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Appendix: A State Representation for Diminishing Rewards

GIFs of navigation agents can be found at 1ambdarepresentation.github.io
and in the supplementary material.

A Derivation of \R Recursion

We provide a step-by-step derivation of the AR recursion in Eq. (4.3):

St = S]
—F Il(st _ S,) + Z/\nt(s,’k)'ykl(st-&-k _ S/> 8 = 8]
k=1
9 g I(s; =5) + )\”t(s/’l)’yz AR (g, = )| = 3]
L k=1

=E|Ll(s;=5")+ 1(s; = s’)/\yz Aner (SR k=g (g = )
k=1

+ ")/(1 i H(St _ S/)) Z )\nt+1(5/’k)7k71]1(5t+k _ S/) 5 = 8]
k=1

(St = SI> + ]1(8,5 = 8,)A7E3t+1prq)§(8t+1, SI> + ")/(1 — ]l<3t = 5/))]Est+1~p7‘(b§(3t+lv S/)
(st = )1 + YAEsi1mpm PR (5141, 87) +7(1 = L(se = 8'))Es, 1 npr PR (5141, ),
(A1)

(s, ) =B | DN U s = )
Lk=0

1
1

where (7) is because n;(s', k) = n4(s', 1) + ney1(8', k) and (i) is because

AP = NHE=) = (5 = A + (1= 1(s, = ).
B Theoretical Analysis

Here, we provide proofs for the theoretical results in the main text.

Lemma 3.1 (Bellman Impossibility). Given a reward function of the form Eq. (3.1),
it is impossible to define a Bellman equation solely using the resulting value function
and immediate reward.

Proof. We have

Z 7k7”>\<5t+k7 k) ‘ St = 8]

k=0

V™(s)=E

=rE Z 7’“)\”t(5t+’“’k)l(st+k)‘st =5
k=0
=T [1(50) © (14 YA Eye [0 (5051)]) + (1 — 1(s50)) © By [0 (511

= 7(8t) + VEpr [V (5112)]+7 (A = D)7 (50)Epr [PX (5141, 50)]
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a8 The additional term in red cannot be eliminated, and is generated by the elementwise
s product by the one-hot vector 1(s;), which prevents the associated inner products
20 between ¥ and D7 (s;41) from producing V7™ (s;41). O]

421 The following establishes G as a contraction.

22 Lemma B.1 (Contraction). Let G} be the operator as defined in Definition 4.2 for
w2 some stationary policy 7. Then for any two matrices ®, ®' € RISIXISI,

GR P (s, 5') = GRO'(s,5')] < 7] (s,5') — P'(s, )],

224 Proof. We have
(GF® — GTd),w| = |(I ® (11T + 4 AP™®) + (11T — 1) © P™®
— 1O A1T +AP™®) — (11T — 1) ® P™®'), 4|
= (I @AP™(® = ') + (11T = 1) © PT(® — '), o]
=(ITOMIT+11T — ) © yP™(® — @), 4|

(@)

< |(YPT(® — @) o]
(P (@ — @),
< 'Y|((I) - ¢’/)s75’|7

25 where (i) comes from using A < 1 and simplifying. ]

w26 Note that we can actually get a tighter contraction factor of \y for s = s’. Given
s27  this contractive property, we can prove its convergence with the use of the following
28 lemma.

20 Lemma B.2 (Max AR). The maximum possible value of ®% (s, s') is

I(s=5)+(1-1(s=5))y
1—\y '

w0 Proof. For s = ¢,
DN (s,5) = 1+ AMEq,  pr)s) PR (St41, 5).

s31 This is just the standard SR recursion with discount factor A, so the maximum is

o0

1
k _
> )= o (B.1)

k=0

w2 Fors# ¢, 1(s; =5")=0,s0

CI)S\F<S7 S/) = 7E8t+1~p"('|5t)<b7)\r(3t+17 S/)‘

s Observe that ®7(s,s) > ®f(s,s’) for & # s, so the maximum is attained for
w4 8411 = s'. We can then use the result for s = s’ to get

1
v = (=5 ) B2)

s35 Combining Eq. (B.1) and Eq. (B.2) yields the desired result. 0
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s Proposition 4.1 (Convergence). Under the conditions assumed above, set () =
w (1 =N Fork=1,2,..., suppose that ®*+1) = GTd®) Then

) ,Yk+1
OV — ) | < .
(@) — a5l < T

s Proof. Using the notation X o = X (s, ') for a matrix X:
(@) = 87),4] = |(Gh® — Gha), |

= ’(gl/\fq)(o) — PX)s,s|
(%)

< 7" — @), (B.3)
&g (s, o)
(#44) k+1
< 2
11—y
@ where (i) is due to Lemma B.1, (44) is because ®) (s, s") = 0 for s # &', and (ii1)
as0 18 due to Lemma B.2. ]

s Lemma B.3 (Subadditivity). For any s € S, policy m, A € [0,1), and disjoint
w2 measurable sets A, B C S,

dT(s, AU B) < ®T(s, A) + ®](s, B).

s3  Proof. Note that for disjoint sets A, B, we have n,(AU B, k) = ny(A, k) +ny(B, k).
w4 Hence, conditioned on some policy 7 and s; = s,

)\nt(AUB’k)P(St+k c AU B) _ )\nt(A,k))\nt(B,k)]P)(StJrk c A) + )\nt(A’k))\nt(B’k)P<St+k c B)
S )\nt(A7k)IP>(St+k € A) + )\nt(B7k)IP>(St+k € B)v

15 where the first line follows from P(s;x, € AU B) = P(s¢4x € A) + P(s141 € B).
ss Equality holds over all A, B, t, k if and only if A = 1. Summing over £ yields the
a7 result. 0

448 B.1 Proof of Theorem 5.1

19 We first prove two results, which rely throughout on the fact that ®, (s, a, s') < ﬁ

ss0 for all s,a,s’, which follows from Lemma B.2. For simplicity, we also assume
st throughout that all rewards are non-negative, but this assumption can easily be
2 dropped by taking absolute values of rewards. The proofs presented here borrow
453 1deas from those of [16].

s LemmaB.d. Let {M;}"_ | C Mand M € M be a set of tasks in an environment M

s with diminishing rate X and let Q™ denote the action-value function of an optimal
wso  policy of M; when executed in M. Given estimates Q™ such that |Q™ — Q™ ||o < €
w57 for all j, define ~
7(s) € argmaxmax Q™ (s, a).
a

a8 Then,

" 1
Qﬂ(57a) > max Q™ (570’) -1 _ 4 (26 +
J 1—7

v(1 = Nr(s,a)
1— Xy )’
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459

460

461

462

463

where 1 denotes the reward function of M.

Proof. Define Qpax (s, a) = max; Q™ (s, a) and Quax (s, @) == max; Q™ (s, a). Let
T" denote the Bellman operator of a policy v in task M. For all (s,a) € S x A and

all j,

T Quax(s,a) = 7(s,a) + v Zp(s/|s

— D)ri(s,a)®™ (s,

a — 1)ri(s,a)®™ (s,

a

s.0) (O
|s,a) — D)ri(s,a)®" (s,

r(s,a) —i—fyZp(s’]s a) (A= 1)ri(s, a)®7 (s,
|s,a
|s,

a — 1)ri(s, a)®™ (s,

) (0
(o
( —1)rgls, a)®7(S,
) (&

+ v\ = 1)r(s,a) Zp(s'|s, a) (O7(s', m(s"), s) —

ot v(1 = N)r(s,a)
> T Q e —
>T.7Q,” (s,a) — e .
— Q?;(s, a) —ye— ¢ Ij\);f(;’ a).

This holds for any j, so

('), 8) + Qmax(s', W(s)))
7(s'), 5) + max Qnax(s',0))
("), ) + max Qa5 b) ve
7(s'), 8) + Qmax(s', 5 (5))) — e
m(s),8) + Qp ( ) e
;<s'>,s>+c2?<s',w;<s'>>) e

o7 (s, 71';(8,), s))

Y1 = X)r(s,a)

Tﬂ—Qmax(sa (l) Z max Q?;(Sa (l) — Y€ —
J

1— Ay
(1= N)r(s, a)

= Qmax(3>a) — V€ — 1— )\’Y

> QmaX(S7 CL) —e€—7€e—

se4  Next, note that for any ¢ € R,

Y(1 = N)r(s,a)
11—\

Tﬂ(@max(& a) + C) = Tﬂ'@max(sa CL) + 7227(5/’87 CL)C

S/

= T”Qmax(s, a) + vye.

16



a5 Putting everything together, and using the fact that 7" is monotonic and contractive,

Q7 (s,a) = im (T7)"Qna(s. a)
. L= (s, a) &
Qmax(s, CL) — <6<1 —+ ’y) — IY( T )\/y ) E ,YJ]

> Qmax(8>a> - ﬁ (6(1 + ’}/) — 7(1 _ /\)T(&a))

> lim

11—y
1 Y1 = XN)r(s,a)
> max\°; —ct— T 1 -
> Qualsia) = e = o (et149) - T2
. 1 Y1 = N)r(s,a)
> )7 — 2 .
a6 This holds for every j, hence the result. L]

w7 Lemma B.5. Let v be any policy, A, A€ [0, 1], and Q) denote a value function with
a8 respecting to diminishing rate \. Then,

1% = @l < 2= Al
Alloo = :

L=
w9 Proof. The proof follows from the definition of Q): for every (s,a) € S x A,

27 (Ant St+kok) S\M(StH’k)) 7(St4k)

<E, Zv’“

|QX(s,a) — Q5(s,a)

StIS,CLt:CL]

3t+k)

/\nt(st_._k,k) . ;\nt(st_,.k,k)‘ T’(

St:S,at:a]

nt(sHk k) 1

— Eﬂ- Z")/ r St+k ‘)\ )\‘ )\nt(SH,k,k)flfjj\j

St =S, = @

< 0 NE- |3 oo
k=0
A=Al
i— 1 _ ’7 .
470 D
s Theorem 5.1 (GPI). Let {M;}7_;, € M and M € M be a set of tasks in an
a2 environment M and let Q™5 denote the action-value function of an optimal policy of
a3 M; when executed in M. Assume that the agent uses diminishing rate \ that may
a7a  differ from the true environment diminishing rate \. Given estimates Q™ such that
a5 ||Q" — Q| < €forall j, define

7(s) € argmax max Q™ (s, a).
a j

st—s,at—a]

a6 Then,

: 1 A 11—\
@) > mx 0,00 = 2 (26 h = Al + 2R )
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Proof. Let (0, denote a value function with respect to diminishing constant A\. We
wish to bound

m]ax Q?(S, a) — Q3 (s,a),

i.e., the value of the GPI policy with respect to the true A compared to the maximum
value of the constituent policies 7} used for GPI, which were used assuming A. By
the triangle inequality,

max Q7 (s, a) — Q3(s.a) < maxQ} (s.a) — QX(s.a) + |maxQy (s,a) — max Q] (s,a)|
J J J J
< max QY (s,a) — Qi(s, a) + max Q) (s,a) — QY (s, a)| .
J J

. D

0 @

—~

We bound (1) by Lemma B.4 and (2) by Lemma B.5 (noting that ||r||.. < ||7]|1) to
get the result. [

B.2 An Extension of Theorem 5.1

Inspired by [17], we prove an extension of Theorem 5.1:

Theorem B.1. Let M € M be a task in an environment M with true diminishing
constant \. Suppose we perform GPI assuming a diminishing constant \:

Let {M;}7_, and M; be tasks in M and let Q:J denote the action-
value function of an optimal policy of M; when executed in M;.

Given estimates Q" such that ||QZTJ — Q7 ||lso < €for all j, define
7(s) € argmax, max; Q;’ (s, a).

Let Qf{ and Q5 denote the action-value functions of ™ and the M -optimal policy m*
when executed in M, respectively. Then,

* T 2 1 3 . 1—A
105" = Gl < 2 (5= vl €4 I = o+ min = ) + 7 —5C,
where C' is a positive constant not depending on \:

_ 2 = rillee + 2ming [ — 7jfloe + min ([[7{loc, [I7illo0) + min ([73flse, 71lloos - -5 [[7nloo)

C=
¥ T

Note that when A = 1, we recover Proposition 1 of [17] with an additional term
quantifying error incurred by A # A. The proof relies on two other technical lemmas,
presented below.

Lemma B.6.

7 —Tilloo min (||7||so, ||7illec) + |7 — Tilloo
Mr=rillee g - yyminlirllee, [7illoe) + lir = ril

@™ = @il = =5 (=) - M)
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w8 Proof. Define A; == ||Q™ — Qf;

. Forany (s,a) € S x A,

Q7 (5,0) = QFF (5, )] = [rls,) +7 S p(s15,0) (A = Dr(s, )87 (5,771 ) + Q7 (5,7°()
—n@w—vi}w%ﬂNO—DWQMWW%ﬁ®%®+@W%ﬂ®ﬂ‘
gwa@—n@ﬂn+72)w%ﬂwywaw—Q?@ﬂ»
+ﬂx—n§;m§MaM§am@W#mwﬂs>—m@a@ﬁ@oﬁ@m@\

oo

< |7 = 7illoe + YA+ (1 = N)[|rd™ — r;®™

a99  The third term decomposes as

[r®™ — 7 @™ || < ||r®™ — 1r®™ ||o + [[rd™ — r; @™
< I7lloe + I = milloo

- 1=y

(o)

s0 We could equivalently use the following decomposition:

H?”(I)ﬂ* — Tiq)ﬂ-; 00 S HT(I)TF* — Tiq)ﬂ*Hoo + HTi(I)Tr* — Tiq)ﬂ-;
[7illoc + ll7 = 73l

- 1—)\y ’

o

sot  and so

min ([ oo, [|7illoo) + 17 = 7illo

o <
- 1—M\y

HT@W* — T'Z'(I)ﬂ;

so2  The inequalities above hold for all s, @ and so

min ([} ]loo, [I7illoo) + [l = 7illoo

A; <lr = rilloe + A +7(1 = A)

1—M\y
I — 7illo min (|7 oo, [I7illoo) + 7 = 7illoo
= A < ——+ (1=
T (e [ =
so3  Hence the result. ]
s« Lemma B.7. For any policy m,
[ = rillo [ = rillo
QT — Q7o £ —247(1 =) :
| O T R (e ey
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sos  Proof. Write A; := ||QF — Q7 ||.. Proceeding as in the previous lemma, for all
s (s,a) € S X A, we have

Q7 (s,0) = Q(s,a)| =

ri(s, a +72p Is,a) (A= Dri(s,a)@7(s", w(s), s) + Q7 (s, 7(s)))
vzp Is,a) (A= D)r(s,a)7(s', 7(s"), ) + Q7 (', 7(5)))

<|r(s,a) —ri(s,a)| + 72]9 (8'|s,a)(1 = N)|r(s,a) — ri(s,a)|®7(s', w(s'), 5)

S/

+72p s'ls,a)|Q7 (s, m(s")) — Q7 (s, w(s"))]

1
< = rillso 4901 = Wl = il =5 + 12
R L LY
1=y
=il 0= Nl =il
T l-y (1 =7)(1=X)
507 D

sos Finally, we prove Theorem B.1:

sos  Proof of Theorem B.1. By the triangle inequality,
105" — QFllo < Q% = Q5 lle + 1QF — QF -
sto By Lemma B.5, the second term is bounded above by
A= Ml lee

l—n
st The first term decomposes as follows (dropping the A subscript on all action-value
sz functions for clarity):

107~ Qe < Q7 — QT oo + | QF — Q7 e + |7 — Q7

i) @ 3

si3 Applying Lemma B.4 to (2) (but with respect to M, rather than M), we have that for
514 any j,

*

Q7 (s,0) = Q7 (s,0) < Q[ (s,0) — Q[ (s,0) + ﬁ <ze ¢ Ii);f a>>

¥ ¥ t Tk T 1 7(1_)\)”7"1”00
e Lt — m 0o < Lt — 7 0o J— I oo S 2 .
107 = Qe < 1QF ~ Qe + 105 &) o 2 (e 202
(2.1) (2.2)

515 We bound (2.1) using Lemma B.6 and (2.2) using Lemma B.7 (but with respect to
ste M rather than M):

2liri = 7l min (73 75 lo) + 2075 = 7l
Qiz_Q‘J oo"_ Q}J_ Joo_—]+71_)\) J J
JQF = Qe + 1957 = Qe < T2 31 )
We then apply Lemma B.6 to (1) and Lemma B.7 to (3) to get the result.
O
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57 C  An nth Occupancy Representation

sis 1o generalize the first occupancy representation to account for reward functions of
st9  this type, it’s natural to consider an Nth occupancy representation—that is, one
s20 which accumulates value only for the first V occupancies of one state s’ starting
s21 from another state s:

s22 Definition C.1 (NR). For an MDP with finite S, the Nth-occupancy representation
s2s (NR) for a policy  is given by F™ € [0, N|ISIXIS| such that

St] .
k=0

(I>7(rN)(Sa s) 2 E, Z’Vt+k]1 (serx =8 # ({J | 8045 = 8",7 € [0,k —1]}) < N)

(C.1)

s2« Intuitively, such a representation sums the first N (discounted) occupancies of s’
s from time ¢ to ¢ + k starting from s; = s. We can also note that @7, is simply the
26 FR and ®y(s,s") = 0 Vs, s’. As with the FR and the SR, we can derive a recursive
s27  relationship for the NR:

Dy (5,8") = L(se = 8') (1 + YEPy_y)(5t11,8')) +7(1 — L(sy = 8))EQ{yy (Se41, 8),
(C2)

s2s where the expectation is wrt p™(s;11]s:). Once again, we can confirm that this is
s29 consistent with the FR by noting that for V = 1, the NR recursion recovers the FR
s recursion. Crucially, we also recover the SR recursion in the limit as N — oo:

]\}gr(l)o Dy (s, sY=1(s; =5)(1+ YE®T, ) (St41, SN +y(1—1(s; = S,))E(I)?m)<8t+1, s")
— ]1(315 = S/) + ny(b?oo)<$t+]_7 Sl).

ss1 This is consistent with the intuition that the SR accumulates every (discounted) state
532 occupancy in a potentially infinite time horizon of experience. While Definition C.1
ss3  admits a recursive form which is consistent with our intuition, Eq. (C.2) reveals
s an inconvenient intractability: the Bellman target for ®y, requires the availability
s of ®Fy_;). This is a challenge, because it means that if we’d like to learn any NR
ss for finite N > 1, the agent also must learn and store @?1), o CI>7(TN_1). Given these
ss7  challenges, the question of how to learn a tractable general occupancy representation
sss  remains. From a neuroscientific perspective, a fixed depletion amount is also incon-
ss9  sistent with both behavioral observations and neural imaging [3], which indicate
ss0 instead that utility disappears at a fixed rate in proportion to the current remaining
se1  utility, rather than in proportion to the original utility. We address these theoretical
se2  and practical issues in the next section.

s D Further Experimental Details
s44 D.1 Policy Evaluation

ss5  We perform policy evaluation for the policy shown in Fig. 4.1 on the 6 x 6 gridworld
ss6  shown. The discount factor v was set to 0.9 for all experiments, which were run for
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H = 10 steps per episode. The error metric was the mean squared error:

LY ; ™ A 2
Qerror 2 S ;&2 (s,a) — Q(s,a))?, (D.1)

where ()™ is the ground truth ()-values and Q is the estimate. Transitions are
deterministic. For the dynamic programming result, we learned the AR using
Eq. (4.3) for A € {0.5,1.0} and then measured the resulting values by multiplying
the resulting AR by the associated reward vector r € {—1,0, 1}°, which was —1 in
all wall states and +1 at the reward state g. We compared the results to the ground
truth values. Dynamic programming was run until the maximum Bellman error
across state-action pairs reduced below Se-2. For the tabular TD learning result, we
ran the policy for three episodes starting from every available (non-wall) state in the
environment, and learned the AR for A € {0.5,1.0} as above, but using the online
TD update:

(I))\(St, CLt> <— (I))\(St, at) + Oé(st,
0r = 1(s1) © (L +9APA(S141, ar41)) + (1 = 1(51)) © Pa(Se41, Ars1) — Palse, an),

where a1 ~ 7(- | $¢41). The learned @)-values were then computed in the same
way as the dynamic programming case and compared to the ground truth. For the
AF result, we first learned Laplacian eigenfunction base features as described in
[24] from a uniform exploration policy and normalized them to the range [0, 1]. We
parameterized the base feature network as a 2-layer MLP with ReLU activations
and 16 units in the hidden layer. We then used the base features to learn the A\Fs
as in the tabular case, but with the \F network parameterized as a three-layer MLP
with 16 units in each of the hidden layers and ReLU activations. All networks were
optimized using Adam with a learning rate of 3e-4. The tabular and neural network
experiments were repeated for three random seeds, the former was run for 1,500
episodes and the latter for 2,000.

D.2 Policy Learning

We ran the experiments for Fig. 5.2 in a version of the TwoRooms environment
from the NeuroNav benchmark [21] with reward modified to decay with a specified
Mtrue = 0.5 and discount factor v = 0.95. The initial rewards in the top right
goal and the lower room goal locations were 5 and the top left goal had initial
reward 10. The observations in the neural network experiment were one-hot state
indicators. The tabular (), experiments run the algorithm in Algorithm 1 for 500
episodes for A € {0.0,0.5,1.0}, with Ay, set to 0.5, repeated for three random
seeds. Experiments used a constant step size a = 0.1. There were five possible
actions: up, right, down, left, and stay. The recurrent A2C agents were based on
the implementation from the BSuite library [30] and were run for 7,500 episodes of
maximum length A = 100 with v = 0.99 using the Adam optimizer with learning
rate 3e-4. The experiment was repeated for three random seeds. The RNN was an
LSTM with 128 hidden units and three output heads: one for the policy, one for the
value function, and one for the AF. The base features were one-hot representations
of the current state, 121-dimensional in this case.
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Algorithm 1: Online Tabular () »-Learning Update

1: Require: Current AR-values @g\t) e RISIXIAIXISI current reward vector r(Y), observed
(St, ag, St+1) tuple
2: Compute @ »-values: Qf\t) — (fbg\t))Tr(t)

3: Select greedy action: a;11 < argmax, 4 Q(At)(StJ,_l, a)
4: Update P y:
@E\t+1)(st,at) — ‘bf\t)(st, a;) + a6, where

80 = 1(s0) ® (1 4+ 1A (5041, ars1)) + 71 = L(s)) @ D (5011, ar1) — B (51, ar).

5: Return updated <I>E\t+1)

D.3 Tabular GPI

The agent is assumed to be given or have previously acquired four policies
{mo, 71, T2, w3} individually optimized to reach rewards located in each of the four
rooms of the environment. There are three reward locations {go, g1, g2} scattered
across the rooms, each with its own initial reward 7 = [5, 10, 5] and all with A = 0.5.
At the beginning of each episode, an initial state s is sampled uniformly from the
set of available states. An episode terminates either when the maximum reward
remaining in any of the goal states is less than 0.1 or when the maximum number
of steps H = 40 is reached. Empty states carry a reward of 0, encountering a wall
gives a reward of —1, and the discount factor is set to v = 0.97.

For each of the four policies, we learn ARs with A equal to 0, 0.5, and 1.0 using
standard dynamic programming (Bellman error curves plotted in ??), and record the
returns obtained while performing GPE+GPI with each of these representations over
the course of 50 episodes. Bellman error curves for the ARs are In the left panel of
Fig. 5.3, we can indeed see that using the correct A (0.5) nets the highest returns.
Example trajectories for each of AR are shown in the remaining panels.

D.4 Pixel-Based GPI

In this case, the base policies II were identical to those used in the tabular GPI
experiments. First, we collected a dataset consisting of 340 observation trajectories
(00,01, ...,05_1) € O with H = 19 from each policy, totalling 6, 460 observa-
tions. Raw observations were 128 x 128 x 3 and were converted to grayscale. The
previous seven observations were stacked and used to train a Laplacian eigenfunction
base feature network in the same way as [24]. For observations less than seven
steps from the start of an episode, the remaining frames were filled in as all black
observations (i.e., zeros). The network consisted of four convolutional layers with
32 3 x 3 filters with strides (2, 2, 2, 1), each followed by a ReLU nonlinearity. This
was then flattened and passed through a Layer Norm layer [31] and a tanh non-
linearity before three fully fully connected layers, the first two with 64 units each
and ReLU nonlinearities and the final, output layer with 50 units. The output was
Lo-normalized as in [24]. This network ¢ : O — R (with D = 50) was trained on
the stacked observations for 10 epochs using the Adam optimizer and learning rate
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Figure D.1: Learning curves for \F policy evaluation. Results are averaged over three runs, with
shading indicating one unit of standard error.

le-4 with batch size B = 64. To perform policy evaluation, the resulting features,
evaluated on the dataset of stacked observations were collected into their own dataset
of (s¢, a1, St+1,a11) tuples, where s, £ 0,_¢+. The “states” were normalized to
be between 0 and 1, and a vector w was fit to the actual associated rewards via
linear regression on the complete dataset. The A\F network was then trained using a
form of neural fitted Q-iteration [FQI; 32] modified for policy evaluation with AFs
(Algorithm 2). The architecture for the AF network was identical to the base feature
network, with the exception that the hidden size of the fully connected layers was
128 and the output dimension was D|.A| = 250. FQI was run for X' = 20 outer loop
iterations, with each inner loop supervised learning setting run for L = 100 epochs
on the current dataset. Supervised learning was done using Adam with learning rate
3e-4 and batch size B = 64. Given the trained networks, GPI proceeded as in the
tabular case, i.e.,

a; = argmax maxw' 3 (s, a). (D.2)

acA well

50 episodes were run from random starting locations for H = 50 steps and the
returns measured. Learning curves for the base features and for AF fitting are shown
in Fig. D.1. The AF curve measures the mean squared error as in Eq. (D.1).

The feature visualizations were created by performing PCA to reduce the average
AF representations for observations at each state in the environment to 2D. Each
point in the scatter plot represents the reduced representation on the zy plane, and is
colored according to the A-conditioned value of the underlying state.

D.5 Continuous Control

A-SAC  See Appendix H for details.

D.6 Learning the \O with FB

Training the AO with the FB parameterization proceeds in much the same way as
in [12], but adjusted for a different norm and non-Markovian environment. We
summarize the learning procedure in Algorithm 3. The loss function £ is derived in
Appendix G, with the addition of the following regularizer:

sy Bu(s)Bu(s) " = I]1*.
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Algorithm 2: Fitted @ »-Iteration

1: Require: Dataset of base features {¢(s) € RP},cs, decay rate A, discount factor , reward
feature vector w € RP | batch size B, learning rate «

2: Initialize AF @y parameters #(1) (we drop the subscript A and superscript 7 for concision)

3:fork=1...,Kdo

4: /[ Stage 1: Construct dataset

5 D+ o
6: for (s,a) € S x Ado
7: for (s',a’) € S x Ado
8: D« DUq | (s,0),w" [6(s) © (1 + X@gen (8, a')) + (L = 6(5)) © Gpon (57, )]
2y(s,a)
9: end for
10:  end for
11:  // Stage 2: Supervised learning
12:  Randomly initialize 6,
13: for/=1,...,Ldo
14: Randomly shuffle D
15: for {((s,a),y)}2., € Ddo
1 B T 2
16: 00 < 001 — V55 >y (v — W'y, (s, a))
17: end for
18:  end for
19: 0D g,
20: end for
113
i
LI
i

Figure E.1: A simple grid and several policies.

This regularizer encourages B to be approximately orthonormal, which promotes
identifiability of F} and B,, [12].

E Additional Results

See surrounding sections.

F Advantage of the Correct \

Importantly, for GPE using the AR to work in this setting, the agent must either
learn or be provided with the updated reward vector r) after each step/encounter
with a rewarded state. This is because the AR is forward-looking in that it measures
the (diminished) expected occupancies of states in the future without an explicit
mechanism for remembering previous visits. For simplicity in this case, we provide
this vector to the agent at each step—though if we view such a multitask agent as
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Algorithm 3: AO FB Learning

21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:
33:
34:
35:
36:

: Require: Probability distribution  over R, randomly initialized networks Fjy, B,,, learning rate

71, mini-batch size B, number of episodes E, number of epochs M, number of time steps per
episode 7', number of gradient steps IV, regularization coefficient /3, Polyak coefficient «, initial
diminishing constant A, discount factor -, exploratory policy greediness €, temperature 7
// Stage 1: Unsupervised learning phase
Do
forepochm =1,..., M do
for episode i =1..., E do
Sample z ~ v
Observe initial state s;
fort=1,...,T do
Select a; e—greedy with respect to Fy(s;, a,2) "2
Observe reward r;(s;) and next state s;y1
D < DU {(s¢,as,7¢(5¢), S¢41)}
end for
end for
forn=1,...,Ndo
Sample a minibatch {(s;,a;,7;(s;),5;4+1)}jes C D of size |J| = B
Sample a minibatch {5;};c; C D of size |J| = B

Sample a minibatch {s} ;e % 11 of size |J| =B

Sample a minibatch {z; };c % v of size |J| = B
Forevery j € J, set ., (+|sj11) = softmax (Fy- (sj41,-, 2;) | 2;/7)

2
1
L(0,w) < 553 > (Fe(sj»awzj)TBw(S%) —y ) m, (a8j+1)F0—(3j+17aﬂzj)TBw—(3;c)>

j,keJ? acA

1
~ B > Fulsjraz,2)  Bu(sy)
jeJ
(1 =) F B F B
+TZM(Sj) b(sj,aj,2;) w(Sj)Zsz(a\SjH) - (854150, 25) By-(s5)
JjeJ acA

1 _ _ _ 1 _
+8( 55 Do Buls)TBul3)Buls)  Buls) = 5 3 Buls)) Bulsy)
j,keJ? jeJ

Update 6 and w via one step of Adam on £
Sample a minibatch {(s;,7;(s;), Sj+1,7j+1(Sj+1))} et of size |J| = B from D
L) 4 55 iy Lsjrn = 55) (rj1(si41) — Arj(s;)?
Update A via one step of Adam on L
end for
0~ —af™ +(1—a)b
wT+—aw” + (1 —a)w
end for
// Stage 2: Exploitation phase for a single episode with initial reward r(s)
ZR 4 D ges H(8)ro(s)Bu(s)
Observe initial state sq
fort=1,...,Tdo
a < argmax,c 4 F(st,a,2r) " zp
Observe reward r;(s) and next state ;1
2k e Yoes H(s)ri()Bu(s)
end for

26



654

655

656

657

658

659

Figure E.2: Visualizing the SR, the AR and the FR. We can see that the ®7 is equivalent to the SR
and ®f is equivalent to the FR, with intermediate values of A providing a smooth transition between
the two.

simply as a module carrying out the directives of a higher-level module or policy
within a hierarchical framework as in, e.g., Feudal RL [33], the explicit provision of
reward information is not unrealistic. Regardless, a natural question in this case is
whether there is actually any value in using the AR with the corret value of A in this
setting: If the agent is provided with the correct reward vector, then wouldn’t policy
evaluation work with any AR?
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Figure F.1: A 3-state toy environment.

To see that this is not the case, consider the three-state toy MDP shown in Figure
Fig. F.1, where 7(s1) = 10, 7#(s2) = 6, 7(s9) = 0, A(s1) = 0, A(s2) = 1.0, and
v = 0.99. At time ¢ = 0, the agent starts in sy. Performing policy evaluation with
A(s1) = A(s2) = 1 (i.e., with the SR) would lead the agent to go left to s;. However,
the reward would then disappear, and policy evaluation on the second step would
lead it to then move right to sy and then s,, where it would stay for the remainder
of the episode. In contrast, performing PI with the correct values of A would lead
the agent to go right to s, and stay there. In the first two timesteps, the first policy
nets a total reward of 10 4+ 0 = 10, while the second policy nets 6 + 5.94 = 11.94.
(The remaining decisions are identical between the two policies.) This is a clear
example of the benefit of having the correct A, as incorrect value estimation leads to
suboptimal decisions even when the correct reward vector/function is provided at
each step.

G The )\ Operator

To learn the O, we would like to define ®F(s;, ds’) = 5 (sq,s")u(ds’) for some
base policy p. However, this would lead to a contradiction:

dT(s, AUB) :/gogr(s,ds/)u(ds’)—l—/ o1 (s,ds" ) u(ds') = (s, A) + PT(s, B)
A B

for all disjoint A, B, contradicting Lemma B.3.

For now, we describe how to learn the AO for discrete S, in which case we have
DT (s, 8") = i(s,s")u(s'), i.e., by learning ¢ we learn a weighted version of ®. We
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e79 define the following norm, inspired by Touati et al. [24]:

(5]

sso Where 1 is any density on S. In the case of finite S, we let 1 be the uniform density.
et We then minimize the Bellman error for ®f with respect to || - ||2 , (dropping the
ss2 sub/superscripts on ¢ and ¢ for clarity):

852 2 E -y

~u

L(®) = |lop— (I ® A1T + Ay P op) + (11T + 1) © P op)|?

P

I(s; =4
By (o)~ =)
t~p,S Sp(st S) M(g,)
I(s; =¢) _ _ 2
7(1 - A)WE&HNP”H&)@(&-H? S/) - 7E5t+1~p”('|8t)90<8t+17 Sl)) i|

+c 2
= ESt,5t+1~p,5’~u [(90<3t> ) 790(315-%17 )) ]
Il(st =)

1(s;, =5
RGP ) TG ECRIE e (s N =2)
(s’)
-;CESt,StﬂNPyS'NM |:(¢<St7 ) 7@(375-1—175/))2] - QEStNP[QO(Stvst)]
+29(1 = NEq, srsimpltt(se) (e, 5¢)P(S1415 5¢)]

sss Note that we recover the SM loss when A = 1. Also, an interesting interpretation is
ss¢ that when the agent can never return to its previous state (i.e., ¢(sy11, s¢) = 0), then
sss  we also recover the SM loss, regardless of A. In this way, the above loss appears to
esss -correct” for repeated state visits so that the measure only reflects the first visit.

_ 2

E((I)) = Est,at,8t+1NP,s’~lt |:(F<St7at7 )TB(S/) ’VF(St-l—laﬂ—Z(SH‘l) )TB(SI)) i|
_ 2Est,at~p [F(St, A, 2 5t>

)

]
+27(1 - A)Est,at7$t+lNP [ (s0) F (s, ar, 2) B(St)F(StHa 7. (St41), Z)TB(St)}

(G.1)

es7 Even though the A\O is not a measure, we can use the above loss to the continuous

ess case, pretending as though we could take the Radon-Nikodym derivative é(f d‘is)).

689 G.1 Experimental Results with the FB Parameterization

s0 To show that knowing the correct value of A leads to improved performance, we
eo1 trained AO with the FB parameterization on the FourRooms task of Fig. 5.3, but
s2 with each episode initialized at a random start state and with two random goal
o3 states. Average per-epoch reward is shown in Fig. G.2. We tested performance
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Hyperparameter Value
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Table 1: AO-FB hyperparameters.
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Figure G.1: Performance of the AO-FB with two values of A. Results averaged over six seeds and
10 episodes per seed. Error bars indicate standard error.

With Ague, Aggent € {0.5, 1.0}, where Ay denotes the true environment diminishing
rate and \,gen denotes the diminishing rate that the agent uses. For the purpose of
illustration, we do not allow the agent to learn A\. We see in Fig. G.2 that using the
correct A leads to significantly increased performance. In particular, the left plot
shows that assuming A = 1, i.e., using the SR, in a diminishing environment can
lead to highly suboptimal performance.

Hyperparameters used are given in Table 1 (notation as in Algorithm 3).

G.2 O and the Marginal Value Theorem

To study whether the agent’s behavior is similar to behavior predicted by the MVT,
we use a very simple task with constant starting state and vary the distance between
rewards (see Fig. G.I(a)). When an agent is in a reward state, we define an
MVT-optimal leaving time as follows (similar to that of [8] but accounting for the
non-stationarity of the reward).

Let R denote the average per-episode reward received by a trained agent, r(s;)
denote the reward received at time ¢ in a given episode, R, = Y. _, 7(s,) denote the
total reward received until time ¢ in the episode, and let 7" be episode length. Then,
on average, the agent should leave its current reward state at time ¢ if the next reward
that it would receive by staying in s, i.e., A\r(s;), is less than
R— Ry
T
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In other words, the agent should leave a reward state when its incoming reward falls
below the diminished average per-step reward of the environment. We compute R
by averaging reward received by a trained agent over many episodes.

Previous studies have trained agents that assume stationary reward to perform
foraging tasks, even though the reward in these tasks is non-stationary. These agents
can still achieve good performance and MVT-like behavior [8]. However, because
they target the standard RL objective

Z Vr(seen)
k=0

which requires 7 < 1 for convergence, optimal behavior is recovered only with
respect to the discounted MVT, in which R (and in our case, R;) weights rewards by
powers of v [8].

S = S|,

In Fig. G.1(b-c) we perform a similar analysis to that of [8] and show that, on
average over multiple distances between rewards, AO-FB performs similarly to the
discounted MVT for v = 0.99 and the standard MVT for v = 1.0. An advantage
of the O is that it is finite for v = 1.0 provided that A < 1. Hence, as opposed
to previous work, we can recover the standard MVT without the need to adjust for
discounting.

Hyperparameters used are given in Table 1 (notation as in Algorithm 3).

H SAC

Mitigating Value Overestimation One well-known challenge in deep RL is that the use
of function approximation to compute values is prone to overestimation. Standard
approaches to mitigate this issue typically do so by using two value functions and
either taking the minimum min;e g1 21 Q7 (s, @) to form the Bellman target for a given
(s, a) pair [34] or combining them in other ways [35]. However, creating multiple
networks is expensive in both computation and memory. Instead, we hypothesized
that it might be possible to address this issue by using A-based values. To test this
idea, we modified the Soft Actor-Critic [SAC; 36] algorithm to compute A\Fs-based
values by augmenting the soft value target 75,7 Q) = 1t + YEV;op:(Se41), Where
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Vioft(se41) 1s given by the expression
Eaysimn(lsi) Q(s141, arr1) + (A = D)W (¢(s1, a1) © pa(se41, ar41))

— alog m(ag | 3t+1)]

A derivation as well as pseudocode for the modified loss is provided in Appendix D.5.
Observe that for A\ = 1, we recover the standard SAC value target, corresponding to
an assumed stationary reward. We apply this modified SAC algorithm, which we
term A-SAC to feature-based Mujoco continuous control tasks within OpenAl Gym
[37]. We found that concatenating the raw state and action observations ¢, = [s;, a]
and normalizing them to [0, 1] make effective regressors to the reward. That is, we
compute base features as
b ¢It) — miny ¢?

max 6} — ming ¢

where b indexes (s, a;) within a batch. Let X € [0, 1]%*” be the concatenated
matrix of features for a batch, where D = dim(S) + dim(.A). Then,

w, = (XTX) 7 XTr,

where here r denotes the vector of rewards from the batch. In addition to using
a fixed A value, ideally we’d like an agent to adaptively update A\ to achieve the
best balance of optimism and pessimism in its value estimates. Following [38],
we frame this decision as a multi-armed bandit problem, discretizing A into three
possible values {0, 0.5, 1.0} representing the arms of the bandit. At the start of each
episode, a random value of )\ is sampled from these arms and used in the value
function update. The probability of each arm is updated using the Exponentially
Weighted Average Forecasting algorithm [39], which modulates the probabilities
in proportion to a feedback score. As in [38], we use the difference in cumulative
(undiscounted) reward between the current episode ¢ and the previous one ¢ — 1
as this feedback signal: Ry — R,—;. That is, the probability of selecting a given
value of \ increases if performance is improving and decreases if it’s decreasing.
We use identical settings for the bandit algorithm as in [38]. We call this variant
A-SAC. We plot the results for SAC with two critics (as is standard), SAC with one
critic, SAC with a single critic trained with AF-based values (“x-SAC” denotes SAC
trained with a fixed A = x), and A-SAC trained on the HalfCheetah-v2 Mujoco
environment. This task was found by [38] to support “optimistic” value estimates
in that even without pessimism to reduce overestimation it was possible to perform
well. Consistent with this, we found that single-critic SAC matched the performance
of standard SAC, as did 1-SAC (which amounts to training a standard value function
with the auxiliary task of SF prediction). Fixing lower values of A\ performed poorly,
indicating that over-pessimism is harmful in this environment. However, A-SAC
eventually manages to learn to set A = 1 and matches the final performance of the
best fixed algorithms. We consider these results to be very preliminary, and hope to
perform more experiments on other environments. We also believe A-SAC could be
improved by using the difference between the current episode’s total reward and the
average of the total rewards from previous episodes R, — (£ — 1)1 Zf;i R;as a
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776 more stable feedback signal for the bandit. There is also non-stationarity in the base
777 features due to the per-batch normalization, which could also likely be improved.
778 Hyperparameters are described in Table 2.

Hyperparameter Value
Collection Steps 1000
Random Action Steps 10000
Network Hidden Layers 256:256
Learning Rate 3x 10714
Optimizer Adam
Replay Buffer Size 1 x 10°
Action Limit [-1,1]
Exponential Moving Avg. Parameters 5x 1073
(Critic Update:Environment Step) Ratio 1
(Policy Update:Environment Step) Ratio 1
Has Target Policy? No
Expected Entropy Target —dim(A)
Policy Log-Variance Limits [—20, 2]
Bandit Learning Rate* 0.1
A Options* {0,0.5,1.0}

Table 2: Hyperparameters for SAC Mujoco experiments. *Only applicable to A-SAC

77 1 Replenishing Rewards

780 We list below a few candidate reward replenishment schemes, which are visualized
781 1IN Fig. L1.

Time elapsed rewards

7“(5, t) _ )\n(s,t)/m(s,t)f(s>’
722 where m(s, t) is the time elapsed since the last visit to state s:

m(s,t) &t —max{jls;; =35, 0<j<t—1}.
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Due to the max term in m(s, t), the corresponding representation

E, Z ,yk)\n(s,t)/m(s,t)1]_(8154_1C _ S,) ;= 8]

k=0
does not admit a closed-form recursion. However, we empirically tested a version of
this type of reward with ()-learning in the TwoRooms environment, modified so that
the exponent on A is n(s,t)/(0.1m(s,t)). This was done so that reward replenishes
at a slow rate, reducing the deviation from the standard diminishing setting. Episode
length was capped at H = 100. All other settings are identical to the (), experiment
described in Appendix D. Results are presented in Fig. 1.2 and a GIF is included in
the supplementary material.

Eligibility trace rewards

r(s,t) = (1 — (1= X\g) i)\fn’j]l(stﬂ = 5)) 7(s),

Jj=0

O"(s,s') =E

where Ay, A, € [0, 1] are diminishment and replenishment constants, respectively.
j=0
we obtain the following recursion:

Denoting the corresponding representation by 27, i.e.,
) k
Z’Yk (1 —(1=X) Z Af_j]l(stﬂ' = 5’)) 1(si4p = 8') |50 = 5] ’
k=0
Qﬂ(sv SI> = ]1(5 = SI) (Ad - FVAT(l - )‘d> EStHNP”('\S)ijF)\T (St+1, 5/)
+ 7E5t+1~p"(~\s)Qﬂ(8t+17 Sl)u

where M7, denotes the successor representation of 7 with discount factor yA,.. This
representation could be learned by alternating TD learning between Q2™ and M7, .
We leave this to future work.

Total time rewards
r(s,t) = )\Z(s’t))\?(s’t)’tf(s),

where \j, A, € [0, 1] are diminishment and replenishment constants, respectively.
The corresponding representation is

St = S] )
P7(s,s)=1(s=5)+~v(Nl(s=5")+1

“2(s = )1 = 1(s = ) + L(s = 8)Euyyopr (9P (5141, 5).

P(s,8) = B [ D047 O 0 (s = )
k=0

which satisfies the following recursion:

While neither the reward nor the representation are guaranteed to be finite, P™ could
be learned via TD updates capped at a suitable upper bound.
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Figure 1.2: Performance on TwoRooms with replenishing rewards. Return is averaged over five
runs, with shading indicating one unit of standard error.

J Avs.y

We now briefly discuss the interaction between the temporal discount factor -~y
commonly used in RL and the diminishing utility rate A. The key distinction
between the two is that all rewards decay in value every time step with respect to
7, regardless of whether a state is visited or not. With A, however, decay is specific
to each state (or (s, a) pair) and only occurs when the agent visits that state. Thus,
~ decays reward in a global manner which is independent of the agent’s behavior,
and A\ decays reward in a local manner which dependent on the agent’s behavior. In
combination, they have the beneficial effect of accelerating convergence in dynamic
programming (??). This indicates the potential for the use of higher discount factors
in practice, as paired with a decay factor ), similar (or faster) convergence rates
could be observed even as agents are able to act with a longer effective temporal
horizon.

K Compute Resources

The AF-based experiments shown were run on a single NVIDIA GeForce GTX
1080 GPU. The recurrent A2C experiments took roughly 30 minutes, base feature
learning for policy composition took approximately 45 minutes, AF learning for
policy composition took approximately 10 hours, and the SAC experiments took
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approximately 8 hours per run. The AF training required roughly 30GB of memory
due to the size of the dataset. All experiments in Section 6 and Appendix G were
run on a single RTX5000 GPU and each training and evaluation run took about 30
minutes. All other experiments were run on a 2020 MacBook Air laptop 1.1 GHz
Quad-Core Intel Core i5 CPU and took less than one hour to train.

L. Broader Impact Statement

We consider this work to be primarily of a theoretical nature pertaining to sequential
decision-making primarily in the context of natural intelligence. While it may have
applications for more efficient training of artificial RL agents, it is hard to predict
long-term societal impacts.
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