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Abstract

Semi-implicit variational inference (SIVI) has been introduced to expand the an-
alytical variational families by defining expressive semi-implicit distributions in
a hierarchical manner. However, the single-layer architecture commonly used in
current SIVI methods can be insufficient when the target posterior has complicated
structures. In this paper, we propose hierarchical semi-implicit variational infer-
ence, called HSIVI, which generalizes SIVI to allow more expressive multi-layer
construction of semi-implicit distributions. By introducing auxiliary distributions
that interpolate between a simple base distribution and the target distribution, the
conditional layers can be trained by progressively matching these auxiliary dis-
tributions one layer after another. Moreover, given pre-trained score networks,
HSIVI can be used to accelerate the sampling process of diffusion models with
the score matching objective. We show that HSIVI significantly enhances the
expressiveness of SIVI on several Bayesian inference problems with complicated
target distributions. When used for diffusion model acceleration, we show that
HSIVI can produce high quality samples comparable to or better than the existing
fast diffusion model based samplers with a small number of function evaluations
on various datasets.

1 Introduction

Variational inference (VI) is an approximate Bayesian inference method that is gaining in popularity,
where one tries to find an approximation to the target posterior distribution using an optimization
approach (Jordan et al.,[1999; Wainwright & Jordanl 2008} |Blei et al., 2016). To do that, it first posits
a family of variational distributions and then seeks the closest member from this family that minimizes
some statistical distance to the target posterior, usually the Kullback-Leibler (KL) divergence. As the
posterior is not analytically available, an equivalent formulation is often adopted in practice where
one maximizes the evidence lower bound (ELBO) instead (Jordan et al., [1999).

One classical VI method is mean-field VI, which assumes a factorizable structure of the variational
distributions over the parameters or latent variables (Bishop & Tipping} 2000). This often leads
to closed-form coordinate-ascent update rules when certain conditional conjugacy conditions are
satisfied. In practice, the conditional conjugacy may not hold and the true posterior could be much
more complicated than what a factorized variational distribution can accurately approximate. In
recent years, several attempts have been made in VI that alleviate these constraints by designing more
flexible variational families (Jaakkola & Jordan, 1998 |Saul & Jordan, [1996; |Giordano et al., [2015;
Tran et al., 2015} |Rezende & Mohamed, 2015} Dinh et al.| [2017; |Kingma et al., 2016} [Papamakarios
et al., [2019), together with generic training algorithms via Monte Carlo gradient estimators (Nott;
et al., 2012} [Paisley et al., [2012; [Ranganath et al., 2014} Rezende et al.| 2014; Kingma & Welling,
2014). While successful, these approaches all assume tractable densities of variational distributions.
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To further expand the capacity of variational families, one approach is to incorporate the implicit
models that have intractable densities but are easy to sample from (Huszar, 2017; [Tran et al., 2017}
Mescheder et al., 2017 /Shi et al.,[2018alb},|Song et al.L[2019). However, as the densities are intractable
for implicit models, one often resorts to density ratio estimation for ELBO evaluation during training,
which is known to be difficult in high dimensional settings (Sugiyama et al.,[2012)). To avoid density
ratio estimation, semi-implicit variational inference (SIVI) has been proposed where the variational
distributions are formed through a semi-implicit hierarchical construction, and various training criteria
have been employed (Yin & Zhoul 2018} [Moens et al.l 2021} [Titsias & Ruiz, 2019; |Yu & Zhang]
2023).

While striking a good balance between approximation flexibility and training efficiency, current SIVI
methods often use a single conditional layer which can be insufficient when the target posterior
possesses complicated structures (e.g., multimodality, see an example in Section[5.1)). To enhance
the expressiveness of single-layer models, an intuitive but effective approach is to extend them to
multi-layer hierarchical models (Vahdat & Kautz,[2020; [Ranganath et al., [2016; |Sobolev & Vetrov,
2019). In this paper, we propose hierarchical semi-implicit variational inference (HSIVI), which is a
generalization of SIVI that allows multiple conditional layers. Instead of training the hierarchical
semi-implicit model end to end, we introduce auxiliary distributions that interpolate between a simple
base distribution and the target distribution to guide the intermediate semi-implicit distributions
toward the target distribution. The conditional layers are then trained sequentially to match these
auxiliary bridging distributions given the fitted semi-implicit distributions from the previous layers
(Figure[T), using different criteria from before. This way, HSIVI allows progressive learning of the
target distribution that significantly reduces the burden of each conditional layer. Moreover, HSIVI
with the score matching objective can also be used to accelerate the sampling process of diffusion
models where the pre-trained score networks corresponding to different noise levels provide a natural
sequence of bridging distributions. In experiments, we demonstrate the effectiveness of HSIVI on
both Bayesian inference tasks with complicated target distributions and diffusion model acceleration.

2 Background on semi-implicit variational inference
The semi-implicit variational family (Yin & Zhou, [2018; Titsias & Ruiz,[2019) is defined as
(@) = [ aslalz)a(z)dz M

where ¢ are the variational parameters, g, (|z) is called the conditional layer, and ¢(z) is called
the mixing layer. This variational family is said to be semi-implicit as g, (x|z) is required to be
explicit and ¢(z) is often implicit. The semi-implicit variational family is capable of capturing more
complicated dependencies between variables (Yin & Zhoul 2018} [Titsias & Ruiz, [2019; Yu & Zhang,
2023)) than explicit variational families without the hierarchical structure. Given the observed data D,
the classical VI methods often use the evidence lower bound (ELBO) for training, which is defined
as ELBO := E () [log p(D, x) — log g4(x)]. However, as g4(x) is no longer tractable in SIVI,
alternative training objectives have been introduced.

ELBO related objectives |Yin & Zhou(2018)) considered a sequence of lower bounds of the ELBO
p(D,x)

LsiviLs (P(x[D)]|gs(x)) = Ezng(z),mmay @B, o),k i1a. 108 :
EORSTEETE  (ge(@l2) + D1 g (al=))
2
It is an asymptotically exact surrogate in the sense that lim g, o Lsvi.Ls = ELBO. [Titsias & Ruiz
(2019) proposed unbiased implicit variational inference (UIVI) which uses samples from the inverse
conditional distribution g (z|x) (from an MCMC run, e.g. Hamiltonian Monte Carlo (Neal,|2011)) to
provide an unbiased gradient estimator of the exact ELBO. See more details of UIVI in Appendix

Score matching objective Besides the ELBO, score based distance measures have also been used
for variational inference where the score function S(x) := Vg logp(x|D) = Vlogp(D,x) is
assumed to be tractable (Liu et al.,[2016; Zhang et al.,[2018; [Hu et al., [2018)). 'Yu & Zhang| (2023)
considered the following Fisher divergence between the target distribution and the semi-implicit
variational distribution

Drisher(P(2] D) [| 4 (®)) 1= Egpragy () 1S () — Vo log g5 ()][3- )
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Figure 1: An example for 4-layer HSIVI. The target distribution pg(x) is a Gaussian mixture and
the auxiliary distributions {p;(z)}?_, are constructed using the diffusion bridge. The auxiliary
distributions are plotted in the squares, where the blue heatmap describes the probability density and
the arrows represent the score functions of the auxiliary distributions.

By reformulating Deyigher as the maximum of the following optimization problem
D (p(|D) g6(w)) = max [2 (@)" (S(x) — Vs logas(@) = | £ (@) ]

and using a similar trick as in denoising score matching (Vincent, 2011} Song & Ermon| |[2019), one
can transform the minimization of Dgg; into the following minimax problem which is tractable

min max Lsivism (P(2|D)96(2)) = Ezna(z).amas (212) [wa(m)T[S(w) — Va log gs(x|2)] — wa(fﬂ)Hg] :

“
In practice, fy, () is parametrized using neural networks. The above minimax optimization problem
can be efficiently solved by optimizing 1) and ¢ alternately.

3 Hierarchical semi-implicit variational inference

The semi-implicit variational family ¢4 () in equation (1)) is indeed a single-layer model in the sense
that it contains only one conditional layer. Our main idea is to expand this single-layer semi-implicit
variational family into its multi-layer variants and introduce a sequence of auxiliary distributions to
guide the semi-implicit distributions toward the target distribution. This leads to a new SIVI method
which we call hierarchical semi-implicit variational inference (HSIVI). We start with the following
definition which is motivated by equation ().

Definition 1 (Hierarchical Semi-Implicit Distribution). Let 1 ~ gr(xr) for some T € N¥,
where qr(xT) is called the variational prior. Let qi(i|®i1; ¢1) be the t-th conditional layer for
0 <t <T—1. Denote {qﬁk}f;tl by ¢>¢. The t-th layer hierarchical semi-implicit distribution
qi(xe; O>1) is defined recursively from T — 1 to 0 by

Q (T 0>¢) = /Qt($t|wt+1; O1)Ger1 (Teg1; O>pp1)daiyr, 0<t<T —1, (5)

where qr(xr; ¢>1) = qr(xr). Here, the t-th conditional layer qi (x| 11; ¢1) is required to be
explicit and reparametrizable with a tractable score function V z, log qi(¢|®111; O ).

Compared to the single-layer semi-implicit variational family (TJ), the family of hierarchical semi-
implicit distributions provides a principled way to construct more expressive mixing layers using multi-
layer architectures. Also, unlike the hierarchical variational models (Ranganath et al.l 2016 which
require an extra reverse model and explicit variational prior, hierarchical semi-implicit distributions
inherit the advantage of SIVI that allows ¢;(z+; ¢>¢) to be implicit, and as shown next, they do not
require a reverse model and can be progressively trained using the simple algorithms of SIVI for each
conditional layer, from¢ =T — 1tot = 0.

3.1 Progressive approximation with the auxiliary bridge

In this section, we introduce a bridging technique for progressively approximating the target dis-
tribution p(x) using hierarchical semi-implicit distributions. Rather than approximating p(x) with
qo(; ¢>0) directly, we construct a sequence of intermediate auxiliary distributions {p;(z)}’ '
as a bridge between the target distribution pg(x) := p(x) and an easy-to-approximate distribution
pr—1(x), to amortize the difficulty of one-pass fitting. A typical example of an auxiliary bridge is
the geometric interpolation as described below.
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Algorithm 1 Hierarchical semi-implicit variational inference (sequential training)

Input: Auxiliary bridge {p:(z)}?'; initial value of parameters ¢(*) = {¢§0) W
Output: The optimal parameters ¢™.
Initialization: ¢ < ¢(©.
fort =T —1to0do
while not converge do
Sample a minibatch {:L’Efk ) VK, from the variational prior gr (7).
ift <T — 1 then
Sequentially sample {mif?l}kK:l through q(x;|@it1;¢;) fromi =T —1toi =1t + 1.
Detach the computation graphs from {mi'fr)l JTANP
end if
Update ¢ by optimizing the Lsivi.s (pt(@¢)||ge(z¢; ¢>¢)) based on the minibatch {mii)l TN
end while
Pr < br.
end for

¢* +— {oi H

Example 1 (Geometric Interpolation). Let S(x) := Vlogp(x) be the score function of target
distribution p(x) and Spase() := V 10g Dpase () be the score function of a base distribution ppgse ().
In geometric interpolation (Neal, 2001} |Bernton et al.| 2019), each auxiliary distribution p.(x) for
0 <t <T — 1 has the following probability density function (pdf) and score function

pt(l’) X pbase(w)l_)\tp(w))\ta St(m) = vm Ingt(m) = (1 - )\t)Sbase(w) + /\tS(a;), (6)

where {)\t}tT;()l is a non-negative decreasing sequence satisfying Ao = 1.

Intuitively, we expect the distance between two neighboring distributions p;(x) and p¢11(x) to
be not too large so that it would be easy to construct a conditional distribution ¢;(x;|®;+1) such
that py(z¢) ~ [ qi(z¢|Ti+1)pr+1(2e41)dx, 1. Note that the auxiliary bridge {p;(x)}; ' does not
necessarily need to have analytical pdfs (up to a constant). In fact, it suffices if they have tractable
score functions {S;(x)}/_," which lead to another type of auxiliary bridge (Examplein Section .

3.2 Sequential training of HSIVI

Given the auxiliary distributions {p;(z:)};_,', a natural approach is to progressively train the
hierarchical semi-implicit distribution ¢;(x;; ¢>;) to match p,(x;) fromt =T — 1to ¢t = 0. Let
the parameters ¢; in the ¢-th conditional layer be independent across different ¢s. We first train
gr—1(x7—-1; ¢7—1) to match pp_1 (x7_1) by optimizing ¢r_1 w.r.t. the single-layer SIVI objective
Lsvi-f (pr—1(xr—1)|lgr-1(xr-1; 07-1)). Fort =T —2,...,0, given the trained semi-implicit
distribution gy 41(®4+1; ¢>¢+1), we can fix it as the mixing layer and train the ¢-th conditional layer
qt(x¢|s41; ¢¢) by optimizing ¢, w.r.t. the single-layer SIVI objective Lsivi.f (D¢ (@) qe (4 ¢>1))
as well. Note this is fine as the mixing layer can be implicit in SIVI. Here, f is some distance criterion,
e.g. Lsivies in equation (2) or Lsivism in equation (@). In this article, we mainly focus on Lsivi.is
and Lgvi.sm, While other distance criteria can also be applied. We summarize this sequential training
procedure in Algorithm|[T}

Score based training In addition to the common assumption that p; () is known up to a constant,
it is worth noting that Lgyr1p is also applicable when only the score functions {St(a:)}f:_ol are
available which is important for the diffusion bridge construction of auxiliary distributions in Example
Concretely, assume g (x¢|x:41; ¢¢) is induced by a parametrized transform x; = hy (@41, €; ¢r)
where € ~ pc(€) is a random noise. The only term in Lgrviie (pr(@1)||qi(@s; ¢>¢)) containing
Pe(®t) 18 By, (2,,6-,) log pe(T:) (see equation ) whose gradient takes the form

v¢tEQt(93t;¢zr,) Ingt (mt) = EQt+1(mt+1;¢2t+1)Pe(€)St (h't (mt‘H’ € ¢t)) v¢t ht (xt"‘l’ € ¢t) (7)

In the training of HSIVI-SM, each term Lgrvi.sm (pe(2¢)||q: (245 $>1)) involves a nested optimization
of fi(x;1+). When the score functions are computationally expensive, we find that an alternative
parametrization fi(as; ;) := Si(@) — ge(x; 1) is useful to avoid the time-consuming evaluation
of S;(x;) when optimizing 1; in equation . The reason for this lies in Proposition See
Appendix [C.2] for the proof of Proposition|I}
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Proposition 1. Let g, (¢, i11; 0>1) = @ (| @et1; d)qur1(Ti41; ¢>i41). The minimax optimiza-
tion of Lsivi.sm (pe(x4)||qe (@4 ¢>1)) is equivalent to

Héin eq(mt,mﬂ_l;qbzac) [St(wt) - gt(iBt; %)]T [St(wt) + gt(iﬂt; ¢t) — 2V, log Qt(wt‘wﬂrl; ¢t)] )

Iliill Eq(wresrionn) |96 (@6 01) = Va, 10g qr(@|Tri1; 61)])3.
t

Marginal approximation v.s. joint approximation Previous works (Bernton et al., 2019; Bao
et al., 2022) often construct a joint distribution p(xo.7) and minimize KL(p(xo.7—-1)||q(€o.7-1))
where g(xg.7—1) is a variational distribution. In HSIVI, we directly approximate p; () using the
semi-implicit variational distributions. When p(xg.7—1) is complex and T’ is small, the variational
distribution g(xo.r—1) may be insufficient to fully capture the joint distribution p(xg.7—1). For
example, the optimal fit of the joint distribution for diffusion models established by Analytic-
DPM (Bao et al.,|2022) does not guarantee that the marginal distributions would be approximated
well (see Table [2| for comparison).

4 Application to diffusion model acceleration

4.1 Review of diffusion models

Recently, diffusion models have shown great success on many generative modeling benchmarks,
including image generation (Ho et al.,[2020; [Song et al.|[2020alb), graph generation (Niu et al.| 2020),
and text generation (Austin et al.| |2021). Diffusion models work by adding noise to the training
data in the forward process and then removing the noise to recover the data in the backward process,
which can be integrated into a general stochastic differential equation (SDE) framework. The forward
process {us }s¢[o, ) is usually described by

dus = f(us,s)ds 4 g(s)dws, uo ~ po(:), ®)

where po(-) is the data distribution, wj is a standard Brownian motion, and f(us, s) and g(s) are the
drift and diffusion coefficients respectively. To generate samples from the data distribution, one can
run the following backward process

dus = [f(usa 3) - 92(3)vu5 Ings(us)]dS + g(s)dwm uyp ~ pL('); )

where pg(+) is the pdf of us and w; is a standard Brownian motion when time flows from L to
0. As the score function V,,_ log ps(us) is intractable, we need to estimate it by denoising score
matching (Vincent, 201 1§ Song et al.||2020b)). See more details of diffusion models and the training
objectives in Appendix

4.2 Diffusion model acceleration via HSIVI

While diffusion models prove effective for generative modeling, it often takes a large number of
discretization steps in the backward process (9) to produce high quality samples, which caps their
potential for real time applications. Note that the forward process (8) naturally provides another type
of auxiliary bridge, which combined with HSIVI, can be used to accelerate the sampling process of
diffusion models.

Example 2 (Diffusion Bridge). Consider the forward process {us}sc(o,r) with L > 0 (defined in
equation (8) in diffusion models. We choose T' discrete time steps 0 ~ sqg < --- < sp—1 < L and
let x; := ws, with probability density function p;(-). Assume each auxiliary distributions py(-) for
0 <t <T — 1 admits a score function as

Si(x) := Vg logpi(x) = S*(x,5¢), 0 <t <T —1,

where S*(x, s) is a pre-trained score model with the denoising score matching loss (equation
in Appendix[A). Let us denote S*(x, s,) by S; (x) for short. With sufficient samples from the data
distribution po(x) and model capacity, the approximation S} (x) can be reasonably accurate for
almost all x and t (Song et al.| [2020D)).

As the pre-trained score model provides a diffusion bridge from the simple distribution pr_; (e.g.,
standard Gaussian) to the data distribution, we can train the hierarchical semi-implicit distributions to
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approximate the diffusion bridge within the HSIVI framework. Given the expressiveness of hierar-
chical semi-implicit distributions, we may expect an accurate approximation of the data distribution
with a small number 7" and hence acceleration can be achieved.

However, the memory usage during the sequential training process for HSIVI might be large because
of the necessity for independent parameters. Therefore, we may employ a parameter sharing scheme
which is commonly assumed in diffusion models (Song & Ermonl 2019; |Ho et al.| [2020) such that
different conditional layers share the same parameters ¢. Note that sequential training is not suitable
in this setting. Therefore, we propose a joint training procedure that minimizes a weighted sum of the
SIVI objectives

T—1
Lusvip () = Y B Lsviy (pe(ar) | qe (e ) , (10)

=0
where 5(t) : {0,...,T — 1} — R is a positive weighting function and f is some distance criterion.

See Algorithm [2]in Appendix for more details of joint training.

More specifically, in this work, we mainly focus on building the diffusion bridge with variance
preserving SDE (VP-SDE) (Song et al., 2020b) such that u,|uy ~ N(y/a(s)uo, (1 — a(s))I) with
a decreasing function «(s) of s. We use Lusivi.sm in equation (10) for training and set the weighting
function 3(t) = 1 — a(s:) as recommended in|Song et al.|(2020b), which tends to train layers that
are far from ¢ = O first during the training, resembling the sequential training. Another popular
formulation of diffusion models is to fit a noise model €*(x, s) that predicts the noise added to a
noisy sample x at time s (Ho et al.|[2020). HSIVI-SM also generalizes to the case where a pre-trained
noise model is available. The pre-trained noise model forms a (generalized) diffusion bridge by
letting €} (x) = €*(x, s¢), and we call the corresponding training method “e-training”. We provide a
reparametrized objective function Lysyvi.sm for e-training in Appendix

Several efforts have been made to accelerate the sampling process of diffusion models, including
faster numerical ordinary differential equation (ODE) solvers (Song et al., 2020a} |[Zhang & Chen,
2022;|Lu et al.| 2022)) and distillation techniques (Luhman & Luhman| 2021} Salimans & Ho, 2022
Zheng et al.,|2022). Our approach is different from these previous efforts in that we accelerate the
stochastic diffusion model directly (hence would provide more diverse samples (Figure[6))) and do
not require sampling datasets from the diffusion models prior to distillation which is computationally
expensive. From a Bayesian perspective, HSIVI is related to |Song & Ermon| (2019)), where the
authors used the annealed Langevin dynamics guided by a pre-trained score model to sample from
the data distribution. By solving this problem using a variational inference approach, HSIVI enjoys
faster sampling speed and scales better to high-dimensional data.

5 Experiments

In this section, we first compare HSIVI to its single-layer counterpart, SIVI, on two inference tasks.
We use the sequential training method where each conditional layer in the hierarchical semi-implicit
variational distributions has independent parameters. We then apply HSIVI-SM to diffusion model
acceleration on various datasets. As the memory consumption for generative models is large, we use
the joint training method where the conditional layers in hierarchical semi-implicit distributions have
shared parameters across different ¢s. For all experiments, each conditional layer is modeled as a
Gaussian distribution with parametrized mean and variance. More details of the model architectures
and hyper-parameters are included in Appendix [E]

5.1 Target distribution approximation

Gaussian mixture model We first evaluate HSIVI and SIVI on a two-dimensional Gaussian
mixture model. The target distribution p() takes the form p(x) = Zle 1/8 - N(x; p;, 0°1) where
pi = [10cos(Z),10sin(Z)]T, o = 1. For HSIVI, we construct an auxiliary bridge of 7' = 5 with
geometric interpolation in Example[I] where pyase () = N (;0,1) and A, = 1 — ¢/5. The results
are presented in Figure[2] Note that the modes in this Gaussian mixture model are far apart from each
other, and both SIVI-LB and SIVI-SM are trapped in local modes. In contrast, both HSIVI-LB and
HSIVI-SM discover all modes and provide an accurate approximation of the target distribution with
HSIVI-SM being better for recovering the right scale of variance.
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Ground Truth SIVI-LB HSIVI-LB (T=5) SIVI-SM HSIVI-SM (T=5)
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Figure 2: Comparison of 10,000 generated samples from SIVI and 5-layer HSIVI on a two-
dimensional Gaussian mixture model (blue).

Ground Truth SIVI-SM HSIVI-SM (T=5)
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Figure 3: The posterior estimates obtained by different methods. For each method, we collect 100,000
samples to calculate the sample mean and confidence interval.

High-dimensional conditioned diffusion The second example is a high-dimensional Bayesian
inference problem arising from the following Langevin SDE

dzy = 102,(1 — 22)ds + dws, (11

where x¢ = 0 and w; is a one-dimensional standard Brownian motion. This system describes the
motion of a particle with negligible mass trapped in an energy potential with thermal fluctuations
represented by the Brownian forcing [2016). Using an Euler-Maruyama scheme with step
size As = 0.01 on a time interval [0, 3], we discretize the SDE intox = (24, ..., %dgy,) Where
d; = 0.014, which gives the prior distribution pprior(ar:) of the 300-dimensional variable x. The noisy
observations y is obtained by y = x + &, where & ~ N(0, 0%I) with 0 = 0.1. Our goal is to infer
the posterior distribution of the latent states p(x|y) X Pprior()p(y|2). The ground truth is formed
by running 100,000 independent stochastic gradient Langevin dynamics (SGLD) chains with a step
size of 0.0001 and collecting the results after 10,000 iterations.

For HSIVI, we form the auxiliary bridge using geometric interpolation with pyase () = N (z; y, 0%1)
and \y = 1 —t/(T — 1) fort = 0,...,T — 1. Figure[3|shows the estimated posteriors obtained
by different methods. We see that SIVI-SM severely underestimates the variance. With T' = 5
layers, HSIVI-SM fits the variance better and hence provides more accurate posterior estimates.
For both HSIVI-SM and HSIVI-LB, the estimated covariance matrix becomes more accurate as 1’
increases (Table[3]in Appendix[D.2), demonstrating the effectiveness of hierarchical models for fitting
complicated distributions.

5.2 Diffusion model acceleration

2D toy examples In this toy model example, we test four synthetic 2D datasets: Checkerboard,
Circles, Moons, and Swissroll (Pedregosa et al.,[2011). We first pre-train the score model S*(x, s)
for s € [0, 1] with quadratic noise schedule 1 — a(s) = s2. For constructing the T-layer diffusion
bridge, we select {s;}/_' so that 1 — a(s;) = [0.01 4 (+/0.8 — 0.01)t/T2. FigureEIshows the
sample trajectories (xg, T7, 5 and ) progressively generated from 10-layer HSIVI-SM. We see
clearly how the semi-implicit distributions are guided towards the target distribution and all modes are
discovered. We also report the Jensen-Shannon (JS) divergence between the target distributions and
the estimated distributions in Table[T} We see that HSIVI-SM significantly improves upon DDIM and
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Figure 4: Sample trajectories generated from 10-layer HSIVI-SM on four 2D toy examples. The
arrows represent the estimated score function in HSIVI-SM. The sample size is 10,000.

Table 1: JS divergences between the target distribution and the variational approximation on the four
toy datasets. The results of HSIVI-SM are averaged by 5 independent runs with standard deviation in
the subscripts. JS divergences are calculated by the ITE package (Szabo, [2014) with 10,000 samples.

T=5 T=10 T = 1000
DDPM DDIM HSIVI-SM DDPM DDIM HSIVI-SM  DDPM
Checkerboard  0.891  0.591 0.06819006 0.521  0.373  0.030_¢.005 0.058

Name

Swissroll 1.037 0.332 012640006 0.334 0.164  0.082_¢.003 0.042
Circles 0.907 0.397  0.08319015 0364 0.201 0.07319.005 0.032
Moons 0961  0.355 0.09619013 0.352  0.137  0.0594¢.007 0.036

DDPM in both cases with 5 and 10 steps. Also, 10-layer HSIVI-SM is comparable to DDPM with
1000 full steps. See Figure[9]in Appendix for visualization of samples from different methods.

MNIST On MNIST, we use the noise model €*(x, s) instead of the score model and use e-training
to train HSIVI-SM. The structure of €*(x, s) follows the UNet in Ho et al.{(2020) by reducing the
number of input and output channels to one. With the same noise schedule employed in Song et al.
(2020a)), we first pre-train the noise model €*(x, s) with 1000 discretization steps and then form
the T-layer diffusion bridge for HSIVI-SM by selecting 7" discrete time steps. Figure 5] shows the
samples from DDPM, DDIM, and HSIVI-SM with T' = 5 steps. We see that the samples produced
by HSIVI-SM are much cleaner and more recognizable than those produced by DDPM and DDIM.

CIFAR-10 & CelebA On both CIFAR-10 and CelebA, the structure of our pre-trained noise model
€*(x, s) follows the UNet stmcture[kRonneberger et al.} 2015) employed by Ho et al.[(2020), instead
of the huge VP deep continuous-time model (Song et al.,|2020b)) that has more channels and layers.
Since this generative modeling has been formulated as a score-based VI problem, we do not have to
use any training data for training HSIVI-SM. Following the noise schedule employed in|Song et al.
(2020a), we first pre-train the noise model €*(x, s) with 1000 discretization steps and then form the
T-layer diffusion bridge for HSIVI-SM by selecting 7" discrete time steps as before. For HSIVI-
SM with e-training, the conditional layer g;(-|x;+1; ¢) is modeled as a Gaussian distribution with
mean (415 ¢*) and diagonal variance matrix X;(¢?) where {¢#, ¢° } = ¢ are the variational
parameters. In our implementations, both pu; (24 1; ¢*) and fi(x4; 1)) use the same architecture as
€*(x, s). The number of layers, which is also the number of function evaluations (NFE), is set to be
T = 5,10, 15 in our experiments. We train HSIVI-SM with the same setting for 7' = 10, 15. The
5-layer HSIVI-SM is trained by further fine-tuning the well-trained 15-layer HSIVI-SM and we find
this strategy leads to better results. During each nested training loop of f:(x¢; 1), we update 1) 20
times before each update of ¢, since we find f;(x¢; ) needs more training empirically to provide
reliable guidance.

'In our implementations, we reduce one downsampling block and one upsampling block in the UNet for
CelebA so that the UNets used for the two datasets have the same structure. Therefore, the number of parameters
for HSIVI-SM is 0.49x less than other methods on CelebA in Table[2} See Figure[I2]and Table[d]in Appendix
for the sampling time and the number of parameters comparison.
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Figure 5: Comparison of the quality of uncurated samples generated by DDPM, DDIM, and HSIVI-

SM with 5 discrete time steps on MNIST.

Table 2: Sample quality measured by FID () on CIFAR-10 and CelebA, with a varying number of
function evaluations (NFE). Results of baselines are calculated by running their official codes, where
the architectures of score model (or noise model) are the UNet employed in Ho et al.|(2020).

Dataset CIFAR-10 (32x32) CelebA (64x64)
NFE 5 10 15 5 10 15
DDPM (Ho et al.|[2020) 320.16 278.65 198.00 366.10 309.95 206.92
DDIM (Song et al.|[2020a) 41.53 13.73 878  27.38 10.89 1.18
FastDPM (Kong & Ping/[2021) 67.64 9.85 6.16  27.63 15.44 12.05

Analytic-DDPM (Bao et al.|[2022)  93.16 3454  20.03 5092 2893 21.84
Analytic-DDIM (Bao et al.|[2022) 51.86  14.08 8.65 2940 1574 12.25
DPM-Solver-fast (Lu et al.| 2022) ~ 329.13 10.89 4.67 355.96 6.76 2.98
HSIVI-SM (ours) 6.27 4.31 4.17 8.29 4.95 4.66

seed 1 seed 2 seed 3 seed 4 seed 5

For each method, we draw 50,000 samples and
use the Fréchet inception distance (FID) score

e, e

(Karras et al.| [2022)) to evaluate the sample qual- )

ity (Table[2). We find that HSTVI-SM performs

on par or better than the other baselines on both ©

CIFAR-10 and CelebA, and the advantage is ;

evident when the NFE is small. The sampling -

trajectories of 10-layer HSIVI-SM on CelebA o A
1

with the same starting point but different ran-
dom seeds are shown in Figure[6] We see that

Tt (\? - : > s ’ 1 7
1 BENELE RN : 5
HSIVI-SM is capable of producing more diverse . :'1 o | ot T ™ o4
samples due to its stochastic nature, which is dif- 31! X <7
ferent from existing ODE based fast diffusion ! : !

model samplers. Figure 6: Sample trajectories of 10-layer HSIVI-
SM with the same starting point 19 on CelebA.

X

6 Conclusions

We introduced HSIVI, a hierarchical semi-implicit variational inference method that enables more
expressive multi-layer construction of semi-implicit distributions. Given appropriate auxiliary distri-
butions that interpolate between a simple base distribution and the target distribution, the conditional
layers in hierarchical semi-implicit distributions can be progressively trained one layer after another.
In experiments, we showed that HSIVI outperforms previous single-layer SIVI methods on several
Bayesian inference tasks with complicated posteriors. HSIVI can also be used to accelerate the
sampling process of diffusion models, where pre-trained score networks serve as a natural sequence
of bridging distributions, which allows for direct acceleration of the stochastic diffusion model and
does not require expensive sampling from the diffusion models during training. We showed that
HSIVI can produce high quality samples comparable to or better than existing fast diffusion model
samplers with few function evaluations on various datasets. Limitations are discussed in Appendix [F]
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A Details of diffusion models

Diffusion models work by adding noise to the training data in the forward process and then removing
the noise to recover the data in the backward process, which can be integrated into a general stochastic
differential equation (SDE) framework (Song et al., 2020b). The forward process {us}cjo,z] is
usually described by the SDE

dus = f(us, s)ds + g(s)dws, wug ~ po(-),

where po(-) is the data distribution, w; is a standard Brownian motion, f(us, s) and g(s) are the
drift and diffusion coefficient respectively. To generate samples from the data distribution, one can
run the following reversed SDE

du, = [f(usv S) - gz(s)vus Ings(us)]ds + g(s)dﬁ)s, ur ~ pL(')»

where p;(-) is the probability density function (pdf) of u, and w; is a standard Brownian motion
when time flows from L to 0. There exists deterministic process shares the same marginal probability
densities {ps(-)}se[o,z) described by the following ordinary differential equation (ODE)

1
dug = [f(us,s) — 592(3)vu5 log ps(us)lds, wr ~ pr(-),
called probability flow (PF) ODE.
In practice, |Song et al.|(2020b) and Kingma et al.|(2021) designed several examples of the forward

process such that it diffuses the data distribution pg(-) to a fixed unstructured distribution py,(+).
Here we mainly consider the Variance Preserving SDE (VP-SDE) used in DDPM (Ho et al., [2020;

Song et al., [2020b). Let the drift coefficient f(us,s) = dl%‘z(s)us and the diffusion coefficient

g*(s) = —dl%?(s), where a(s) € RT is a decreasing smooth function with a(0) = 1, (L) ~ 0.
Then the distribution of us conditioned on w is explicit as

uglug ~ N (\/a(s):io, (1- a(s))I) , e us = vVa(s)ug + /1 — a(s)e, (12)

where € is a standard Gaussian noise. In practice, diffusion models use a neural network Sy (us, )
to approximate the score function Sy (us, s) by optimizing the denoising score matching objective
(Vincent, 2011)

1 [k 2
Edsm(avw(s)) = 5/0 W(S)EuONpo(uo),ewN(O,I) Hse(usa 5) + 6/ V 1- O‘(S)H2 ds, (13)

where w(s) is a positive weighting function. Instead of modeling the score function, |Ho et al.| (2020)
proposed to predict the conditional noise € based on u;. This leads to the following DDPM loss

1

L
Ladpm (0,0(s)) == 5/ O(8) Ewgmpo (uo),e~n(0,1) | €0 (Us, 5) — eH%ds, (14)
0

where @(s) is a positive weighting function. In fact, we have the relationship

So(us,s) = —€g(us, s)/v/1 — a(s). (15)
We call Lgsm “score-prediction” training and Lggpm “‘e-prediction” training.

With the pre-trained score model Sy(us, ) or noise model €y(us, s), Song et al{(2020b) shows that
the samples of py(-) can be generated by simulating the backward SDE, e.g. the sampling scheme
of DDPM (Ho et al., [2020). Moreover, Bao et al.| (2022) proposed Analytic-DPM, the optimal
discretization form responding to the KL divergence of the joint distribution on the discrete time
steps. Also, several high-order ODE solvers (Song et al., [2020a; [Zhang & Chenl [2022; |Lu et al.}
2022) were proposed to achieve faster sampling.

B More details of UIVI

Unlike optimizing the surrogate ELBO, Titsias & Ruiz| (2019) proposed unbiased implicit variational
inference (UIVI) which is based on an unbiased gradient estimator of the exact ELBO. More
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specifically, consider a reparametrizable conditional g, (x|z) such that & = Ty(z, €), € ~ ¢ge(€) <
x ~ gy(x|z), then

V4ELBO = VyE ., (e).2a(2) [logp(D, z) — log gy ()|

=T (z,€)
= Eeqe(e)2~az) (957 (2, €) + g3 (2, €)]
where
gi“’d(z, €) := Vg logp(D, m)|a}:T¢(z,e) VsTy(z,€),
93" (z,€) = = Ey, (212)Va logq¢(w\z’)|m:T¢(Z)e) VTy(z,€). (16)

The gradient term in equation involves an expectation w.r.t. the reverse conditional g4 (z|x)
which is be estimated using an MCMC sampler (e.g., Hamiltonian Monte Carlo (Neall, 2011)) in
UIVI However, the inner-loop MCMC runs may require long iterations for convergence.

C More details of HSIVI

C.1 Score-based training of HSIVI-LB

In the sequential training of HSIVI-LB, although the objective Lsiviip (pr(@1)|qe(xe; ¢>1)) is
calculated based on p;(x), the gradient of it w.r.t. ¢, has a closed form containing only the score
function S;(x) without knowing the corresponding pdfs. This derivation is important in the tasks
where score functions of the auxiliary distributions are tractable while pdfs (up to a constant) of
them are unavailable (for example, the diffusion bridge in Example [2). Concretely, assume the
t-th conditional layer q;(x;|®;+1; ¢¢) is induced by a parametrized transform x; = h(xi11, €; ¢¢)
where € ~ p¢(€) is a random noise, since g; (x|t 1; @) is reparametrizable according to Definition

The only term in Lgrvi.ig (pe(@4)] e (4 ¢>¢)) containing py(x¢) is eq(wt;qbzf,) log pi(x:) (see

equation (2))) whose gradient takes the form
Vo By (@ii050) log pt(z¢) = Vo B i1 (@ir1565041)pe(e) log pi(he (@111, € b1))
= eq+1(fﬂt+1;¢zt+1)pe(6)st (he(xi41, € 1)) Vg, bt (Tit1,€ Pr)
by the chain rule, where Vg, hy (211, €; ¢¢) is the jacobian matrix of hy (41, €; ¢).

In our implementation of HSIVI (in both sequential training and joint training), we generally assume
the conditional layer ¢;(-|@+1; ¢+) is induced by

ho(@ii1, € ¢1) = pa(Tig1s &) + B2 (@eg1s dr)e a7
where X (@4 1; @) is a positive definite covariance matrix and € ~ N(0, I) is a standard multivariate

gaussian variable. In equation (I7), ¢; should be replaced by ¢ in the joint training case.

C.2  Proof of Proposition
Proposition[1} Let g (@, Tei1; >¢) = @ (4| @ig15 01) o1 (1415 G>141). The minimax optimiza-

tion of Lsivi.sm (pr(x4)||qe(@e; ¢>1)) is equivalent to

n;sin eq(wt,mt+l§¢2t) [St(wt) - gt(ivt; %)]T [St(wt) + gt(il?t§ wt) - Qth log Qt($t|33t+1; ¢t)] s

n?uin Eq(@iiirionn) |96 (@6 01) = Va, 10g i (@i|Tri1; 61)])3.
t

Proof of Propsition The minimax optimization problem of Lsivism (pe () || g (2e; P>¢)) is

minﬂllpax Eq,(@iwii6s0) 20000 00) T [Se(xh) — Va, 1og qr (@i ey 15 )] — || Fol; ) [13]

according to equation (4). For minimization w.r.t. ¢, this target is equivalent to
Eg, (2 20i1:651) [2f:(ze;90) T [Se(xh) — Vi, log q(@e|Tes1s ¢0)] — || ez v0)||3]
=Ky, (@ 2o 13050 Ft (Tt V)T [28: () — Fil@ei ) — 2V, log qe(ze|Tis1; dr)]
:eq(wt7wt+1;¢2t) [Si(xt) — gi(e; ¢t)]T[St(l't) + gi(xe;94) — 2V, log q(xe|Tig15 D))
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512 For maximization w.r.t. 1, this target is equivalent to

EQt(mt,mt+l§¢2t) [th(wt; ¢t)T[St($t) — Va, log qi(xi|Ti115 00)] — || fe (5 7#0“%}
- EQt(mt7mt+l§¢2t) Hft(wv flpt) - St(wt) + th IOg qt(wt‘wt+1; ¢t)H§ + C

= = Eg, (@i @rs1:050) 196 (T3 01) — Vi, log qi(x4|Tis1; é0)ll5 + C,

513 where C'is a term that does not contain ;. Therefore, the minimax optimization problem is equivalent
514 to

H;in Eq,(@,@esri0s0) [St(@t) — gi(@4; o))" [Se(@e) + g (e ) — 2V, log g (@i @it1; 1)),

H&}in eq(wtywt+l§¢2t) Hgt(wt; ’(/}t) - th 10g Qt(wtlthrl; ¢t> H%
t

515 C.3 Joint training of HSIVI

st6  As mentioned in Section4.2] when parameter sharing scheme is used in the conditional layers for
517 application to diffusion model acceleration, sequential training from ¢ = 7"— 1 to ¢ = 0 is not feasible.
st1¢  Therefore, we consider the following training objective
T—1
Lusivi(¢) = Z B(t)Lsviy (pe(xe)||ge(xe; D)) -
t=0

519 An intuitive method is to randomly sample a batch of time steps {¢x}+_, and for each ¢ train
520 Lsiviop (Pey (e, )]|q, (24, @)) directly. However, sequentially sampling x;, through g(x;|x;+1; @)
521 from ¢ =T — 1to i = ¢y, is still necessary in this case, making it memory-consuming to preserve the
522 computation graphs of the entire sampling process.

s2s  In order to reduce the cost of accumulating computation graphs, for each ¢, we treat g1 (+41; @) as
524  a fixed mixing layer denoted by ¢;+1(x:+1) and only fit the conditional layer q;(x;|®;+1; ¢). More
525 specifically, for HSIVI-SM, we consider the following optimization problem

min D BB @i wrie) [Se(@e) — ge(@i 0)]T [Si(@e) + go(@i;¥) — 2Va, log gi(@e|ais1;6)], (18)

n;}in Z /B(t)eq<mtqmt+1§¢) Hgi (mﬁ 77/1) - vmt log qt (mt|mt+1§ d))”%v (19)

s26  where G¢ (T, @111; ) = qe(@e|®ry1;0)Get1(Te41). In what follows, we demonstrate that the above
527 problem also ensures an accurate approximation of the target score function.

s28  For equation (19), by the denoising score matching trick (Hyvirinen| 2005), the optimal point of 1,
529 denoted by 1)*(¢), satisfies

9i(z: 0" () = Va, log i (z4; ¢),

s30 where ¢ (xy; ) = [ q(xi|Tis1; 6)G(xiq1)dxir1. By plugging in the optimal point 1)*(¢), each
531 term in equation is equivalent to

Eg(wr0sr:0) 1St (@) — ge(@e; 07 (9))]T [Se(@e) + ge(@i; ¥ (8)) — 2V, log i (@] @is1; 9))]

=Egy (@) St (@) — gi (0459 —2// (i) [Se(me) — ge(@e; 0™ (9))])" Ve, qr(@e|@irs; ¢)dwiprde,
=Eg, (w16 [t (21) — gi (2e; 9" (0))] — 2/ [St(ze) — ge(®e; 0" (9)]" Ve, G (@ ¢)dae

=Eg, (2:50) [St?(mt) — 285¢(2:)" Va, log Gi(zt; ¢) + (Va, log G (z4; ¢>))2]

:EQt($t§¢) HSt (wt) — Va, log g (wﬁ ¢)|l2
ss2  Therefore, the global optimal point ¢* also ensures that the score of the variational distribution fits
533 the target score function.

53¢ Based on the training objectives (I8) (I9) mentioned above, we propose Algorithm [2]for joint training,
535 which does not need to store the computation graphs of the sample sequences. Moreover, by assuming
536  an increasing weighting function 3(t), we assign larger weights 5(t) for those ¢ close to T'— 1, which
537 tends to train the conditional layers that are close to 7" — 1 first during the training, resembling the
53 sequential training.
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Algorithm 2 Hierarchical semi-implicit variational inference (joint training)

Input: Auxiliary bridge {p:(x)}7-'; a weighting function 3(t); initial value of parameters ¢(*.
Output: The optimal parameters ¢*.
Initialization: ¢ < ¢(0).
while not converge do

Uniformly sample K time steps {t } =, with replacement from {0,...,7 — 1}.

Sample a minibatch {mgC )}E | from the base distribution g7 (z).

fork=1,. Kandtk<T—1do

Sequentlally sample mtm—l through q(ml|wl+1, ¢i)fromi =T —1toi =1ty + 1.

Detach the computation graphs from {xtk 1 TANP
end for
Update ¢ by optimizing the objective Zszl B(tr)Lsivi-r (pey, (xe,)|Ge, (@4, ; ¢)), where the k-th term is
computed based on a single sample wiill
end while

o* +— ¢.

C.4 e-training of HSIVI-SM

Another popular formulation of diffusion models is modeling the conditional noise €g(us, s) by
opt1m1z1ng the DDPM loss in equatlon 4) where us = \/ a(s)ug + \/ 1 — a(s)e, introduced as

“e-prediction” in Appendix [A] Now, let us assume the diffusion bridge is constructed with VP-SDE
and we have a pre-trained model of conditional noise €*(u, s). Similarly, we construct a sequence of
noise models {€; (x;)}/_, by letting x; = u,, and ef{(ac) = €} (x, s;) which forms a (generalized)
T-layer diffusion bridge. We only discuss how e-training can be applied to joint training and the
derivation for sequential training is similar. In what follows, we consider the transformation of the
joint training objective Lysivi.sm for diffusion model acceleration.

By letting the weighting function 3(t) = 1 — «(s;) and considering the reparametrization form (17)
where ¢, is replaced by ¢, the objective of HSIVI-SM takes the form

Lusvism(P, ) = Zqu(mt,th,@ [2\/7]% RN )T[\/msz*(iﬂt)-i-\/mzfl/Q(le;(z))e)]
_|‘\/5(T)ft($t;¢)||§] .

(20)

where S} (x;) is a pre-trained score model. Note that we have \/8(t) S} (x:) = —e} (x:) by equation

(T3). Define
ft wh \/ .ft xtv
Et(wt+1;¢) = X (@ 413 )/5( ).
The HSIVI-SM objective (20) then takes the form

T-1

EHSIVI—SM(¢7¢) e Z B, (e, @eq1:0) [th(mt;w)T[*éf(mz) + 2;1/ (Te11; P)€)] — Hft(wt, )Hg] @2n

t=0
and we call it the objective for e-training. In our implementation of e-training, we directly parametrize
Sfi(xe;¢) and Xy (x141; @) instead of fi(xs;1)) and Xy (xe11; ¢). The objective is more numer-
ically stable since the magnitude of 3 (x4 1; @) is generally larger than X;(x;41; ¢).

D Additional results of experiments

D.1 Gaussian mixture model

For HSIVI on the Gaussian mixture model, the auxiliary distributions can also be constructed with
diffusion bridge in Example[2] Concretely, the diffusion bridge is constructed by

xi|xo ~ N (Vagzo, (1 — ap)I), @y ~ po(xo).
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Figure 7: Upper row: Sample trajectories progressively generated by 5-layer HSIVI-LB guided by
diffusion bridge. Bottom row: Sample trajectories progressively generated by 5-layer HSIVI-SM
guided by diffusion bridge.

Ground Truth SIVI-LB HSIVI-LB (T=5)
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Figure 8: The posterior estimates for conditioned diffusion obtained by SIVI-LB and 5-layer HSIVI-
LB. For each method, we collect 100,000 samples to calculate the sample mean and confidence
interval.

where oy = () with o(s) defined in equation (12). In this example, the score function Sy(z;) =
Vz, log p(x;) has an analytical form

Si(xy) = S (wt; Vo, (po? +1— ozt)I) , 0<t<T—1.

where S (x; pt, o21) is the score function of the Gaussian mixture model p(x; p, 1) = 2?21 1/8-
N (z; pi, 0®I). We set the number of layers T'= 5and ay = 1 —t/5fort = 0,...,4. Figure
shows the sample trajectories generated by HSIVI. We see clearly that semi-implicit distributions are
guided toward the target distribution following the diffusion bridge.

D.2 High-dimensional conditioned diffusion

We also test SIVI-LB and HSIVI-LB for fitting the posterior in high-dimensional conditioned
diffusion. The auxiliary bridge is formed using the same geometric interpolation as for HSIVI-SM,
ie.

Poase = N(x39,0°T), N\ =1— for 0<t<T—1.

t
T-1
From Figure[§] we see that SIVI-LB also underestimates the posterior variance and 5-layer HSIVI-LB
fits the variance better. This phenomenon is also observed in the performances of SIVI-SM and
HSIVI-SM in Figure[3] The quantitative comparison between different numbers of layers is reported
in Table 3] where we see that for both HSIVI-SM and HSIVI-LB, the variational approximation gets
more accurate with more layers. We also find that HSIVI-SM fits better than HSIVI-LB consistently.
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Figure 9: Comparison of 10,000 samples generated by DDPM, DDIM, and HSIVI-SM.
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(b) 10 steps

Table 3: Frobenius distances between the estimated covariance matrices and that of the ground truth.
For each method, we collect 100,000 samples to estimate the covariance matrix.

T=1 T=2 T=3 T=5

HSIVI-SM  0.0886 0.0813 0.0431 0.0333
HSIVI-LB  0.0883 0.0825 0.0722 0.0433

D.3 Toy examples of diffusion model acceleration

We compare the samples from DDPM, DDIM, and our proposed HSIVI-SM with 5 and 10 steps
in Figure[9] We find that DDIM and DDPM fail to converge to the target distribution with a small
number of steps, while HSIVI-SM can provide noticeably better samples. Moreover, DDPM tends to
underestimate the variance as evidenced by the narrower region occupied by the samples.

D.4 MNIST
Figure[T0|shows the samples from DDPM, DDIM, and HSIVI-SM with 7" = 10 steps. We see that

the samples produced by HSIVI-SM is much cleaner and more recognizable than those produced by
DDPM and DDIM.

D.5 CIFAR-10 & CelebA

Figure[TT]shows the uncurated samples from our proposed HSIVI-SM method with different numbers
of layers on CIFAR-10 and CelebA. We also compare the sampling time of different methods when
NFE = 5 in Figure One can observe that HSIVI-SM has almost the same running time as
the simplest DDIM algorithm and is faster than other samplers on CelebA. Finally, we report the
number of parameters in the score model (or noise model) used by different methods in Table [4}
which corresponds to Table [2]and Figure[I2] In our implementations of HSIVI-SM, the number of
parameters in the noise model equals that in the conditional layer ¢;(x¢|x:11; ¢). We find that our
model with the same or less number of parameters still reaches comparable results in Table 2]
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Figure 10: Comparison of the quality of uncurated samples generated by DDPM, DDIM, and HSIVI-

SM with 10 discrete time steps on MNIST.

(a) CIFAR-10 (32x32)

T=10

ol ‘i:irv ol |8
‘éll&-ﬂ %

a -«d \.' -rg L"‘.ﬂtl
&1 6 £ ewlﬁlﬂ k:

(b) CelebA (64x64)

Figure 11: Uncurated samples generated by HSIVI-SM with different numbers of layers on CIFAR-10
and CelebA.

E Experimental details

E.1 Target distribution approximation

In this part, we set the conditional layer to be g, (x|z) = N (x; u(z; ¢*), diag{exp(¢?)}) and the
mixing layer to be A/(0, I) for SIVL Here, {¢", ¢° } = ¢ are the variational parameters. For T-layer
hierarchical semi-implicit variational distribution with T' > 2, the variational prior ¢r () is set to
be N (0,I). Each conditional layer q;(@;|®;1; ¢¢) fort = 0,...,T — 1 is a conditional Gaussian
distribution

@t (Te|@ig1; de) = N (s p(@eg1; 0F), diag{exp(¢f ) }).

Note that the ¢” and {47 }tT=_01 above are all vectors with the same dimension as . We use sequential
training for HSIVI in the two experiments in this part. The parameters { qﬁt}tT:_Ol are independent
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Figure 12: Sampling time ({) of different methods when NFE = 5 on CIFAR-10 and CelebA. Results
are averaged by 100 independent runs with a batch size of 128 on a single Nvidia 2080Ti GPU.

Table 4: Number of parameters in the score model (or noise model) used by different methods in
Table[2] ‘M’ refers to million.

CIFAR-10  CelebA

other methods 38.72M 78.66M
HSIVI-SM (ours) 38.72M 38.72M

across different ¢. If not otherwise specified, we use the Adam optimizer (Kingma & Ba, [2015) with
B8 =(0.9,0.99) for training.

E.1.1 Gaussian mixture model

For the experiment on the Gaussian mixture model, we construct 5-layer hierarchical semi-implicit
variational distributions. The mean of each conditional layer p(z; ¢*) in SIVI or p(x;y1;¢)') in
HSIVI has a residual form, i.e. p(z; ") = z + fa(z; ¢*) and p(xiy1; @L) = @1 + p(Tey1; L),
fort =0,...,T — 1. fi(z; ¢*) in SIVI and {fi(x,41; ¢}') }+_, in HSIVI all have the same structures
of multi-layer perceptrons (MLPs) with layer widths [2, 50, 50, 2] and ReLU activation functions.
For each t, f;(x; 1) in HSIVI-SM and f(x; ) in SIVI-SM are parameterized by MLPs with layer
widths [2, 128, 128, 2] and ReLU activation functions.

The noise levels in the diffusion bridge are 1 — «(s;) =1 —t/5 fort € {0,1,--- ,4}. We set the
learning rate of variational parameters ¢; (or ¢) to 0.001 and the learning rate of 1 (or ¢) to 0.002 in
both SIVI and HSIVI. For HSIVI-LB and HSIVI-SM, we run 80000 variational parameter updates for
every conditional layer; for SIVI-LB and SIVI-SM, we run 5x 80000 variational parameter updates.
For HSIVI-SM and SIVI-SM, in each nested training loop of f;(x:; ) (or f(x;))), we update 1
(or 1)) one time after each update of ¢; (or ¢). All the algorithms are trained with a batch size of 64.

E.1.2 High-dimensional conditioned diffusion

For the experiment on high-dimensional conditioned diffusion, we examine the performances of
SIVI and 5-layer HSIVI. The ground truth is formed by running 100,000 independent stochastic
gradient Langevin dynamics (SGLD) chains with a step size of 0.0001 and collecting the results
after 10,000 iterations. For ¢ = 0,...,T — 2, the mean of each conditional layer pt(x¢11; ¢}') in
HSIVI has a residual form, i.e. p(@i41;¢)) = @1 + p(xeq1;¢)). For SIVIandt = T — 1 in
HSIVL, we assume pi(z; ¢") = fi(z; ¢#) and p(x1415 ') = fi(e41; ¢ ). Foreach t, i (; 4Y) in
HSIVI and fi(z; ¢*) in SIVI are MLPs with layer widths [300, 512, 512, 300] and ReLU activation
functions. For each t, fi(x¢;1:) in HSIVI-SM and f(x;) in SIVI-SM are MLPs with layer
widths [300,512,512, 300] and ReLU activation functions. For both SIVI and HSIVI, we train each
conditional layer for 100,000 iterations with a batch size of 128. For HSIVI-SM and SIVI-SM, in
each nested training loop of fi(x;:) (or f(x;1))), we update 1, (or ¢)) one time after each update
of ¢, (or ¢). We set the learning rate to be 0.0001 for ¢, (or ¢) and 0.0005 for ; (or ).
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E.2 Diffusion model acceleration

In this part, we use the diffusion bridge to construct the auxiliary distributions and joint training as
mentioned in Section With a pre-trained score model or noise model, we consider the generative
tasks as score-based variational inference problems. Therefore, we do not use any training data to
train HSIVI-SM.

For HSIVI-SM, the variational prior g7 () is set to be N'(0, I). To avoid the large memory consump-
tion, we use the joint training method where the parameters of the conditional layers ¢;(x;|Ti11; @)
and f,(x;v) are the same across different ¢. The ¢-th conditional layer is a conditional Gaussian

distribution

@ (me|Tii1;0) = N (245 pe (24415 0*), diag (07 exp(¢7)))
where {@*, ¢p° } = ¢ are the variational parameters, ¢ is a vector with the same dimension as , and
oy is a fixed scalar value. We use the generalized inference process in DDIM (Song et al., [2020a)
with the noise level 7 > 0 to initialize pt;(@;y1; ¢*) and determine the value of o, for each ¢. If
not otherwise specified, we use the Adam optimizer (Kingma & Ba, 2015) with 8 = (0.9, 0.99) for
training.

E.2.1 Toy examples of diffusion model acceleration

For pre-training the score model S*(x, s), we consider quadratic noise levels 1 — a(s) = s for
s € [0, 1]. We then train S*(x, s) on 1000 fixed noise levels {1 — «(i/1000)}1%9° by optimizing
the DDPM loss in equation (I3 for 200,000 iterations with a learning rate of 0.0003 and a batch
size of 100. For constructing the diffusion bridge, we choose T discrete time steps {st}tT;Ol so that

1 —a(s;) = [0.01 + (+/0.8 —0.1)t/T)? fort = 0,1,...,T — 1.

Model architecture The model architecture of S*(x, s) is
S*(z, s) = MLP%® (MLP*"™(z) + MLP*™(1 — a(s))),

where MLPY* is a decoder implemented as MLPs with layer widths [128, 128,128, 2], MLP®™*
is data embedding block implemented as MLPs with layer widths [2, 128], and MLP™ is a time
embedding block implemented as MLPs with layer widths [256, 128,128, 2]. We use the sinusoidal
positional embedding (Vaswani et al.l 2017) of 1 — «(s) as the input of MLP®™  All these three
MLPs use GELU as activation functions. We use the generalized inference process with noise level

1 = 1.0 to initialize the conditional layers. The architecture of f;(x:;1)) is the same as that of
S*(x, s). We initialize f;(x; 1)) with S} (x:) := S* (x4, s¢).

Training setting The learning rate is set to be 0.0002 for ¢;(x:|x:11; ¢) and 0.0005 for f;(xs; 1)
on Swissroll, Circles, and Moons for both 7' = 5, 10. On Checkerboard, the learning rate is set to be
0.00001 (0.00002) for ¢;(-|++1; @) and 0.00005 (0.0001) for f;(x+; ) when T = 5 (T = 10). We
train HSIVI-SM for 25,000 iterations with a batch size of 64 in all cases. In each nested training loop
of fi(a;1)), we update ¢ 3 times after each update of ¢.

E.2.2 MNIST

For the experiment on MNIST, we use the pre-trained noise model €* (i, s) and train HSIVI-SM with
e-training introduced in Section The following construction of noise schedule comes from|Song

et al. (2020a). Let B = By + Zmexsbmin j for j = 0, ..., 999, where B = 0.0001, Bipax = 0.02.
We pre-train the noise model on the 1000 fixed noise levels 1 — a(s) := H;:o Bj fors =0,...,999
by equation (T4). The noise model is trained for 100,000 iterations with a learning rate of 0.0001 and
a batch size of 64. We then choose T discrete time steps s; = |800 - %—ZJ fort=0,...,T —1to
construct the 7T-layer diffusion bridge.

Model architecture The pre-trained noise model €*(x, s) follows the UNet structure employed
by Ho et al.| (2020) where the number of input channels and output channels is reduced to one.
Additionally, we pad the image size to 32 x 32 to fit €*(x, s). We use the generalized inference
process with noise level 7 = 0.2 to initialize the conditional layers. The architecture of f;(x;; ) is

the same as that of €*(x, s). We initialize f;(x;; 1) with —e* (@4, 5¢)//1 — a(sq).
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Training setting For both 7' = 5, 10, the learning rate is set to be 1.6 x 1075 for ¢ and 6.4 x 10~°
for 7). We train HSIVI-SM for 10,000 iterations with a batch size of 64 in all cases. In each nested
training loop of f;(x¢; ), we update ¢ 20 times after each update of ¢.

E.2.3 CIFAR-10 & CelebA

For experiments on CIFAR-10 and CelebA, we use the pre-trained noise model €*(x, s) and
train HSIVI-SM with e-training introduced in Section We use the same noise schedule

as in the experiment on MNIST. Let 8; = Bmin + % g for j = 0,...,999, where
Bmin = 0.0001, Bnax = 0.02. We pre-train the noise model on the 1000 fixed noise levels
1 —a(s) == [, B for s = 0,...,999 by optimizing equation (14). On CIFAR-10, the noise
model is trained for 2160 epochs, with a learning rate of 0.0002 and batch size of 128; on CelebA, the
noise model is trained for 600 epochs, with a learning rate of 0.00002 and batch size of 128. We then

choose T discrete time steps s; = 800 - }—ZJ fort =0,...,T — 1 to construct the T-layer diffusion
bridge.

Model architecture On CIFAR-10, the structure of €*(x, s) is exactly the UNetE] employed in
Ho et al.|(2020) without modification; on CelebA, the structure of €*(x, s) follows the UNet in Ho
et al.|(2020) but is reduced by one downsampling block and one upsampling block. Therefore, the
structures of €*(x, s) are the same on CIFAR-10 and CelebA. We use the generalized inference
process with noise level 7 = 0.2 to initialize the conditional layers. The architecture of fi(x;; ) is

the same as that of €*(x, s). We initialize f;(x;; 1) with —e* (@4, 5¢)//1 — a(sq).

Training setting The number of layers, which is also the number of function evaluations (NFE),
is set to be T' = 5,10, 15 in our test cases. On CIFAR-10, the learning rate is set to be 1.6 x 107>
for q;(-|xs11; @) and 8 x 1075 for f;(x;); on CelebA, the learning rate is set to be 1.2 x 1076
for q;(-|z11;¢) and 6 x 1076 for f;(x4;1)). We trained HSIVI-SM for 10,000 iterations with a
batch size of 128. During each nested training loop of f;(x¢; ), we update ¢ 20 times after each
update of ¢, since we find f:(x+; 1) needs more training empirically to provide reliable guidance.
For T' = 10, 15, we use the above training settings; for 7' = 5, we find that further fine-tuning on the
well-trained 15-layer HSIVI-SM for 1,000 iterations yields better results, and we utilize this strategy
to optimize the 5-layer HSIVI-SM with a 0.1 x smaller learning rate. Experiments need about 2.5
days on CIFAR-10 and need about 5 days on CelebA using 8 Nvidia 2080 Ti GPUs. During the
training, we find that HSIVI-SM converges in the first 30% iterations on CIFAR-10 and converges in
the first 50% iterations on CelebA.

F Limitations

For the application of accelerating the sampling process of diffusion models, our HSIVI-SM training
involves three models: the score model (or noise model), the conditional layers g (x¢|x:+1; ¢), and
fi(xs;0). As aresult, HSIVI-SM requires higher memory consumption due to the involvement of
multiple models. Additionally, since our HSIVI algorithm approximates the target distribution using
the score function, it necessitates a pre-trained score model (or noise model) with high accuracy
and additional training steps. Finally, we recognize that the alternative method HSIVI-LB remains
unexplored for accelerating the diffusion model, and we defer this aspect to future research.

We use the Pytorch implementation of UNet structure in |ttps:/github.com/tqch/ddpm-torch.
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