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Abstract

In these appendices, we give the detailed problem formulation and proof in the
problem analysis (Appendix [A), present the proof of the proposed theoretical
results as well as their dependence structure (Figure[T|in Appendix [B), provide
more details and results in the experiments (Appendix [C), and discuss the potential
social impact and limitations of our work (Appendix [D). Our main theoretical
results include:

e The instantaneous regret bound in full-information CBB Setting (see Ap-
pendix [A.7).

o The instantaneous regret bound of our reward imputation approach (see Ap-
pendix [B.T).

e The approximation properties of sketching which are necessary to achieve ap-
proximation error bound of the sketched ridge regression (See Appendix [B.Z).

e The approximation error bound of reward imputation using sketching (see
Appendix [B.3).

e The regret bound of SPUIR (see Appendix [B.4).

e The regret bounds of the extensions of SPUIR in Section “Extensions of
Our Approach”, including SPUIR-Exp, SPUIR-Poly, and SPUIR-Kernel (see

Appendix [B.3).

A Detailed Problem Formulation and Proof in Problem Analysis

In this part, we give the detailed problem formulation and the detailed proof of Theorem 1 in problem
analysis in Section 2.

A.1 Detailed Problem Formulation of CBB

In this paper, we focus on the setting of contextual batched bandits (CBB), which can be formulated
as a 6-tuple (S, A,p, R, N, B):

Context space S C R? means a vector space containing the context information received at each step,
e.g., context summarizes the information of both the user and items in recommendation scenarios.
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Algorithm 1 Batch UCB Policy Updating in the (n + 1)-th episode in Full-Information CBB Setting

INPUT: Policy p,, data buffer Dy, 1, action space A = {A;} e B%j =0, j € [M], batch size B
OUTPUT: Updated policy prn+1
1: Let L,, € R"TDEX4 be the matrix that stores all the context vectors till the n-th episode as the row vectors

2: For VA € A, let fX € R(+D5 pe the reward vector that stores all the rewards of action A € A till the
n-th episode

1 // Policy Updating

C Yoy1 — L1Ln

: for all action A € Ado o

0"+ (Ta+ Y1) 'LITY

: end for

: For a new context 8, pn+1(8) is to choose the action following: A < arg max <0fﬁ1, s>
AcA

Nel

: Return {6537}

Action space A = {A;},cn contains M candidate actions for execution. As an example, in
recommender systems, each action corresponds to a candidate item, and selecting an action means
that the corresponding item is recommended.

Policy p determines which action to take at each step, which is a function of the context s € S and
outputs an action for execution (or a selection distribution over action space .A).

Reward R in CBB is a partial-information feedback where rewards are unobserved for the non-
executed actions. Consider a stochastic bandit setting, where the expectation of the true reward is
assumed to be a function of the context s € S. In particular, different from the shared expectation
function of true rewards in existing batch bandits (Han et al.| |2020), we assume that the expectation
functions of true rewards are different for each action, where each expectation function corresponds
to an unknown parameter vector 8% € R?, A € A. This setting for rewards matches many real-world
applications, e.g., each action corresponds to a different category of candidate coupons in coupon
recommendation.

Number of episodes V. The decision process in CBB is partitioned into [V episodes. Within one
episode, the agent updates the policy using the collected data, and then interacts with the environment
for multiple steps using the updated and fixed policy.

Batch size B is the number of steps in each episode. That is, in each episode, the agent interacts with
the environment B times using a fixed policy, and stores the contexts, executed actions, and observed
rewards into a data buffer D at the end of each episode.

A.2 Detailed Description and Proof of Theorem 1 in Problem Analysis

We present some theoretical findings about the regret difference between the partial-information
feedback and the full-information feedback. Assuming that the agent in CBB setting can observe the
rewards of all the candidate actions from the environment at each step, we apply the batched UCB
policy (Han et al| [2020) to this setting (see Algorithm [I)). We demonstrate an instantaneous regret
bound in Theorem[A.1] where Theorem[A1]is a detailed version of Theorem 1 in Section 2.

Theorem A.1 (Instantaneous Regret Bound in Full-Information CBB Setting, Detailed Version of
Theorem 1). Let L, _; € R"B*4 be the matrix that stores all the context vectors till the (n — 1)-th
episode as the row vectors, and TX_I € R"B be the reward vector that stores all the rewards of
action A € A till the (n — 1)-th episode. Given the action space A = {A;} jcar, in the n-th episode,
assume that the rewards are independent and bounded by C'g. Then, with probability at least 1 — 6,
forany b € [Bl and VA € A, we have the following instantaneous regret bound in the n-th episode

(O30~ (83000 < (1031 207 YR B/0)| \fo1, 1+ X0 s 1)

where X, = il_lin,l and the parameter of reward model 0% in the batched UCB policy is
obtained by

~ ~ 2 ~ ~
0% 1= axgmin | E,10 ~ T3 + 1015 = (F+ )7 BT
6cRd 2



Further, the instantaneous regret bound (1)) in FI-CBB setting is tighter than that in CBB setting (i.e.,

using the partial-information feedback). In particular, the variance term \/ st (Ia+ Tn)fl Spb IS
smaller than that in CBB setting.
Proof of Theorem By the formulation of 7} and the triangle inequality, we first obtain that

‘<0;§7 sn,b> - <0j§h Sn,b>|

= Sl,b (Lo + anl Elflfgil - Sl,zﬂix

= |87y Lo+ X)) [ LI T3 = (T + ) 03]

-
T -1177 gm-1 ITT T * )

= [sl, @a+ ) LI T0 7 = (La+ L1 Loea ) 603

= |8l (a+ ) LTy (T4 = Lo183) =T, (I +X0) 1 04

< |shy Lo+ 0) L1, (T4 = Laea )| + 8T, (L + ) 71 0

Next, we bound the two terms in the last row of (2).

Bounding ‘S;,b (Ig+ ‘rn)—l il_l (Tg—l — f,n_10j;) ’:

Since E f’X‘l} = L, _10% and the received rewards are independent, by the Azuma-Hoeffding
bound, we have

Pr { s:l_’b (Is+ Tn)_l i;_l (TIZ{*I - in,102> ‘ > y\/s;b (Is+ Tn)_l Sn,b}

VQS;I'L X (Id + Tn)_l 3n7b (3)
<2expy — T : 1 5 (°
2ORHLnfl (Lo + ) " snpll3

where v > 0 is some constant. Since

1Ly (Ta+Yn) " supll3 =8, Lo+ Yn) " LY Loy (g +Y0)  sup
<l a4 X) ™ (L L] Loy ) (Lo +X0) sy
< sl Lo+ )" (Lot Xo) Lo+ L) 80y
=5, (Lat+ o) Sns

combing with (@) implies the following results

PI‘{
<92 _71/2

exp 3 .
- 2OR

Combing (@) with the union bound, yields that, with probability at least 1 — §, for any b € [B] and
VA€ A,

sy (La+ Tn)fl i;_l (Tv;f*1 — En,102) ‘ > V\/S;b (I + Tn)fl sn’b}

“4)

STy Lo+ 0) B (T = Loa03)| < /sl T+ 00) s )

where the failure probability is

1/2
5=2MBeXp{—2C2},
R

yielding that v = \/2C%log(2M B/0).

sT, (Ia+ Y,) 6y

Bounding




Since Y, is positive semi-definite, combining with the Holder inequality, we obtain

ST Lo+ )~ 05| < 1040 | (2 + 1) 50

.

105y (Ta+ ) (L + 1) s
<10 5 (T4 0) ™ (L + 1) (T + L) 50
— 10401y /S0 (LX) 50

Combing () and (6) concludes the proof.

Similarly to the proof of (I19), we can obtain that the variance term in full-information setting is
smaller than that in partial-information setting. O

(6)

B Detailed Proofs in Theoretical Analysis

In this section, we provide the instantaneous regret bound in each episode, prove the approximation
error of sketching, and analyze the regret for policy updating in CBB setting. Figure[T]|describes the
dependence structure of our theoretical results.
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Figure 1: The dependence structure of our theoretical results, where the proof of instantaneous regret
bound (Theorem 2 in the manuscript) is provided in Appendix the analysis of approximation
properties of sketching (Theorem [B.T) is given in Appendix [B.2] the approximation error bound of
reward imputation (Theorem 3 in the manuscript) is proven in Appendix the regret of SPUIR
(Theorem 4 in the manuscript) is analyzed in Appendix [B.4] and the regret bounds of the extensions
of SPUIR (Corollary B.T)) are provided in Appendix

B.1 Proof of Theorem 2

Before we provide the detailed proof of Theorem 2 in the manuscript, we first demonstrate a lemma
about the convergence and monotonicity of the sum of functions, which is the main tool for analyzing
the additional bias of reward imputation.

Lemma B.1 (Convergence and Monotonicity). Let f(n) = Z;;l a7 - g(j), where a € (0,1) and
n is a positive integer. Then,

1) when g(j) is convergent, the limit lim,,_, o, f(n) exists. Moreover,

lim f(n)= 1 L lim g(n). (7

n— 00 — @ n—oo




2) f(n) is a monotonic decreasing function if and only if g(j) satisfies, for any positive integer j > 2,

(j — Dal~1g(1) | a=1/2, q
i) < —a) a7t —(1—-a)i!
9 <y A—a) 2@_51 ) ]9(1) a#1/2. ®

Proof of Lemma[B.1} Letting b(j) = a7 - g(j),Vj € [n], and S(n) = 27:1 b(j), f(n) can be
rewritten as f(n) = a™S(n).

1) Rewriting f(n) = S(n)/a™™, from the Stolz’s theorem, we have
lim f(n) = lim 20 =50 =1

n— 00 n—oo q~ " — a*(nfl)

b(n)

I
g

2) The condition that f(-) is a monotonic decreasing function is equivalent to the following condition:
for any positive integer n,

f(n+1) < f(n) < a" ™' S(n+1) <a™S(n)
< alS(n)+b(n+1)] < S(n)
<bn+1)<(1/a—1)S(n). )
From the equivalent condition (9), we obtain the following recursion formula:
b(n+1) < (1/a—1)S(n)

n—1

b(n) < (1/a=1) 3 _b(j)

b(3)
b(2)

(1/a = 1) [b(1) + b(2)]
(1/a =1)b(1),
yielding that, for any positive integer j > 2,
b(j) < [(1/a—1)+ (1/a—1)* 4+ + (L/a— 1)1 b(1). (10)
From (10) , for a # 1/2,

(1/a—1)[1—(1/a—1)""]
1-(1/a—1)

<
<

b(1) = (1—a)[1=(1/a—1)771] b(1), an

) <
b = 2 — 1

and substituting the definition of b(j) into (TT) yields the equivalent condition

P e UL Y

For a = 1/2, we have the condition b(j) < (j — 1)b(1), which is equivalent to

al-g(j) <G —-1Da"-g(1) & g(j) < (G —1)a’g(1).

Next, we provide the detailed proof of Theorem 2 in the manuscript.



Proof of Theorem 2. From the formulation of 8" and the triangle inequality, we can obtain that, for
each action A € A,

M+ (LT L ey (25 25 en |
= |55, (B5) (LA (Th — Li10%) — As], (1) 65+

- 2n—1\T (pn— Tn—1pg%*
SIL,b (P7%) IW(LA 1) (TA 1_LA 10A)‘

< [sT, (@) ()T (TE - D08) [+ 8T, (w) 6] +
x x®
sTo (W) (257) (T2 - L '6n)|
xP

Next, we bound X S), X 1(42)7 and X f). For convenience, we drop all the superscripts and subscripts

about n and b. Similarly to the proof of Theorem 1, we bound X1(41) + Xf) as follows: with

probability at least 1 — 4,

X+ XP < (N0 +v)y/sT® s, (12)

where v = /2C% log(2M B/0). For Xf), using the Cauchy-Schwarz inequality, we have

R

_ ﬁ\/srq;;l (\ELE4) w3's |Ta— L0 (13)

< ﬁ\/ ST\I’Z:LS HfA — iA02H2 .

Now we need to bound the term HfA ~-L A0% H . Since using the discount parameter 7 € (0, 1) is
2

2

equivalent to multiplying both the imputed contexts and the imputed rewards by the parameter /7] in
each episode, we have, in the n-th episode,

| - Ly e (14)

= llan]

27

where A7 | = {pn—i=1)/2 IRz',b}ie[n—u,'be[ 5 denotes an exponential-decay vector of the in-
stantaneous regrets, and IR, ; denotes the instantaneous regret at step b in the i-th episode, i.e,

IR, = |(6Y, si5) — (6%, Sip)|- From (T4), letting

CIR; = Y IRip (15)
be[B]



be the cumulative instantaneous regret in the i-th episode, we can obtain the upper bound of (I4) as
follows:

|5 - Ly ey Al

=l
2
HAn 1”1

_ Z ’ (n—i—1)/2 [R.
n i,b
i€[n—1],b€[B] (16)

_ Z n(n—i—l)/Q CIRZ

i€n—1]

:n_%flmp(n%
frmp(n) =" (ym)"~" CIR,. (17)

i€[n—1]

IN

where

From monotone bounded theorem, we have that the limit of CIR; exists. From (7)) in Lemma|B.1} we
get that fimp(n) is convergent and then has an upper bound. We denotes the upper bound of fmp (1)
by Cimp > 0, and then from (I6) we have

Tn—1 Tn—1p%
HTA — L7y

= 7”7 Chanp.- (18)

Substituting (I8)) into (T3] yields the upper bound of XI(L‘S).

Then, we prove that

\/ (W) S<\/5T AL+ &) " (19)

holds, which is equivalent to

N\ —1
T (/\Id +® +7<I>) s<sT(M;+®) s (20)

Letting ® = \I; + ®, by Sherman-Morrison-Woodbury formula, we have

(@ + 7@)

-1 ~ 1 ~ ~ ~\—1 ~
_ (@ —|—fySTS) —@ 4@ 18T (Id +7S@_1ST) So!
o @1)
=@ l_-@1gr ( +850- 1ST> Se1,
v

yielding that (20) is equivalent to

sTT's > 0, (22)
where

~ ~ ~\ 1 ~

=018 (Id/y + S@*lsT) Se1.

Let S = Udﬁl/ 2Vd S = UdEl/ 2VdT be the Slngular Value Decomposition (SVD) of S and S,

respectively. Note that ® = VdEdVd , - dedv We can obtain that I" is a square symmetric
positive semi-definite matrix, since I' can be decomposed into

r=Q7Q,
where P, A, P is the SVD of I/~ + §©~'8T and
—1/2 Q-1
Q=A;'?PISO".
Thus, (22)) holds, yielding that (20) also holds.

Finally, we prove that a larger imputation rate y leads to a smaller variance term 4/ sT (¥) ~!s. From
(21), the variance term can be represented as follows:

sT(O) s = [STG*IS - STG*lgTM,;IS’\@*l

s} v (23)



where M., = I,/y + S©~1ST. Letting M, = Uns, Apr, U, be the SVD of M., and z =
Ul{/l7 SO©-!s, from (23)) we can written the variance term as follows:

T et a1 V2
sT () s—{s@ s—zTAy z . 24

In (24), we can observed that

1 1
Omax(M) + 1/ Omin(M) + 1/~

where M = S©~1S T, which indicates that a larger imputation rate - leads to a smaller variance
term. O

1213,

2TApz = ||(Ane) 222 € [ 1=z

Finally, we provide a deeper understanding of the additional bias in Theorem 2 in the manuscript.

Remark B.1 (Controllable Bias). Our reward imputation approach incurs a bias term 'y% n- B Clrmp
in addition to the two bias terms M||0% ||2 and v that exist in every UCB-based policy. But this
additional bias term is controllable due to the presence of imputation rate ~y that can help controlling
the additional bias. Moreover, from the proof of (16), we can obtain that, the term Chy,, in the
additional bias can be replaced by a function fim,(n) (defined in ), and the additional bias term

turns out to be vén_%f Imp(n). Since fimp(n) has the same functional form as the function f(n)

in Lemma we can find the conditions that fim,(n) is monotonic decreasing following in
Lemma Specifically, letting CIR; be the cumulative instantaneous regret in the i-th episode
defined in (13)),

1) when \/n # 1/2, the condition of a monotonic decreasing function fimp(-) is equivalent to, for
any positive integer i > 2,

(=) [vi ™ = - yay ]
2ym—1
indicating that the regret after N episodes satisfies

(=) [V~ = (1= i)
> CIR; < CIRy QSZZ_S:N N

2<i<N

CIR; < CIR,,

1 - i—1 i—1
— CIle\/ﬁlQSzi;N {\/ﬁ —(1—n) }

1 1 1
B 1 (1 _ \/ﬁ)N+1 _ (\/ﬁ)NJrl
= CIR; 7\/77 |:1 + NG } . (25)

2) for the case \/n = 1/2, the condition of a monotonic decreasing function fimy(-) is equivalent to
CIR; < (i — 1)(ﬁ)i’1CIR1 for any positive integer i > 2, indicating that the regret after N
episodes satisfies

» CIR; <CIRy Y (i—1)(yp)™

2<i<N 2<i<N
_ 1 N-1
BN = st (VO

1+ N
= (2 - o ) CIR;

. Uﬁ 4+ N)\/ﬁNl] CIR;. (26)



From 23) and @26), we can conclude that a monotonic decreasing function fimy(+) indicates the
upper bound of regret after N episodes is of order O(CIR1/./n). The conclusion also indicates that

setting the discount parameter as \/7j = ©(CIR1 /N ) achieves a O(N) regret bound (i.e., a O(v/dT)
regret bound following Remark 3). Note that setting the discount parameter as /1 = ©(CIR{/N)
is a mild condition, since the cumulative instantaneous regret CIR; is typically of order O(B)
(B = O(\/T/d) in Remark 3) yielding that \/j = ©(d~'). Overall, since a larger imputation
rate vy leads to a smaller variance while increasing the bias (variance analysis can be found in
Remark 2), v controls a trade-off between the bias term and the variance term. When fip is a

monotonic decreasing function w.r.t. number of episodes n, the additional bias term ”/% n- 3 Jimp(n)
can be easily controlled, e.g., gradually increasing -y with the number of episodes, avoiding the large
bias from fimp(n) at the beginning of reward imputation. We design a rate-scheduled approach for
choosing the imputation rate vy in Section 5.

Remark B.2 (Relationship to Exploration and Exploitation Trade-off). Exploration-exploitation
dilemma is the key challenge in online learning under bandit settings. In the full-information setting,
agent (e.g., UCB policy) can observe the rewards from all the actions, and thus does not need to
consider the problem of exploring the feedback mechanisms, and achieves a lower variance part in
the regret upper bound (Theorem|[A.]). Along this line, our reward computation approach is proposed
to approximate the setting of full-information feedback, which somewhat relaxes the explore/exploit
dilemma and also brings a lower variance part and a controllable additional bias part in the regret.
Extra information that pushes the policy towards exploitation and away from exploration comes
from the estimated reward structures of the non-executed actions maintained in each episode, and
the proposed reward imputation can be seen as an effective and efficient tool to capture this extra
information.

B.2 Approximation Properties of Sketching

Although some error bounds of approximation using SJLT have been proposed (Nelson and Nguyén,
2013; |[Kane and Nelson, 2014} [Bourgain et al., 2015)), it is still unknown what is the lower bound
of the sketch size while applying SILT to the sketched ridge regression problem in our SPUIR. To
address this issue, we first prove two approximation properties of SJLT which are necessary to achieve
approximation error bound of the sketched ridge regression using SJLT. For convenience, we drop all
the superscripts and subscripts in these theoretical results.

Lemma B.2 ((Nelson and Nguyén, 2013)). Let U € RL*4 be a matrix with orthonormal columns,
I € R the SJLT. Assuming that D = © (e, log®(déy ")) for IL, e, € (0,1) and d < ¢, with
probability at least 1 — §q all singular values of TIU

oMUY =1+¢,, i€ ld,

as long as
8 —
. dlog® (5, Y .
> 753
Further, this holds if the hash function h and o defining the I1 is ) (10g(d§()_ 1))-wise independent.

Theorem B.1 (Approximation Properties of SILT). Let U € R %4 be a matrix with orthonormal
columns, and A be a matrix of any proper size. If I € R*L is the SILT satisfying the assumptions
in Lemma[B.2| and d < ¢ < L, then II has the following two properties:

1) Subspace embedding property: set ¢ = 2 (d polylog (dd;l) /53),f0r es € (0, 1), with probabili-
ty at least 1 — s,
|[UTIITIIU — 14|, < &;

2) Matrix multiplication property: set ¢ = Q(d/(em0m)), for em € (0, 1), with probability at least
1- 6m7
[UTHTIA — UTA|[}, < el All3-

Proof of TheoremB.1l 1) From Lemma by setting ¢ = € (d polylog (dé; ') /e2) , we can
obtain the upper bounds of eigenvalues: with probability at least 1 — Js,

)‘i (UTHTHU) = UZZ(HU) € [(1 - 50)23 (1 + 50)2] g [1 - 2503 1+ 360], (27)



which yields that
[N (UTITTIIU — I,)| < 3e,. (28)
is equivalent to
|[UTIITIIU — 14|, < 3e,.
Letting s = 3¢, and ¢, € (0, 1/3) yields the subspace embedding property.

2) From Lemma 1 in (Zhang and Liao, [2019), we have

2 2d
E[JUTITIA - UTAllR] < Z[U[F]All: = [ AllF (29)

Combining (29) with the Markov’s inequality, we obtain that, with probability at least 1 — &y,

2d
[UTIITIA - UT Al < = || AR

2d
Letting e, = 5o yields the matrix multiplication property.
mC

B.3 Proof of Theorem 3

Next, using the approximation properties of SILT in Theorem [B.I] we prove that the objective
function value of the imputation regularized ridge regression problem for reward imputation can be
approximated well with a relative-error bound. Moreover, we prove that the solution solving the
sketched ridge regression problem for reward imputation is also a good approximation of the solution
solving the imputation regularized ridge regression. The following theorem is a detailed version of
Theorem 3.

Theorem B.2 (Approximation Error Bound of Imputation using Sketching, Detailed Version of
Theorem 3). Let~y € [0, 1] be the imputation rate, A > 0 the regularlzatlon parameter; IT € RexL
and TI € R*L pe the SJLT, and L € RE*4, Le RLXd T € R, T e RL 0 c RY. Denote the
imputation regularized ridge regression functlon F and sketched rldge regression function F* for
reward imputation by

~ ~[12
F(60) = |20 ~T|3 +~||Lo - T+ 1013,

~ )12
FS(6) = [TL(L6 — D)} ++ [T (Lo - T) |+ Aol
and the solutions of these regression problems by
6 = argmin F(8) and 6 = argmin F5(6).
HcR? OcRd
Let § € (0,0.1], ¢ € (0,1), px = || Lanll3/(|Lanll3 + X). For II and I, assuming that D =
O(e'log*(dé—1)) and
= Q (d polylog (d67") /&%),
with probability at least 1 — 0,

F(8) < (1+ pxe)F(0), (30)
o-a1. < 20O a1
omin (L)
where Lin = |L; fi \fId] € REAL+DXL Fyrthermore, if there is a constant fraction of the

norm of T, 11 lies in the column space of Lau, then (BI) can be strengthened. Formally, assuming
that a mlld structural assumptlon on the context matrix and the reward vector is satisfied, i.e.,
UanUN T 2 > TS, ||2 with a constant € € (0, 1], then with probability at least 1 — 4,

10 = 6ll> < (R(L2)VEZ=1) Vorel6]l2, (32)
where 1(A) denotes the condition number of A, TS, = [T;f; 04 € RE+LHD)  and L) =

UnXa V]! "1 is the SVD ofL

10



Proof of Theorem We first introduce some more notation of block matrices that will simplify
the proof of the theorem:

II O L T
Han:(o ﬁ>7 Lan:(ﬁi)’ Tall:<f>~ (33)

Then the regression functions can be rewritten as follows:

F(8) = |Lan6 — Tun|ls + 0], F5(6) = || TLay (Lan® — Tan)|[5 + A|6]3.

Obviously, IT,j is still an SJILT. Combining Theorem with theorem 19 in (Wang et al.l 2017), we
can obtain, setting

¢ = Q (max{d polylog (d6; ') /&2, d/(emdm)}) .
with probability at least 1 — (05 + 0w ),

F(6) — F(6) < px7F(6), (34)
_ _llLanll3 _ 2max{elem} : _ — .
where py AR and 7 o . Letting 5 = e 1= €0, @ can be rewritten as
- _ 2 _
F(6) - F(6) < T2 F(0), (35)
— €0

Assuming that s = dy, := /2 € (0,0.1] and ¢ € (0,1/3), setting e = 12_520 € (0,1), from (33)
we obtain the upper bound (30).

Next, we bound the difference between the solutions solving the sketched ridge regression problem
and the original regression problem. Since o2, (A)||z||3 < ||Ax||3 for any A and = with proper

N min —
sizes, we have
2

o2 (Lan)[6 — 013 < | La(6 - 0)| . (36)

The key ingredient of bounding ||@ — 8|2 is to bound || L.y (8 —8)||2. Let L, = {L; VAL VAL, | €
R(L+E+d)Xd, T, = [T; f; 04] € R<L+E+d), L) = U.nXanV,), be the SVD of L\, and denote a

matrix with orthonormal columns by U, € RUEFLF+AX(L+L) which satisfies

UallU;H + ULH(ULH)T = I

- TrrL —
all\Va +i+a and  Ug Uz = 0.

Then, we can rewrite the solution  as follows:

0 = arg min F(0) = arg min HL;‘HH — T;)HH;
OcR4 OcR

= (L211>TT§1 = Vallz;uanTnTa?ua
which yields that
T — L0 = Ty, - L;\nV;dlE;ul UL T
= T — UanZan V) Van = UL Ty
=T — UalU}, Ty
= Ui(Uan) T

a

(37

Thus, T,fu — L;\HB_ is orthogonal to Uy}, and consequently to lel(é — 0_), and we can obtain the
following equality by Pythagoras’s theorem:

2 _ 2 ~ )
HL;\H(G - 9)H2 = HL;\na - Ty , HL;\ne - TE?MHQ- (38)
Combining with yields that
_ 2 - _ _
| L2010 - 0)|| = F(8) — F(0) < prcF (0). (39)

Substituting into concludes the proof of (3T).
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If we make a mild structural assumption on the context matrix and the reward vector, we can provide a
stronger bound of ||6 0)|2. Specifically, assuming that | Uan U, TS, [l2 > €]|TY, ]2 with a constant
¢ € (0, 1], from (37) and Pythagoras’s theorem we have

F(0) = | L3,0 — T3
=Tl — [UanUL Ty ll5

2 - D UanUNT,
< (& , NUanUyy 411||2 (40)
= (€72 = DILy0ll3
< (€72 =D)Ll 613
< (€72 = Dogax(Lan) 16]3-
Combining (@0) with 3T)) yields (32). O
B.4 Proof of Theorem 4
Proof of Theorem 4. In our sketched policy, letting C3** = maxac4 ||0% |2, Ctmp > 0, v =
V/2C%log(2M B/§), and
w = ACE™ 4 v+ 21" 3 Clp,
from Theorem 2 we obtain that
(0%, snb) — (O, Snp)| < wy/sh, (B5) 7 sy 1)

Before proving the upper bound of ‘<0~2, sn7b> — (0%, 8n.p)|s

as follows. For convenience, we also drop all the superscripts and subscripts. The goal is to find a

constant C,, such that

VsTW—1ls <O, VsTW1s, (42)
which is equivalent to the condition that the matrix CiW’l — &1 is positive semidefinite. Let Ly
and I, be the matrices defined in (33), Lay = ﬁalliall‘z{l be the SVD of L.y, and 61 > 09 >

G4 be the singular values of L,y;. Then the i-th eigenvalue of ¥~ = (A; 4+ LT, L.y;)~" can be rep—
resented as \; (¥ ~1) = 1/(67 + \), and the i-th eigenvalue of W1 = (A, + LmﬂmﬂallLa]l)

is \;(W™1) = 1/()\ + A), where ); is the i-th eigenvalue of EﬂlUd“H&HHmUﬂlEm
From the Lidskii’s theorem and (27), we have
i € [62(1 — 2¢4),52(1 + 3¢,)). (43)

Assuming that the positive semi-definiteness of C2W ! — W~ is satisfied, we obtain that
C2\(W=1) — \j(®~1) > 0 for i € [d], and combining this inequality with (#3) yields that

Co = /[53(1 +3e,) + X/ (33 + N).

From the proof of Theorem B.1]and Theorem 3, we can obtain that €, = /(6 + 3¢), yielding that

o = Fl+e/(2+¢e)]+ A
o T &§+A b)

which decreases with increase of 1/e. Similarly to the proof of C,, satisfying (42)), we can obtain that

VSTW1ls < CregVsTO s, (44)

provided that

o - i+ A
8V 621 —2e/(6+3¢)] + A

Obviously, C'cg also decreases with increase of 1 /e.
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Then, letting & = wC,,, from @T)) and @2) we have
‘<0~Za Sn,b> - <02; 3n,b>’ S ’<0~Zi7 Sn,b> - <0_27 3n,b>‘ + |<9_,7Zia sn,b> - <02; 3n,b>’

< (05 = 0%, 500 | +0y/ST (W) s 43)

< Yop+ Of\/Slﬁb (W2) ™ s,

where Y, ;, denotes the upper bound of ‘<0~;§ — o7, sn’b>’ forany A € A.

Next, using the compatibility of norm, we give a specific representation of the sum of Y, ; as follows:

S Voo = max [ SH(85 — 03)1 < max S48 — 0% < max |15 V|0 — 63l
be[B]
(46)
Further, we give a more spemﬁc upper bound in (@6)) under mild structural assumption in Theorem 3.
Let k12 denote the maximum of the condition numbers of L2, (A,n) for A € A,n € [N], and

L) (An) = [LZ, fLA, \fId} , and Uyy1(A, n) be the left singular matrix of L)}, (A, n). Letting
Th(A,n) = [T T4; 0], assuming that [Uan(A, n)Uan(A, ) 7T (A, n)la > E|TH(A 1)
with a constant £ € (0, 1], substituting the upper bound (32)) in Theorem 3 into (@6) yields that

> Yoo < (RVETZ 1) CsCy/pred, @7)

be[B]

where C's = max,,c(n),ae | S% |1, C** = maxac a nen 16% 2.
From @4), (@), @7) and the definition of our sketched policy, letting Cy =

( Kl \/QT—l) CsCy'™*, we obtain that

Reg(N, B) = Z max (0%, Snp) — <0f§11n L Sn’bﬂ
n€[N],be[B] - '
< Z glgi‘( (<9~27 Sn,b> + O‘\/S;rl,b (WZ)_l Sn,b> + Yn,b - <021n,b , 3n,b>:|
n€[N],be[B] -
[ -1
= Z <0ﬁ1n ) Sn7b> + a\/SrTL,b (WX,n b) Snp+ Ynp — <021n iy sn7b>]
n€[N],be[B] L ' ’ '
-1
<2 Y \/sl’b (ngn ) sapt2 > Yy
n€[N],be[B] ' n€[N],be[B]

-1
<20CVB Y | D 81, (¥, ) sus+2NCy/paed

n€[N] \| b€[B]

= QQCreg\/E Z Z <3n,b s;,bv (\I]ZITW))_1> + QNCY\/p)\Ed

ne[N] \ be(B]

=20CeVB > [ (SATSH, () 7) +2NCy v/red

ne[N] | AcA

= 20C e VB Z Z tr (SXTSZ (\I’Z)fl) + O(N+/pred),

ne[N] | AcA

< 2aCeg VB Z \/max tr (S,TS% (P7%) )}—i—O(N\/p)\ed). (48)

n€[N]
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When the structural assumption in Theorem 3 is not satisfied, from @, we can obtain that the second
term in (8) is also of order O(,/pxed), which does not influence the order of the final regret bound.
Finally, combining (8) with lemma 3 in (Han et al. 2020) gives the final regret bound. O

Remark B.3 (Lower Bound of Regret). |Han et al.|(2020) demonstrated a lower bound of regret for

contextual batched bandit, which is of order Q(+/dT). But this lower bound assumes that there are
only two actions and both the actions share the same true reward model, it can not be directly applied
to our CBB setting where each action corresponds to a different reward model. Despite the lack of
the lower bound in CBB setting, if all M actions share the same true reward model, our regret upper
bound of order O(/MdT') could reduce to a bound of order O(\/dT) of magnitude, indicating the
optimality of our regret upper bound. We leave the lower bound in CBB setting for further work.

B.5 Regret Analyses of QOur Extensions

In this section, we proof the regret bounds of the extensions of SPUIR in Section “Extensions of Our
Approach”.

Corollary B.1 (Regret Bounds of SPUIR-Exp, SPUIR-Poly, SPUIR-Kernel). Assuming that the
conditions in Theorem 4 holds and 61, 02 are the probabilities defined in Theorem 4, then:

1) With probability at least 1 — N (61 + d2), SPUIR-Exp (for an exponential expected reward) and
SPUIR-Poly (for a polynomial expected reward) enjoy the regret upper bound of the same order
as that of SPUIR (shown in Theorem 4).

2) Comparing with the regret upper bound of SPUIR in Theorem 4, with probability at least 1— N (61 +
d2 + 03), SPUIR-Kernel enjoys a regret bound with an additional error of order O(\/ N/d3d,B)
against the optimal policy in Gaussian RKHS, where d.. is the dimension of the random features
and 63 € (0,1). Setting B = O(\/T/d) and d, = O(N) yields an additional error of order
O(\/T/(dd3)), and SPUIR-Kernel also enjoys the regret upper bound of the same order as that
of SPUIR (shown in Theorem 4).

Proof of Corollary[B.1} 1) For an exponential expected reward, the regret of SPUIR-Exp can be
written as follows:

Regp(N,B) = {ggﬁawz,sw)—% (oz,w,sn,b)},
ne[N],be[B] ’

where G (6, s) = exp (07s) . Using the linearization trick of convex functions (Shalev-Shwartz,
2011), the regret upper bound of SPUIR-Exp can be expressed using the inner products

RegE(N7 B)

< Z {glgﬁ (041, Ver,Gr(04, snp)) — <9§1,n’b,vo; Gg(04, Sn,b)>] ;
n€[N],be[B]

where VgGr(0, s) = exp (07s) s. Then, the gradient VoG (0, s) can be treated as the example
received at each step and applying Theorem 4 we obtain that SPUIR-Exp enjoys the regret bound
of the same order. Similarly, for a polynomial expected reward, the regret upper bound of SPUIR-
Poly can be expressed using the gradient VoGp (60, s) = 2 (07s) s, and applying Theorem 4 also
yields the regret bound of the same order.

2) For SPUIR-Kernel, instead of the linear reward (6, sn’b> in Euclidean space, we assume that the
expected reward lies in a reproducing kernel Hilbert space (RKHS). More specifically, for action
A € A, the expected reward can be formulated as Gk (o), 8) = >, c(ny.0e[B] Yn,p, a1 (S: Snp),
where  denotes a Gaussian kernel function with a kernel width or. For fast implementation, we
use 7, 5(0, A) = (0, ¢(sn,)) in random feature space as an approximation of Gk, where the
random feature mapping ¢ can be explicitly defined as in (Rahimi and Recht, [2007).

1
v,

[cos(u] ), cos(uls), ..., cos(u] s),sin(u]s),sin(uls),...,sin(u] s)] T

P(s) =
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u; € R i € [d,], are random parameter vectors sampled independently according to the Gaussian
distribution N'(0, o 2I,). Then, the regret of SPUIR-Kernel can be defined as follows:

Rogc(V.B) = Y |max G adsnn) ~ G (o, vons) |
ne[N],be[B] ’

Letting

Rogrr(N.B) = 30 o (0500, — (83, 0(on))]

n€[N],be[B]

Dlﬁl = Z I}g‘i‘( |GK (Oéz, sn,b) - <0,*47 ¢(sn,b)>| )
n€[N],bE[B]

lefQ = Z ‘GK (a*AIn,b,sn,b) — <02In,b7¢(sn’b)> s
n€[N],be[B]

we can obtain the regret upper bound of SPUIR-Kernel as follows:
Regy (N, B) < Regrp(N, B) 4+ Diff; 4 Diffo,

where the upper bound of Regr (N, B) can be obtained by applying Theorem 4 to the random
feature space which is of the same order as that of SPUIR. Furthermore, the key of the proof is
bounding Diff; and Diffs. Next, we bound the term |Gk (a, s) — (0%, #(s))| that is the key
part of Diff; and Diff5. According to the representer theorem, the reward parameter vector in the
random feature space can be expressed by 8% = Zne[N],be[B] a, y 4®(8np), yielding that

|G (@, 8) = (04, 0(s))]

= Z O,y ak(8,8np) — (07, 0(s))

n€[N],be[B]
S Jadpal (s, 800) = (B(800), B(s))]
n€[N],be[B]

< err|Gkl1,

IN

where [|Gk |1 = 3,.c(n]pe(B] |06, 4| denotes the £1-norm of G, and err denotes the approx-

imation error bound of random features, i.e., |5(S, S5,5) — (P(Sn.p), P(8))| < erp. According to
the probabilistic error bound in (Rahimi and Recht, 2007, [2008; |[Feng et al., [2015)), we have that,
with probability at least 1 — N3,

1
ERF = —F—r,
T 2NGsd,
yielding that

2N
Diff, + Diffy < 7||GK||1B
0sdy
Finally, comparing with the regret upper bound of SPUIR in Theorem 4, SPUIR-Kernel enjoys

a regret bound with an additional error term /2N/d3d,||Gk||1 B against the optimal policy in
Gaussian RKHS.

O

C Detailed Experimental Settings and More Experimental Results

In this section, we provide more details and results in the experiments.
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Table 1: Description of datasets in the experiments (7: number of instances; B: batch size; N: number
of episodes; d: dimensionality of context; M: number of actions; C'p satisfying B = C%N/d)

Dataset T B N d M Cg
synthetic data 126,000 1,400 90 40 5 25.00
Criteo-recent 75,000 1,000 75 50 5 2582
Criteo-all 1,276,000 4,000 319 50 15 25.04

commercial product 216,568 1,700 128 50 5 25.83

C.1 Description of Datasets

Table [T]summarizes the description of datasets used in the experiments.
Next, we provide more details about the three datasets.
Synthetic Data. Inspired by the experiments in (Saito et al.,|2020), the synthetic data generation
procedure was formulated as follows, which simulates the streaming recommendation environment.
e Context s; € R%: we drew elements of s; independently from a Gaussian distribution
N(0.1,0.22), where d = 40;

e Click-Through-Rate (CTR): the CTRs for the 5 actions were respectively set as
{10%, 15%, 25%, 20%, 30%};

e The indicator variables of click events:

1 aclick occurs in context s;,
C;= .
0 otherwise.

We sampled the click index set according to the uniform distribution.
e Conversion rate (CVR) in context s;: when C; = 1,
1

CVR(s;) := sigmoid({w, s;)), = 1+ exp(—(we, 5))

where the coefficient vector w. € R? is sampled according to a Gaussian distribution as
we ~ N(kelg, ofId), and we set different means and standard deviations for different
action with s, € [0 : —0.2 : —0.8] and o, € [0.01 : +0.01 : 0.05];

Criteo Data. We used the publicly available Criteo datase consisting of Criteo’s traffic on display
ads over a period of two months (Chapellel [2014), where each context consists of 8§ integer features
and 9 categorical features. Following the experiments in (Yoshikawa and Imai, 2018)), the categorical
features were represented as one-hot vectors and then concatenated to the integer features. We
reduced the dimensionality of the feature vectors to 50 using principal component analysis (PCA).
All of the algorithms were tested in a simulated online environment that was trained on users’ logs
in the Criteo dataset. Specifically, we chose several campaigns from the Criteo dataset, where each
campaign represents a category of items and corresponds to an action. This online environment
contains a prediction model for the CVR, which was well trained by applying DFM (Chapelle, |2014)
using the true user feedbacks. This environment model was trained for each chosen campaign, whose
AUCs are ranging from 70% to 90%, assuring that the online environment can provide nearly realistic
feedbacks. To simulate the uncertainty of user behaviors, Gaussian noises with zero-mean were
added to the model parameters. At each step, the online environment randomly selected a campaign
and samples one context from this campaign, and revealed the context to the agent with a preset
CTR. To generate a reasonable sequence of instances, the environment kept the order of timestamps
of the contexts in each campaign. We tested our algorithms and the baselines with the following
two online environments on the Criteo dataset: Criteo—recent contains 5 campaigns (75, 000
instances) chosen from the recent campaigns, corresponding to 5 actions; Criteo—all contains 15
campaigns (1, 276, 000 instances) chosen from all the campaigns, corresponding to 15 actions.

3https://labs.criteo.com/2013/12/conversion-logs-dataset/
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Data Collected from a Real Commercial App for Coupon Recommendation. To verify the
effectiveness and efficiency of our algorithms on real products, we conducted experiments on a
real dataset collected from a Tencent’s WeChat app. We call this dataset commercial product,
where the data were collected after the users gave consent, and did not contain any personally
identifiable information or offensive content. Since this dataset from a commercial app is proprietary,
we did not provide a URL. We will release this dataset after the publication of this paper. In this
commercial app, after clicking a recommended coupon, a user may convert the coupon after some
time, or just leave it there. The dataset was collected during a 1-month period with a subsampling, and
consists of 216, 568 instances from 5 categories of coupons (including food, drink, clothing, travel,
and electronics), where each context is described by 86 numerical features and 16 categorical features,
including user profiles and item features in users’ browsing history. Each context vector s can be
seen as a user embedding summarizing her preferences in different aspects. We make each action
correspond to one coupon category, representing by a reward parameter vector 8 4 for action A. The
reason for this setup is that, the effects of every component in user embedding on user feedback differ
for different coupon categories (food, drink, travel, clothing, electronics). Then, reward parameter
vector 0 4 can be seen as an embedding representation of coupons from category A, which is online
learnt using feedbacks on category A from different users. Technically, through the inner product
between 04 and the user embedding (context) s, the bandit algorithm will set larger weights for
components in user embedding that are more important to category A. Overall, bandit algorithms in
CBB setting are suitable choices for streaming recommendation with multiple feedback mechanisms.

The timestamps of clicks and conversions were also recorded. Following the settings on the Criteo
data, we also represented the categorical features as a one-hot vector, reduced the dimensionality of
the feature vectors to 50 by PCA. The action space contains 5 actions, where each corresponding to
one coupon category. Due to the limitation of real online experiments, in this experiment, we still
trained DFM using the true user feedbacks as the online environment, where AUCs range from 75%
to 90%.

To simulate the real environment under partial-information feedback, The experiments were con-
ducted in environments where the distribution of the initialization data is atypical. Specifically,
in the experiments, we set different numbers of the initialization instances for each action. In
the synthetic environment, we set the number of the initial instances as 140, 210, 350, 280, 420 for
the 5 actions, respectively. In Criteo-recent, we set the proportion of the initial instances as
0.1,0.15,0.25, 0.2, 0.3 for the 5 actions, and set the number of the initial instances as [100 : 23 : 423]
for the 15 actions in Criteo—-all.

C.2 Detailed Specification of Hyperparameters

The average reward was used to evaluate the accuracy of algorithms, which is computed by

1 n B true : true ;
7B 2ok=1 2be1 Fipa for the first n episodes, where R}'j¢, is the true reward of action A

at step b in the k-th episode. In these experiments, the true reward is defined by R{}°, =

AcClp,a+(1—=A)Viep a (Ckp,.a and Vi 4 denote true binary variables of user click and conversion
when executing action A given context sy, ;), where A\, = 0.01 on the synthetic data, Criteo Data, and
commercial product data, respectively. As in most contextual bandit literature (Li et al.| |2010; |Chu
et al., 2011)), we set the regularization parameter A = 1 in the Euclidean regularization. According to
theoretical analysis in Remark 3, we set the batch size as B = C%N/d, set the constant Cp &~ 25 and
the sketch size ¢ = 150 on all the datasets (B = 1400, 1000, 4000, 1700 for synthetic data,
Criteo-recent,Criteo—-all,and commercial product). The regularization parameters
w, a in our policy and that in the batch UCB policy were tuned in [0.2 : +0.2 : 1.2]. For the SJLT
in SPUIR and its variants, sketch size was set as ¢ = 150 and the number of block D was selected
in {1,2,4,6}. Except for the rate-scheduled variants of our approaches, the imputation rate ~ was
selected in [0.1 : +0.2 : 0.9]. Besides, the discount parameter 1 was tuned in [0.1 : +0.2 : 0.9]. In the
nonlinear variant of our approach SPUIR-Kernel, we selected the dimension of the random features
d, in {50, 100,200} and the kernel width of Gaussian kernel in {2~ (+1)/2 4§ = [-12:2:12]}.

We provide the detailed specification of experimental setups in different datasets, as shown in Table 2]

Rate-Scheduled Approach. We equip PUIR and SPUIR with a rate-scheduled approach, called
PUIR-RS and SPUIR-RS, respectively. We design a rate-scheduled approach following the theoretical
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Table 2: The detailed specification of experimental setups in our SPUIR and its extensions

Item Notation | synthetic Criteo | commercial
weight in reward Ac 0.01 0.01 0.01
sketch size c 150 150 150
batch size B 1400 | 1000 (recent), 4000 (all) 1700
regularization parameters w 0.2 0.6 (recent), 0.8 (all) 0.6
regularization parameters « 0.6 0.2 (recent), 0.8 (all) 0.8
imputation rate o1 0.7 0.1 (recent), 0.3 (all) 0.5
discount parameter n 0.9 0.9 (recent), 0.1 (all) 0.3
number of block D 1 1 1
dimension of random features d, — 50 —
kernel width oR - 2-CHD/2 5 — _y -

results about the imputation rate . From Remark 1&2, we can obtain that a larger imputation rate
7 leads to a smaller variance while increasing the bias. From Remark [B.I] we conclude that the
additional bias term includes a monotonic decreasing function w.r.t. number of episodes under mild
conditions. Therefore, instead of using a fixed imputation rate, we can gradually increase v with the
number of episodes, avoiding the large bias at the beginning of the reward imputation while achieving
a small variance. Specifically, we set v = X% for episodes from (X — 10)% x N to X% x N,
where X € [10, 100].

C.3 More Experimental Results

For better illustration, in Figure 3 of the manuscript, we omitted the curves of algorithms whose
average rewards are 5% lower than the highest reward. Now we provide the curves of all the
algorithms in Figure 2] In Table 3] we present the average reward results (mean = std) on synthetic
data and Criteo dataset. From the results in Table 3] we have the following observations: (1) The
proposed PUIR, SPUIR and their rate-scheduled versions persistently achieved higher average rewards
than other baselines; (2) The proposed imputation approaches achieved lower variances than the
baselines (SBUCB, BLTS-B) that have comparable accuracies.

Table [ presents the running time of all algorithms on both synthetic and Criteo datasets. The results
in the table further validate that our reward imputation approaches outperformed DFM-S and BLTS-
B in terms of efficiency. The variants of our algorithms utilizing sketching (SPUIR, SPUIR-RS)
significantly reduced the time costs of reward imputation, taking less than twice as long to execute
compared to the baselines without reward imputation (SBUCB, BEXP3, BEXP3-IPW).

Figure [3]and Figure [4] present experimental curves showcasing bias, variance, and regret. Based on
the experimental results, the following conclusions can be drawn:

(1) The additional bias introduced by our approaches gradually diminishes with increasing episodes,
as depicted in Figure 3[a). Moreover, the additional bias in comparison to the inherent bias (bias
of SBUCB without reward imputation) is only a marginal fraction, approximately , as illustrated in
Figure [3(b).

(2) The proposed reward imputation plays a pivotal role in significantly reducing variance. This
achievement is evidenced by a nearly reduction in variance when compared to the variance of SBUCB,
as shown in Figure @{(b).

(3) The regret associated with PUIR and SPUIR is notably smaller compared to the baseline SBUCB
without reward imputation. This distinction is illustrated in Figure f(a).

D Potential Social Impact and Limitations

This is a technical work proposing provable algorithms with low variances and controllable biases,
which do not learn any private information of input data. We do not foresee any potential negative
societal impacts due to our work. Researchers working on online learning theory and application
could benefit from this paper. In the long run, we expect that the proposed reward imputation approach
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Figure 2: Average rewards of the compared algorithms, the proposed SPUIR and its variants on
synthetic dataset, Criteo dataset, and the real commercial product data

Table 3: Average rewards (mean =+ std) on synthetic dataset and Criteo dataset

Algorithm synthetic data Criteo-recent Criteo-all

DFM-S 0.1503 £ 0.0092 0.1913 £+ 0.0135 0.1955 £ 0.0074
SBUCB 0.2461 £ 0.0143 0.2587 £+ 0.0156 0.2546 £ 0.0085
BEXP3 0.1131 £ 0.0075 0.2530 £+ 0.0129 0.2518 £ 0.0078
BEXP3-IPW  0.1151 4+ 0.0076 0.2530 £+ 0.0167 0.2516 £ 0.0087
BLTS-B 0.2483 £ 0.0266 0.2547 £ 0.0169 0.2549 +£ 0.0093
PUIR 0.2517 £ 0.0139 0.2605 £ 0.0148 0.2577 £ 0.0076
SPUIR 0.2514 £ 0.0134 0.2596 £+ 0.0147 0.2565 £ 0.0076
PUIR-RS 0.2519 £ 0.0137 0.2600 £ 0.0147 0.2572 £ 0.0079
SPUIR-RS 0.2507 £ 0.0127 0.2595 £ 0.0148 0.2565 £ 0.0075

has the potential to contribute to the fair decision-making that may eliminate the decision bias due to
the existence of unobserved reward feedbacks. Besides, we must emphasize that the CBB setting we
consider is based on the premise that the agent is purely reward-driven. Thus, for different decision
tasks, a suitable linear/nonlinear reward model needs to be selected for better performances.
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Table 4: Running time (second) on synthetic dataset and Criteo dataset
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Figure 3: The curves of biases introduced by our proposed SPUIR and PUIR on the synthetic dataset.
The bias introduced by SBUCB can be estimated as A||6% |2 + v as in Theorem 2. The absolute
additional bias introduced by PUIR and SPUIR, as depicted in Figure (a), can be estimeted by
i~ fimp (1) as in Theorem 2, where fim, (1) is upper bounded by Chyy,p, in Eq. (9) and is a refined
upper bound of bias defined in Equation (17) within the Appendix B.1. Figure (b) depicts the relative
proportion of the additional bias introduced by our proposed approaches compared to the bias of the
SBUCSB, called relative additional bias.
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Figure 4: The cumulative regret and variance of SBUCB and our proposed SPUIR as well as PUIR
on the synthetic dataset. The variance is calculated by [s] , (o)~ Sn,b]% as in Theorem 2.
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