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1 Pseudo-code

The pseudo-code of plugging our method into the vanilla BO is summarised in Algorithm [I] It is
clear to see that the modifications are so minor that the corresponding BO algorithmic framework is
kept intact. Therefore, our method is applicable to any other variants of BO in a plug-in manner.

Algorithm 1: BO with the proposed termination criterion

Input: NI, FE, N, Mb

Data: Sampled initial solutions X' < {x?} from Q, evaluated objective function values
Y {f(x)}1,, training data set D «+ {(x?, f(x))} M,

Output: D

Sample N recently observed points in D and store them in a temporary archive D;

fort = N1+ 1to FE do

Train the GP model based on D;

Optimize an acquisition function to obtain the candidate solution x*;

Update ) based on 15;

if Condition 1 is met then

if Condition 2 is met then

Terminate BO loop;

return D,

Evaluate the objective function value f(x*) and update D < D U {(x?, f(x*))};

Update ﬁ;

end
return D,

2 Proofs of the Theoretical Results in Section 2

In this section, we present the proofs associated with the theoretical assertions from Section 2. To
ensure the material is self-contained and to aid reader comprehension, we replicate the corresponding
theoretical statements here.

Proposition 1. Consider Vx € ), where —u(x) represents a convex function. If || 7 p(x)]]2 < A,
we can establish:

n(x) — p(x) <&, ey

where A = (2m1 & )1/2, ¢ is a positive constant, and m, denotes the strong convexity parameter of

—p(x) [
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Proof. Given that —p(x) is a convex function with a strong convexity parameter m;, by denoting
—u(x) as H(x), we apply the second-order Taylor expansion upon H (x):

H(x') = H(x?) + vH(x*)~ (x! —x2)—|—%(x1 —x%)” % H(x%)(x! —x?), )

where x!,x? € 2, and x* = ax! + (1 — a)x2, a € [0,1]. Since 72 H(x) > m; I} where I is an
identity diagonal matrix, we have

H(x") > H(x?) + vH)™ (x" —x?) + T ! =2, 3

where x', x? € Q. Letx! = x?— L H(X?) = arglmjn H(x?)+H (x?)™ (x! —x?) 4 %1 ||x! —
x120Q

x2||3, we have

H(x') > H(x?)+VH(x*)~(x! = x?) + 5 x! = x2||3
> H(x?) + VH)” (% —x%) + 3%} —x°[I3 )
= H(x?) — 5l v HE)|3,

where x!, x2 € (. Thereafter, we have

H(x) — H(x )S%HvH( x)|[3, 3)
where X = argmax y(x). By replacing H (x) with —(x), we have
x20
px) = px) < 5 |7 . (6)
Given || 7 u(x)|]2 < A = (2m1€)*?, we have
(%) = p(x) <& (N
O

Lemma 1. Assume the GP employs a stationary kernel k(-,-). For Vx € Q, the lower bound of
o?(x) is given by:

X)) =kxx)+e K (xx), ®)
i=1
where ¢ < 0 is a constant and x' € D fori € {1,---,|D|}.

Proof. Given an input vector x € €, the variance of f(x) is predicted as:

o2(x) = k(x,x) —k ~(K +02I) 'k , )
where X = (x!,--- ,xV)>, N = |D|. k is the covariance vector between X and x, and K is the
covariance matrix of X. By applying the Cholesky Factorization on K, we rewrite equation (9) as:

o?(x) = k(x,x) — (L 'k )L 'k, (10)
where LL™ = K + o2I. Let us denote

2 3
q o0
-8 . . . £ (11)
LUy - Inn
then we have
lllk X,X1
L'k = : 5. (12)
PN '
_y Link(x,x")

means that the eigenvalues of 52H (x) are greater than m;.
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By introducing equation (12) into e(%uation (T0), we have

X ot
0*(x) = k(x,x) - @ Ijk(x,x") “+ -+ Link(x,x") A, (13)
i=1
By applying the Cauchy Schwarz’s inequalities, we have: . -
X T OX T
o?(x) > k(x,x) — IHk* x,x' +--+ 2y E(x,x") (14)
i=1 i=1
. 2 Py 2
Let ¢ be a negative constant and ¢ < —N max{l7,,---, ,_; l;x}, we have:
X ,
a*(x) =k(x,x)+¢c Kk x,x' <o?(x). (15)
i=1
O
Lemma 2. Given Lemmall| determining argmax o®(x) is equivalent to solving the following bilevel
x2Q
optimization problem:
minimize  d(x,x',%%) =[x - x'[3 + |x — x|3
X2Q
subject to  {x!, x?} = argmax |x! —x2|3, (16)
x!, x22D\Q
x'ex?, O\D=;

1 ,.2

where Q) = [&F, 2V, € Q, 2% = min(z}, 2?) and 37 = max(z}, 22). Given that the lower-level

optimization can be addressed via exhaustive search, the analytical solution of (19) is given by

~U L ~U L
~ ~L Ty Ty ~L z T, \>
X= (2] + 252, Ty + 25m)7.

Proof. Given a stationary and isotropic kernel k(-, -), we have
E ox,xt oo —[jx — x|, (17)
where x € Q and x¢ € D. Therefore, we can find the { that contain argmax ¢2(x) by solving the
x2§
following optimization problem:
{x!, x?} = maximize _ [x!—x?|3
x12D\Q, x?2D\{) (18)
subject to  x' #x2,QND = 0.

Since D N Q consists of limited elements, we can find the exact solution of (18] by exhaustive search.
Since QND = () and k(-, -) is isotropic, determining minimize d(x, x!, x?) = [|x—x!||3+||x—x?2|)3
X2

is equivalent to solving maximize g2 (x). To sum up, we can find the exact solution of argmax o2 (x)
X2 x20

by solving the following bi-level optimization problem:

minimize  d(x,x',%x%) = [x - x'3 + |x — %23
X202
subject to  {x!, x?} = argmax ||x' —x?|3, (19)
x!, x22D\Q
x'ex?, O\D=;
.U L U AL
where argmin d(x, x!, x?) has an analytical solution x = (2} + Z5"%, - | &L + Ta"0)> [

x2Q

Proposition 2. Leveraging Lemma |2| suppose minimize — o2(x) exhibits convexity in its local
X2

optimal regions, the following inequality is satisfied when || <7 0%(x)|2 < A:
o*(%) = o*(x) < B+, (20)

where A = (2m2§)1/2, € > 0, my > 0 represents the strong convexity parameter of —o2(X) in its
local optimal regions [, and j3 is constrained by 0 < f < 0° (%) — 0(X).
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Proof. By applying X as the initialization point for maxérgize o2(x), we have:
X
B =0(%) - 0?(%) > 0*(%) — 0*(%), 1)
where X, % € Q C Q, X is alocal optimal solution and € is a local optimal region of maxérgize o%(x).
X

X2

Since minimize — 02(x) exhibits convexity in its local optimal regions, given Proposition [1|and
|7 o2(x)|l2 < A, we have

o%(x) — o%(x) <¢, (22)

where x € Q. By introducing equation in to equation , we have
0% (%) — 0% (x) < B+ E. (23)
O

Lemma 3. As per|Srinivas et al.| the optimization process in BO can be conceptualized as a sampling
process from a GP. Hence, for any x € ), we have:

Pr[f(x) — u(x)| < wo(x) >0, 24)
where § > 0 signifies the confidence level adhered to by the UCB.

Proof. This lemma is directly from|[Srinivas ef al.. The proof can be found therein. O

Corollary 1. Based on Lemma[3|and Condition 2, we deduce that:
Pr fo9x%) +¢ > f(x*) >3, (25)

where X* = argmax f2°4(x), and X* represents the true global optimum. Furthermore,
X2

0 <e < px) +wo(k) — f*Ux7), (26)

where X, X, and X* are elements of Q, while § > 0 denotes the confidence level of the UCB.

Proof. Given Lemma we have Pr p(x)4wo(x) > f(x) > . Then, let f2°U(x) = pu(x)+wo(x)
and X* = argmax f2°4(x), we have
X2
Pr(f*9(x") = f*(x") = f(x7)) > 6, 27)

where x* = argmax f(x). In practice, there exist numeric errors between sup f2°4(x) and f2°4(x*).
xX2Q
By denoting the upper bound of the errors as €, we have

Pr fo4x*) 4> f(x*) >0. (28)
Since x = argmax p(x) and X = argmax o2(x), f29 has the following upper bound:
x2Q x2Q
sup f*9(x) < p(x) + o(%). (29)
x2Q

Therefore, the ¢ is bounded by
0< e < (%) +wo %) - f*9(x), (30)
where x, %, x* € (. O

Theorem 1. Leveraging Corollary[l| when employing the termination method proposed in this paper,
we deduce that the global regret bound of BO as:

Pr r <2wo(X*)4+¢e >4, (31)

where § > 0 signifies the confidence level associated with the UCB.
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Proof. We formulate the regret of BO as follows:
r=f(x?)  (x)+ (x) ) (32)
Based on Lemna 3 and Corolldry 1, by introducing equafioh (24) and eqiatjon (25) into edugtion (32),
we have
Prr 20 (x)+" >: (33)
O

Theorem 2. Building upon Condition 1 and Condition 2, and employing the termination method
proposed in this paper, we establish the local regret bound of BO as:

Pr f(x?) f(x) F >; (34)
wherex 2 ~, x” denotes the true global optimum i and > 0is the con dence level of the UCB.

Proof. Based on Theoreftj 1, by introducing equatjor] (30) into equdtign (33), we have
Prf(x?) f(x) r >; (35)
wherer-= (x) O+ (()+ (%) O

3 Experimental Results

3.1 Compelmentary Results

In this subsection, we provide the complete experimental results, offering supplementary ndings to
those presented in the main manuscript. More speci cally,

» Figures Figurg]l to Figufe IL6 presents the complete results of the trajectdiigsaufllected
on all comparisons.

* Figures I tg 28 show the complete results of the trajectories of different termination
indicators versus the number of FEs during the BO process collected on all comparisons.

» Figureq 2P to 47 provide the complete results of the trajectories of the regret of BO versus
the number of FEs during the BO process collected on all comparisons.

To ensure the material is self-contained and to aid reader comprehension, we replicate the correspond-
ing statements of the three types of benchmark problems here.

 Synthetic functionsWe consider Ackley, Levy, and Schwefel functior® jvith n 2
f2;5;10g. The objective functiofi (x) is contaminated by Gaussian noiseN (0:0; 0:2).
The maximal number of FEs is setli:g = 50n, with 5n allocated to initialization.

» Reinforcement learning (RL)Ve examine two RL tasks chosen from OpenAl Gyzh [
Lunar Lander witm = 12 and Swimmer witm = 16. We setNg = 50n, with 5n FEs
allocated to initialization.

» Hyperparameter optimization (HPO):We consider 5 HPO tasks (task ID:
f53,1010% 16714916716216717@) picked up from the HPOBench3] for tun-
ing support vector machine (SVM) witih= 2, multi-layer perceptron (MLP) with =5,
random forest witlm = 4 and XGBoost witm = 8. The computational budget is set the
same as in the RL tasks.

3.2 Ablation Experiments of the Initialization Strategies for L-BFGS

As discussed in Remark 2 of Section 2.2 in the main manuscript, we suggest initializing L-BFGS
at the point ofargmax _2(x), where_2(x) denotes the lower bound of(x) over ~, to ensure the

X2~
numerical stability ok. To validate the effectiveness of this initialization strategy, we compare it
with regard to a variant (dubbéRiandomthat samples a randomly generated solution frows the
starting point. From the statistical comparison results shown in Table 1, we can see that our proposed
initialization strategy outperformRandom More speci cally, it achieves statistically signi cant
better median regrets in more than half of the comparisons. Note thaRaratontan obtain better
regret than ours, many of them do not have statistical signi cance.



Figure 1. Trajectories off,4s obtained by applying UCB to solve synthetic functions. Different
subplots are (a) our proposed method, (b) Naive method, (c) Nguyen's method, (d) Lorenz's method,
and (e) Makarova's method, respectively.

Figure 2: Trajectories df.4; obtained by applying El to solve synthetic functions. Different subplots
are (a) our proposed method, (b) Naive method, (c) Nguyen's method, (d) Lorenz's method, and (e)
Makarova's method, respectively.

Figure 3: Trajectories df.qs obtained by applying PI to solve synthetic functions. Different subplots
are (a) our proposed method, (b) Naive method, (c) Nguyen's method, (d) Lorenz's method, and (e)
Makarova's method, respectively.

Figure 4: Trajectories df.gs obtained by applying UCB, El, PI to solve RL problems. Different
subplots are (a) our proposed method, (b) Naive method, (c) Nguyen's method, (d) Lorenz's method,
and (e) Makarova's method, respectively.

Figure 5: Trajectories df.q; obtained by applying UCB to tune SVM on different tasks. Different
subplots are (a) our proposed method, (b) Naive method, (c) Nguyen's method, (d) Lorenz's method,
and (e) Makarova's method, respectively.



Figure 6: Trajectories ofy4s obtained by applying El to tune SVM on different tasks. Different
subplots are (a) our proposed method, (b) Naive method, (c) Nguyen's method, (d) Lorenz's method,
and (e) Makarova's method, respectively.

Figure 7: Trajectories dfygs obtained by applying Pl to tune SVM on different tasks. Different
subplots are (a) our proposed method, (b) Naive method, (c) Nguyen's method, (d) Lorenz's method,
and (e) Makarova's method, respectively.

Figure 8: Trajectories df.g; obtained by applying UCB to tune MLP on different tasks. Different
subplots are (a) our proposed method, (b) Naive method, (¢c) Nguyen's method, (d) Lorenz's method,
and (e) Makarova's method, respectively.

Figure 9: Trajectories df.gs obtained by applying El to tune MLP on different tasks. Different
subplots are (a) our proposed method, (b) Naive method, (c) Nguyen's method, (d) Lorenz's method,
and (e) Makarova's method, respectively.

Figure 10: Trajectories dfy; obtained by applying Pl to tune MLP on different tasks. Different
subplots are (a) our proposed method, (b) Naive method, (c) Nguyen's method, (d) Lorenz's method,
and (e) Makarova's method, respectively.
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