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Abstract

Neural Ordinary Differential Equations (NeuralODEs) present an attractive way
to extract dynamical laws from time series data, as they bridge neural networks
with the differential equation-based modeling paradigm of the physical sciences.
However, these models often display long training times and suboptimal results,
especially for longer duration data. While a common strategy in the literature
imposes strong constraints to the NeuralODE architecture to inherently promote
stable model dynamics, such methods are ill-suited for dynamics discovery as
the unknown governing equation is not guaranteed to satisfy the assumed con-
straints. In this paper, we develop a new training method for NeuralODEs, based
on synchronization and homotopy optimization, that does not require changes to
the model architecture. We show that synchronizing the model dynamics and the
training data tames the originally irregular loss landscape, which homotopy opti-
mization can then leverage to enhance training. Through benchmark experiments,
we demonstrate our method achieves competitive or better training loss while
often requiring less than half the number of training epochs compared to other
model-agnostic techniques. Furthermore, models trained with our method display
better extrapolation capabilities, highlighting the effectiveness of our method.

1 Introduction

Predicting the evolution of a time varying system and discovering mathematical models that govern
it is paramount to both deeper scientific understanding and potential engineering applications. The
centuries-old paradigm to tackle this problem was to either ingeniously deduce empirical rules
from experimental data, or mathematically derive physical laws from first principles. However, the
complexities of systems of interest have grown so much that these traditional approaches are now
often insufficient. This has led to a growing interest in using machine learning methods to infer
dynamical laws from data.

One line of research stems from the dynamical systems literature, where the problem of interest was
to determine the unknown coefficients of a given differential equation from data. While the task seems
rather simple, it was found that naive optimization cannot properly recover the desired coefficients
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due to irregularities in the optimization landscape, which worsens with increasing nonlinearity and
data length [64, 50, 56, 1].

Figure 1: Optimization trajectories for our
homotopy method(left) and vanilla gradient
descent(right) . While convention training
meanders on the pathological loss landscape,
our method provides a series of relaxed land-
scapes that effectively guide the optimizer to
the loss minimum.

A parallel development occurred in the study of re-
current neural networks (RNNs), which are neural
network analogues of discrete maps. It was quickly
found that training these models can be quite unsta-
ble and results in exploding or vanishing gradients.
While earlier works in the �eld resulted in techniques
such as teacher forcing or gradient clipping that are
agnostic to the RNN architecture [14, 45], more re-
cent approaches have been directed towards circum-
venting the problem entirely by incorporating speci�c
mathematical forms into the model architecture to
constrain the eigenvalues of the model Jacobian and
stabilize RNN dynamics [4, 29, 9, 34, 42]. While
these latter methods can be effective, for the purpose
of discovering dynamical equations underlying the
data, these approaches are inadequate as one cannot
ascertain the hidden equations conform to the prede-
termined rigid mathematical structures - especially so
if the dynamics to be predicted is incompatible with
the constrained model architecture [57, 41].

In this work, we focus on Neural Ordinary Differen-
tial Equations (NeuralODEs) [11]. These models are powerful tools in modeling natural phenomena,
bridging the expressibility and �exibility of neural networks with the de facto mathematical lan-
guage of the physical sciences. This has led to researchers amalgamating NeuralODEs with partial
information about the governing equation to produce “grey-box" dynamics models [55, 71], and
endowing NeuralODEs with mathematical structures that the system must satisfy [22, 18]. Despite
their conceptual elegance, training NeuralODEs tend to result in long training times and sub-optimal
results, a problem that is further exacerbated as the length of the training data grows [20, 17]. Similar
to the case of RNNs, methods have been proposed to tackle the problem involve placing either
strong [12, 25], or semi-strong constraints [17, 30] to the functional form the NeuralODE can take -
something the underlying governing equation does not guarantee satisfying.

Contributions We introduce a method to accurately train NeuralODEs on long time series data
by leveraging tools from the chaos and mathematical optimization literature: synchronization and
homotopy optimization [1, 15]. Through loss landscape analyses, we show that longer training
data lead to more irregular loss landscapes, which in turn lead to deteriorating performances of
the trained models. We show that synchronizing NeuralODE dynamics with the data can smooth
the loss landscape, on which homotopy optimization can be applied to enhance training. Through
performance benchmarks, we show that not only does our model far outperform conventional gradient
descent training, it also surpasses multiple shooting in terms of convergence speed and extrapolation
accuracy.

2 Preliminaries

2.1 Neural ordinary differential equations

A NeuralODE [11] is a model of the form,

du
dt

= U (t; u; � ); u(t0) = u0: (1)

whereu0 2 Rn is the initial condition or input given to the model, andU (:::; � ) : R � Rn ! Rn is
a neural network with parameters� 2 Rm that governs the dynamics of the model stateu(t) 2 Rn .
While this model can be used as a input-output mapping1, we are interested in the problem of training

1In this case, NeuralODEs become the continuous analog of residual networks [11].
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NeuralODEs on time series data to learn the underlying governing equation and forecast future
dynamics.

Given an monotonically increasing sequence of time points and the corresponding measurements
f t ( i ) ; û ( i ) gN

i =0 , NeuralODE training starts with using an ordinary differential equation (ODE) solver
to numerically integrate Equation (1) to obtain the model stateu at given time points:

u ( i ) (� ) = u (0) (� ) +
Z t ( i )

t (0)
U (t; u; � )dt = ODESolve

�
U (t; u; � ); t ( i ) ; u0

�
: (2)

Afterwards, gradient descent is performed on the loss functionL (� ) = 1
N +1

P
i

�
�u ( i ) (� ) � û ( i )

�
�22

to arrive at the optimal parameters� � .

2.2 Homotopy optimization method

In topology,homotopyrefers to the continuous deformation of one function into another. Motivated
by this concept, to �nd the minimizer� � 2 Rm of a complicated functionF (� ), the homotopy
optimization method3 [67, 68, 3, 15] introduces an alternative objective function

L (� ; � ) =
�

G(� ); if � = 1
F (� ); if � = 0

(3)

whereG(� ) is an auxillary function whose minimum is easily found, andL (� ; � ) : Rm � R ! R
smoothly interpolates betweenG andF as the homotopy parameter� varies from 1 to 0. While
a commonly used construction is the convex homotopyL (� ; � ) = (1 � � )F (� ) + � G(� ), more
problem-speci�c forms can be employed.

Homotopy optimization shines in cases where the target functionF is non-convex and has a com-
plicated landscape riddled with local minima. Similarly to simulated annealing [33], one starts out
with a relaxed version of the more complicated problem at hand and �nds a series of approximate
solutions while slowly morphing the relaxed problem back into its original non-trivial form. This
allows the optimization process to not get stuck in spurious sharp valleys and accurately converge to
the minimum of interest.

2.3 Synchronization of dynamical systems

Here, we brie�y summarize the mathematical phenomenon of synchronization, as described in the
literature [51, 28, 1, 49]. In later sections, we will show that synchronization can be used mitigate the
dif�culties arising in NeuralODE training. Consider two statesû; u 2 Rn , each evolving via

dû
dt

= Û (t; û; �̂ );
du
dt

= U (t; u; � ) � K (u � û): (4)

Here,Û ; U : R � Rn ! Rn are the dynamics of the two systems parameterized by�̂ ; � , respectively,
andK = diag(k1; :::; kn ), is the diagonal coupling matrix between the two systems. The two systems
are said to synchronize if the error betweenû(t) andu(t) vanishes with increasing time.

Theorem 1 (Synchronization). AssumingU = Û , � � �̂ , andu(t) in the vicinity ofû(t), the
elements ofK can be chosen so that the two states synchronize: that is, for error dynamics� (t) =
u(t) � û(t), jj � (t)jj2 = jju(t) � û(t)jj2 ! 0 ast ! 1 .

Proof. By subtracting the two state equations, the error, up to �rst order terms, can be shown to
follow:

d� (t)
dt

=
du(t)

dt
�

dû(t)
dt

=

"
@U (t ; u; � )

@u

�
�
�
�
�
u = û

� K

#

� (t) = A � (t): (5)

Increasing the elements ofK causes the matrixA to become negative de�nite —which in turn, causes
the largest Lyapunov exponent of the system,

� := lim
t !1

1
t

log
jj � (t)jj
jj � (0)jj

: (6)

2It is also possible to use other types of losses, such as the L1 loss used in [18, 31].
3In the literature, these methods are also referred to as "continuation methods"
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to also become negative as well. Thenjj � (t)jj2 = jju(t) � û(t)jj2 ! 0 ast ! 1 , which means the
dynamics ofu andû synchronize with increasing time regardless of the parameter mismatch.

Remark. Our assumption ofU = Û , that the functional form of the data dynamics is the same as
the equation to be �tted can also be thought to hold for NeuralODE training. This is because if the
model is suf�ciently expressive, universal approximation theorem will allow the model to match the
data equation for some choice of model parameter.

2.3.1 Constructing homotopy with synchronization

To combine homotopy optimization with synchronization, we slightly modify the coupling term of
Equation (4) by multiplying it with the homotopy parameter� :

du
dt

= U (t; u; � ) � � K (u � û): (7)

With this modi�cation, homotopy optimization is introduced to the problem as follows. When� = 1
and the coupling matrixK has suf�ciently large elements, synchronization occurs and the NeualODE
predictionu(t) starts to converge to the data trajectoryû (t) for larget. As we will con�rm in
Section 4, this causes the resulting loss functionL (� ; 1) to become well-behaved, serving the role
of the auxillary functionG in Equation (3). When� = 0 , the coupled Equation (4) reduces to the
original model form of Equation (1). Accordingly, the corresponding loss functionL (� ) = L (� ; 0)
is the complicated loss function we need to ultimately minimize. Therefore, starting with� = 1 and
successively decreasing its value to 0, all the while optimizing for the coupled loss functionL (� ; � )
allows one to leverage the well-behaved loss function landscape from synchronization while being
able to properly uncover the system parameters [66, 58].

3 Related works

Synchronization in ODE parameter estimation After the discovery of synchronization in chaotic
systems by Pecora & Carroll [47, 48], methods to leverage this phenomenon to identify unknown ODE
parameters were �rst proposed by Parlitz [44], and later re�ned by Abarbanel et al. [2, 1]. Parameter
identi�cation in these earlier works would proceed by either designing an auxillary dynamics for
the ODE parameters [44, 40], or including a regularization term on the coupling strength in the loss
function [53, 1]. The idea of applying homotopy optimization to this problem was pioneered by
Vyasarayani et al. [65, 66] and further expanded upon by later works [58, 63, 52].

Homotopy methods in machine learning As homotopy methods can outperform gradient descent
for complex optimization problems, it has been used in diverse �elds, including Gaussian homotopy
for non-convex optimization [27] and training feedforward networks [13, 24, 10]. Curriculum
learning [6] is another example of homotopy optimization, with the each task in the curriculum
corresponding to a particular value of the homotopy parameter as it is decreased to 0. Not to be
confused with the method discussed in this paper is the homotopy perturbation technique [26] used
in the dynamical systems literature, which is a method to obtain analytical solutions to nonlinear
differential equations.

Improving the training of RNNs and NeuralODEs As previously mentioned, many recent
approaches to improve RNN and NeuralODE training involve constraining the model expressivity.
The limitations of this strategy is investigated in [57], where it is demonstrated that such "stabilized"
models cannot learn oscillatory or highly complex data that does not match the built-in restrictions. A
recent development with a similar spirit as ours is Mikhaeil et al. [41], where the authors developed
an architecture-agnostic training method for RNNs by revisiting the classical RNN training strategy
of teacher forcing [60] and re�ning it via the chaos theory concept of Lyapunov exponents. Other
aspects of NeuralODE training, such as better gradient calculation, have been studied to improve
NeuralODE performance [30, 72, 39, 31]. Such methods are fully compatible with our proposed
work, and we showcase an example in Appendix G, by changing the gradient calculation scheme to
the “symplectic-adjoint-method" from [39].
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