)1<i<m do not cross during the dynamics, so
they remain ordered throughout the dynamics.

The proofs involve comparisons of some quantities when 77 > 0 and when 1 = 0. To avoid confusion,
we make explicit the dependency of L onn > 0, i.e., we let L, (a, ) in place of L(a,u) of the main
paper, and similarly, when the arg min is well-defined and unique,

ay(u) = argmin L, (a,u) .
a€Rm+1

in place of a*(u). Similarly, we now make explicit the dependence of f on 7 > 0, i.e., we denote

m

folwia,u) = ag + ) ajo(x—uy) =Y ajon(z—u;).
j=0

Jj=1

The Hessian of the quadratic function L, (-, u) is denoted H,(u) € R(m+1)x(m+1) (in place of
H (u)), and satisties that, for 7, j € {0,...,m},

1
H,ii(u) = /0 on(z —u;)oy(x — uj)de.
Also let, forn > 0 and u € R™, b, (u) € R™*! such that, for j € {0,...,m},
1
bust) = [ 5@ = uy)da

Finally, we let U4, in place of I/ in the paper.

With these notations, we have, for n > 0 and a,u € R™,

oL, (a,u) = / Ofn(; a,u) (fo(2ia,u) — f*(2)) do
0

Ouy Y
1 m
= —aj/ a;](:rfuj)<2akan(x7uk) ff*(m))dx. (10)
0 k=0
and
1 .
gt = [ R () - (o) da
1 m
= / op(x — uj)<2ak0n(x —ug) — f*(z))dm
0 k=0
= Hy () a = by;(u). (11)

We now move on to a series to lemmas that will be helpful in the proofs of Appendix B.
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Lemma 1. Forn > 0and u € R™, we have

16y (u) —bo(w)|| < Mnvm +1 and  [|by(u)]| < MvVm+1.

Proof. Forany j € {0,...,m},
1
bas) = b0y = | [ 7 @)l =) — ao(o = )

1
< ||f*||oo/0 j0(@ — uz) — o0(z — uy)| da
< Mn,

where in the last step we use that || f*||oc < M and that o, (z) = 0 for x < —n/2, o, (x) € [0, 1] for
—n/2 <z <n/2and o, (z) = 1foraz > n/2.

Similarly,
1
sl =| [ £ @ = up)da] < 171 < M-
O
Lemma 2. Forn > 0and u € Uy, H,(u) = Ho(u) + D,,, where D, is a diagonal matrix whose

elements are independent of u and bounded in absolute value by /2.

Proof. Leti,j € {0,...,m}, and denote ¢ = max(u;, u;,0). Then

1
H()yij(u) = / U(](LC — UZ')O'()(IIJ — u])dx =1-—c.
0

If s :] =0, max(ui,uj) = —77/2, and Hn’ij(u) =1= H()’ij(’u). If s :j 75 0,
1
Hyij(w) = [ oo = cPda
0

n c+n/2
:1—0—5—1—/ o,z — ¢)?dz
c—n/2

n 1/2
= Ho}ij(’u,) — 5 —|— ’I’]/ 1/2 0-2 .

Note that the last integral is non-negative and less than 1, hence |H,, ;;(u) — Ho ;;(w)| < 1/2. Finally,
if i # j, since |u; — u;| > 7,

1 1
H,ij(u) = / on(x —ui)oy(r — uj)de = / on(x — max(u;, uj))dx .
0 0

Furthermore, 0 < max(u;, u;) < 1 — 3, thus
1 n c+n/2
Hm-j(u):/ an(x—c)daczl—c—f—i—/ op(x —c)de =1-c,
l 0 2 c—n/2
where the last equality comes from the oddness of o — 1/2. O
Lemma 3. Forn >0, letay : u € Uy — a;(u). Then ay, is differentiable and for any u € Uy,
H 5@2 (u) 8
ou A(u)

H < (2<m + 1)lag (u)] + M) .

Proof. By Proposition 1 (whose proof does not rely on this lemma), for v € U,, L,(-,u) has a
unique minimizer a;(u), which is equal to H,(u)~'b,(u) by (11). Furthermore, H,, and b, are

differentiable with ré]spect to u, hence a,, is also differentiable with respect to u, and we have
dal(u) OH 0b
n _ -19%4y * -1 99,
e = —Hy () NS () () + Hy )™ ()

13
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Denote wg(u) = gfu]: (u)a*(u) and W (u) the (m 4+ 1) x (m + 1) matrix formed by stacking

n
column-wise the vectors (wy () )ogk<m- Then
7 (w)

Oa 10by
ou ou ().

We now estimate the Frobenius norm of the matrix W (u). By Lemma 2, for v € U,, H,(u) =
Hy(u) + D,,. Take i, j € {0, ..., m}, then

= —Hy(w) "W (u) + Hy(u)”

1
Hm-j(u) = Ho’ij(u)+Dn’ij = / Uo(xfui)00($7Uj)d$+Dn’ij = 17max(ui,uj,0)+Dn1ij .
0

Hence ag"” = 0if4,j # k. Further, if i = k and j # k,

‘M(u |= \ (1 — max(u;, u;))| < 1.

Ouy, ou;

Of course, the bound | LLLREL =2 (u)| < 1 also holds when j = k and ¢ # j. Finally, a similar bound

shows that \BH” ”( )| < 2Wheni =j=k.
As a consequence, for k,i € {0,...,m},
0H,, i ( ’ la¥ . (uw)] ifi £k
wyi(u)| < a; j(u)] << 00 . e
‘ k | Z’ 8U]€ ) { 7]1]( )| |an7k(u)|+||an(u)||1 le:k.
Thus

Ms

W @)l = (

g

With a reasoning similar to the above, note that —( ) is a diagonal matrix with diagonal entries
in [-M, M]. Finally, putting these elements together using Proposition 1 and that ||W(u)|] <
[IW (u)]|r, we obtain

‘ da’(u)

> hua?) " < (3 (St )"

0 k=0

Clayl)?)"” = 2vim T e @)l

3

-

Il
o

K2

<[ () TV () [l + [y (e

ﬁ (2\/m Fflat ()]s + M) .
O

The following lemma gives exact formulae for the derivative of the loss L, with respect to the
positions of the neurons, evaluated for a = af(u), that is the best piecewise constant approximation
of f* with subdivision {u1, ..., u,,}. Note that the formulae are the same as in Section 4.2, but the
derivation is slightly more intricate since we consider here the loss L,, and not Lg.

Lemma 4. Tuke n > 0 and u € U,, such that there are at least two neurons on each piece [v;, V;41]
of f*. Then, if u; does not flank a discontinuity of f*,

oL,
=0.
G ). )
Furthermore, for a discontinuity v;, denote ul is the closest neuron to its left and ul* the closest
neuron to its right. If v; — u{“ > 4 and qu —v; = 3, then
oL, , . 1 (ult — ;)2
GTLZ-L(%(U)’U) = *§W(f - fi 1) )
aLn * 1 (vi - UL) * * 2
aﬁ(%(“) ) = §W(ﬂ —fic1)”-
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Proof. In this proof, let us denote for simplicity a = aj(u). At the condition that there is at least two
neurons on each piece of f*, Section 4.2 gives the optimal approximation fo(x;a,u) of f* that is
piecewise constant with respect to the subdivision {u1, ..., u,, }. As a consequence, we easily get
the value of a. Namely, if u; does not flank a discontinuity of f*, the value of fy(z;a,u) is locally
constant around u;, thus a; = 0. Plugging into (10), we obtain

oL

—(a,u) =0
, .
an
Further, for a discontinuity v;, denote respectively a}* and a the coefﬁcients associated to u}* and
ull. At ul, the value of fo(z;a,u) jumps from £ | to R L fl* 1+ f* thus
L R R
L ’U'—U uz — Vi s * ’u’i_vi * *
ap = + = (ff — fr)
7 uR L 1—1 R_usz fz 1 UR—uL(fZ fz 1)

% Uy % % i

Similarly, we have
i = ﬁ(fz* - fi*—l)'
We now compute, using (10),

1
Gtta,w = —ak [l =) (o) = @)

u;+n/2
——ab [ e = ) (yfmia,) - £ (a) de

L—n/2

Using that A(u) > 2n and that there are at least two neurons on each piece of f*, we have

that uj’ — v;_; > 2n. Since, in addition, by assumption, v; — uj’ > %, we get that for €

[ul — 2 ul + 2], f*(x) = ff_,. Moreover, using again A(u) > 27 that o, is equal to o on
L L

(=00, —n/2] and [/2, 00), we have for z € [ul' — 2, ul + Z],

m

(z;a,u) Zakonx—uk):fo(u%—na,

> U) + a%an(x —up) = fiy —|—a%077(x —up).

Thus we obtain
uy+n/2

ﬁ(a, u) = —a%/u o (x — up)ay on(x — up)dz

L_n/2
= o ()7 - (- 37)
al’

2
R 2
S~ F)

oL, o
Bt (a,u) is similar.
O

Lemma 5. Consider n > 0 and w € U,, such that there are at least two neurons on each piece
[vi, vix1] Of f*. Then, for all x € [0, 1], | f(x; af(uw),w)| < M.

Proof. In the case where 7 = 0, the result easily follows from the expressions for fo(z; af(u), w)
provided in Section 4.2. We now assume 1 > 0.

15



463 Denote Aj(u) = Z?:o ag ;(u) (with the convention A (u) = 0). Recall the convention ug =
a64  —1)/2. We compute

Fale; ag(u),w) =) ag p(w)oy (@ — uk)

k=0

D CHOEF N O)EACEET
k=0

=" A (w) (0 (@ — up) — 0y (z — upy1)) + AL (W) (2 — )
k=0

465 Note that AZ(u) = limg sy, 4 folx; af‘)(u),.u)', and thus, from the case 1) = 0, we have |[Af (u)| < M.
466 Moreover, 0, is increasing and the uy, are in increasing order. We thus get

m—1
| fn(z; a5 (u),u)| < M( Z (on(x —up) — op(r — uks1)) + op(z — um))
k=0
=Mop(z—ug) < M.
467 O

48 Lemma 6. Consider n > 0 and u € U,, such that there are at least two neurons on each piece
469 [vi,vir1] of f*. Then, for j € {0,...,m},

|ag,;(w)] < 2M

470 and, for any a € R™t1,

oL, OL
o (@w) = 5= (a5 (u), u)| < 2M (Vm+ 1+ 1fa = ag(w)]| + vim + Tla = a5 (u)||*.
J J

471 Proof. The first statement of the Lemma comes from the explicit formulae for aj(«) given in the

472 proof of Lemma 4, namely each ag ; (u) is either zero or less in magnitude than the gap between two

473 pieces of f* that is less than 2M.

474 By (10), we have
oL,

Ly oy~ 9Ln
Guj

Guj

1
aj/o J;I(I—uj)(f,,(m;a,u)—f*(z))dx

(a,u) = 52 (a3 (w), w)|

— i) [ o - u5) (s a0 - () do

1
< laj — a,;(w)| / o! (& — ) | o (s @y (us), w) — ()] da

1
+lasl [ ohta =) fylaiaw)  fy(aiajla). vl de.
475 We bound the two terms separately. For the first term, we use Lemma 5.
1 1
| e =)t = @)1 < [ =) (e + 17 @)
1
< 2M/0 a;](x —u;)dz < 2M.
476 We now continue with the second term.

(s a,u) = fo (25 ag(w), u)| = ‘ > (ar = af p(w)oy (@ — u)| < lla = ag(u)lls,
k=0

16
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478

479
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482

484

485

486

487

489

and thus
1 1
]g JQCF-uijhCHCLU)—-ﬁﬂw;GSUO,UNdwfiHa-—aéﬁnﬂljﬁ o! (& — ug)dz

< la = ag(u)lfs -
Returning to our initial upper bound, we obtain, using the first statement of the Lemma,
87;’(@#) - 673(“0(“)’“) < 2Mlja = ag(w)]| + (Jag ; (w)| + la; = ag ;(w)])]la = ag(w)]h
< 2Mlja = ag(uw)|| + (2M + [la = ag(w)[)vVm + 1|a = ag (u)]]
=2M(Vm+1+Dla—ag(u)| + vVm+1a - agw)]?.
O

Lemma 7. Forn > 0 andu € U,

16My/m + 1

llay(w) = ag(u)]| < A()

Proof. By (11),

and by (11) and by Lemma 2,
H, (u)ag(u) = Ho(u)as(w) + Dyag(u) = bo(u) + Dyag(w).

According to Proposition 1 (whose proof does not rely on this lemma), H, (u) is invertible with
| Hy(u) | < 8/A(u). We thus have

lay (u) = ag ()| = | Hy(u) ™" (Hy (u)a;, (u) — Hy(u)ag(w)) ]

8 *
< Ay 1P0(w) = bo(w) = Dya )|
8 *
< W(an(u) = bo(u)|| + [ Dyag(w)]l)
< i(llb (u) = bo(uw)| + ﬂlla*(u)H)
S Adw) T 0 270 ‘
The result then unfolds from Lemmas 1 and 6. O

Lemma8. Letn > 0, u € R™ and a,a’ € R™T1. Then
IVuLn(a,w)l| < Vm +1lla]|* + M]a],
IVaLy(a,w)| < vVm+1(lallvVm+1+M).
As a consequence of the second inequality, by the fundamental theorem of calculus for line integrals,

Ly (a,u) - Ly(a’,u)| < Vm + T (max(|a]], o/ |)v/m + 1+ M) fla—d]|.

Proof. Recall that, forall j € {1,...,m}, and for all a,u € R™,
AL, v, G .
Fulaw) = o | (- ) (Y aroy (e —w) - f(2))de,
J k=0
aLn ! . *
?aj(a’u) = ; oz — UJ)(Z apoy(x —ug) — f (x))dx
k=0
From the first equality, we have

"ZZ(M)( < lay| /01 o (z = uj)(,é Jalory (2 = up) + |f* (@) ) do

1
<mﬂwwh+wn[;wux—uﬁux

< lag|(lally + M) .
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As a consequence,
IVuLy(a, w)ll < lall(lally + M) < Vm +Tlal® + M]|a] .

Similarly, from the second equality, we have
0L,
8aj

(a,u)| < lafly + M.

As a consequence,
IVaLy(a,u)|| < Vm+1([lally + M) = Vm +1([lal|vm + 1+ M).

O

Lemma 9. Consider n > 0 and u € U, such that there is a neuron at distance less than 1) from each
discontinuity of f* and 3n < Av. Then

1
[ i(asaz).0) = £ (@) Pde < 6120,
0
Proof. By definition of a; (u),
1 1
[ i@y - 5@ = min [ 1,000 - £ @)Pd.
0 acRm+1 Jq

Thus it is enough to exhibit some a for which the latter integral is smaller than 6 ?nn to conclude.

We construct such an a as follows: set ag = f*(0), and for each discontinuity v;, set the coefficient
*

of a neuron at distance less than 7 to the value f;* — f* ; and set all other neurons to zero. Note that
the active neurons are distinct since 37 < Awv.

Then the neural network is equal to the target function everywhere except on an interval of size 37)/2
around each discontinuity, where they disagree (in infinite norm) by at most 2.

O
Lemma 10. Let m be a positive integer and uy, . . . , Uy, be L.i.d. uniform random variables in [0, 1].
Assume that
= 6 (4 +1 +1 1)
m>— ogn—+log—|.
Av & & 1)

Then, with probability at least 1 — 0, the vector u is D-good with D = W.
Proof. We define the following events:

(a) Ais the event “there are at least 6 positions u; in each interval [v;, v;4+1] fori € {0,...,n —

1}”’
(b) B is the event “A(u) > D”,
(c) foralli e {1,...,n — 1}, F; is the event “there are at least one neuron on the left and on

the right of v;” and C; is the event “E; holds and |ul* + u} — 2v;| > D”.

Note that by Definition 2, u is D-good if and only if the event A N B N ([, C;) holds. To show that
this holds with high probability, we bound the probability of the complement

(AmBm(mCi))C:AcuBcu(UCf) :AcuBcu(U(CfﬂA)>

i

CACUBCU(U(CfﬁEi)) (as AC E).
Thus
n—1
P(u is not D-good) < P(A%) + P(B%) + > P(C{ N E;).
i=1
Below, we bound separately the three terms of the right hand side.
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(a)

(b)

(c)

Denote m’ = |m/6]. Forany i € {0,...,n — 1}, theset A; = {j € {1,...,m'}|u; €
[vi, vi41]} is empty with probability (1 — (vi41 — v:))™ < (1 — Av)™ . Thus by the
union bound, the probability that at least one of A4, ..., A, is empty is upper bounded by
n(l— Av)’”/.

We now check that n(1 — Av)™ < §/18. Indeed,
o {TJ S 3+ logn + log - log n + log %2 - _logn+log15—8
617 6 - Av - Av ~ log(l—Avw)’

where we use Av < 1, 3 > log(18), and log(1 — Av) < —Aw < 0. This gives the desired
inequality.

In other words, the probability that at least one of the intervals [v;, v;41] contains none of
the w1, ..., Uy is bounded by §/18. As a consequence, by the union bound, the probability
that at least one of the intervals [v;, v;41] contains strictly less than 6 of the wuy, . . ., U, is
bounded by §/3, i.e., P(A°) < /3.

Recall that by convention, ug = —% and w,, 41 = 14 4. Foralli € {0,...,m+ 1}, denote
I; = (u; — D,u; + D). Denote F} the event “u; € I; for some i € {0,...,m+ 1}, # j”.
Note that B = UL, F.

Fix j = 1,...,m. By conditioning on u; for all ¢ € {0,...,m + 1}, i # j, we see that
P(F;) < 2(m+ 1)D. By the union bound,

)

P(B¢) < 2m(m+1)D < 3
Take i € {1,...,n — 1}. For convenience, we define the random variable u! (resp. ult) on
the full probability space by setting ul = 0 (resp. ul = 1) when there is no neuron on the

left (resp. the right) of v;. We compute the joint cumulative distribution function of (ul, ul)

77 T
(with a convenient change of inequality): forall 0 <y < v; < 2 < 1,

Pl <yoult > 2) =B € {L...om}ou; ¢ [y, ) = (1— (= — )" .

We observe that the joint cumulative distribution function of (u, u}) is a smooth function

of (y, z) when (y, z) € (0,v;) x (v;, 1). Note that the events E; and {(ul, ul) € (0,v;) x

(vi, 1)} are equal up to a null set. Therefore, on this event, (ul, ult) is an absolutely

continuous random variable with density g : (0,v;) X (v;,1) = R,
82

90.2) = 5Bk <yl > 2) = m(m = 1) (1= (=) .

We compute
P(CE N E;) = P({|ul +u} — 2v;| < D} N E;)

— / m(m — 1) (1 (z — )™ 2 L1420 <0y dydz
{O0<y<v;<z<1}

We make the change of variables § = z — y, v = z 4+ y.

pCen By = MMl / (1—0)"21), < pdfdv
2 (0< 258 <op< vt <1} iS
<m(m—1)( 1(1_0)m—2d9)< 001 d )
S 0 I

=Dm.
Using m > 24/Av > 24n, we have

)
24 x 6

<

[SCARS)

n—1
> P(C{NE) < (n—1)Dm <
=1

This concludes the proof.
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B Proofs of the results of the main text

B.1 Proof of Proposition 1
Let us lower-bound the smallest eigenvalue of H,(u) which is equal to

min a' H
[lall=1 n(ule

Now for a € R™*! such that ||a| = 1,

u)a = Zalaj/ on(x —u;)o,(r — dxf/ (Zalan i>2dx.

1,j=0

Since Au > 27 (because u € U) and ug = —"/2, U1 = 1+7/2, the intervals [u; +7/2, w11 —1/2)
fori € {0,...,m} are disjoint and included in [0, 1]. Thus

m o puip1—n/2 [ M 2
a' Hy(u)a > Z/ Zaian(a: —w;) | dex.
=0 Juitn/2 i=0

Since o(z) = 0if x < —1/2 and o(z) = 1 if > 1/2, we have that o, (z) = 0 if 2 < —1/2 and
on(xz) = 1if > n/2. Further recall that the u; are ordered in increasing order. As a consequence,

m o puip-n/2 [ 2 ?
a' Hy(u)a > Z/ Zak dz
i=0 /v k=0

it+n/2
m i 2
= (g1 —u; — 1) <Z ak)
=0 k=0
m A 2
) <Z ak> , (12)
=0 \k=0

where in the last step, we used that A(u) > 27 and thus Uipr — U — 1 = Au) —n = Au) —
A(u)/2 = A(u)/2. Now, denote ¢y = 0 and ¢; = Zk o ak- Then ||a|| = 1 writes

m
E 2
(Ci+1 — Ci) =1.
1=0
Furthermore,
m m m m m—+1
2 2 2 2
E (CiJrl_Ci) = E Cit1 Tt E c; —2 E cit16; < 4 E c; .
=0 =0 =0 =0 =0
Hence
m+1
2o 1
¢ =z 4°
1=0

which shows in conjunction with (12) that the smallest eigenvalue of H, () is lower-bounded by %.

B.2 Proof of Proposition 2

To show that G(u) = (V. Ly)(ay (u),u) is Lipschitz-continuous on U,), we show that it is differen-
tiable on U4, and that its derivatives are uniformly bounded. The chain rule gives
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From (10), using that o is twice continuously differentiable, it can be checked that aL” is differ-

entiable in both its arguments and its derivatives are uniformly upper-bounded when a is bounded.
Furthermore, for u € U,

llan (W < [[Hy (@) by (W)l < BN

by Lemma 1 and Proposition 1. Finally, according to Lemma 3, a;, is differentiable with derivatives
uniformly upper-bounded on 4,,. This concludes the proof.

B.3 Proof of Proposition 3

In this proof, we denote ul*(7) (resp. ult(7)) the position at time 7 of the neuron that is at initialization
closest to v; to the left (resp. the right). Note that because of the movement of the neurons, it could
be that ul (resp. ul') does not remain the neuron closest to the left (resp. the right) throughout the
dynamics. Our proof discusses when this phenomenon occurs. Similarly, denote u>l (resp. ul*®t) the
neuron second closest to the left (resp. the right) of v;. Since the initialization is D-good, note that all
these neurons are distinct.

Denote 7 the minimal time 7 € [0, Tpax) such that A(u(7)) < D/2 or there are less than two neurons
in some piece [v;, v;41] of f*. Note that by assumption, A(u(0)) > D > D/2 and there are at least
6 neurons in each interval at initialization, thus 7 > 0. Furthermore, using the trivial inequalities

11/2 g
M > Af/2,m+1> Land n'/? > 1, we have § = 22020 > 8y > 27, Recall that
2n is the quantity defining the set U4, supporting the maximal solution of the equation (8). As a
consequence, we do have 7 < Tpax. At the end of the proof, we check that 7 < T, by controlling

carefully the movement of each neuron.

Let us first bound the difference between the dynamics of w and the dynamics that we would have if
at each time 7, the weights a were given by aj(u(7)), the best approximation of f* by a piecewise

constant function with subdivision u(7). Forany 7 < T and j € {1,...,m}, by Lemma 6, we have
du; oL,
)+ 5w () u(r)

_ ]aﬁ(a;(um),u(ﬂ) - Zﬁ;?mg(um),um)

<2M(Vim + 1+ 1)|ay (u(r) — ag(u(r)]| + vVm + 1la; (u(r)) — ag(u(D)]*. (13)

We are therefore led to bounding ||ay (u(7)) — ag(u(7))], as follows:

24 Mv/m + 1n
A(u(r))
2°M+/m + 1n
D

D(Af)?

g S A— by definition of D).
28M+/m + 1 (by )

llay (u(r)) = ag(w(T))]| < (by Lemma 7)

(since A(u(T)) > P/2)

N

Then the first term in (13) is less than

(Vm+1+1)D(Af)? - D(Af)?
27/m + 1 o267
and the second term in (13) is less than
DXAf'_ D(Af)
26 0M2/m+1 214 7
Hence we obtain, forany 7 < 7 and j € {1,...,m},

du; oL, D(AS)? _

T+ G ), u(r)| € S = Ag (14)

using D < A(u(0)) < L,Af <2Mandm+1>1
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Now, let us examine how the neurons move, by leveraging Lemma 4 that gives exact formulae for

gﬁf’ (af(u(T)), u(r)). First, if u; is not next to a discontinuity, gﬁf’ (ag(u(T)),u(T)) = 0, hence
J J

|1 (T) = u; (0)] < (Ag)T .

Let us now study what happens next to a discontinuity v;. Denote (6f); = fF — f*,. W.Lo.g.,
assume that

uf(0) — v; > v; — ul(0).

K2

In the reverse case, the proof is the same by swapping the roles of u} and u%, and of u}* and uRR.
We are going to show that the dynamics of u} are divided into two phases. Define 7; as the minimal
7 € [0, 7] such that ul*(7) = v; — 1/2. In the first phase [0, 7;], we have u}*(7) < v; —  and u}’
moves towards v;. In the second phase [T;, T, we show below that u}(7) € [v; — 1, v; + n]. Note
that we can have 7; = 0 if u{“(O) >v; — g It is also possible that 7; = oo a priori; this means that
the second phase does not exist. We show below that this case does not happen. Figure 6 depicts the
two phases.

A —_— o 4 —F fou

Ii- — 5i-

Jia-

fi-

T
[y
-

\E

‘ ‘ . T . T
u wtt owkou ufuft ug ug ur oyt vl uf uft ug ur

(a) Phase 1 (b) Phase 2

Figure 6: Dynamics of the neurons next to a discontinuity v;. In the first phase, u} and ul* move
towards v;, until the closest neuron (in this case u}) reaches the interval of size 7 centered in v;.
In the second phase, u} remains in an interval of size 2n around v;, and none of the neurons move
significantly.

Beginning by the first phase, we have, while u}(7) < v; — Z and u*(7) > v; + %, according to
Lemma 4,
oL,
Oul

oL, , . 1 (v
put (a8(u() u(r) = 5 e BT

(a3 (u(r)), u(r)) = —5

For ease of computation, let d>'(7) = v; — ul(7) and d¥
the neurons and v;. Then, by (14),

ddl ddr 1 ((d(7))? + (i (1))*)(6f)7
3 i < == ) 2 L 2A
o T S ST @y A
2 2 2
_ AP LDAME _(8f)
4 60 5
since D < A(u(0)) < 1. Thus, in some time less than 7 = —(A‘a)z, d® (1) + d¥ (1) < n, that is,

R

[

either ul reaches v; — 2 or u

5 reaches v; + 7. Let us check that the second event cannot actually
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happen: while u}'(7) < v; — ¥ and u}*(7) > v; + %, we also have

(dR(7))? — (d(r)?)(61)2
G
(@R (r) — d-(r) (52

= d —2Ag.
dL (1) + d(r) g

dd?
dr

dd*
dr

(7)

(1) >

By condition (c) of Definition 2 and by (14), we have d*(0) — d*(0) > D = (62?)92 > %, and

furthermore d¥(7) + d*(7) < 1. An easy reasoning then shows that d* — d¥ is increasing. Therefore

u® must remain further away from v; than u¥.

In summary, we showed that there exists some time 7; < 7 when uX(7;) = v; — 2, which marks the
end of the first phase, and we also have

A} (T;) — d¥(T;) = di(0) — dF(0) > D.

Moving on to the study of the second phase, let us show that uk(7) stays in the interval [v; — 1, v; +17)]
for 7 € [T;,T). Consider any 7 < T such that u'(7) = v; — 7. Then we have by (14) and Lemma 4

ul () — v;)2(6 f
(@(@)_vfif))z ~A9 =489,

duk
dr () 2

5)

R

where the second upper bound comes from the fact that we have u;*(7) — v; > % — n since

A2
- NNy

> > 2Ag.
(ult —v; + )2 L (D/2>2n) 4 I

A(u(t)) = DP/2, and furthermore, = — ﬁ is increasing, hence
D
(uit —vi)?(01)F (5 - W)QAfz

Equation (15) implies that ul*(7) > v; —n forall 7 € [T;, T). Similarly, consider any 7 < 7 such
that u(7) = v; + 1. Note that, for such a 7, ul*(7) is now on the right of v;, and the neurons flanking
v; are Y and u}. Thus we have by (14) and Lemma 4

duy (vi —up™(1))*(0f)}
dr (T) < — ('Ui +n— ulLL(T))2 JrAg < 7Ag,

where the second lower bound unfolds similarly as previously. This shows that ul*(7) < v; + 7 for

all 7 € [T;, T).

We now check that 7 < T, that is, for all 7 < T, A(u(7)) > D/2 and there are at least two neurons
in each interval [v;, v;41]. Starting with the first condition, we say that neurons u,; and uy, collide if
|uj (1) — ug(7)| = D/2 for some 7 < 7. Let us show that no pair of neurons collide.

We start by showing that there is no collision between u" and u!. In the first phase [0, 7;], we have

LL L
d;‘; (7) < Ag. Recall that we also have d;;' (1) > —Ag and thus for 7 < 75,
L LL L LL 4D
u (1) —u; (1) = u;(0) —u;~(0) — 2T Ag > &

since uX(0) — u}t(0) > D and TAg = D/10 by definition of 7 and Ag. As a consequence, ul"

[ %

and u}* do not collide during the first phase, and we have
uPHT) S ub(T) - = =0 — 1 - =2 (16)

In the second phase, we can have ul* € [v;, v; + 7] in which case u}" becomes the neuron flanking
v; to the left and v} the neuron flanking to the right. Then (14) and Lemma 4 give

dut _ (b (r) - v)*(0f)? 1672072
2 < 2 7 A <
ar S @k —ut(r) T 29S T

K3

+ Ag.
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Of course, this bound also holds when u{f € [v; — n,v;], because then dg? < Ag. Thus, in the

: L
second phase 7 € [7;, T], by the previous upperbound and the fact that u;'(7) > v; — 4,

1672 M?
ub ()~ (7) 2 v - = (M) + (- T) (T + A9)
4D 162 M?
LU
5 7 pr T4
by (16). Let us now upper-bound each of the last two terms by P/10 to conclude. By definition of D,
(Af)*D?

T 9B + M2
Thus

1602 M2T 3(Af)?D? D

D2 22(m+1)2M2 T 10
using the definition of 7, D < A(u(0)) < 1, Af < 2M and m + 1 > 1. Finally, TAg = P/1o0.
Thus u>" and uL do not collide.

We now show that uX and u}* do not collide. In the first phase 7 € [0, T;], we have

ult(7) — ub(r) > ul(r) v = A7) > df(r) — di(r) > D

K3 ?

As a consequence, uL and ult do not collide during the first phase, and we have
wl(T) > D+ ul () = Dtvi - 3. a”

In the second phase, ul plays a role symmetric to ul'*: it can be, or not, the neuron closest to the
right of v;, depending on whether u} € [v; — n,v;] or ul* € [v;,v; + 1. As for urL, we can show
that in any case, for 7 € [T;, T],

7
dr = D?
Thus one concludes as before: for 7 € [7;, 7], by the previous lowerbound and the fact that
L 4n
ui (T) < U’L + 2°

dul 1612 M2
Yi 5 20 —Ag.

16n>M?
Wl (1) —ub(r) 2 ul(T) = (7 = T) (g + Ag) = (v + ) -
Then, by (17),
1602 M?> D
ul(r) —ul(r) > D=y =T (55— +Ag) > 5,

where the last lower-bound unfolds similarly as for u>" and u}". Thus there is no collision between
uk and ult.

The reader can check that all other pairs of neurons do not collide, including those involving
ug = —n/2 and Uy, 11 = 1 + n/2. In fact, the proof is easier than for ul*, ul and u}, ul because
the discontinuity at v; attracts these neurons together.

Furthermore, we proved that before time 7 at most one neuron can escape on each side of a piece
[vi, vi41] of f. Since we start with at least four (and even six) neurons per piece, there is always
before 7 at least two neurons per piece.

This shows that 7 < T, and we also proved that at time 7T, all discontinuities have finished their first
phase, hence there is a neuron at distance less than 7 from each discontinuity of the target function.

B.4 Proof of Theorem 2

Take C' = 2719, Then by assumption of Theorem 2,
*(Af)?
TS 9102 (m 1)
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Moreover, by the definition of D from Proposition 3,

__(Af)PD?
TS VeI

This implies that

2 82
D* < )
26(m +1)4
and in consequence
)

DL —.
6(m + 1)2

Then Lemma 10 shows that the initialization is D-good with probability at least 1 — § (since the
D-good property is monotonous in D).

Hence, with probability at least 1 —4, according to Proposition 3, the maximal solution to (8) is defined
at least until 7~ and at that time, there is a neuron at distance less than 7 from each discontinuity of
the target function. Furthermore, 37 < ﬁ < % < Aw, hence Lemma 9 applies. This implies that

A (@) — et (u(T)), u(T) Pz < 602

The assumption on 7 allow to conclude that the upper-bound is less than &.

Remark 2. We did not try to optimize the value of C since our goal was to show convergence to a
global optimum and the dependency of the dynamics on the parameters (for instance, it is remarkable
that T does not depend on ).

B.5 Proof of Proposition 4

For s < t, Proposition 1 holds since for A(u(s)) > 16n > 27. Thus a;;(u(s)) is well-defined and
verifies

Vo Ly(ay(u(s)),u(s)) =0.
Let, for s <t, V(s) = |la(s) — aj(u(s))]|. Recall that, by (11),
VaLy(a,u) = Hy(u)a — by(u).

Hence, for s < ¢,

where the first lower bound is a consequence of Proposition 1. Then we have, for any s < ¢,

L Av(e?) = (at) - ay(u(s). 220 - Lasu(e)

S

= (als) = ap(u(s)), = VaLy(a(s),u(s)) — - (u(s)))
<~V + | Sapuo)|ves).

Let us now upper bound the norm appearing in the second term. We first have by the chain rule

d , day, du
L u(s) = 2 (e B s).

25



674

675

676

677

678
679

680

681

682
683

684

685

686

687

688
689
690
691

By Lemma 3 (which holds since for A(u(s)) > 161 > 2n),

| T < sy o+ Dl )+ 21).

Besides,
du
| S )| < el VuLatals)uls))
By Lemma 8,
IVuLy(als), u(s)]| < Vm +1lla(s)[|* + Mla(s)] - (18)
Furthermore,

la(s)Il < llay (w(s)I + llals) — ap(uls))| = lla; (uls))] + V(s)-

By Lemmas 6 and 7, which apply since A(u(s)) > 2n and since there are at least two positions u;(s)
in each interval [v;, v;11] for s < ¢,

llay (u(s))Il < llag (w(s))| + llag(u(s)) — ay (u(s))]]

16 M~/ 1
<2M‘/m+1+w
A(u(s))
2M+/ 1
<2M\/m+1+3++n
<3Mvm+1,

where the last upper bound is implied by the assumption D > 327.

Now define Tyax = inf {s > 0,V (s) > 3M+y/m+1} and assume s < min(t, Tpax) so that

V(s) < 3M+/m + 1. Then we proved that |la(s)|| < 6M+/m + 1. Going back to (18), we deduce
that

[VuLy(a(s),u(s))| < 36M3(m+1)>2 +6M>*Vm +1<2M*(m +1)%%. (19
Putting everything together, we obtain

29M2(m—|— 1)3/2 213M3(m—|— 1)3

—a < 6M 1324 M)e< =~ .
| qeentuton] Afu(s)  OM O+ DY+ M)e D c
All in all,
d /1 9 D 5 2BM3(m+1)3
E(iV(s) ) < EV(S) + o) eV (s)
Hence
d 1 d 1 9 D 2B3M3(m +1)3
— _ < 7V
By Gronwall’s inequality, for all s < min(¢, Tiax),
2'"M?(m 4 1)°
Vis) < exp’l%S V(0)+ #6(1 - exp’%s) (20)
D 217 M3(m +1)3
<expfiov(o) + 20D @

Finally note that V' (0) = [|ay(0)|| < 2M+/m + 1 and M < 2M+/m + 1 by the as-
sumption of the Proposition on . Hence (20) implies that for all s < min(t, Tinax)> V(s) is a
(weighted) average of two terms less than 2M v/m + 1 hence it is less than 2M/+/m + 1. This shows
that T1,.x > t, which concludes the proof since (21) is then valid for s = ¢.
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B.6 Proof of Theorem 1

In the proof, we take C; = 272! and Cy = 2736, Denote
B 0
C 6(m+1)27

Lemma 10 shows that the initialization is D-good with probability at least 1 — §. In the following,
we study the case where this event happens.

Denote T the minimal time ¢ > 0 such that A(u(t)) < D/2 or there are less than two neurons in some
piece [v;, v;41] of f* or ||a(t)|| > TM+/m + 1. Note that T > 0 since the initialization is D-good.
By Lemma 8, V, L, and V,L,, are Lipschitz-continuous on compacts, hence the solution of the
gradient flow is well defined for ¢ < T since T defines a compact set of parameters.

Then all the assumptions of Proposition 4 are satisfied on the time interval [0, ¢] for any ¢ < T.. More

precisely, the assumptions that do not come directly from the definition of 7" are the lower bound for
D and the upper bound for €. The lower bound for D come from

)
D=———-2>32 22
6(m+ 1)2 = °“7 @2)
by (3) and the simple bounds § < 1, Af < 2M, m + 1 > 1. The upper bound for € comes from (3)
since
53(Af)2 52 D2

s 236 M4 (m + 1)19/2 = 36 - 216 M2 (m, + 1)13/2 B 216 N2 (m + 1)5/2 7

where the second upper bound uses m > 0, § < 1 and Af < 2M. Therefore, according to
Proposition 4,

QTN (m + 1)3

i £, (23)

la(t) — a(u(®))|| < 3MVm + Lexp™16¢ 4
Furthermore, the proof of Proposition 4 actually implies that
||a7*7(u(t))|| <3Mvm+1 and Ja(t)]| < 6Mvm+ 1. (24)

The second bound implies that the condition ||a(t)|| > 7M+/m + 1 in the definition of T is actually
never active. Let us distinguish between two phases: letting

16 21002 (m +1)%\  96(m + 1)? 21602 (m +1)3
510( S(Af)2 )* 5! ( S(Af)? )

then the first phase corresponds to ¢ < T{ and the second phase for ¢ > Tj.

Ty =

Analysis of the first phase. In the first phase, each neuron moves at most by
oL
T mae | 5 (a(t) u(t))| < Tl VL (a(s). u(s) | < 2 ToM2(m + 1)*/2,
J Uj

where the second upper bound comes from (19) in the proof of Proposition 4. This quantity is less
than 2 if
8

6144(m + 1)7/2M2 (216M2(m + 1)3) < §
e < .
1) 0(Af)? 48(m + 1)2
Let us check this condition: we have

6144(m + 1)7/2 M2 o (216M2(m + 1)3)

0 5(Af)?
16 6144(m +1)7/2 M2 QM8 (m +1)3/16
B 5 ( S1/16(Af)1/8 )
16 - 6144 1)7/2M? 4M 1
< 16-6144(m + 1) log( (m + ))8’
B SAf
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sincem 41> 1,0 < 1,and 2M/Af > 1, hence (2M/Af)'/® < 2M/Af. Next, upper-bounding
log(x) by x, we have, by (3),

768(m +1)7/2 M2 (216M2(m+1)3> - 64 - 6144(m + 1)%/2 M3
5 5(Af)? = S2Af
61440(Af)
2290 (m + 1)3
<9
= 48(m + 1)2

using Af < 2M and m > 0. Note that the upper bound 26Ty M?(m + 1)3/2 < D/s also implies
that
D 1 T

< - —
29eM2(m 4+ 1)3/2 = 2e(Af)2 12

To < (25)

sincem >0, D < 1and Af < 2M. Since each neuron moves by at most D /8 in the time interval
[0, Tp] and since A(u(0)) > D, we deduce that

A(u(Ty) = D, (26)

Similarly, by condition (c) of the definition of a D-good vector, for all discontinuities v;,
[;*(0) + ;' (0) — 2vi| > D,

thus
3
[ul(Tp) + uk (Ty) — 204 > ZD. (27)

Furthermore, there at least four neurons on each piece of f at Tj, because at most one neuron can
move out of each piece by either side between 0 and 7j.

Analysis of the second phase. Let

DAf? 5(Af)?

Aa = - .
T OMVm T 6-29M(m+ 1)/

In the second phase t > Ty, we are able to control by Aa the distance between a(t) and the
weights af(u(t)) that are the best approximation of f* by a piecewise affine function with subdivi-
sion u(t). To show this, first note that the first term in (23) is smaller than % when

Aa

<

slo

3M~vm+ lexp™

which is equivalent to

12M~/m + 1)E

t}log( Aa D

which is implied by ¢ > Tj. Furthermore, the second term in (23) is smaller than % because, by
definition of D and by (3),

21T M3 (m + 1)36 36 217M3(m + 1)76 < 625(Af)? _ 63Aa < &
D2 B 52 = 219 M (m + 1)5/2 To9l0 Y o4
Hence, forall Tp, <t < T,
Aa
Ja(t) - apu(o)l < 5.
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Furthermore, note that the assumption of Lemma 7 applies for ¢ < T since A(u(t)) > 2

by (22). Therefore, by Lemma 7 and by (3),

> 27

. . 2M/m + 1
llay (u(t)) — ag(u(®)[| < “Aw@) "
2°Mym+1
—p "
25 . 6M (m + 1)%/?

0
63(Af)?

= 2160 (m + 1)5/2
62Aa _ Aa

27 2
By the triangular inequality, we deduce the upper bound that we were after, that is

la(t) = ag(u(@))]| < Aa
As in the proof of Proposition 3, we can now control the distance between the true dynamics and

the one that we would have if the weights were equal to aj(u). Namely, for any 7y < t < T and
j€{l,...,m}, by Lemma 6 (which applies since A(u(t)) > 27 by (22)), we have

N

SO+ G a3 (ute).ute)

- %(a(tm(t)) - S (udr). (o)
<2M(Vm + 1+ 1)]a(t) — ag(u(®)|| + Vm + Ta(t) — ag(u(?))]*.
The first term is less than
MET 4 DA (\/j+1il( f) gD(2A7f),

and the second term is less than
DAf' _ DASY
28M2/m+1 26 7
using D < A(u(0)) < 1, Af < 2M and m + 1 > 1. Hence we obtain, for any Ty < t < T and
je{l,...,m},

m+ 1(Aa)? =

. 2
%(t) + gﬁ;’(ag(u(t))v“(t)) S %

We are therefore in a situation very similar to the proof of Proposition 3, starting from (14). One
can check that all the arguments used in the proof also apply here. On top of the estimate above that
resembles (14), the crucial facts that make the argument of Proposition 3 work here are the bounds
(26) and (27) as well as the fact that there are at least four neurons on each piece f at Ty, which
together are very similar to the conditions ensuring that u(0) is D-good in the proof of Proposition 3.
Another key point is (25), ensuring that a time at least equal to 117"/12 remains after the first phase
of this proof, which is enough time for the dynamics described in the proof of Proposition 3 to unfold.

This yields that T < T, and that at tlme T, there is a neuron at distance less than n from each

discontinuity of f*. Furthermore, 31 < S g - < Aw, hence Lemma 9 applies. Thus
1
* * 5
| Gatasa @) () = £ (@)Pde < 6MPn < 5.

where the second upper bound comes from n < m + 1 and from (3). Furthermore, by (24) and by

Lemma 8,
|y (a(T), u(T)) — Ly (ag (w(T)), u(T))| < Vm + 1(6M(m + 1) + M)||a(T) — ay (u(T))]

<
< 16M(m + 1)*?/|a(T) — a}(u(T))] .
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754 Let us show that this term is less than /4. Recall that, by (23),

217M3 1 3
|a(T) = af(u(T))|| < 3MVm + Lexp™ 17 +$e

755 By definition of D and T', by using exp(—x) < 1/z for z > 1 and by (3),

. é
16M (m + 1>3/2 -3M~/m 4 Lexp 167 = 48M?(m + 1)% exp < - 16(m + 1)2(Af)2€)
. 2 4 2
<4816M(w;+1)(Af)€
48(Af)?0 ¢
S BIM2(m +1)%/2
<
3

756 using Af < 2M,d < 1,and m + 1 > 1. Furthermore, by (3), we get that

217 03 1)3 36 - 221 pr4 1 17/2
16M (m + 1)*/2 £g+ . £n+) e <

We therefore obtain the sought &/4 upper-bound and can conclude that

0|

757

1 1
/0 (fo(w:a(T), u(T)) — f*(2))dz < / (s a2 (u(T)), w(T)) — f*(2))2de
+ 2| Ly (@(T), u(T)) — Ly(a (u(T)), u(T))|

<€

758 C Experimental details

76

o

Setting Our code is available at [XXX]. To obtain Figures 3 and 4, we use the parameters of Table
1. For Figure 5, we use the parameters of Table 2.

Name Value
m 20
€ 2.107°
n 4.1073
P 1.8-108
h 10°

Additive noise  Uniform on [—1, 1]

Table 1: Parameters of Figures 3 and 4.

Name Value
m 20
€ 1
n 4-1073
P 106
h 10—°

Additive noise  Uniform on [—1, 1]

Table 2: Parameters of Figure 5.

761

The number of iterations in Table 1 is much larger than the one in Table 2, due to the fact that the
762

positions u evolve at a speed h, which is much smaller in Table 1. However, note that it is possible
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to increase h in Table 1 while keeping the same behavior (in our experiment, h is kept to the same
value as in Table 2 in order to facilitate the comparison). More precisely, taking & = 10~2 in Table 1
yields similar results while dividing the computational cost by 100.

Our target function is defined by f* = 1 on [0.,0.2], [0.35,0.5],[0.65,0.8], f* = 2 on [0.5, 0.65]
and f* = 4 elsewhere.

Additional plot We re-run the same SGD experiment as above twenty times, and plot the average
L2 distance to the target as a function of €, averaging over the initialization randomness and SGD
randomness. This confirms that, in our setting, the SGD is able to recover the target function in the
two-timescale regime (¢ < 1), but fails outside of the two-timescale regime (¢ = 1). The transition
between the two regimes seems to occur for € ~ 0.1.
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Figure 7: Lo distance with the target as a function of ¢, with 20 repeats
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