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Appendix

Organization of the Appendix Section A contains the proofs of the results of the main paper.
Section B contains the details of the numerical illustrations presented in Section 4.3.

A Proofs

A.1 Proof of Proposition 1

The function

m

(t,h) Z 0;(t) fi(h)

is locally Lipschitz-continuous with respect to its first variable and globally Lipschitz-continuous
with respect to its second variable. Therefore the existence and uniqueness of the solution of the
initial value problem (5) for t > 0 comes as a consequence of the Picard-Lindelof theorem (see, e.g.,
Luk, 2017 for a self-contained presentation and Arnold, 1992 for a textbook).

A.2 Proof of Proposition 2

For x € X, let H be the solution of the initial value problem (5) with parameter 6 and with the initial
condition Hy = x. Let us first upper-bound || f; (H)|| forall ¢ € {1,...,m} and ¢t > 0. To this aim,
for ¢t > 0, we have

.~ ol =) | tiHi(S)fi(Hs)dSH
</Z|9 )L i (EHo) |\ds+/2|e I (H) — fi(Ho) s
v Zw s+ 165 [ (18— 1l 32 06 s

<tMRe + KfR@/ [ Hs — Hol|ds.
0

Next, Gronwall’s inequality yields, for ¢ € [0, 1],
HHt — H()H <tMRg exp(thR@) < MRe exp(KfR@).

Hence

[ He|l < [[Hol| + [|Hy — Holl < Ry + M Re exp(KfRe),

yielding the first result of the proposition. Furthermore, for any i € {1,...,m},
Lfi(H) || < [|.fi(Hy) = fi(Ho)|| + [|fi(Ho)|| < M (KfRe exp(KfRe) + 1) =: C.

Now, let H be the solution of the initial value problem (5) with another parameter 6 and with the
same initial condition Hy = x. Then, for any ¢ > 0,

H,— H, = / s)fi(H ds—/ H,)ds.

13
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Hence

IH, - Ht|—H/ — )i ds+/ H.) — fi(FL))ds|
<[ Zw ACHds + / Zw I:(HL) — (L) ds
<[ Zw s + 5 [ (11, 73 6o

t
<1C)0 — |1 o0 + Ky Ro / |H, — H,||ds.
0

Then Gronwall’s inequality implies that, for ¢ € [0, 1],
|Hy — Hy|| < tC||0 — 0]|1,00 exp(tK s Ro)
< M(K;Reexp(K;Re) + 1) exp(K;Re)||0 — 0]1.00
< 2MK{Re exp(2KfR@)||e — 0|10
since 1 < KfRg exp(KRg) because Ky > 1, Rg >

A.3 Proof of Proposition 3

We first prove the result for m = 1. Let G be an €/2Kg-grid of [0,1] and G, an &/2-grid of
[-Re, Ro]. Formally, we can take

Nl R R AT

Our cover consists of all functions that start at a point of G, are piecewise linear with kinks in G,
where each piece has slope +Kg or —Kg. Hence our cover is of size

NM(e) = [G,[210+! < 0p2asr _ 1000 52
g

Now take a function f : [0,1] — R that is un1f0rmly bounded by Re and Kg-Lipschitz. We
construct a cover member at distance € from f as follows. Choose a point yg in G, at distance at
most £/2 from f(0). Since f(0) € [-Reo, Re). this is clearly possible, except perhaps at the end of
the interval. To verify that it is possible at the end of the interval, note that Rg is at a distance less
than £/2 of the last element of the grid, since

e (| 22 2) <o ¥22]  faa0 a (M0 1)5] < o).

Then, among the cover members that start at v, choose the one Wthh is closest to f at each point
of G, (in case of equality, pick any one). Let us denote this cover member as f. Let us show

recursively that f is at /-distance at most € from f. More precisely, let us first show by induction
on k that for all k € {0, ..., [2£e]},
ke

k -
)~ Fago)l <5 (1)

(0) — f(0)] < 5. Then, assume that (15) holds for some k. Then we have the following
inequalities:

=, ke ke € _ .

(QK@) —e< (QK@) 5 (by induction)

< (%) (f is Ko-Lipschitz)
e
ke €

< bt P R .
S f(2K@) + 2 (f is Kg-Lipschitz)
<f (;{6@) +e (by induction).

14
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k:+1)

Moreover, by definition, f ( is the closest point to f(

~, ke € ~, ke €
(&) —57Gg) +31
The bounds above show that, among those two points, at least one is at distance no more than &/2
from f(%) This shows (15) at rank &k + 1.

(k;g;)g) ) among

To conclude, take now z € [0, 1]. There exists k € {0,...., [2227} such that z is at distance at most
e/4Ke from 5 "’5 —. Again, this is clear except perhaps at the end of the interval, where it is also true
since

2K 2K
[ e
9 QK(_) 3 2K()
meaning that 1 is located between two elements of the grid G, showing that it is at distance at
most € /4K from one element of the grid. Then, we have

=0,

1)~ F@)] < [10) — £(Gr)| + [ opm) — Floro)| + [T o) - F@)
<oHs+

where the first and third terms are upper-bounded because f and f are K, o-Lip, while the second
term is upper bounded by (15). Hence || f — f||c < &, proving the result for m = 1.
Finally, to prove the result for a general m, note that the Cartesian product of € /m-covers for each

coordinate of 6 gives a e-cover for §. Indeed, consider such covers and take § € ©. Since each
coordinate of 6 is uniformly bounded by Rg and Kg-Lipschitz, the proof above shows the existence

of a cover member @ such that, for all i € {1,...,m}, [|6; — 0i||co < &/m. Then
16— 0||1oo:Osup Zw (1) < sup Zna —0l|oo < €

As a consequence, we conclude that

N(e) < (M(%))’”: (%)7"4%_

€
Taking the logarithm yields the result.

A.4 Proof of Theorem 1

First note that, forany § € ©,x € X andy € ),
[(Fo (), y)| < [(Fo(x),y) — Ly, y)| + 1€y, y)| < Kel[Fo(z) —yl|.
since, by assumption, ¢ is K,-Lipschitz with respect to its first variable and £(y, y) = 0. Thus
[€(Fo(z), )| < Ke([|Fo(2)]| + lyll) < Ke(Rx + MRe exp(KfRe) + Ry) =: M.
by Proposition 2.

Now, taking § > 0, a classical computation involving McDiarmid’s inequality (see, e.g., Wainwright,
2019, proof of thm 4.10) yields that, with probability at least 1 —

RO,) < Bn(Br) + E[sup | 2(0) — %, (6) M‘[\/
)

Denote C' = 2M Ky Rg exp(2KsReg). Then we show that % and %’n are C'K-Lipschitz with

respect to (0, || - |[1,00): for 8,6 € ©,

|2(0) — 2(0)| < E[|e(Fo(x),y) — ((Fz(x),y)]]
< K(E[[| Fo(z) — Fy(=)]]
<

CE[|6 =01 00,

15
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according to Proposition 2. The proof for the empirical risk is very similar.

Let now £ > 0 and V(¢) be the covering number of © endowed with the (1, co)-norm. By Proposi-
tion 3,
m?Ke log(4)

16mR
1og./\/(5)<mlog< TZ e)—i— e

Take 6V, ..., 0W () the associated cover elements. Then, for any 8 € ©, denoting #() the cover
element at distance at most ¢ from 6,

|%(9) — %0(8)] < |2(6) — 2(8V)| + [2(87) — %n(6)] + |%0(68)) — % (6))]
<20Kie+  sup  |R(0D) — Z,(0D)].
i€{l,...N()}
Hence
E[Sup 1%2(6) — gz?n(e)@ < 20K + E[ sup | 2(09) — @nw(i))@.
[ZSC) 1€{1,...N(e)}
Since @nw) is the average of n independent random variables, which are each almost surely bounded

by M, itis M /\/n sub-Gaussian, hence we have the classical inequality on the expectation of the
maximum of sub-Gaussian random variables (see, e.g., Rigollet and Hiitter, 2017, Theorem 1.14)

2log(2N(¢))

E[  sup 12(0W) = Za(00)]] <M
n

ie{1,...N'(e)}
The remainder of the proof consists in computations to put the result in the required format. More
precisely, we have

21og(2N (¢))

E [ sup |%(0) — ,@2,,(9)\] 20K e + M =

0€O

2log(2) 4+ 2mlog (16";39) + 2m2Ke log(4)

£

QCKgE + M\/

n

2(m +1)log (10fe) 4 szK@ log(4)
- .

< 2CKye + M\/

The third step is valid if 16’2R@ 2. We will shortly take ¢ to be equal to f’
holds true under the assumption from the Theorem that m Rg+/n > 3. Hence we obtain

) S — 11 16mRe 2m2K@1 M
%(an)gﬂn(9n)+2cK[€+M\/ m + 1) log ( ) + og(4 f\/ﬁ

thus this condition

n
o (16)
Now denote B = 2M K ; exp(K s Re). Then CK, < B and 2M < B. Taking ¢ = f’ we obtain
~ ~ ~ 2B B [2(m+1)log(16mReyvn) 2m2Kelog(4) B 1
H(0n) < Xn(0n) + —= + — 1
0 < B0+ 2= + 5 : + 2RO 0By T og 3
S~ 2B B 2 1)log(1 B \/ZK log(4) B 1
<G (o Dosll6riRo) , B/ ologl®) | B [ 1
~ A~ 3B (m +1)log(16mRe+/n) = = m\/ 1

since 2 < 24/1og(2) < /2(m + 1)log(16mRe+/n) since 16mR@\/ﬁ > 2 by the Theorem’s
assumptions, and /2 log(4) < 2. We finally obtain that

5 5 - [(m+1)log(mRen) ~mVKe B [ 1
< - Z

n

by noting that n > 9 max(m~2Rg?, 1) implies that
log(16mRe/n) < 2log(mRen).
The result unfolds since the constant B in the Theorem is equal to 3B.
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A.5 Proof of Corollary 1

The corollary is an immediate consequence of Theorem 1. To obtain the result, note that m = d2,
thus in particular v/m + 1 = v/d? + 1 < d + 1, and besides log(Ryyd*n) < 2log(Ryydn) since
Ryn < R$\,n? by assumption on n.

A.6 Proof of Proposition 4

For x € X, let (Hy)o<k<r be the values of the layers defined by the recurrence (10) with the
weights W and the input Hy = x. We denote by || - || the ¢2-norm for vectors and the spectral norm
for matrices. Then, for k € {0,...,L — 1}, we have

1 1 K, Ry
i ll < Il + 7 IWeo CH) | < ERD -+ T IWall o (E)l < (1 + =22 ) il
where the last inequality uses that the spectral norm of a matrix is upper-bounded by its (1, 1)-norm

and that o(0) = 0. As a consequence, for any k € {0,..., L},

K,R k
) Holl < exp(Kq Ryw) R = C.

1l < (1+

yielding the first claim of the Proposition.

Now, let H be the values of the layers (10) with another parameter W and with the same input
Hy = z. Then, forany k € {0,...,L — 1},

Hy1 — Hyyy = Hy, — Hy + + (WkU(Hk) Wio (Hy)).

Hence, using again that the spectral norm of a matrix is upper-bounded by its (1, 1)-norm and that
o(0) =0,

3 3 1 3 1 B 3
|Het1 — Higll < ||Hi — Hi|| + ZHWk(J(Hk) —o(Hp)|l + ZH(Wk — Wx)o(Hg)||

R e KO' I r]
< (U Ko =77 ) 1 H = |+ =7 Wi = Wi |1
OK

<(1+£ i)nm—% Wil.

Then, dividing by (1 + K, 22 )*¥+1 and using the method of differences, we obtain that

k—1

| Hx — kau CK, W — VVH
7=0
C = 1
T 1+KURTW)j+1'
Finally note that
k-1 1+K4&) _k71 Ry
Y G = L0 K )
(1+ K, &)+l 4 L
]:O 7=0
- 1+ K, —1)
K, Ry (( + L )
L
< K,Ry) —1).
7 o 0o B) — 1)

We conclude that

. C < R
1Hy — Hyl| < —(exp(Kq Ryw) — D)[W = Wl|11 00 < 5 exp(2K, Ryy)
RW RW

17



574

575

576

577

578

579
580

581
582
583

584
585
586

587
588
589
590

591
592
593

594

595

597

598

599

600

A.7 Proof of Proposition 5

For two integers a and b, denote respectively a//b and a%b the quotient and the remainder of the
Euclidian division of a by b. Then, for W € REX4%d Jet (W) : [0, 1] — R the piecewise—afﬁne
function defined as follows: ¢(W) is affine on every interval {k k“} for k € {0, .. —1}; for
ke{l,...,L}andi€ {1,...,d*},
k
P(W); (f) =Wk Gi//ay41,(i%d)+1

and ¢(W);(0) = ¢(W);(1/L). Then ¢(W) satisfies two properties. First, it is a linear function
of W. Second, for W € RExdxd

[6(W)l1,00 = W]

because, for z € [0,1], ¢(W)(x) is a convex combination of two vectors that are bounded in ¢;-
norm by ||[W/|1 1,00, s0 it is itself bounded in ¢1-norm by ||[W |1 1 0, implying that || ¢(W)]|1,00 <
[W|1.1.00- Reciprocally,

oWl = s oWl > s oW ()], =

1<k<L

1,1,005

Now, take W € W. The second property of ¢ implies that ||¢(W)]||1,00c < Rw. Moreover, each
coordinate of (W) is Kyy-Lipschitz, since the slope of each piece of ¢(W); is at most Kyy. As a
consequence, ¢(W) belongs to

Ow = {0:[0,1] = RY [|0]l1.00 < Ryy and 0; is Kyy-Lipschitz fori € {1,...,d?}}.

Therefore ¢p(W) is a subset of ©yy, thus its covering number is less than the one of ©y,. Moreover,
¢ is clearly injective, thus we can define ¢! on its image. Consider an e-cover (f1,...,0y) of
(dW), || - |1,00)- Let us show that (¢=1(01),. .., 1 (6x)) is an an e-cover of (W, || - [|1.1,00): take
‘W € W and consider §; a cover member at distance less than € from ¢(W). Then

W — ¢~ (03)l1,1.00 = [6(W = 671 (0:) 1,00 = [6(W) = bil1,00 <,

where the second equality holds by linearity of ¢. Therefore, the covering number of (W, || - ||1,1,00)
is upper bounded by the one of (¢(W), || - ||1,00), Which itself is upper bounded by the one of
Ow, | - ), yielding the result by Proposition 3.

A.8 Proof of Theorem 2

The proof structure is the same as the one of Theorem 1, but some constants change. Similarly

to (16), we obtain that, if @’i > 2 (which holds true for ¢ = 1//n and under the assumption of
the Theorem),

= ~ o~ __|2(d2 1)1 16d2 Ry 244 KW] M
%’(WnK%’n(Wn)HCKeHM\/( + 1) log (£5552) + og(4 f

n
with L
M = K@(RX eXp(Kng) + Ry)
and R
=% exp(2K,Ryy).
Ryy
Finally denote
exp(K,Ry) 1)
Ry )

we obtain as in the proof of Theorem 1 that

B = 2M max (

Then CK, < B and 2M < B. Taking € = f’

= P (d? + 1)log(d2Rwn) = d \/7 1
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forn > 9R,;, max(d—*R;,, 1). Thus

niA T n

since vVd2+1 < d+ 1 and Ryyn < R%,Vn2 by assumption on n. The result unfolds since the
constant B in the Theorem is equal to 3v/25.

P ) . )
A(W,) < TBn(W,) +3V2B(d + 1) IOg(de”)+ &VEw | B

A.9 Proof of Corollary 2

Let
‘WT”Q/ 3 3/2
I+ W e ,
(H H NG LRI+ TWlPre
where || - ||2,1 denotes the (2, 1)-norm defined as the fl-norm of the ¢5-norms of the columns, and
is the identity matrix (and we recall that || - || denotes the spectral norm). We apply Theorem 1.1 from

Bartlett et al. (2017) by taking as reference matrices the identity matrix. The theorem shows that,
under the assumptions of the corollary,

= RxA(W)log(d) C 1
P Fw(z); < Bp(W) + X2V 08 | & f0
(g max Pav(z), # ) < 2,(W) T Vi V%5

where, as in the corollary, ,%?n (W) <n Y0, 1P (21),, <y+max;,, f(z;); and C is a universal
constant. Let us upper bound A(W) to conclude. On the one hand, we have

H Jr+ 2w < T (11 + L)

k=1
L
<TT (14 71wilh)
k=1
L 1
<I1(1+zRw)
k=1
< exp(Rw)

On the other hand, for any k € {1,..., L},
Wi ll2a < W11 < Rw,
while ) ) . )
T+ Wil >1—=|Wi|| >1- 2 >,
| +L kll LH kll I 2
under the assumption that L > Ryy. All in all, we obtain that
A(W) < exp(Rw) (223LY3RP)*? = 2Ry exp(Rw)VL,

which yields the result.

B Experimental details

Our code is available at [XXX].

We use the following model, corresponding to model (10) with additional projections at the beginning
and at the end:

HQ = Ax
1
Hyy1 = Hip + ZWk+1U(Hk), 0<kL<L-1
Fw(z) = BH,
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Name Value

d 30
L 1000
o ReLLU

Table 1: Values of the model hyper-parameters.

where © € R7%8 is a vectorized MNIST image, A € R4%768 and B € R10%4, Taple 1 gives the
value of the hyper-parameters.

We use the initialization scheme outlined in Section 4.1: we initialize, for ¥ € {1,...,L} and
1,7 €41,...,d},
1 k
Wiii=—=fi; (*) ,

k,i,j ﬁf 5J L
where f; ; are independent Gaussian processes with a RBF kernel (with bandwidth equal to 0.1).
We refer to Marion et al. (2022) and Sander et al. (2022) for further discussion on this initialization
scheme. However, A and B are initialized with a more usual scheme, namely with i.i.d. N'(0, 1 /c)
random variables, where ¢ denotes the number of columns of A (resp. B).

In Figure la, we repeat training 10 times independently. Each time, we perform 30 epochs, and
compute after each epoch both the Lipschitz constant of the weights and the generalization gap. This
gives 300 pairs (Lipschitz constant, generalization gap), which each corresponds to one dot in the
figure. Furthermore, we report results for two setups: when A and B are trained or when they are
fixed random matrices.

In Figure 1b, A and B are not trained. The reason is to assess the effect of the penalization on W
for a fixed scale of A and B. If we allow A and B to vary, then it is possible that the effect of the
penalization might be neutralized by a scale increase of A and B during training.

For all experiments, we use the standard MNIST datasplit (60k training samples and 10k testing
samples). We train using the cross entropy loss, mini-batches of size 128, and the optimizer Adam
(Kingma and Ba, 2015) with default parameters and a learning rate of 0.02.

We use PyTorch (Paszke et al., 2019) and PyTorch Lightning for our experiments.
The code takes about 60 hours to run on a standard laptop (no GPU).
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