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Abstract

The supplementary material is organized as follows -

* Section|S.1|introduces notation that will be useful for concise representation.
* Section [S.2] provides the proof of Proposition i}

* Section[S.3]|contains useful intermediate results which are used in subsequent
proofs of our main results.

* Section [S.4|proves bounds on vy B, BYv! and V| B,, BTV (Theorems
[@and3).

* Section[S.5]puts everything together and provides proofs of our main result -
Theorem l] along with Corollary [T]

* Section [S.6] provides additional experiments to further support our claims.

S.1 Notation and assumptions

For conciseness, we define the stochastic function A :  — R?*? which maps each state variable of
the Markov chain to a (d x d) positive semi-definite symmetric matrix as

A (St) = XtX;T

Where X; ~ D (s;) is drawn from the distribution corresponding to the state at timestep s;. All the
theoretical results are derived under Assumptions|[I] 2]and[3]

S.2 Offline PCA with Markovian Data

In this section, we prove Proposition We note that [4] considers Fj (s;) to be random only with

respect to the states. Therefore, we first show that their results generalize to our setting as well, using

F; (sj) := A(s;) — ¥. From Eq (5) in [4], we have

2

1_1p (e -) - e (a0 -) ILeo (S1a60-)

Jj=1 Jj=n

=vec (I)" | [[ exp (0H (s5)) | vec (Ia)
j=1
where H (s;) := 2 [(A(s;) —X) ® Iy + I; ® (A(s;) — ¥)]. Noting that conditioned on the state
sequence, the matrices A (s;),? € [n] are independent under our model, we can push in the
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expectation over the state-specific distributions inside. Let E; denote the expectation over the
stationary state-sequence of the Markov chain, and Ep denote the distribution over states. Therefore,

2

E.Ep Hexp (g (A(sj) — E)) =E, |vec(Iy)" H D(s;) lexp (0H (s;))] | vec (1a)
j=1 . j=1

Defining the multiplication operator (th) () = Ep(q) [exp (0H; (x))] h (z) for any vector-valued
function h, we note that Eq (8) from [4]] holds for our case as well.

Next, we adapt Proposition 5.3 from [4] for our setting. Specifically, we have the following lemma -

Lemma S.1. Consider the operator H (z) = % [(A(z) — %) ® I+ 14 ® (A(z) — X)) Then,

under assumptions[3|and 2 and the definition of ., we have,
1. EﬂED(z) [H (w)] =0

2. H(zx) = MI

3.

(z) [H (@2} HQ sV

Proof. The proof follows by using the same arguments as Proposition 5.3 from [4] and using
the expectation E;Ep ;) over both the state sequence and the distribution over states, along with
assumptions [3]and E} O

Finally, to prove Bernstein’s inequality, we prove that Lemma 6.7 from [4] holds for our case. To
note this, we start with equation (57) in their work. We have, using Lemma@

’<v2,E Ep(a) lexp (0H (z U1>’ = ’<v2,E Ep(a) lexp (0H (z))] v >|

_ ‘<v2, (I +E Ep) [H (z)] + Z %EﬂED(I) [H (x)ﬂ) u1>‘

k=2

(va,v1) + <v2 (Z EEWED(.%) {H (x) D U1>‘
k=2 "
< I{u,00) <1+v (Z k;'M))
k=2

Therefore, Eq (60) from [4] follows. The other bounds in the proof of Lemma 6.7 from [4]] follow
similarly. Therefore, we have the following version of Theorem 2.2 from [4] -

Proposition S.1. Under Assumptions[2|and[3} we have

n . tQ/Q
PLID (As) =D)|| >t | <d> Fexp |5
T (P)] 8/
=1 , =)™V + e MY

The proof of Proposition[I|now follows by converting the tail bound into a high probability bound
and using Wedin’s theorem [S]]. See proof of Theorem 1.1 in [[1] for details.

S.3 Useful Results

This section presents some useful lemmas and their proofs that are subsequently used in our proofs.



Proof of Lemmall] Let the transition probabilities of the Markov chain be represented as P(z|y) :=
P(Z41 = x|Zy = y). Consider the time-reversed chain Y; := Z,,_; ;1 fori = 1,2, ...n. Then,
P, =sYi-1 =s1-1,Y1—2 = s51-2...Y1 = 51)

=P (Zn-i41 = $1|Zn—142 = Si-1, Zn—143 = Si—2, ... Zp = 51)

=P (Zy—141 = $1|Zn—142 = si—1) using LemmalS.3|

CP(Z =81, 20 142 = 511)

- P(Zn—142 = 51-1)

7 (s1) P(s1-1]s1)

o T (51_1)

= P(s;|s;—1) using reversibility

This proves that Y,, is an irreducible Markov chain with the same transition probabilities as the
original Markov chain. The irreducibility of Y,, follows from the original Markov chain being
irreducible. Therefore,

P(Zy = 51| Zeyre = 52) =P Vg1t = 51|Ynp1-t—k = 52) (S.1)
Then,

1
§§1£Z|P (Ze = s|Zipe =1) — 7 (s)| = fjggZ\P ni—t = 8|Ynp1—i—k = 1) — 7 ()| = dmix (k)

where the last inequality follows from the forward mixing properties of the Markov chain. O

Lemma S.2. Let C;; = Hi:j(l + Z4) fori < j < n, where Z; € R4 are symmetric PSD
matrices. Let U € RIXd, Then,

Tr (UTCJ',H-IC iU) <Tr (UTCJ'JCJI’:%‘U)

Proof. Observe that,
Tr (U C;iCLU) = Tr (UTCjia (I + 22 + 27)CF 11, U)
=Tr (U"Cji1C i U) + Tr (U Clia (22 + Z7)C 1 U)

Since Z; and Z? are both PSD, the second term on the RHS is always positive. This yields the
proof. O

Lemma S.3. Let B, = Hizt(l + Z;), where Z; € R*™4 are symmetric PSD matrices.

Tr (B,-1Bl_,) < Tr (B,B))

Proof. We have,

Tr (B,Bl) = Tr (I + Zn)Bp—1Br_ (I + Z,,))
=Tr(B,_1Bl_ ) + Tv (Z,By-1BL_)) + Tt (B,_1By_1Z,) + Tr (Z,B,_1 B} Zy,)
=Tr (Bp1By_1) +2Tr (Bl _Z,By—1) + Tr (B _1Z2B,—1)

n—1

Since Z,, and Z?2 are both PSD, the last two terms on the RHS are always positive. This yields the
proof. O

Lemma S.4. Consider matrices X € R¥*4 qnd A € RI¥4, Then,

T (XTAX)| < AT (X7X)

Proof. For a matrix Z € R%*?, let the singular values be denoted as :

Omaz (Z) =01(Z) > 09(Z)... > 04(2)



Using Von-Neumann’s trace inequality, we have

d
Tr (XTAX)| = |Tr (AXXT)[ <) 0i(A)o; (XXT)

< Oz (A) Z o (XXT)

= |A|oTr (XXT) = |4 Tr (X7 X)
O
Lemma S.5. Given the Markov property in a Markov chain, the reverse Markov property holds, i.e

P(Zt = S‘ZtJrl = ’U.),Zt+2 = St42 .. Zn = Sn) = P(Zt = S‘Zt+1 = w)

Proof. We have,

P(Z: =58|Zty1 =w, Zry2 = St42... Zn = Sp)
 P(Zy=5,Z141 =w, Ziy2 =S40 Ly = Sp)
B P(Ziy1 =1, 700 = St49...Zn = Sp)
_ P(Zi=58,Z11 =w)P(Ziyo = St42... Zn = S$p|Zs = 8, Zpy1 = W)

P(Ziy1 =w)P(Ziso = St42... Zp = Sp|Ztr1 = w)
 P(Zy=5,Z111 =w)P(Ziyo = 5¢40... Zn = 5p| 2111 = w)
B P(Ziy1 =w)P(Zy1o = Sty ... Zyn = $p|Zir1 = w)
 P(Zy=5,Z141 = w)

P(Zip1 = w)

= P(Zt = S‘Zt_;,_l = w)

S.3.1 Proof of Lemma[2

Now we are ready to provide a proof of Lemma 2]

Proof of Lemmal[2] Without loss of generality, we prove the statement for m = 1. For convenience
of notation, we denote k := k;. Note that,

k T
Bk,lzz Z H’thA(Stj)a GT:{(ilv"'aiT‘)6{17"'7N}T:il<"'<i7"}

r=0 (i1,i2...5,)€G, j=1

with the convention that [ | » = 1. Therefore, since 7); forms a non-increasing sequence and |G |= (f),
we have,

”Bk,l - I||2 = Z Z H an 521) < Z Z H nijA(sij)

r=1 (i1,ia...i,)EG, j=1 r=1 (i1,i2...i,)EG, ||J=1 2
k kT
<> ( ) <Hm> M+ N)" < Zﬁ (Hm) (M + M)
r=1 r=1 =1
B
S 7 (M + )\1)
r=1
<exp (kn (M + A1) —
<kn (M + X)) (1+ kmpy (/\/l + A1) using[S.3]
S (T+e)km (M A+ A1) (S.2)



where we have used the assumptions that ||A(s)]2<

km (M + A1) < 1 and the useful result that

e" <1+a+2%rel0,1.79)

This completes the proof for (a).
For part (b), we have

k k
Bra—1=) mA(s)| ={>, .

t=1

k

SIS

r=2 (i1,i2...i,)EG, ||J=2

)(Hnl> M+ )"
(Hm> M+ )"

n(M+ )"

IN
ﬂ‘??‘ /-\

Mw i~ ﬁM»

IN

k"
g

3

IN

IN
= 0
3 ’UN

which completes the proof.

S.3.2 Proof of Lemma[3l

2 =2 (i1,iz...i,)EG, J=1

H nijA(Sij)
H ni; A(si;)

xp (kn (M + A1) =1 — kg (M + )
2p2 (M + A1)? using|S.3along with kny (M + A1) <1 (S.4)

Before proving Lemma 3] we will need the following lemma.

Lemma S.6. For arbitrary matrices M; € R¥™? i € [n] and Q € R™*", we have

> Qa,y) MM

z,y€ln]
where ||.||, denotes the spectral norm.
Proof. Define matrix X € R¥*"d a5 X := [M;

1Xly = 4/ Amaz (XXT)

<@l || > MaM

9 z€[n] 9

M, ... M,]. We note that

Z M, MT

z€[n]

- /\max

= Z M,.MT|| since Z M,M? is a symmetric matrix

xz€[n]

2
Then, we have,

> Q(z,y) MM

z,y€[n]

z€[n]

1A(s) — Z[+Zlle=

(M + )\1),

(S.3)

O

=X (Q® Iixa) X T where ® denotes the kronecker product

< |IX]12|Q ® Lixal|, using submultiplicativity of the spectral norm

= || XI5 |Qll; since ||A® Bl =

which completes our proof.

[All2lBll2



Proof of Lemma[3] We denote k; := k for convenience of notation. By using reversibility (see[S.1)),
we know that the time-reversed process is also a Markov chain with the same transition probabilities.
Then, fori < j <7+ k and any m,

P(s; =s,8; =t|sizr =u) = P(s; = s|s; =t)P(s; = t|si1x = u)
W pi=i(¢, 5)P+h=i (u, 1)

= P(sm = $|8m—jt+i = )P(Sm—jti = t|Sm_ = 1)

=P(8m =8, Sm—jti = t|Sm—r = u) (S.5)

Step (i) uses reversibility. Therefore,

E[(A(s;) —X)SA(s))|Sitk,---Sn] = Z (B + pspl =) S (B¢ + pepd ) P(si = 5,85 = t|Sith, - $n)

s,t

using Lemma([S.3] = Z (S + pspl — 2)S (T + ,utu?) P(s; =s,sj =t|siyk)

s,t

using Eq[S33] = Z (ES + us,uf — Z) S (Zt + utu?) P(Sm =8, Sm—j+i = t|Sm_r = u)
s,t

—E[(A(5) — £) SA (5m341) I5m_t]
=E[(A(s;) —X)SA(s;)]|sj—k] settingm :=j

Therefore, without loss of generality, we proceed with the second form.

[E[(A(s5) = %) SA(si) |sj—k = 2olll,
< E[(A(sy) = %) S%|sj—r = zolll, + [E[(A(s;) = 2) S (A(si) = X) [s;-1 = @olll,

<|
T1 T2

Ty = |E[(A(s;) — 2) SE|sj—k = @o]|l,
IE [En(s,) [(A(s5) — 2)]Isj-k = 0] ST,

= [ (2, + to,14E; = 2 54 = o] 5%
7 2

Jay

= Zpk(sjfk»s) (Es + NsﬂsT - E) S%
seQ

2

<UD (PH(sj-kr8) =7 (5)) (S + ptopd = %) + B [(Zs + ot = )] 1515 12
sEQ

= A5l <

<M IS, MDD

sEN
<2\ ||S||2 Mdmix (ki+1)

< 27 M S]], (5.6)

=0 9
Z (Pk(sj—ka s)—m (5)) (Es + ﬂs,uz - E) )
sEQ 2

P*(sj_g,8) —m(s)




Ty = |E[(A(s;) = %) S (A(si) = 2) [sj—k = wol 5

= Z P(s; = 2,8 =yl|sj—r = 20) Ep(z) [A (x) — E] SEp(y) [A (y) — X]|| using independence of

T,y €N 2

D (z) and D (y) conditioned on x and y

= Y P(sj =250 = ylsj—r = 20) (B0 + praprt — %) S2 S (S + pypd — %)
z,yeN

W sz 2

= Z P(s; =x|si = y)P(s;s = y|sj—r = x0) WIWE using the Markov property
z,y€N

2
=1 D P (yea) P (o, ) W W
z,yeN 9
= Z (PjiZ (y7l') ( )) PZ gtk (1’07 )W WT + Z P’L gtk (IO y) W WT
z,y€ z,y€eN

2

= > (P (y,2) = 7w (@) PR (o, ) W W, + Y (@) We Y P (g, ) W)
z,yeN e yeN

0

= 2

= S (P (y,w) — w (2) PO (g, y) Wa W

z,yeN 9

<| S (P ) w (@) (P (wo,y) — w () W W || || S (P () — () () Wa W
z,yeN 9 z,yeN 9
Toy T2
8.7
For 151, we have,
Tn < ) [P (yw) = w (@) [P (o) — 7w ()| W W,
z,yeN
<|ISlly M2 [P (20,y) — w ()] D [P (y,2) — 7 ()]
yeN e
< 2|8|ly MPdmix (5 — 1) D [ P77 (0, y) — 7 ()
yeN
S 4 ||SH2 M2dmix (.7 - Z) dmix (@ _j + k)
< 4|5, M2~ L5 o [
,Lj—z‘ﬂ—ww
< 8|S, M?2 Tiix since Va,b |a| 4 [b] > [a+0b] —1
< 88, M227 L) < 818, M2 (k) < 872042 5] (58)



For 155, we have,

T22 - Z (Pj_i (yax) —W(LU))’]T(:Z/) WIWJ

z,yeN 2
Iy (Pi~i (y,:EI—)w(x)) \/@<sz> (WWJ)
z,y€N

2

z,y€N ™ (‘r)
(#)
< HQHQ Z ™ (.’L’) (Ea: + //fxlufz - E) S (ZI + /1‘30/1'5 - E)
e 2
= 1Qllz [Ex [(Ba + pattz = %) 8 (S + patty — )],
< 1@ ISl |[Ex |50 + mer? = )7]
<vlQlly 151l (S.9)
_ . ) _
Step (i) uses Lemma |S.6| with Q(y,z) := T m(y) and M, =

V(@) (B2 4 papl — X) S=. Let’s now bound ||Q||,. Let IT := diag (7) € R®*® and t := j — i.

Then, we have

Q=1: (Pt —117m) I3

—TzPir2 —me117me

Now, since we have a reversible Markov chain, ITP = PTTI. Therefore,

MzPII2 = M2 PTTII 2

— 3Pz
Therefore, P is similar tolthe self-adjoint matrix Iz PH’%land thleir eigenvalues are real and the
same. Further note that IIz 1 is the leading eigenvector of 11z PII~ 2z with eigenvalue 1 since
Iz PII" 21121 = 112 P1
= T12 1 since P is a stochastic matrix

Now,

102 = HH%PfH—% S ESTEA

2

1 1 t 1 1
- H(HzPH—z) 1171

2
<)
=X\ (P)[*

where |A; (.) | denotes the second-largest eigenvalue in magnitude. Therefore, using[S.6} [S.8]and[S.9]
we have

E[(A(s5) = £) SA(s)) Isins 5] < (12 (P V + 872M2 4 202MA ) [,
< (IR (PYPV + 82M (M4 A1) [1S1l

Hence proved. O

- | 3 DD ) (VG (5 e - 9) 5%) (VA GIS* (5 + ] - )

2



Lemma S.7. Let Vi € [n], n;k; (M + \1) < ¢, e € (0,1) and n; forms a non-increasing sequence.
Set ki := Tmix (’ynf) ,7 € (0,1]. Then for constant matrix U € R4 and constant positive
semi-definite matrix G € R¥? § < j <mn, j —i > k;, we have

|E [Tr (U"Bjit1G (4 = %) B} 11, U)]|
< 1[Gl (m P (27 (1480 + (24 1+ %) Ky (M4 0)°)

x E [Tr (UTBj,i+ki+1 B;z:i+ki+l U)}
where Bj; is defined in[]]

Proof. For the convenience of notation, we denote k; 1 := k. Let B ;11 = Bj ik (I + R), then
E [Tr (U"Bji+1G (A — X)B],,,U)] =

E |Tr (U'BjiwkG (Ai = 8) B, U) | +E | Tr (U B;i4xG (A; = £) RTB],,.U) | +

T1 T2

E |Tr (U'Bj sk RG (A; — X) Bl U) | +E |Tr (U B i1k RG (A; — S) R B], |, U)

L T3 T4
(S.10)
We will now bound each of the terms E [T] , E [T3] , E [T3] and E [T}].
E[T] = [Tr (U"Bj,iwxG (Ai — ) B} ;,,.U)]
=K |:TI‘ (U Bj,i+kG( i E) B}:H—kU) Sitky---Sj—1, Sj:|:|
=E |Tr (UTBj7i+kG E |:(AZ - E) Sitky---Sj—1, Sj:| Bjj:z+kU>:|
=E |Tr (UTBj,i_HgG E {(Al ) si+k] B}-:i_%U)] using Lemma|[S.3)]
Now, using Lemmam we have,
H]E [(AZ- -) si+k] = 1> P¥(sitr,8) (A4 = %)
2 seQ 2
= Z (Pk(si+k, s)—m (s)) (A —2)+E; [(4; — D)
s€Q T )
= 1D (P*(sish5) — 7 (5)) (Ai — B)
sEQN 2
<M Z ¥ (Sivh,8) — 7 (8)
se
S 2-/\/ldmix (ki+1)
< 2y M (811)
where we have used Lemma[S.4] Therefore,
E [T1]| < yn7 y M||IG2E [Tr (UT B i1 B),.U)] (S.12)

We will now bound E [T3]. Let Ry := Zeﬂ';l neAy,. Using Lemmaawe have
HR R0||2 < 771+1k1+1 (M + )\1)2



Then,
E[Tb] = E [Tr (U" B} i+1G (A; = ) R"BJ,,,.U)]
B 0 (07 By 0046 (A 5) R B0+ [T (07 B4 ) (R~ o) B
E [Tr (U BjixGE[(Ai = 2) R |Siks - - 5j-1, 8] Bji1xU)] +

E [Tr (UTBMHCG (A; — %) (R — Ro)" Bfi+kU)]

Using Lemma@with S := I we have,

i+k—1
IE [(Ai = =) RElsisnsos] 2 € 3 me (1R (P Y+ 8ym2 M (M4 A1) )

l=i+1
|/\2 (1 )| 3
< . - 7 Y ; .1
S 771+1V1 — ‘)\2 (P)‘ + 8’Y771+1k1+1/\/l (M + )\1) (S 3)

Therefore,

E T3] |
< ||G||z(m+1%
VA2 (P)]

1— X2 (P)|

+ 8’777?+1]€i+1./\/l (M + )\1) + 772-2+1]€Z-2+1M (M + )\1)2) [TI’ (U BJ z+kB z+kU)]

= 771'+1||G|2< + 807 kit MM+ A1) + ik MM+ )\1)2) [Tr (U B+ B i 14U)]
(S.14)
Similarly using Lemma 3| with S := G,
VA2 (P)|

|E[T5]] < mit1l|Gll2 <1 — A2 (P)]

+ 8ynF ki M (M + A1) + i kP M (M + /\1)2> E [Tr (U"Bj vk B] 11 U)]
(S.15)
Finally,
B [T4]| < M||G|l2|| RI3E [T (UT By B} 14,U)]

<(1+¢€)? N ki M (M + A)?(|G|2E [Tr (U” Bji4xB];4U)] using Lemma
(5.16)
Therefore, using Eqs [S.12} [S-14] [S-15} [S.16]along with[S.10] we have
|E [Tr (U” Bji+1G (A; — £) Bl ;1 U)]|

2V |2 (P
< 77¢+1||G|2<1_||)\22((P))||

+ i1 M (27 + 169mip 1 kit (M + ) + (2 +(1+ e)2) k2., (M + )\1)2))
x B [Tr (U"BjiwxB],,1U)]
+ i M (m (1+8¢) + (2 +(1+ 6)2) K2, (M + >\1)2)>
x B [Tr (U"Bj 1B} ,,.U)]

2V A2 (P)|

< 77i+1||G|2<1 — X2 (P)]

where in the last line we used 7;41k;+1 (M + A1) < e. Hence proved. O
Lemma S.8. Let Vi € [n], nik; (M + A1) < €, e € (0,1) and n; forms a non-increasing sequence.
Set ki = Tpix (7172»2) ,7 € (0,1]. Then for constant matrices U € Rixd G e Rixd ; < j <
n, j —1 > k;, we have
‘]E [Tf (UTBMHG (4; — %) BTMU” ‘
< (V4 M2 2y + (L4 €) 2+ € (14 ) it (M + A G, E [Tr (U7 Bisnes Bign, U |
where Bj ; is defined inm

10



Proof. For convenience of notation, we denote k; 1 := k. Let Bj ;11 = Bj 4k (I + R), then

E {Tr (UTBJ‘@HG (A - %) BJ‘T@HU)} -

E|Tr (UTBj7i+kG(AﬁE)QBjTJ+kU) YE |Tr (UTBJ,H,CG(Ai )RTBTz+kU) n

T1 T2

E Tr(UTBj,HkRG (4, —%)* BT, +,€U) +E Tr(UTBj,HkRG (4, —%)? R"BY, +,€U)

L Ts Ty
We will now bound each of the terms E [T3],E [T3] , E [T3] and E [T4].

Since

E. [(At — 2)2} H2 <V, therefore
E[T1] = E :Tr (UTBMMG (4; — %) BTH,CU)}

_EE [Tr (U7 B i4C (A~ 9) B )

Sitky---Sj—1, Sj:|:|

=E|Tr (UTBMMG E {(Ai -%)?

T
Sitky---Sj—1, Sj:| Bj,i+kU):|

5i+k:| BjT,HkU)} using Lemma|[S.3]

=FE|Tr (UTBJ,H,CG E {(Ai - %)

()
< (V4 2dmix (k) M?) |GIl, E [Tx (UT Bjisr B i1 4U)]
where in (i), we used similar steps as to get

E {(Ai Y sM} < ] E, [(Al- - 2)2] H2 + 2l (k) M2 (S.17)
2
Next, using Lemma|2| we have that
HR||2 (1+6) k‘i+1’f]i+1 (M+/\1) (S.18)

Therefore,
E[l] = E [Tr (UTBMHCG (A; — %) RTBTH,CU)}
< (1 + 6) ki+17]i+1M2 (M + )\1) ||GH2 [TI" (UTBj7i+;€B]1:i+kU)]
Similarly,
=B [Tr (UTBj41RG (4; - )’ BL,, V)]
< (1+ €) kig1nigaM?* (M + A1) |G|, E [Tr (UTBJ',HkB?:HkU)]
Finally, using the bound on || R||> from Eq[S.18] we have:
E[T,] =E {Tr (UTBj ik RG (A, — %) RTBY, +kU>}
<(1+ 6) z+1nz+1M2 (M + )\1) G, E [Tr (UTBj,i+kBjT,i+kU)]
<e(1+ )7 kipmipaM® (M + A1) |G, B [Tr (U B; iy B4, U)] using Vi, miki (M + A1) < c
Therefore,
’]E [T (U7 Bji1 G (Ai = ) B U )| \

(1)
(V + Nit1 (2’7771+1M +(I+e)(2+e(l+ 5)) ki+1M2 (M + )‘1))) HG”Q [Tr (UTBJ 1+kB z+kU)]

= (V40 M 2is1 + (L4 €) 2+ e (L+€) kit (M + X)) |Gl E [Tr (U B i B}, U)]
where in (), we used dpix (k) = dmix (ki+1) < 71]2-2“. Hence proved. O
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Lemma S.9. Let Vi € [n],n;k; (M + A1) < ¢, e € (0,1) and step-sizes n; forms a non-increasing
sequence. Further, let the step-sizes follow a slow-decay property, i.e, Vi,n; < n;_, < 2n;. Set
ki == Tmix (’y?ﬁ) .y € (0,1). Let G € R¥? be a constant positive semi-definite matrix, and
Pt =Tr (Btle;tT_lG(At - E)), then,

2V (A2 (P)|

oy T kM (2v(1+80) + (2+ 1+ ) B (M+ A1)2>) IG|I,E [Tx (Bi—y, BL1,)]

E[P] < me—r, (
where By is defined in[2]
Proof. Let By = (I + R) By_j, with ||R||2< r. Then,

E[P] =E |Tr (By—k, B[ ,G(A; — X)) | +E | Tr (Bi—y, B{_, R" G(4A; — )

Py 1 Py >

+E | Tr (Bi—k, B{_,G(A: — £)R) | +E |Tr (By—y, B, RTG(A; — £)R)

Py 3 Py 4
Let’s consider each of the terms above. Using Von-Neumann’s trace inequality and [S.14] we have,

E[P;1] = E [Tr (Bi—k, B{_,E[G(Ar — £)|s1, 82, ..., $t—k,))]
<E[Tr (By—k, B{_i,, GE (A — Z)|s1—k,])]
< |GE[(Ar = 2)|se—r,]llo E [Tt (Be—k, Biy,)]
< 2Mduix (kt) |G|, E [Tr (By—r, Bi_1,)] using|S.11]
< 290 MG, E [Tr (Bir, B, )]

E[Pis] = E [Tr (Bi—k,B{_}, E [R"G(A; — £)U|s1, 82, ..., 51—k, ])]
< ||E[RTG(A¢ — £)|s1, 52, - 81—k, | || E [Tr (Bei, B4, )]
= |E[RTG(A: = D)lse—r,] ||, E [Tr (Be-r, B{s,)]

VA (P
< i 1G], (TR 8902 B (M4 )+ 1 BEM M+ 0P ) B [T (B, B )

using[S-T7

V(A (P
E[Ps] < ne—k, Gl (1—||/2\2((11|)| + 8907 ke MM+ A1) + e K M (M + )\1)2> E [Tr (Bi—k, B{_},)]
using similar steps as E [P, o]

E[P; 4] = E [Tr (Bi—x, B, R"G(A; — £)R)]
<r*M|G|,E [Tr (Bt,ktB;"lkt)]
<(1+¢? 07—, w1 ke M (M + )G, E [Tt (By—k, B/_y,)] using Lemma
< (L4 nf_g ki M (M + A1) |G|, E [Tr (Bi—i, B, )]

12



Therefore we have,
E[F]

2V X2 (P
< Nk (1—|)\22(P)| +M (277% + 1697y, ke (M + A1) + (2 +(1+e) ) Ne—koki (M4 A1) ) Gl

< E [Tr (Bi—r, B{_4,)]

2v 20\ (P)]

S T +m7ktM (27 + 169miks M+ X) + (24 (1+ %) K (M + A1>2)) (efl®

x E [T&r (Bt,ktB;{kt)}
(”) 2V |)\2 2 2 2 T
T Pe P +m,ktM (2v (@480 + (24 (14 ) K M+ A)?) ) Gl E [T (Bis B 1, )]
)We used 217t ke < e < me_g, along with neky (M 4+ Aq) < ein (44). Hence proved. O
Lemma S.10. Ler Vi € [n],n;ki (M + A1) < ee € (0,1) and n; forms a non-increasing
sequence. Set k; = Ty ('ynf) ;v € (0,1. Let U € R4 be a constant matrix and
Qi := Tr (BB (A — £)U(A, — X)). Further, let the decay of the step-sizes be slow such
that Vi, n; < ni—g, < 2n;. Then
E[Qd] < (V+—reri M (29m +2 (14 €) (1 + € (1+€)) ke (M + M) ([U ]|, E [Tr (Bi—r, B{,)]
where By is defined in2]

where in

Proof. Let By = (I + R) By_j, with ||R||2< r. Then,

E[Q] =E | Tr (Bi—k, B{_y, (At — S)U(A; — %)) | +E | Tr (By—k, B{_y, BT (A — 2)U (A, — 5))
Q1 Q.2

+E | Tr (RBi—i, By, (A = 2)U(A = %)) | +E | Tt (RBy—, B{_},, R" (A; — ©)U(A, — X))

Qi3 Qt,a
Let’s consider each of the terms above. Using Von-Neumann’s trace inequality and noting that

E, [(At — 2)2} H2 <V, we have
E[Q:1] = E [Tr (Bi—k, B{_, E[(A: — D)U(Ay — B)|s1, 82, .-, $1—k,))]

=E [Tr (Bi—k, BL 1, E[(Ar = D)U(A; — 5)[511,])]
<|E[(Ar = 2)U(Ar = Z) |51l E [Tr (Bi—k, B{4,)]
<[|Uy |E[(Ar = Z)?[s¢—k, |||, E [Tr (Be—i, B}, )] using|5.17
<|NUlly (V + 2dmix (k) M?) E [Tr (B—y, Bi_y,)]
< ||U||2 (V+2’777tM) [Tr (Bt ktBt kt)]

E[Qt2] = E [Tr (Bi—y, B{_,E [RT (A — S)U(Ar — X)|s1, 82, - -, St—k, ] )]

< ||E[RT (A = D)U(Ar = S)lse—, ] ||, B [Tr (Bi—r, B, )]

< (14 €) m—pys1keM> (M + X)) U ||, E [T (Bi—r, Bi_,)] usingLemma

E[Qi3] < (1+e)m- k,+1kf/\/12 (M+X)|U|,E [Tr (Bt—ktBikt)] using a similar argument as Q; 2

E[Qt4] = E [Tr (RBi—y, B, R (A; — £)U(4; — %))]
=E [Tt (Bi—y, B{ 1, R" (As — S)U(4; — 2)R)]
<r*|U|y, M?E [Tr (By—k, B{_4,)]
< (1+4¢)? Mg 1 ki M> (M + M)? U, E [Tr (Bs—k, B{_y,)] using Lernma

13



Therefore, we have

E[Q]
< (Vb ok (20mM2 42 (14 M2 (M4 M) + (147 g M2 (M + X)) ) U]
E [Tr (Bi—k,Bi1,)]

(z)
< (VM2 (29 + 2 (14 ) y (M X)) + 26 (1+ ) ke (M + M) ) UL E [Tr (Bri, BE )]
= (Vo ket M2 2y +2 (1) (14 € (1 €) ke (M4 21)) UL, B [Tr (Bii, BE,,)]

In (i), we used the slow-decay assumption on 7; mentioned in the lemma statement along with
nik; (M + A1) < e. Hence proved. O

Lemma S.11. (Learning Rate Schedule) Fix any § € (0,1). Set k; := Typix (773) Suppose the step
sizes are set such that

(%

(A1 = X2) (B +1)

ni =

Define the linear function

Vil 7)== 222 E*D,

i Q

With ¢ := ﬁ and k.1, Crty V', Vit defined in set > 2, f(0) > e, m:=200and

_ 7ix 108 (£ (0)) (M + M) @ 5raclog ( (0)) (M + An)* 02 (V' +57) o
B := 600 max { A — Ao "3 —Ao) log (T+2) 7300 (A — Ao)?log (1+ 2)

then we have

2. Vi, mi < nicg, < (14 2€) m; < 2n; (slow-decay)

3. En:(V}“-i-Ckz-i-él)\Q) 2<10g(1+%)

<.

+ X (V' + &) miy, exp ( 2. 2n; (M A2)) <
i=1 j=it+1

(2(1+106)a2> ~ 1 <24(1+1oe)a3>M(M+A1)2k3

201 1= o)t (a=1) (= A)? 2

Proof. We use the following inequalities -

! CY
> <
j=i (

) (B+i—1)

| A

z+1 = xg%z N

¢ «@ t+58+1
Z_:njz (/\1_)\) ( B ) (S.20)
+

Using 1 ) (S.19)

t+p
Z"J— O\ —Ag) (2—1—5—1

t

- e B+ 1) — (i 4 )t (t+5+1)e+1
;(HB) < 1 I

(S.21)

V>0 (S.22)
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For the first result, we observe that f(z) = lo2(@) jg g decreasing function of = for x > e. Using
properties of the mixing time (see Sectlon@m the manuscript), we have

R 2Tmix i _ ATmix (ﬁ + 1) ( 1 )\2) _ ATmix .
b ) < o () = gty o () = s 0
(8.23)

forn; < 1.Fori >0

Therefore,

nzki (M + )\1) S

)
s (M M) log (
og@ /()
Arin (M + 1) log (£ (0))
g f(0)

From the assumptions mentioned in the Lemma statement, we have

log(f(0)) . elog(2) _ log(2)
7(0) UTmix (M 4+ A1) 40070 (M + Aq)

47-mix (M + /\1) « (ﬁ + Z) ()‘1 - /\2)
g @) (B4 ) o ( o )
0

(S.24)

Therefore,
Vi, niki (M + M) <e (S.25)
For the second result, we note that Vi € [n],

Ni—k; 6 +1

n  B+i—k

ﬂ+l

Consider the fraction . We can simplify it as :

ﬂ+i>log(2) B+
ki 7 ATmix 1o (M)

_ alog(2) f (@)
ATmix (A1 — A2) log (f (7))
alog (2) f(0)
= Armix (A — A2) log (f (0))

1
> — from|S.24
€

where we used the fact that ( ) is an increasing function for > e. Therefore, we have that

log
Ni—k, 1
i <1+
nio 1-1
1
T 1—¢
<1+ 2¢foree (0,0.1)
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For the third result, we note that
Cr,t := 40ky 1 (M + )2,
k.t == 2mM {3 +9k7 1 (M + )\1)2]
< 24, M [km (M + Al)Q] since (M + A1) > 1 WLOG
<24e(1+€) ks M+ )\1)2 since g < (1 + 2€) Ne1 and N1 kepr (M4 X)) <€

Therefore,

n

> Ve + Cra) 2 = (V' +513) an+41 M+ \) Zm i1

i=1 i=1

(i) "
< (V45X D n +45 (M + Ay)° Z n2 1 kit (S.26)
i=1 i=1
T1 T2

where (i) follows from the slow decay property of 7;.

For T, using[S.I9 we have,

0é2

< =
te (A — ) B

For T5, substituting the value of k; from[S.23|for 7; < 1 we have,

4Tmix & « 2 ()\1 - )\2) (B +i 4 1)
" ‘Zm” ”1_10g()z(()\1/\2)(B+i+1)) o o )
(S.28)

(8.27)

B 4rmix) z": log (f (i + 1)) (S.29)

S log(2) & f(i4 1)

Note that f () is a linear function of ¢ and Vi f(i+1) = f(i) = 2=22. We observe that g(z) =

log(w) is a decreasing function of z for # > €2 ~ 1.65. Therefore,

A — X2\ = log (f (i + 1)) T Jog (x)
( a ); fi+1)? S/f<1> 2

Substituting in[S:29] we have,

A=A/ U @’
f(n)
- 1;1;;) (Al = )\2> ( (logx(x) ' i) o
= 13;“{;) ()\1 f A2> <1ogf({1()1)) " le)>
Tmix et lo
et () (570
I(ZHE;) (/\1 f )\2> <log;{0()0))) since (z) is a decreasing function of x forz > e
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Putting everything together in and using the bounds on S, f (0) mentioned in the lemma
statement, we have,

- 2 log (f(0)) a?

V. . N\ 2 . o / 2

; (Viyi + Cryi) m7 < 460 (M + A1)” Tinix <A1 — A2) 7 (0) + TRESWLE (V' +5X7)
= 4607« log (f (0)) e (M+X)° + o (V' +5X3)

" (A1 —X2)? 5 ' (A1 —X2)? 5 !

<log (1-1— 6)
m

Finally, for the last result we first note that

€t = 29 M [3 + Ok, (M + Al)ﬂ
< 24, M [ka (M + Alﬂ since (M + A1) > 1 WLOG
Therefore,
Z V' + &) mip, exp | — Z 2n; (M1 —
=1

j=it1

(142°) (V' +&a)nfexp | — Y 2n (\ —
=1

j=it1

3

1+ 5¢) Z (V' + &) miexp | — Z 21 (A1 — A2) | since e € (0,0.1)
i=1 j=i+l

= (1 + 5¢) Z "2 exp Z 2n; (A1 — A2) +Z§;€’mi2exp - Z 215 (A1 — A2)
i=1 j=it1 i=1 j=it1
(S.30)
Let’s define
g (i) == exp Z 2; (M —X) | Tse= nig(i), Ta=> nig(i), T —Zn3k2
i=1 i=1

j=i+1

Note that since k,, > k;,

Then,

IA

(1 + 5¢) [V/Tg +2UM (M + \y)? T5}

Z V/+£kz 7’]2 ks exp ( Z 277] ()\1 _>\2))
i=1 ]

< (1+ 5¢) [V’T3 UMM+ N)? k:,%n}
(S.31)
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A 2a 2 3
Using|S.20} g (i) < (;i%iﬁ) . Noting that (%) < (%) < 2, we have

Jj=i+1

2 n ’L+ +1 2a
:<)\1—>\2) ;(64-1)2 (n+g+1>
e ) E o (22
T\ A B 1(6+2+1) n+p+1
< a )<6+1>2 1 <i+6+1)2"‘
A1 — A2 B B+i+1)> \n+p+1
2 n

&) 1 . 20—2
§2</\1A2> (n+ﬁ+1)2a2(z+6+1)

i=1

2 a 2 1 n+B+2\** .
< 22
2a—1<)\1—/\2> (n+B+2) (n—l—ﬁ—i—l) using |

_ 2 ( @ >2 1 (1+ ! >2a (.32)
S 2a—-1\ M —-X/) (n+pB+2) n+pB+1 ‘

Zm exp (—2 Z n; (A1 — A2)

M:

2

M=

=1

and similarly,

Ty —an exp (—2 Z n; (A1 — )\2)

j=i+1
B a \*& 1 i+ B+1\
_</\1—>\2> ,;(ﬁJri)S (”+ﬁ+1>
<< o >3<ﬁ+1>3§”: 1 (z’+ﬁ+1>2‘”‘
Al — A 6 ] (ﬁ+z—|—]_) Tl+ﬁ+1
< o >3 ﬂ+1>3 1 (i+ﬁ+1>2"‘
A1 — A2 B ‘ 1(5—!—2—!—1) n+p+1

! ’ 1 - 2a—3
2(/\1)\2> (n+ﬁ+1)2a;(l+,@+1)

Il
NgERl

IN

3 2a
1 1 2
< ( e ) 5 (n—l—ﬁ—i— ) using [S.22
a—1\ ) — X (n+ﬁ+2) n+p+1
1 a 1\’ 1 ( 1 )20‘
= 1+ (5.33)
a-1 </\1—)\2> (n+pB+2)° n+p+1
Using[S.25] we have
!
———— =1 (A1 — A2) <A1 < kA <e<0.1 S.34
Py S (M1 = A2) <mud1 <1 1 (5.34)
Therefore, using [2]
2c¢ ¢ .
1 () 1 (i1) 4o
1+ ——— <—F— <14 ——F—— <1+44e S.35
( n+5+1> Tl-e n+B8+1" (5.35)
where (i) follows since +6+1 < 1by|[S.34|and (ii) follows since 1~ < 1 + 2z for € [0, 3].
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Using[S.35| with [S.32] we have

2
T < 2 ( o ) 1 (1+ 4o )
P 2a—-1\M—-X) (n+B+2) n+p+1

2 (1 + 4e) a \° 1
< S.36
- 2a-—1 ()\1—)\2) (n+ﬁ+2) ( )
Using[S.35| with [S.33] we have
l+4e [ a \° 1
T, < S.37
4_04—1(>\1—>\2) (n+B+2)° (537

Let
Or 2 (14 10¢) o? 24 (1 + 10¢)

T 20— (a—1)
Putting together[S.36} [S.37]in[S.31] and using the definition of k; in we have

,Cg =

(1 + 56) V’Tg

IN

2 (1 + 5e) (1 + 4e) a \° vV
20&71 )\17)\2 (TL+6+2)
2(1+1 2 ! 1
20210907 VLG <0.05
20 — 1 (,\1_)\2) n

and similarly,

3 212
24(1+56)M(M+A1)2kin§24(1+5e)(1+4e)a M(M+)\13) k—g
a—1 (A —A)” n

Therefore from[S.31] we have

n

DV G em | = Y 2 M=) | <G

i=1 j=i+1

V! 1 o MM+ 1) k2

——+
P OV WL
Hence proved. O

S.4 Proofs : Convergence Analysis of Qja’s Algorithm for Markovian Data

In this section, we present proofs of Theorems M and[5] We state versions of these theorems that
are valid under more general conditions on the step sizes. Specifically, for the following, we only

require a sequence of non-increasing step-sizes which satisfy, for € := ﬁ, Vi € [n] -
C.1 niki M+ X)) <e C.2 (Slow decay) n; < ik, < (1+ 2€)m; < 2

The version of these theorems stated in the main manuscript are obtained by plugging in the step-sizes
asn; 1= m for the values of «, £ provided in Lemma Before starting with the proofs,

we define the following scalar variables -
ri=2(1+ € kntn (M A1), G o= 40kpyy (M + Ap)°

Y = 6M |1+ 3k152+1 (M + )\1)2} ; Skt = Mk, Pkt

_ 1+ B+49) X (P)]

V= T (D) V, Vit =V + AT+ &t (S.38)

The basic idea behind these proofs is illustrated in Figure [2]in the main paper, where we are trying to
approximate the matrix product by conditioning back in time just the right amount, to balance the
tradeoff between the advantage of the mixing decay and the norm of the product of matrices.
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Theorem 2. (General Version) Under Assumptions|[I} 2land[3) for all n > k,,, and any decaying
step-size schedule n; satisfying C.1 and C.2, we have:

n—=kny
E [v] B, 1BL 0] < (1+7)%exp ( 2ned + 07 (V + A7 + & t)))
1

t=

where Bj ; is defined in[7}

Proof. Define oy, ¢ :=E [Tr (UlTBn,th;tmﬂ =K [vlTantBZ;tvﬂ ,4 <t <n. Then, we have

v] BpyBl v1 = 0] Bpyyr(I+m3)BL o1 + 200 (v] Braga (I + neS)(Ar — S)BL,101)
P
+ 07 (v By g1 (Ae — X)?BL o) (S.39)
Qn,t
< 0] Bj41B] 101 (1 + neA1)?) + 17 Quie + 20e Pag
Using Lemma|[S.7| with U = v1,G = (I + ;%) ,v = 1 and noting that E. [4, — X] = 0, along

with observing that a, 14 5,,, < @ 4k, from Lemma@ we have
2V | A2 (P)]
1—[A2(P)]

We note that Vi, k; > 1, therefore, using the assumption in[S.38 1 4+ Ay < 14 ek (M 4+ Ap) <
1+e.

|E[Pp¢]] < negr (14 meA1) ( + N1 M (2 + 16e + (2 +(1+ 6)2) ki (M + )\1)2)> Qn btk

Next, using Lemmawith U =wv1,G = I, = 1 and noting that ||E, {(At - 2)2} H <V along
2

with observing that o, ¢4, , < ¢4k, Using Lemma@ we have

IE[Qndl < (V41 M? Cnpr + (1 +€) (24 € (1 + €) krpr (M + A1) g,
< (VA 2emp M+ M (1+€) 2+ €(14€) byt (M + M) an v,

where in the last line, we used 7 1M < mpp1 (M + A1) < ik (M +Ap) <e

Then from[S39forn — k; >t > 1,

14+ (3+4e) X2 (P)|
1 — X2 (P)]

an: < (1+ A1)’ Olp 41 + ( ) Vi ik, + Crapom ik, (S.40)

where Cj, ; is defined as
Chpi= ML+ €) (1486) + 2e + ks (M X)) (14 ) 2+ (1) M+2 (24 (1+)7) Fa (M + A1) )|
%)M [4(1+6)(1+86)+2€+ ((1+€)(2—|—6(1+€))+2(2+(1+6)2)> ki (M4 ) }
= M [4-+ 386 + 326+ (6+ 26 + (1+ ) (1+26) ) Ky (M +A)°]
where in () we used M < k1 (M + Ay).

Then recalling the definition of £ ; in[S.38} and noting that c,, s 44, < o ¢41 using Lemma[S.2]we
have from [S-40]
14 (3+4e) X2 (P)|

any < (1+ 77t)\1)2 Qn 41+ (( = (P)] ) Y+ fk,t) Utzamurkt

1+ (B3+44e) |\ (P
= <1+277t)\1 +77t2(< (1_|/\62)(P2)|( )>V+)\%+§k,t)>an,t+l
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Therefore using this recursion, we have,

n—k n—k
" ‘ 1+ (3+4e) | X2 (P
an1 < Qpn—k,+1 €XP (2/\1 Z ne + Z n << (1 — )\2)(|P2)( ) |> V4 A2 +£k,t)>

t=1 t=1

Let By n—k,+1 = I + R/, where | R'||< r ass.

Unn—k,+1 = E [vlTBn,n,anBg’nfanUl]
=E [v v1] +E [of (R + RT)o1] +E [o] 'R v,
<1420 412
Using Lemma[2] we have
< (14 €) knln—k,+1 (M + A1)
< (L+€) knnp—r, (M + A1)
<2(1+4€) kpnn (M + A1) since n,_k, < 21,

Therefore,
n—k n—k
¢ ! 1+ (3+4€) Mo (P
apa < (1+2r +1%) exp | 2) ne + n?(( (1 /\€)| 2 ( H)V—&-)\%-I-fk,t)
t=1 t=1 — X2 (P)]
Hence proved. O
Theorem 3. (General Version) Let u := min{t : t € [n],t — k; > 0}. Under Assumptions 1] [2]

and 3} for all n > u, and any decaying step-size 1, satisfying C.1 and C.2, we have,

E [Tr (VI B,BIV1)] < (14 5¢) exp ( > mida+ (V4 A+ i) )

1=u-+1

x [ d+ Z V' + ki) C’,'“mf_ki exp Z 21, (A1 — Aa)

1=u+1 j=u+1
where C} , := exp (2)\1 Z;;l (M — Me—utj) + Z;:{ 77]2» (Ve,j — Vk_yj{»u)) and By is defined inE|

Proof. Fort < n,let
o=y =E [vatBtTvl] =E [Tr (vatBtTvl)] , as defined in Theorem
By :=E[Tr (VI B,B]'V.)]
Note that oy + 8; = Tr (BtBtT ) by definition. Then,
Tr (BB V. V]) = Tr (B BE LI+ e 2)ViVE (I +mE)) + me Tr (B (T + e S)VL VI (A — 8)Bi_v)
+ 1 Tr (Bi_y (A = S)VLVI (I + 0e2) Be) + 17 Tr (Be-1 By (Ar = D)VLVI (A - )
< (14 mA2)? Tr (Bioa BEAVAVE) 4 200 T By BE (I 4+ mS) VLV (A, — %))

Py

+ 07 Tr (Bi—1 B/, (A — )V VI (4 — %))
Q

Let B,y = (I + R) By_y, with |R||>< r. Using Lemma[S.9 with G = (I +n,X)V, V] =
Vi(I+ 'r]tAJ_)VL ,7 = 1, where Al isad — 1 x d — 1 diagonal matrix of eigenvalues Ao, ..., \g
of 3}, and noting that || vVt

I, =
2V|A2( )|
1= [z (P)]

P e (20080 4 (24 0L+ ) B M 00)%) ) (e, + o)

E[P,] < (1 + 1A s, < M (2 (1+ 8¢) + (2 (1 6)2) k2 (M + /\1)2)) (e, + Bei,)
< (14 €)n—k, (
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where in the last line, we used s A1 < neky (M + A1) < e

Using Lemmawith U=V, VI y=1,

E[Q:] < (V + gt M2 (2 +2(1+€) (L4 e (1 +€)) by (M + )\1))) (04—, + Bi—k,)
2 (V + 2eneM + 21—y 1 a MP (1 €) (14 € (1 + €)) by (M + M) (@i, + Be-r,)
(i#)

< (Ve 2emM+ 2 M (L4 € (1 €1+ )R (M + X)) ) (@k, + Bik,)

where in (7) we used Vi, n;M < nk; (M 4+ A1) < € and in (i7) we used M < k; (M + Aq).
Putting everything together, we have,

E [Tr (BB V. V)]
<1+ 77t>\2)2 Be—1

2V |X\g (P
+2(1+e)77t77t_kt( A2 (P)]

= Pa (P)]
o (V+ 26 M+ 2 M (L4 €) (L € (L4 ) R (M + 0)?) ) (@i + B
< (T +mr) Bia

+2(1+e)n7y, (

+ -k, M (2 (1+ 8¢) + (2 + 1+ e)2> kZ (M + >\1)2)> (op—k, + Bi—k,)

2V A2 (P)|
1—[A2 (P)]

g, (Vo 26mM 2 M (L) (L4 € (L ) B (M X)) ) (@i, + Bor)

<1+ 77t/\2)2 Be—1 + 77:52—k,, (<1 + (13_+i62)(|;\>2)(P) |> V+ fk,t) (vt—t, + Bi—k,)

+ np—k, M (2 (14 8¢) + (2 +(1+ 6)2) k2 (M + )\1)2)) (as—k, + Bi—k,)

where & ; is as defined in Therefore using Lemma|S.3]

E[Tr (B:B{V.V])] < (1 + 2m 00 + My, ((1 + fj&?éﬁ |(P) |> V+ A+ fk,t)) Be-1

1 3+ 4e) |\ (P
+ 07, (< ha (1 +)\€2)(|P§( ) |> V+ §k,t> a1 (841

Let . :=1+4e(1+¢€) (14 €+ €?) < 1.05. From Theoremdenoting

ey =141+ &) mmrkior M+ M) 41+ n2 k2 M+ M) <1Hde(l+e) (L+e+eé) = x,
(5.42)

we have,

t—ks—1 t—ki—1
14+ (3+4€) |2 (P
Q-1 < Tt €XP <2>\1 > om+ Y, W (( (1—|>\2)(P§|( )>V+>\f+§k,i>>
i=1 i=1

Now, we note the definition of Vj ; and ' as mentioned in -
<1 + (3+4e) X2 (P) |

1— X2 (P)]
=V + A4+ kot

Vit 1=

)

>V—|—)\%+fk7t

Therefore using[S.4T]

t—ki—1 t—ky—1
B < (1 + 2o + nf_k,,m) Be—1 + 77t2—k,,7"k-,t (V' + &kt) exp (2)\1 Z i + Z 771'2Vk,i>

=1 i=1
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Recursing on the above inequality for u < ¢t < n where w = min {i : ¢ € [n],i — k; > 0}, we have,

Bn < Buexp <2 domidet Y Vk,mf_ki>

1=u+1 i=u+1

+ ) e VG mg exp [ ) (277j)‘2+vk’jn?—kf) e | 2 2mid + Vi

i=ut1 j=it+1 i=1
n
< exp ( Z 2n; A2 + Vk,l'ﬂ?—k,;)
1=u+1
i—k; i

X |\ Bu + Z Thyi (V' 4 &i) 17k, €xp Z 201 + Vi n;) — Z (277j)‘2+vk’jn32_k1)

i=u+1 Jj=1 j=utl

Now, since k;, k; > k,, = u, therefore, we have

Bn < exp ( Z 215 A2 +Vk,i77i2ki> X

i=u+1
But Y i V&) miog e | Y Cnid + Vi) — D> (2nda + Vein )
1=u+1 j=1 j=u+1

Recall that Cj ; := exp (2/\1 S (0 = imuss) + i n? (Ve — V;wuru)) as defined in|S.38
Therefore,

Bn < exp ( Z 2m; Mg +sz7712k> x

i=u+1

But Y mhi (V' +8ki) Chamipoexp | D0 2 (A = Aa)
i=u+1 j=u+1
Let B, = I + R’ with | R'||< 7’ a.s. Using Lemma 2] we have
< (L4 €) kym (M4 )
< (1T+€)kyno ( M+ Ap)
S 2 (1 + 6) kunu (M + )\1) since Mo = Nu—k, S 277u
<2 (1+¢)

Therefore,

Bu

E [Tr (VI BuBLVL1)]
E[Tr (VIVL)]+E [T (VIR + RT)V)| +E[Tr (VI RRTV))]
<d (1 +2r" + 7' )
d(1—|—4e(1+6)—|—4e (1—|—e)2)
=d(1+4e(l1+¢) (1+e+¢€))
= yed
The proof follows by noting that r ; < x. as shown in@ [

Theorem 4. (General Version) Under Assumptions (I} 2land[3] for all n > k,,, any decaying step-size
n; satisfying C.1 and C.2, we have:

n—kny n—=kn
E [v] Bp1BY 01] > (1—t)exp ( PIRIPYEDY 4n$A%>
=1 =1
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wheret .= 2r 4+ s,s := 3(1+7’) exp (2)\22 1771) t 1" kat exp (Zz t+1771) Wit =
V' + &k and Bj ; has been defined ZHE

Proof. We will start will expanding the quantity of interest using Eq[S.39
Oy =E [vT B, BT 1] > E [Ul Byir (I +m%)? BY vr + 2ntpn7t} (S.43)

where P, ; has been defined in Theorem@ Let’s define
1

t

Se=[]T+nS) U +mE), So=1 and

i=t i=1
§n t = E [U{Bn t+1StBth+1’01:|

Note that 6,, o = v, 1. First we bound 6,, ,,—, . Let By, ,,—, = I + R’. By Lemma I along with

the slow-decay assumption on the step-sizes, we know that ||R’||2< r=2(1+€) Nukn (M + A1)
a.s. Then,

n—kny n—ky
R (1+mM)* > =2|Ep] RS, _g,v1]] > —2r ] (1+mM)?
i=1 i=1
Therefore,
n—kn
Sty = [ (L md)* (1 —2r)
i=1
=(1—-2r)||Sn—k, 5 (S.44)
Now using[S:43] we have

Snt—1 > Ont + 20 E | 0] B (I +m2) Si—1 (A — B) Bg,tﬂvl

U

First, observe that S;,_; = UAUT, where U denotes a matrix of eigenvectors of 3, and A is a PSD
diagonal matrix. Since I + 1,3 = UA'U7 for some other PSD diagonal matrix A’, the product will
also be PSD.

By using Lemma withU = v, G = (I + 1+3) S¢—1,v = 1 and noting that E [A; — X] = 0,
we have
2V A2 (P)]
1— A2 (P)]

+ne41M (2 (1+8e) + (2 + 1+ 6)2) it M+ ) )) Otk

< (T + €)Mt (1Se—1lly Wi pon 41
where Wy, ; = V' + &, ;. Therefore,

Snte1 > Ont — 2 (14 €) WianZam 141 |Si—1]ly fort <n —k,

IE[U] < (14 meA1) nera [Se-1ly (

Let

Vo <1+(3+4e) X2 (P) |) Y
1— A2 (P)]
as defined in[S.38] Unwinding the recursion for ¢ < n — k,,, we have,
n—kny
671,0 Z 6n,nfkn -2 (1 + 6) Z Wk,tngan,t+1 ||St71||2

t=1

> (1=2r)ISn—&, ||2

n—ky n—kny n—knp
-2(14+¢)(1+ r)2 Z Wi} exp (2)\1 Z n; + Z n? (V' + PYRE Ck,i)> |Se—1l5

t=1 i=t+1 i=t+1
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where second step followed from Theorem [2]and [S.44]

Using the inequalities Vz € R, 1+ 2z < efandVr € R, > 0,1 +z > 77, V¢
we have,

t t
ISl = [T +mdn)? < exp <2>\1 Zm> ,and
=1 =1
t t t
ISelly = TT(1+mid)? > exp <2>\1 > mi—4x Zﬂ?)
i=1 i=1

i=1
Therefore denoting 6. := 2 (1 + €) exp (2A7 3", n?), we have

7

571,0
n—kny n—kny r n—knp n—kny
> exp (2/\1 Z N — 4N? Z nf) (1-2r)—0.(1+ r)2 Z Wkwf exp ( n? (V’ + A2 4 C’kz)>
i=1 i=1 L t=1 i=t+1
n—knp n—kny B n—kn n—kn
> exp (2)\1 Z ni — 4\2 Z n?) (1—2r) =0, (1+7r)° Z Wi.n? exp ( n? (V' + A+ Ckyi)>
i=1 i=1 L t=1 i=t+1
n—=kn, n—ky r n—kn, n—kn
> exp (2)\1 Z ni — 4\2 Z 7712) 1- (27’ +0.(1+7r)° Z Wi 4n? exp < nf%))]
i=1 i=1 L t=1 i=t+1
where Vy ; is defined in M Hence proved. O

Theorem 5. (General Version) Under Assumptions|[I} 2]and[B} for all n > k,,, and decaying step-size
n; satisfying C.1 and C.2, we have:

n—kny n—knp
2
[T mnLn)] <0 enten (S s S v )
i=1 i=1
where Bj ; has been defined in[7}
Pl"OOf: Deﬁne Qn,t = U?Bn,t-‘rl(At — E)ZBZ:)&_HUL and Pn,t = U?Bn7t+1(1 —+ ntE)(At —
E)Bitﬂvl. Using[S.39] we have, forn >t > 1,

0< U1TBn,th,tvl = Uian,t—H(I =+ mE)QBf,th + ntZQn,t + 21 Pt
<of By B] 01 (14 ) + 0 M (0] B By pqv1) + 200 Py
< U;‘FBj,tJrlBjT,tHUl (L4 neAa)? + nf M?) +2m,. Py ¢

Ct

Thus, we have -
2
Kt = E [(Uan,th;tvl)Q] <E {(CtU?Bn,t-s-lB,{tHUl + 27775Pn7t) }

S C?ﬁn7t+1 + 477t2E [Pﬁ,f] + 4CtT]tE [(U{Bnyt-‘rlBit—i—lvl) Pn,t]
(S.45)

Note that,
2 T T 2
E [P} <E {(’01 Bup1(I+n2) (A — )B4 4101) }
2
< (1+mM)°*M?E {(U{Bn,tHBg’tHUl) }
=1+ 77t)\1)2M2f€n,t+1

Now we work on the cross-term. For the convenience of notation, let’s denote k := k;, 1 unless
otherwise specified. Let B, 111 = By 1+ (I + R) with,

[Rl2< (14 ) k(M + Ap) =i < e(1+¢)
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Using Lemma[2] we have

T T T T T T T T
|01 Bn,t41B5 41101 — v1 Btk By 1] = |01 Bork(R+ RT + RRY) B, 4401

Y1
< |vf BuskBL pppv1] (20 + 17) (S.46)
‘We will also bound
v Brg1(I + ) (Ar — £)Bl 01 — 0] Brgyr (I +mE) (A — $)B] v

Y2
= |U?Bn,t+kR(I +n:X) (A — X)(1 + RT)BTtJrkUl +up Bn,t+k(I + 1 %) (Ag — Z)RTBg,HkUﬂ
< @2re +77) (14 ned) M|o] Boyk By 01| (S.47)

So, now we have:
E [(v] Ba+1By 4101 Pnt)]
=E [(v{ Bps11B.. t+1v1)(111 By 1 (I +m:X)(Ar — )B;{,H»lvl)]
=E [(Y1 + v Bnsr B 1 401) (Y2 + 0] By (I + ) (Ar — S)Bl 4 jv1)]
=E[Y1Y2] + E [Y10] Bnasu(I + mE) (A — £)BL o1 ] + E [You] BBl 401

Tl T2 T3
+ E [(v] Buask B 4 101) (0] By (I + mS) (A — ) B 1)
Ty

Lets start with the last term, 7. Using Lemma[S.2] we have,
| Ta| < |E [(vf Brasr By o 501) (0] B (I + mE)E [(Ar — )|seqr] Bo yxv1)] |
2(1 + me A1) Mdix () R, t+k
< 2773+1(1 + A1) MEn i1k
<2073 (14 mA) Mep 41
Using Eqs[S.46]and [S.47] the first three terms can be bounded as:

‘T1|<E ‘Y1Y2 2r; +Tf) 1+’r]t)\1)./\/ll€n t+k
2r, + rt) (14 mA1) MKy, 141 using Lemma

<(
<(
=©2+r)’r F (L4 nA1) Mg 41
(
<(

IN

L+ 6)? 2+ €(1+€)* (14 neh) ni ki M (M + M) ke
1+e)’(2+e+e ) N2 k2 M (M + A1) Ko gy since e < e

=

|T2| [[Yiv] Bpei (I +0:3) (Ar = 2) By gy 0]

(24 7)) e (14 mA1) MEg 4k

(24 7) re (1 4+ A1) MKy 441 using Lemma

(2 —+ €+ 62) (1 + 6) (1 —+ 77t)\1) T]t+1kt+1 (M + )\1) M’in,t+1
(

1+6)? (24 €+ €) M1k M (M + X)) K e

VASVAVANAN

IN

and similarly,
T3] <E [YQU{Bn,t+kB§,t+kU1]
< (24 7)) (L4 mA) MEn ek
(1+¢€) (24 e+ €) (L4 mM) g1k M (M + A1) Bk
(1+ 6)2 (2 + e+ 62) Nr1ker1 M (M + A1) B etk
(1+4¢)? (24 €+ €) M1k M (M + Ay) K p41 using Lemma

ININ A
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Note that
= (1+nM)* +nPM? <14 2+ 2¢2, and
2 = (14 2mA + 12 (M? 4+ 22))°
— 14222 4 (M2 0D+ dmhy + 4920 (M2 +02) + 202 (M 4+ 22)
<1+ 4 + 07 (M2 + 60T + eM + eAy) + 4Anf g (M +)7)

<1+ 4y + 602 (M 4+ X202+ 4030 (M + Ap)?
Define

de=(1+¢) (2+c+¢)
We := 1 + 2¢ + 2¢>

Gt := (10 +8(1+€) + 4 (1+2€) dc) pecrkepr (M + A1)’
Putting everything together in Eq[S.43] for t < n — k41 we have,
Rt

Rn, Jt+1

<44 (1 +mA)> M2 +4(1 + €) eppM (2¢Ent+1kf+1 (M+ M)+ (2 + @22 (M + A1)2> n§+1)
<42 (1+ )2 M2+ 4(1+ €) epM (quentkm (M + M) + (2 + 22, (M + )\1)2) nf)

= 2 4+ 42 [M2 4 26 (14 €) e M (M + Ay) keyr] + 40 [(1 +20) M + (14 €)M (2 + $22,, (M + )\1)2”
<+ An? 24 20 (14 €) ik ] MM+ 1) +4(1 + 26) [/\1 + oM (2 + 2k (M + )\1)2)}

<144y + 02 [10 + 8¢ (2 + €) crkry1] (M + /\1) +4 (14 26)n} [)\1 + 2, M + ¢;¢? ’ft+1 (M + /\1)3}

< exp (4 +0F (10 +86¢ (1+€) cphign) M+ M)+ 4 (142607 (A + oM+ 26022, (M +X)°) )

< exp (4mh + 12 (10 + 8 (1 + €) crhsr) (M + A1)? + de (1 + 2¢) 12 (2ct + ek (M + )\1)2))

(
<e (4 WAL+ 2 (se (1+ 26) we + (10+(8(1+e)+4e(1+26)¢5)¢>6w€kt+1)(M+)\1)2)>
<e p<4 A+ 1 (1+ 10 + 20k 1) (M + Ay) ))
<exp (

< exp <4v7t)\1 + 4077t2kt+1 M+ )\1)2> since (M + A1), ki1 >1

Recall our definition of k£ := k;;1. We can use the above recursion for 1 <t < n — ky;1. We note
that ¢ = n — k,, satisfies the conditions. Therefore,

n—kny n—kny
Kn,1 < €xXp ( Z Anidi + Z U?Ck,z) Knn—kn+1
i=1 i=1
Let By, g, +1 =1 + R’, with HR/HQS T a.s.
2
Knn—ko+1 = E {(U{Bn’n*knJrlBrz;nfkn+lv1) }
=F {(vlTvl + 0] (R + R v, +v{ R R )2}
< (1 +2r + 7"2)2 E {(vlTvl)Q]
Using Lemma[2] we have
< (1 + 6) m+1Tn—k, 41 (M + >‘1)
S (1 + 6) nTn—k, (M + A1)
<2

(14 €) kpnn (M 4+ A1) since M-k, < 20,
which completes our proof. O
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S.5 Main Results : Details and Proofs

S.5.1 Proof of Theorem[Il

Lemma S.12. This lemma proves conditions required later in the proof. Let the step-sizes be set
according to Lemma[S.I1|and m := 200. Define

r:=2(14¢€)nukn (M + A1),

n—ky,—1 n—ky,—1
=3(1+7)? Z Wi.4mi exp ( Z Vk,ﬂ?%)

t=1 =141

where W, 4 is defined in Theorem Wﬂ is defined in and o, B, f (), 0 are defined in Lemma
[ST1) Then for sufficiently large number of samples n, such that
n o B
log (f (n)) = log (f(0))

we have
1. 2r+s§%

2.7 =2(1+ ) nukn (M + A1) < 257257

Proof. For (1), using Lemma[S.TT}(3), we note that

n—kn,—1 n—kn,—1
s<3(1+7)? Y Wimiexp < > Vk,m?>

t=1 i=t+1

n—ky,—1 5
<3147 > Wi} (1 + m)

t=1
1 2 1) )
L30T 0 e (142 (5.48)
100 m m
2
50 m
Therefore,
3(147)°
2 <2
r+s<2r+ 25
3 56 9
= — 4+ — — 4
25 + 25 T 25 (5.49)

Settlng s+ 257" + —r S =, we have,

— 6r2+112r —19<0

which holds for r € [O, 110]

For (2), using Lemma [S.11| and substituting the value of k; = 7 (77) < logn(an) log ( )

for n; < 1, we note that
r<8(1+e)7mix(/\/l+>\1) « o ((Al—)\g)(ﬂ—f—n))
(B+n) &

- log (2) (A1 = A2)

A1=X2)(B+n)
8(1+e)7mix(/\/l+>\1)10g( — ”)

log (2) Q1=22)(B+n)

«

_ 8 (1 + 6) Tmix (M + >\1) IOg (f (n))
log (2) f(n)
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Therefore (2) holds for sufficiently large n, i.e,
f(n) o 400 (1—|—%) (1+ €) Tmix (M + Ap)

log (f (n)) ~ log (2)
This is satisfied if
n 4007mix (L+2) (1+€) (M + A1)
> m S.50
og (/ (n) = log (2) =) & (530

From Lemma[S.11] we have

B _ 6007inix (1426)* (M +A;)% a2 <>) 4007mix (L+2) (1 +€) (M +\)) @
log (f(0)) — (M1 — A2)log (1+ 2) - log (2) (A1 —A2) 2

- 1 M+)\1 n 5
where (¢) follows since N > La>2 and log (1 4+ x) < x Va. Therefore, ety >~ a7 o))

suffices. Further, we note that (2) implies (1) for m = 200, § < 1. Therefore, the condition on n is
sufficient for both results. Hence proved. O
Lemma S.13. Let

w:=min{i: i € [n],i — k; > 0}
where k; is defined in Lemma@ Then,

u<[B] <8
Proof. Using the definition of k; mentioned in Lemma|[S.T1} we have
2T 1
k; *= Tmix 77142 < X log ()
) < iog (2) 7 \n?

(B

«
Therefore,
ATmix ﬁ + \_/BJ
18] — ki) = 18] - og (2) 10g< . )
5 ATmix 26 .
> 2 g () log (,\13,\2> since 8 > 1
=8 B — 1:?;) log (2; (O))} , where f (.) is defined in Lemma|S.11

Now, from Lemma(S.11} we know that f (0) > e. Therefore, log (2f (0)) < 2log (f (0)). Then,

18] — ki =2 B E - 1:1:(13) log (J; (0))

Again, from the conditions in Lemma|[S.T1} we know that

log (f(0)) € A1 — A2 1 . A1 — A2 1
< < ) <le< —
B " bram M A)a 120, E@ S = bLes

M+ 100

Therefore,

1 8
LBJ—’fLmZﬁ<2_120log(2)>ZO

Hence proved. O
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S.5.1.1 Numerator
Using Theorem and Markov’s Inequality, we have with probability atleast (1 — J)
T (VIB,BI'V,) <

exp (31 i1 2mide + Viein?_y,)

1.
05 5

d+ D (V' +&) Chamipexp | Y 205 (A — )
i=u+1 j=u+1

S.5.1.2 Denominator

Using Chebyshev’s Inequality we have, with probability atleast (1 — §)

T |E (7 BaBIw)’]
v{ B,Bvi > E [v{ B,Blw] | 1—4/= = —1 (S.51)
O\ E[v]B,BIv]

Let r:=2 (1 + €) nukn (M + A1) < £5. Using Theorem we have

n—=knp n—=kny
E |:(vant111>2:| < (1 + r)4 exp ( Z dn; M + Z U?Ck,t>

i=1 i=1

Using Theorem 4] we have

n—kn n—knp n—knp n—knp
E [vf Bn1BYE jv1] > exp (2)\1 Som—4a > 77?) [1 - (27“ +3(L+7)" > Wianfexp < > 0V

i=1 i=1
Let
n—ky, n—kn
=3(1+7r)° Z Wi} exp ( Z 77z2vkz>
t=1 i=t+1

Then,

E |(vf B,BTv;)” Y n—h,
[ 2] SRR NP o ST
E [vlTBntvl] (1-2r—ys) ;

By Lemma|[S.12] we have that

(S.52)

L\:\H

2r +s

Then, using

1 1 1
—— <1+6zforxze {O,] and, (14 z)* <145z forx e [0,}
(1-=) 2 10

we have,

E (o] BuBIvr)’]

n—=knp
< (1+57)(1+12r 4 6s) exp( n? C;“—i—4)\2)>
1

1=

E [vT B, BTv]’

n—kny
(1—|— 17r + 65 + 602 —|—30rs exp ( 77 C;“ +4)\2)>
1

1=

=

n—~Rn

1

< (1+422r +12s)exp ( n7 (Cri + 4/\f)) since r < 1

1=1
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By Lemma [S.TT}(3), we have that

n—k
& 1
exp ( > nf (G + 4/\%)> <14+ (S.53)
i=1
By[S:48] we have that
48(1 +7)? 5\? 5
< T _ _
125 < 100 <1+m) log 1+m
2
1
§§ 1+£ log 1+£ sincer < — (8.54)
5 m m 10
By Lemma([S.12] we have that
1 &/m
=2(1 nkn A —— S.55
(1+€)npkn (M + 1)<501+5/m (5.55)
Then,

E (o BuBIvr)’] 5
5= < (1+22r + 12s) <1+>
E [v] B, BLv, ] m

:1+5+227’<1+6>+12s<1+5>
m m m

5§ 245 3 5\? 5
<l+—+_—-—+_-(1+—) log|1+—
m 5H50m 5 m m

6 229 7 )
<142 4222 0 2 si < =
1+m+50 +101 ( )smceél,m 200
6 2294 70
< _ -~ R, <
1+ + i + o since Vz, log (1+z) <=z
§1—|—3é
m

Then setting m = 200, from [S:51) we have

n—kn
vantvl > exp < Z 2m; A — 4n; /\2> (1-2r—s (1 - \/7\/ )

=1

n—k 2
. 1 d/m 1 ) ]
> 2m; 4?22 -t — (14— log(1+— 1-
_exp(iz; M - 771>\> ( 25144d/m 20( +m> og( +m>> (

bt exp ( Z 2niA1 — 4nZ\ ) since 6 < 1 and m = 200

The second inequality uses Eqs [S534][S53}
S.5.1.3 Fraction

Now that we have established this result let’s calculate the fraction. Let the step-sizes be set according
to Lemma[S.11] Define

n—kny
—exp< Z Ve,inls - K, T Z 4)\1771>

1=u+1

n

Qu :==exp [ 2\ Zﬁj— Z nj

j=1 je=n—kn+1
exp (Z;j nF (Vey — Vk,j+u)> exp (2)\1 > i n k11 77;)

Rk,t = "
€Xp (2)\1 Zj:l 77t—u+j>
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Then, recall that
w:=min{i: i€ [n],i — k; > 0}
€t = 61—, M [1 3k, (M + )\1)2]
Vo (1+ (34 4e) | A2 (P) ) v

1L —[A2 (P)]
Ve =V + A2 + 6o
u t—u
Crii=exp | 2)\ Z (Nj = Me—ustj) + Zﬁf Vi = Vejtu) | = QuRise
j=1 j=1
Therefore,
Tr (VLTB,LBEVL)
U?B»,LBgUl

1.3 exp (51 200 + Vil y,)

IN

dt+ Y V' + &) Crmipexp | > 2n; (A= Xo)

O exp (Z?:_lkn 2iA1 — 477?/\%) i=u+t1 j=ut1
1.3 S " n i
' e i=utl j=ut1
1.3 dexp (Y, o1 2m (A2 — A1) n .
< 75 ( +£2 i ) + Z (V' + &) Riimiy,, exp | — Z 2m; (A1 — )
v i=u+1 j=it1
X1
X2

(8.56)
For X, we have

dexp (31,41 2m (A2 — A1)
Qu
e (S 200 — M)
€Xp (2/\1 (Z;‘Lzl nj — Z;’l:nfkn+1 77]’))
dexp (307,11 2m (A2 — A1)
€xXp (_2)‘1 <Z;‘l:nfkn+1 nj))

X <

n

<dexp ( Z 27; (A2 — >\1)> exp | 2)\ Z nj
=

1=u+1 j=n—k,+1
Note that

n

exp | 2\ Z n; | <exp(2(1+ 2€) Mkpnn—k,+1) using monotonicity of 7;
j=n—kn+1

< exp (4 (1 + 2€) A ky,ny,) using slow-decay of 7;

)
< 1+ 2— using Lemmal|S.12{along with ¢ < 1+ z + 22 for 2 € (0, 1)
m

2c
m n
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Therefore, using




Next, for X5, we first have

exp (52412 (Vg = Viegra) ) exp (200 g 1)

Rk,t = "
exp (2)\1 dim1 nt—u-l-j)
t—u n
<exp [ D niVi; |exp (20 D
j=1 j=n—kn+1

25\ ?
< <1 + m) using Lemmas|S.11|— (3))S.12/and ¢® < 1 + z + 22 for z € (0,1)

Now, using[S.T1}(4) we have,

n
=1

Veallig, exp [ — Y 2n; (A = Xg) | <
j=it+1

(w)

2
(2(1 + 10¢) a2) Vo1 (800(1 + 10¢) a3> M (M + )2 72, log
200— 1 (A1 —A) 1 (a—1) (AL — A2)® n?

Then,

26\? | /2(1 + 10€) a2 Vo1 (24(14106) o\ M (M + X)* k2
Xo< 1+ — 2 3 2
200 — 1 (A —Ag)2 7 (a—1) (A —Ag)” n

m
Cy Co

Therefore substituting in [S.56]
T (VIB,BIVL) 1. 20\ * 2o /
v (VI B,B! L)< 3S (1+5) d<ﬂ+u> +( CcyV

vl B, BT'v, ) m n

1
A= Xo)? (M —x)®  n?
(S8.57)

CoM (M + Ap)? kQ]

Proof of Theorem([l} To complete our proof, we bound S to simplify We note that under the
learning rate schedule presented in Lemma[S.TT}(3),

S§<1+6)
m

Therefore,
Tr (VI B, BTV 1.3 26\ * 20 CV' 1 CoM (M +A)* k2
BBV 13 () B[, ()", OV 1 GMen )y
vi Bp B v 4 m n (A1 —A2)" M (A1 — A2) n
1.4 20 CV' 1 CoM (M + A)* k2
Sd(BHL) = 42 ( +31)—§
1) n (A1 —A)*m (A1 — A2) n

Using lemma|S.13] we have that u < (. Then, using Lemma 3.1 from [[I]] completes our proof. [

S.5.2  Proof of Corollary/]

Proof of Corollary[l] We note that the downsampled data stream can be considered to be drawn from
a Markov chain with transition kernel P¥ (., .) since each data-point is k steps away from the previous
one. We will denote the parameters of this transformed chain by y when the corresponding parameter
is y under the original chain. For example, 7 is the mixing time of the new chain.

Note that this modified transition matrix has the same stationary distribution 7. It is also reversible.
This can be seen by considering the diagonal matrix of stationary distribution probabilities 11, where
II;; = m;. For a reversible Markov Chain, we have IIP = PII. However, that also implies
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IP? = (IIP)P = (PII)P = P(IIP) = P?IL. This same technique works for P* yielding
TP+ = PFTI.

Using standard results on Markov chains [3]],

‘)‘2 (P) ‘ 1 ‘ 1 1
T— (P log (26) < Tmix (€) < 7 (P log (mmm) ; (S.58)

where m,;, := min; 7;. Therefore, as noted in the theorem statement, we substitute the modified
parameters in the bound we have proven for Theorem I}

First, we will show that the mixing time for this new chain is ©(1). We will use k := Tix (12).
So by definition the diix(k) < n2 using the definition of dy;x in Section Hence dpix (k) < 1/4
using conditions on the learning rate schedule imposed in Theorem [I] Therefore, in the transformed
chain, the “new” Tix is ©(1).

We also have:

2 Timix 1 2 10g(4/7rmin) 1
k< 1 — 1 < 1
< o8 (2) Og(n%) S gz 1-pa o) 5™
C

We see that C' > 1. Next, we note that for the transition kernel P* (., .), the second-largest absolute
eigenvalue is given as | Ay (P)|". Consider the function f () := a7 forz € (0,1). Then,

J (@) = f () (1‘"’”‘”“0%(“")) >0

z(l—2x)

() og(n
Therefore, f (x) < lim, 1 f () = 1 < 1. which implies |2 (P)|" < (%)C1 s < 1. Here (i)

follows if C' > 1,n > 3, which is true. Therefore,

5 <1+(3+4E)A2 (kp)k> V< 5y
1= [A2(P)]

This also implies that the mixing time for the new Markov chain for sub-sampled data is © (1). The
bound then follows by substituting n to be 37 = ny = © (m) and setting the 7, in the
original expression of Theorem|I]to a constant. O

S.6 Additional Experiments

In this section, we first provide additional experiments to support the results established in Section
of the manuscript. We present experiments with distributions that have nonzero mean vectors at
each state, but zero mean with respect to the stationary distribution. This means that the Z;’s are not
necessarily zero-mean with respect to each state distribution D (s). To normalize the data-points,
we estimate the mean ; and covariance matrix ¥ empirically from a much larger independently
generated dataset.

We experiment with two different settings here - Figure [S.T] contains the results for each state
distribution being D(s) := Bernoulli(ps) with p, ~ U (0,0.05) being fixed for each dataset. Figure
[S.2] provides results for each state distribution being D (s) := U (0, {5) with £, ~ U (0, 10) being
selected at the start of each random run. We observe that these experiments depict similar trends
to those shown in the main manuscript, which validates our results for the case of non-zero state
means. Furthermore, the Bernoulli data, being sparse compared to the Uniform one, seems to exhibit
a clearer difference between data downsampling and the traditional Oja’s algorithm.
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Figure S.1: Experiments with Bernoulli data. compares the three different algorithms, shows effect of
changing the eigengap of the transition_matrix and[S.Ic|records the variation in performance on changing the
eigengap of the data covariance matrix.
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Figure S.2: Experiments with Uniform data. compares the three different algorithms, |S.2b|shows effect of
changing the eigengap of the transition matrix and[S.2]records the variation in performance on changing the
eigengap of the data covariance matrix.
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Figure S.3: Randomly chosen runs for the Bernoulli case

To provide clear plots demonstrating the relative behavior of the algorithms considered in this paper,
we have shown the averaged sin? errors in Figures and In Figure we show six random
runs where we fixed the ps, s € (Q for each state for all runs. These figures clearly show that in
general, Downsampled Oja has a worse performance than Oja’s algorithm, which has a similar
performance as the offline algorithm. It also shows that the Downsampled algorithm has the most
variability, whereas Oja’s algorithm on the whole dataset has much less variability, and finally, and
not surprisingly, the offline algorithm has the least variability. Similar qualitative trends can be
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sin? error vs Number of Samples for varying burn-ins
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Figure S.4: Effect of burn-in period on sin? error

observed for the other settings.

Next, we study the effect of different burn-in periods on the sin? error in Figure We
use the same experimental setup as described in Section [ with p = 0.001, which implies that the
mixing time Tyix of the chain is ~ 1000. We start the chain with an initial distribution different from
the stationary distribution and record the sin? error after letting the chain run for burn-in timesteps.
We observe that in general, the longer the burn-in period, the faster the error decay.
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