Add and Thin: Diffusion for Temporal Point Processes
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Abstract

Autoregressive neural networks within the temporal point process (TPP) framework
have become the standard for modeling continuous-time event data. Even though
these models can expressively capture event sequences in a one-step-ahead fashion,
they are inherently limited for long-term forecasting applications due to the accumu-
lation of errors caused by their sequential nature. To overcome these limitations, we
derive ADD-THIN, a principled probabilistic denoising diffusion model for TPPs
that operates on entire event sequences. Unlike existing diffusion approaches, ADD-
THIN naturally handles data with discrete and continuous components. In exper-
iments on synthetic and real-world datasets, our model matches the state-of-the-art
TPP models in density estimation and strongly outperforms them in forecasting.

1 Introduction

Many machine learning applications involve
the analysis of continuous-time data, where
the number of events and their times are
random variables. This data type arises in
various domains, including healthcare, neu-
roscience, finance, social media, and seis-
mology. Temporal point processes (TPPs)
provide a sound mathematical framework to
model such event sequences, where the main
problem is finding a parametrization that can
capture the seasonality and complex interac-
tions (e.g., excitation and inhibition) within
point processes.

Traditional TPP models [17, 20] employ
simple parametric forms, limiting their
flexibility to capture the intricacies of
arbitrary TPPs. In recent years, various
neural TPPs have been proposed (see [43]
for an overview) that capture complex event
interactions in an autoregressive manner,
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Figure 1: Proposed noising and denoising process for
ADD-THIN. (Left) Going from step n — 1 to step n,
we add and remove some points at random. (Right)
Given ¢t and t(°) we know the intensity of points
at step n — 1. We approximate this intensity with our
model, which enables sampling new sequences.

Code is available at https://www.cs.cit.tum.de/daml/add-thin
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often using recurrent neural networks (RNN) or transformer architectures. While autoregressive
models are expressive and have shown good performanaenéstep-aheagrediction, their
suitability for forecasting remains limited due to the accumulation of errors in sequential sampling.

We propose to take a completely different approach: instead of autoregressive modeling, we apply
a generative diffusion model, which iteratively re nes entire event sequences from noise. Diffusion
models [L8, 45] have recently shown impressive results for different data domains, such as images
[15, 18, 25], point clouds B1, 32, text [27] and time-series]], 3, 24, 46]. But how can we apply
diffusion models to TPPs? We cannot straightforwardly apply existing Gaussian diffusion models
to learn the mapping between TPPs due to the particular requirements that must be met, namely,
the randomness in the number of events and the strictly positive arrival times.

We present a novel diffusion-inspired model for TPPs that allows sampling entire event sequences
at once without relying on a speci ¢ choice of a parametric distribution. Instead, our model learns
the probabilistic mapping from complete noise, i.e., a homogeneous Poisson process (HPP), to data.
More speci cally, we learn a model to reverse our noising process of adding (superposition) and
removing (thinning) points from the event sequence by matching the conditional inhomogeneous
denoising intensity , 1(t j t© ;t(M) as presented in Figure 1. Thereby, we achieve a natural way

to generate sequences with varying numbers of events and expressively model arbitrary TPPs. In
short, our contributions are as follows:

* We connect diffusion models with TPPs by introducing a novel model that naturally
handles the discrete and continuous nature of point processes.

* We propose a model that is exible and permits parallel and closed-form sampling of
entire event sequences, overcoming common limitations of autoregressive models.

» We show that our model matches the performance of state-of-the-art TPP models in
density estimation and outperforms them in forecasting.

2 Background

2.1 Temporal point processes (TPPs)

Temporal point processes (TPP8) 9] are stochastic processes that de ne a probability distribution
over event sequences whose number of points (ev&htahd their locations (arrival timeg)

are random. A realization of a TPP can be represented as a sequence of strictly increasing arrival
times:t = (ty;:::;tk ), 0<t < <tgx T. Viewing a TPP a@a counting process, we can
equivalently represent a TPP realization by a counting meas(rg= I(ti t),fort2 [0;T].

The intensity characterizing a TPP can be interpreted as the expected number of events per unit of
time and is de ned as:

EIN(t+ 1) N(t)jH,

(tjHy) = Ilrgo n

)

whereH; = ft; : t; <t gis the event history until timg which acts as a Itration to the process.

TPPs have a number of convenient theoretical properties, two of which will be central to our derivation
of a noising process for TPPs later in the paper. The rst propedyjerposition|f we combine
events generated by TPPs with intensitieét) and ,(t), the resulting event sequence will again
follow a TPP, but now with intensity 1(t) + »(t). Conversely, randomly removing each event
generated by a TPP process with intensift) with probabilityp is known as independettiinning

This is equivalent to sampling from a TPP with intengity p) (t) [9].

Poisson process. A (in)homogeneou@oisson process is the simplest class of TPPs, where the rate

of event occurrence is mdependenhof the history. Then the number of poifisTgrfollows a
Poisson distribution with rat¢ T) =  (t)dt. In the context of our model, the Poisson process
with a constant intensity of®; T], calledhomogeneouBoisson Process (HPP), represents the noise
distribution. Even though Poisson processes can model seasonality, i.e., time-varying rates of event
occurrence, they assume the events to be independent and do not capture the exciting or inhibiting
behavior present in the real world, e.g., a large earthquake increasing the likelihood of observing
other earthquakes soon after.



Conditional intensity. Most TPP models leverage tlhenditional intensityffunction (t jH¢) or
equivalently the conditional densipft j H) to overcome the independence of points limitation of
aninhomogeneouBoisson process. Historically, these intensity models were parameterized using
hand-crafted functionsl[7, 20], whereas now, it is more common to use neural networks for learning
intensities from datall2, 33, 41]. While the conditional intensity provides a general framework to
model TPPs, sampling from these models is inherently autoregressive.

2.2 Denoising diffusion probabilistic models

Diffusion models [L8, 45] are a class of latent variable models that learn a generative model to
reverse a xed probabilistic noising procesg! x,;! ! XN , Which gradually adds noise

to clean datx o until no information remains, i.exy  p(Xn ). For continuous data, the forward
(noising) process is usually de ned as a xed Markov chg{r, j X, 1) with Gaussian transitions.
Then the Markov chain of the reverse process is captured by approximating the true posterior
O(Xn 1] Xo;Xn) with a modelp (Xn g j Xn). QJNItimater, sampling new realizationsy from

the modeled data distributign (Xo) = P(Xn) =1 P (Xn 1] Xn)dX1:::xn is performed by
starting with a sample from pure noigsg, ~ p(Xy ) and gradually denoising it with the learned
model ovelN stepsxy ! Xy 1! ! Xo.

3 ADD-THIN

In the following, we derive a diffusion-like model for TPP#ABD-THIN. The two main components

of this model are the forward process, which converts data to noise (noising), and the reverse process,
which converts noise to data (denoising). We want to emphasize again that existing Gaussian diffusion
models [L8, 45] are not suited to model entire event sequences, given that the number of events is
random and the arrival times are strictly positive. For this reason, we will derive a new noising and
denoising process (Sections 3.1 & 3.2), present a learnable parametrization and appropriate loss to
approximate the posterior (Section 3.3) and introduce a sampling procedure (Sections 3.4 & 3.5).

3.1 Forward process — Noising

the unknown (conditional) intensity,. We de ne aforward noising process as a sequence of TPPs

that start with the true intensityp and converge to a standard HPP, i.¢.! 1! ! N
(t)= () +( HPR; 2
EARNRECES b AL
(i) Thin (i) Add

wherel> (> 5> > § > 0and ppp denotes the constant intensity of an HPP. Equation 2
corresponds to a superposition of (i) a procegs; thinned with probabilityl n (removing old
points), and (ii) an HPP with intensitiL n) nep (adding new points).

Property (Stationary intensity) For any starting intensity o, the intensity functiony given by
Equation 2 converges towardspp . That is, the noised TPP will be an HPP withpp .

Proof. In Appendix B.1 we show that, givery and Equation 2, , is given by:
n()= n o)+ (2 n) HPP 3)

where n:Qn J-.SincerN ;! 0asN!1 ,thus n(t)! wpp. O

j
Ifall , are close td, each consecutive realization will be close to the one before because we do
not remove a lot of original points, nor do we add many new points. And if we have enough steps,
we will almost surely converge to the HPP. Both of these properties will be very useful in training a

generative model that iteratively reverses the forward noising process.

But how can we sample points from if we do not have access tg? Since we know the event
sequence® comes from a true process which is speci ed with we can sample from a thinned
process , o(t), by thinning the points© independently with probabilitg . This shows
that even though we cannot accegswe can sample from, by simply thinningt© and adding
new points from an HPP.
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