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Abstract

The question of what makes a data distribution suitable for deep learning is a funda-
mental open problem. Focusing on locally connected neural networks (a prevalent
family of architectures that includes convolutional and recurrent neural networks as
well as local self-attention models), we address this problem by adopting theoretical
tools from quantum physics. Our main theoretical result states that a certain locally
connected neural network is capable of accurate prediction over a data distribution
if and only if the data distribution admits low quantum entanglement under certain
canonical partitions of features. As a practical application of this result, we derive a
preprocessing method for enhancing the suitability of a data distribution to locally
connected neural networks. Experiments with widespread models over various
datasets demonstrate our findings. We hope that our use of quantum entanglement
will encourage further adoption of tools from physics for formally reasoning about
the relation between deep learning and real-world data.

1 Introduction

Deep learning is delivering unprecedented performance when applied to data modalities involving
images, text and audio. On the other hand, it is known both theoretically and empirically [52} 1] that
there exist data distributions over which deep learning utterly fails. The question of what makes a
data distribution suitable for deep learning is a fundamental open problem in the field.

A prevalent family of deep learning architectures is that of locally connected neural networks. It
includes, among others: (i) convolutional neural networks, which dominate the area of computer
vision; (ii) recurrent neural networks, which were the most common architecture for sequence
(e.g. text and audio) processing, and are experiencing a resurgence by virtue of S4 models [26]; and
(iii) local variants of self-attention neural networks [46]. Conventional wisdom postulates that data
distributions suitable for locally connected neural networks are those exhibiting a “local nature,”
and there have been attempts to formalize this intuition [64, 28, |14]]. However, to the best of our
knowledge, there are no characterizations providing necessary and sufficient conditions for a data
distribution to be suitable to a locally connected neural network.

A seemingly distinct scientific discipline tying distributions and computational models is quantum
physics. There, distributions of interest are described by tensors, and the associated computational
models are fensor networks. While there is shortage in formal tools for assessing the suitability of
data distributions to deep learning architectures, there exists a widely accepted theory that allows for
assessing the suitability of tensors to tensor networks. The theory is based on the notion of quantum
entanglement, which quantifies dependencies that a tensor admits under partitions of its axes (for
a given tensor A and a partition of its axes to sets KC and K¢, the entanglement is a non-negative
number quantifying the dependence that A induces between K and K¢).

Submitted to 37th Conference on Neural Information Processing Systems (NeurIPS 2023). Do not distribute.



36
37
38
39
40
41
42
43
44
45
46
47
48

49
50
51
52
53
54
55
56
57
58

59
60
61
62
63
64
65

66

67
68
69
70

71
72
73

74

75
76
77
78
79
80

81
82

83

84

85

86
87

In this paper, we apply the foregoing theory to a tensor network equivalent to a certain locally
connected neural network, and derive theorems by which fitting a tensor is possible if and only
if the tensor admits low entanglement under certain canonical partitions of its axes. We then
consider the tensor network in a machine learning context, and find that its ability to attain low
approximation error, i.e. to express a solution with low population loss, is determined by its ability to
fit a particular tensor defined by the data distribution, whose axes correspond to features. Combining
the latter finding with the former theorems, we conclude that a locally connected neural network is
capable of accurate prediction over a data distribution if and only if the data distribution admits low
entanglement under canonical partitions of features. Experiments with different datasets corroborate
this conclusion, showing that the accuracy of common locally connected neural networks (including
modern convolutional, recurrent, and local self-attention neural networks) is inversely correlated to
the entanglement under canonical partitions of features in the data (the lower the entanglement, the
higher the accuracy, and vice versa).

The above results bring forth a recipe for enhancing the suitability of a data distribution to locally
connected neural networks: given a dataset, search for an arrangement of features which leads to low
entanglement under canonical partitions, and then arrange the features accordingly. Unfortunately,
the above search is computationally prohibitive. However, if we employ a certain correlation-
based measure as a surrogate for entanglement, i.e. as a gauge for dependence between sides of a
partition of features, then the search converts into a succession of minimum balanced cut problems,
thereby admitting use of well-established graph theoretical tools, including ones designed for large
scale [29, 56]]. We empirically evaluate this approach on various datasets, demonstrating that it
substantially improves prediction accuracy of common locally connected neural networks (including
modern convolutional, recurrent, and local self-attention neural networks).

The data modalities to which deep learning is most commonly applied — namely ones involving
images, text and audio — are often regarded as natural (as opposed to, for example, tabular data
fusing heterogeneous information). We believe the difficulty in explaining the suitability of such
modalities to deep learning may be due to a shortage in tools for formally reasoning about natural
data. Concepts and tools from physics — a branch of science concerned with formally reasoning
about natural phenomena — may be key to overcoming said difficulty. We hope that our use of
quantum entanglement will encourage further research along this line.

2 Preliminaries

For simplicity, the main text treats locally connected neural networks whose input data is one
dimensional (e.g. text and audio). We defer to Appendix|[|an extension of the analysis and experiments
to models intaking data of arbitrary dimension (e.g. two-dimensional images). Due to lack of space,
we also defer our review of related work to Appendix [A]

We use ||-|| and (-, -) to denote the Euclidean (Frobenius) norm and inner product, respectively.
We shorthand [N] := {1,..., N}, where N € N. The complement of K C [N] is denoted by
Ke:=[N]\ K.

2.1 Tensors and Tensor Networks

For our purposes, a fensor is a multi-dimensional array A € RP1*XPN where N € N is its
dimension and D1, ..., Dy € N are its axes lengths. The (d1,...,dy)’th entry of A is denoted
Adl»--~7dN‘

Contraction between tensors is a generalization of multiplication between matrices. Two matrices
A € RP1%P2 and B € RP1*P2 can be multiplied if Dy = D/, in which case we get a matrix in
RP1%P% holding 37| Ag,.a - By, inentry (dy,dy) € [D1] x [Dj]. More generally, two tensors
A € RP1xDx and B € RP1*- XD+ can be contracted along axis n € [N] of Aand n’ € [N']
of Bif D,, = D/, in which case we get a tensor of size D1 X -+ Dy,_1 X Dpq X -+ X Dy x D} X

<X Djy_y X Dy g -+ X Diy, holding 320 Ady s s oo - Byt aar, .
in the entry indexed by {dx € [Dr]} e v\ (o) @nd {d), € [Dy ]} e (v fnry-

!
Ll

Tensor networks are prominent computational models for fitting (i.e. representing) tensors. More
specifically, a tensor network is a weighted graph that describes formation of a (typically high-
dimensional) tensor via contractions between (typically low-dimensional) tensors. As customary



88
89

90

91
92
93
94
95

96
97
98
99
100
101
102

103

104

105

106

107
108
109
110
111
112

113

114
115
116
17

118
119

120
121

Dy
(a) (b) (c)

Figure 1: Tensor networks form a graphical language for fitting (i.e. representing) tensors through tensor
contractions. Tensor network definition: Every node in a tensor network is associated with a tensor, whose
dimension is equal to the number of edges emanating from the node. An edge connecting two nodes specifies
contraction between the tensors associated with the nodes (Section[2.I), where the weight of the edge signifies
the respective axes lengths. Tensor networks may also contain open edges, i.e. edges that are connected to a node
on one side and are open on the other. The number of such open edges is equal to the dimension of the tensor
produced by contracting the tensor network. Illustrations: Presented are exemplar tensor network diagrams of:
(a) an N-dimensional tensor A € RDP1X X DN (b) a vector-matrix multiplication between M € RP1xP2 gpd
v € RP2, which results in the vector Mv € RP1; and (c¢) a tensor network generating YW € RP1*P2xDs

(cf. [42]), we will present tensor networks via graphical diagrams to avoid cumbersome notation —
see Figure[I] for details.

2.2 Quantum Entanglement

In quantum physics, the distribution of possible states for a multi-particle (“many body") system is
described by a tensor, whose axes are associated with individual particles. A key property of the
distribution is the dependence it admits under a given partition of the particles (i.e. between a given
set of particles and its complement). This dependence is formalized through the notion of quantum
entanglement, defined using the distribution’s description as a tensor — see Definition [T| below.

Quantum entanglement lies at the heart of a widely accepted theory which allows assessing the ability
of a tensor network to fit a given tensor (cf. [15,[35]). In Section [3| we specialize this theory to a
tensor network equivalent to a certain locally connected neural network.

Definition 1. For a tensor A € RP1* XD~ and subset of its axes K C [N], let [A;K] €
Rllnex PnXIlnexe Pn pe the arrangement of 4 as a matrix where rows correspond to axes /C and
columns correspond to the remaining axes K¢ := [N]\ K. Denote by 01 > - -+ > op,. € R>( the sin-
gular values of [A; K], where Dy := min{]],,cx Dn, [I,,cicc Dn}. The quantum entanglemenﬂ of

A with respect to the partition (K, ) is the entropy of the distribution {p4 := 03/ Zg’i NerT e
ie. QE(A;K) == — ZdD:’Cl paIn(pq). By convention, if A = 0 then QE(A; ) = 0.

3 Low Entanglement Under Canonical Partitions Is Necessary and
Sufficient for Fitting Tensor

In this section, we prove that a tensor network equivalent to a certain locally connected neural network
can fit a tensor if and only if the tensor admits low entanglement under certain canonical partitions of
its axes. We begin by introducing the tensor network (Section [3.T)). Subsequently, we establish the
necessary and sufficient condition required for it to fit a given tensor (Section [3.2). For conciseness,
the treatment in this section is limited to one-dimensional (sequential) models; see Appendix [[.T|for
an extension to arbitrary dimensions.

3.1 Tensor Network Equivalent to a Locally Connected Neural Network

Let N € N, and for simplicity suppose that N = 2% for some L € N. We consider a tensor network
with an underlying perfect binary tree graph of height L, which generates Wry € RP1XXDPn
Figure 2{(a) provides its diagrammatic definition. For simplicity, the lengths of axes corresponding to
inner (non-open) edges are taken to be R € N, referred to as the width of the tensor network.

As identified by previous works, the tensor network depicted in Figure 2[a) is equivalent to a certain
locally connected neural network (with polynomial non-linearity — see, e.g., [[L1} 9} 135} 149]). In
particular, contracting the tensor network with vectors x(1) € RP1, ... x(N) € RP~  as illustrated
in Figure b), can be viewed as a forward pass of the data instance (x(l), o xW )) through a locally

!"There exist multiple notions of entanglement in quantum physics (see, e.g., [33]). The one we consider is
the most common, known as entanglement entropy.
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Figure 2: The analyzed tensor network equivalent to a locally connected neural network. (a) We consider a
tensor network adhering to a perfect binary tree connectivity with N = 2% leaf nodes, for L € N, generating
Wrn € RP1XXDPN - Axes corresponding to open edges are indexed such that open edges descendant to
any node of the tree have contiguous indices. The lengths of axes corresponding to inner (non-open) edges
are equal to R € N, referred to as the width of the tensor network. (b) Contracting Wrn with vectors
xM g RD . ,x<N> € RP~ produces (®ﬁ’=1x("), Wrn). Performing these contractions from leaves to root
can be viewed as a forward pass of a data instance (x<1), coxWN )) through a certain locally connected neural
network (with polynomial non-linearity; see, e.g., [L1, 9,135 149]). Accordingly, we call the tensor network
generating YWrn a locally connected tensor network.

connected neural network. This computation results in a scalar equal to <®£1V:1x("), WTN>, where ®

stands for the outer productE] In light of its equivalence to a locally connected neural network, we
will refer to the tensor network as a locally connected tensor network. We note that for the equivalent
neural network to be practical (in terms of memory and runtime), the width of the tensor network R
needs to be of moderate size. Specifically, R cannot be exponential in the dimension /N, meaning
In(R) needs to be much smaller than N.

By virtue of the locally connected tensor network’s equivalence to a deep neural network, it has been
paramount for the study of expressiveness and generalization in deep learning [[11, 18} 9} 1213} 53} 34}
350124130,1311 1361147, 148 149,150]. Although the equivalent deep neural network (which has polynomial
non-linearity) is less common than other neural networks (e.g., ones with ReLLU non-linearity), it
has demonstrated competitive performance in practice [[7} [10, 54} 57 22]. More importantly, its
analyses (through its equivalence to the locally connected tensor network) brought forth numerous
insights that were demonstrated empirically and led to development of practical tools for common
locally connected architectures. Continuing this line, we will demonstrate our theoretical insights
through experiments with widespread convolutional, recurrent and local self-attention architectures
(Section[4.3)), and employ our theory for deriving an algorithm that enhances the suitability of a data
distribution to said architectures (Section 3)).

3.2 Necessary and Sufficient Condition for Fitting Tensor

Herein we show that the ability of the locally connected tensor network (defined in Section[3.1) to fit
(i.e. represent) a given tensor is determined by the entanglements that the tensor admits under the
following canonical partitions of [N].

Definition 2. The canonical partitions of [N| (illustrated in Figure {| of Appendix [B)) are:
Cn ::{(IC,ICC) K= {2L_l~(n— 1) +1,..., 287 n}, 1€{0,....L}, ne [QZ]}.

By appealing to known upper bounds on the entanglements that a given tensor network supports [15,
35]], we establish that if the locally connected tensor network can fit a given tensor, that tensor must
admit low entanglement under the canonical partitions of its axes. Namely, suppose that Wy — the
tensor generated by the locally connected tensor network — well-approximates an N-dimensional
tensor A. Then, Theorem [1| below shows that the entanglement of A with respect to a canonical
partition cannot be much larger than In(R) (recall that R is the width of the locally connected tensor
network), whereas the entanglement attainable by an arbitrary tensor with respect to a canonical
partition can be linear in the dimension N.

In the other direction, Theorem [2|below implies that low entanglement under the canonical partitions
is not only necessary for a tensor to be fit by the locally connected tensor network, but also sufficient.

*For any {x™) € RP"}"_ | the outer product ®_;x(™ € RP***Px is defined element-wise by
[®;V:1x<”>]dh“’dN = Hfj:l xEl:), where d1 € [D1],...,dn € [Dn].
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Theorem 1. Let Wy € RP1*XPN pe g tensor generated by the locally connected tensor network
defined in Section and let A € RPv*DN_ For any e € [0,]A| /4], if [Wr~ — All < &
then for all canonical partitions (IC,K¢) € Cn (Definition 2| it holds that QE(A; K) < In(R) +

ﬁ -In(Dx) + 2 ﬁ, where Dic := min{][,,cxc Dn;]nexce Dn}. In contrast, there exists

A € RPy<XDN gych that for all canonical partitions (K, K¢) € Cy it holds that QE(A'; K) >
min{|K|, |K¢|} - In(min,eny D).

Proof sketch (proof in Appendix|[K.2). In general, the entanglements that a tensor network supports
can be upper bounded through cuts in its graph [[15}[35]]. For the locally connected tensor network,
these bounds imply that Q E(Wrn; K) < In(R) for any canonical partition (1C, K¢). The first part of
the theorem then follows by showing that if Wy and A are close, then so are their entanglements.
The second part is established using a construction from [17], providing a tensor with maximal
entanglements under all partitions of its axes. O

Theorem 2. Let A € RP1X*DN and e > 0. Suppose that for all canonical partitions (K, K¢) €
Cn (Deﬁnition it holds that QE(A; K) < W
for the tensors constituting the locally connected tensor network (defined in Section|3.1) such that it
generates Wrn € RPVCXDN gatisfying |[Wrn — Al < e

-In(R). Then, there exists an assignment

Proof sketch (proof in Appendix|K.3). We show that if A has low entanglement under a canonical
partition (K, K¢) € Cy, then the singular values of [.A; ] must decay rapidly (recall that [A; K] is
the arrangement of .4 as a matrix where rows correspond to axes K and columns correspond to the
remaining axes). The approximation guarantee is then obtained through a construction from [25]],
which is based on truncated singular value decompositions of every [A; K] for (K,K¢) € Cy. O

4 Low Entanglement Under Canonical Partitions Is Necessary and
Sufficient for Accurate Prediction

This section considers the locally connected tensor network from Section [3.1]in a machine learning
setting. We show that attaining low population loss amounts to fitting a tensor defined by the data
distribution, whose axes correspond to features (Section[4.1I]). Applying the theorems of Section 3.2}
we then conclude that the locally connected tensor network is capable of accurate prediction if and only
if the data distribution admits low entanglement under canonical partitions of features (Section [4.2)).
This conclusion is corroborated through experiments, demonstrating that the performance of common
locally connected neural networks (including convolutional, recurrent, and local self-attention neural
networks) is inversely correlated with the entanglement under canonical partitions of features in
the data (Section[d.3). For conciseness, the treatment in this section is limited to one-dimensional
(sequential) models and data; see Appendix [L.2]for an extension to arbitrary dimensions.

4.1 Accurate Prediction Is Equivalent to Fitting Data Tensor

As discussed in Section the locally connected tensor network generating Wy € RP1 % xDn
is equivalent to a locally connected neural network, whose forward pass over a data instance
(xW, . x) yields (@3, x™ Wy ), where x() € RP1 .. x(V) € RP~Y. Motivated by this
fact, we consider a binary classification setting, in which the label y of the instance (x(l), o xW ))
is either 1 or —1, and the prediction ¢ is taken to be the sign of the output of the neural network,
ie = sign(<®7]y:1x("), WTN>).

Suppose we are given a training set of labeled instances {((X(l’m), o x(Nm)y, y(m)) }f:l drawn
i.i.d. from some distribution, and we would like to learn the parameters of the neural network through
the soft-margin support vector machine (SVM) objective, i.e. by optimizing:

: 1 M m n,m
min|wo||<B i Zm:l max{07 1-— y( )<®,]Y:1X( ’ ), WTN>} S (1)

for a predetermined constant B > 0.We assume instances are normalized, i.e. the distribution is
such that all vectors constituting an instance have norm no greater than one. We also assume that

3If A = 0, then € = 0. In this case, the expression ¢/||.A|| is by convention equal to zero.
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B < 1. In this case |y(m) (®N_ x(mm), Wrn)| < 1, so our optimization problem can be expressed
as min| <5 1 — <Demp, Wrn), where

Demp : Mzm 1 Qe 1X(n,m) )

is referred to as the empirical data tensor. This means that the accuracy over the training data is
determined by how large the inner product (Demp, W) is.

Disregarding the degenerate case of Demp, = 0 (ie. that in which the optimized ob-
jective is constant), the inner products <Demp,WTN> and <Demp/ HDempH,WTN> differ by
only a multiplicative (positive) constant, so fitting the training data amounts to optimizing
max|wiy||<B (Demp/ | Pemp ||, Wrn). If W can represent some W, then it can also represent c -
W for every ¢ € R. Thus, we may equivalently optimize maxyy..y (Pemp/||Demp |l, Wrn/|[Wrn /)
and multiplying the result by B. Fitting the training data therefore boils down to minimizing

|| Hx%\l — ”ge"‘p” || In other words, the accuracy achievable over the training data is determined by
—
the extent to which ”W H can fit the normalized empirical data tensor ngm" T
emp

The arguments above are independent of the training set size, and in fact apply to the population loss
as well, in which case Dey, is replaced by the population data tensor:

Dpop = Ex),... x(M)) y [y : ®£LV:1X(")] . (3)

Disregarding the degenerate case of Dy, = 0 (i.e. that in which the population loss is constant) it
follows that the achievable accuracy over the p%pulatlon is determined by the extent to which ”W H
can fit t.he n'orrnahze(.l population data tensor ﬁ. We refer to the minimal distance from it as the
suboptimality in achievable accuracy.

Definition 3. In the context of the classification setting above, the suboptimality in achievable
DPOP ‘

Wrn
[Wrnl|| Dol
4.2 Necessary and Sufficient Condition for Accurate Prediction

In the classification setting of Section by invoking Theorems [T] and [2] from Section we
conclude that the suboptimality in achievable accuracy is small if and only if the population data
tensor Dy,q, admits low entanglement under the canonical partitions of its axes (Definition [2)).

Corollary 1. Consider the classification setting of Section and let € € [0,1/4]. If there exists
a canonical partition (K,K¢) € Cy (Definition 2) under which QE(Dpop; K) > In(R) + 2¢ -

In(Dx) + 2v/2¢, where Dic == min{[,,cc Dn, [Inexce Dn}, then SubOpt > €. Conversely, if for
all (IC,K°) € Cn it holds that QE(Dpep; K) < 8N2 -In(R), then SubOpt < e.

accuracy is SubOpt := minyy,

Proof sketch (proof in Appendix[K.5). Follows from Theorems [I]and 2]after accounting for the nor-
malization of Wry in the suboptimality in achievable accuracy. O

Directly evaluating the conditions required by Corollary [I|— low entanglement under canonical
partitions for Dy, — is impractical, since: (i) Dyop, is defined via an unknown data distribution
(Equation (3))); and (ii) computing the entanglements involves taking singular value decompositions
of matrices with size exponential in the number of input variables N. Fortunately, as Proposition
(in Appendix shows, the entanglements of D,,,;, under all partitions are with high probability well-
approximated by the entanglements of the empirical data tensor Dep,,. Moreover, the entanglement
of Demp under any partition can be computed efficiently, without explicitly storing or manipulating
an exponentially large matrix — see Appendix [E] for an algorithm (originally proposed in [40]).
Overall, we obtain an efficiently computable criterion (low entanglement under canonical partitions
for Demp), that with high probability is both necessary and sufficient for low suboptimality in
achievable accuracy — see Corollary [2] (in Appendix [C).

4.3 Empirical Demonstration

Corollary [2]establishes that, with high probability, the locally connected tensor network (from Sec-
tion[3.T) can achieve high prediction accuracy if and only if the empirical data tensor (Equation (2))
admits low entanglement under canonical partitions of its axes. We corroborate our formal analysis
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Figure 3: The prediction accuracies of common locally connected neural networks are inversely correlated with
the entanglements of the data under canonical partitions of features, in compliance with our theory (Sections[4.1]
and[4.2). Left: Average entanglement under canonical partitions (Definition [2)) of the empirical data tensor
(Equation (2))), for binary classification variants of the Speech Commands audio dataset [62] obtained by
performing random position swaps between features. Right: Test accuracies achieved by a convolutional neural
network (CNN) [[16l, S4 (a popular class of recurrent neural networks; see [26l]), and a local self-attention
model [46], against the number of random feature swaps performed to create the dataset. All: Reported are the
means and standard deviations of the quantities specified above, taken over ten different random seeds. See
Appendix @]for experiments over (two-dimensional) image data and Appendix@]for implementation details.

through experiments, demonstrating that its conclusions carry over to common locally connected
architectures. Namely, applying convolutional neural networks, S4 (a popular recurrent neural
network; see [26]]), and a local self-attention model [46]] to different datasets, we show that the
achieved test accuracy is inversely correlated with the entanglements of the empirical data tensor un-
der canonical partitions. Below is a description of experiments with one-dimensional (i.e. sequential)
models and data. Additional experiments with two-dimensional (imagery) models and data are given
in Appendix [[.2.3]

Discerning the relation between entanglements of the empirical data tensor and performance (pre-
diction accuracy) of locally connected neural networks requires datasets admitting different entan-
glements. A potential way to acquire such datasets is as follows. First, select one a dataset which
locally connected neural networks perform well, in the hopes that it admits low entanglement under
canonical partitions; natural candidates are datasets comprising images, text or audio. Subsequently,
create “shuffled” variants of the dataset by repeatedly swapping the position of two features chosen at
random. This erodes the original arrangement of features in the data, and is expected to yield higher
entanglement under canonical partitions.

We followed the blueprint above for a binary classification version of the Speech Commands audio
dataset [62]]. Figure [3] presents test accuracies achieved by a convolutional neural network, S4,
and a local self-attention model, as well as average entanglement under canonical partitions of the
empirical data tensor, against the number of random feature swaps performed to create the dataset. As
expected, when the number of swaps increases, the average entanglement under canonical partitions
becomes higher. At the same time, in accordance with our theory, the prediction accuracies of the
locally connected neural networks substantially deteriorate, showing an inverse correlation with the
entanglement under canonical partitions.

S Enhancing Suitability of Data to Locally Connected Neural Networks

Our analysis (Sections[3|and[d) suggests that a data distribution is suitable for locally connected neural
networks if and only if it admits low entanglement under canonical partitions of features. Motivated
by this observation, we derive a preprocessing algorithm aimed to enhance the suitability of a data
distribution to locally connected neural networks (Section[5.T]and Appendix [F). Empirical evaluations
demonstrate that it significantly improves prediction accuracies of common locally connected neural
networks on various datasets (Section[5.2)). For conciseness, the treatment in this section is limited
to one-dimensional (sequential) models and data; see Appendix for an extension to arbitrary
dimensions.

5.1 Search for Feature Arrangement With Low Entanglement Under Canonical Partitions

Our analysis naturally leads to a recipe for enhancing the suitability of a data distribution to locally
connected neural networks: given a dataset, search for an arrangement of features which leads to low
entanglement under canonical partitions, and then arrange the features accordingly. Formally, suppose
we have M € N training instances { ((x(1™), ... x(N:m)) 4/ (m)) }7]\::1, where y(™) € {1, -1} and

x(mm) ¢ RP for n € [N],m € [M], with D € N. Assume without loss of generality that N is a
power of two (if this is not the case we may add constant features as needed). The aforementioned
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recipe boils down to a search for a permutation 7 : [N] — [N], which when applied to feature indices
leads the empirical data tensor Dep,;, (Equation (2)) to admit low entanglement under the canonical
partitions of its axes (Definition 2).

A greedy realization of the foregoing search is as follows. Initially, partition the features into two
equally sized sets K11 C [N] and K 2 := [N] \ K11 such that the entanglement of Dy, with
respect to (Kq,1, K4 2) is minimal. That is, find Ky ; € argming -y, jx|=n/2 QE(Demp; K). The
permutation 7 will map K1 ; to coordinates {1,..., 5} and K15 to {5 +1,..., N}. Then, partition
K11 into two equally sized sets Ko 1 C Kq,1 and g 5 := K5 1 \ K21 such that the average of entan-
glements induced by these sets is minimal, i.e. Ko,1 € argmingcx, | )=k 1 1/2 3 |QE (Demp; K) +
QE(Demp; K11\ IC)] The permutation 7 will map Ko ; to coordinates {1, ..., %} and /Cy 5 to

{% +1,..., %} A partition of Ky 2 into two equally sized sets Ko 3 and K5 4 is obtained similarly,
where 7 will map K 3 to coordinates {5 + 1,..., 2%} and Ky 4 to {22 +1,..., N'}. Continuing
in the same fashion, until we reach subsets Kr, 1, ..., K n consisting of a single feature index each,

fully specifies the permutation 7.

Unfortunately, the step lying at the heart of the above scheme — finding a balanced partition that
minimizes average entanglement — is computationally prohibitive, and we are not aware of any tools
that alleviate the computational difficulty. However, as discussed in Appendix | if one replaces
entanglement with an appropriate surrogate measure, then each search for a balanced partition
minimizing average entanglement converts into a minimum balanced cut problem, which enjoys a
wide array of established approximation tools [29]. We thus obtain a practical algorithm for enhancing
the suitability of a data distribution to locally connected neural networks.

5.2 Experiments

We empirically evaluate our feature rearrangement method (detailed in Appendix [F) using common
locally connected neural networks — a convolutional neural network, an S4 (popular recurrent neural
network; see [26], and a local self-attention model [46] — over randomly permuted audio datasets
(Section[5.2.T)) and several tabular datasets (Section[5.2.2). For brevity, we defer some implementation
details and experiments to Appendix[J} Additional experiments with two-dimensional data are given

in Appendix [[.3.3]
5.2.1 Randomly Permuted Audio Datasets

Section [4.3] demonstrated that audio data admits low entanglement under canonical partitions of
features, and that randomly permuting the position of features leads this entanglement to increase,
while substantially degrading the prediction accuracy of locally connected neural networks. A
sensible test for our method is to evaluate its ability to recover performance lost due to the random
permutation of features.

For the Speech Commands dataset [62]], Table [I| compares prediction accuracies of locally connected
neural networks on the data: (i) subject to a random permutation of features; (ii) attained after
rearranging the randomly permuted features via our method; and (iii) attained after rearranging the
randomly permuted features via IGTD [65] — a heuristic scheme designed for convolutional neural
networks (see Appendix[A)). As can be seen, our method leads to significant improvements, surpassing
those brought forth by IGTD. Note that the performance lost due to the random permutation of features
is not entirely recoveredﬂ We believe this relates to phenomena outside the scope of the theory
underlying our method (Sections [3|and ), for example translation invariance in data being beneficial
in terms of generalization. Investigation of such phenomena and suitable modification of our method
are regarded as promising directions for future work.

5.2.2 Tabular Datasets

The prediction accuracies of locally connected neural networks on tabular data, i.e. on data in
which features are arranged arbitrarily, is known to be subpar [55]. Tables [2] and [5| report results
of experiments with locally connected neural networks over standard tabular benchmarks (namely
“semeion”, “isolet” and “dna” [59]]), demonstrating that arranging features via our method leads to
significant improvements in prediction accuracies, surpassing improvements brought forth by IGTD
(a heuristic scheme designed for convolutional neural networks [[65]). Note that our method does

not lead to state of the art prediction accuracies on the evaluated benchmarksE] However, the results

4 Accuracies on the original data are 59.8, 69.6 and 48.1 for CNN, S4 and Local-Attention, respectively.
SXGBoost, e. g., achieves prediction accuracies 91, 95.2 and 96 over semeion, isolet and dna, respectively.
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Table 1: Arranging features of randomly permuted audio data via our method (detailed in Appendix@ signifi-
cantly improves the prediction accuracies of locally connected neural networks. Reported are test accuracies
(mean and standard deviation over ten random seeds) of a convolutional neural network (CNN), S4 (a pop-
ular recurrent neural network; see [26]), and a local self-attention model [46]], over the Speech Commands
dataset [62] subject to different arrangements of features: (i) a random arrangement; (ii) an arrangement provided
by applying our method to the random arrangement; and (iii) an arrangement provided by applying an adaptation
of IGTD [65] — a heuristic scheme designed for convolutional neural networks — to the random arrangement.
For each model, we highlight (in boldface) the highest mean accuracy if the difference between that and the
second-highest mean accuracy is statistically significant (namely, is larger than the standard deviation corre-
sponding to the former). Our method leads to significant improvements in prediction accuracies, surpassing
the improvements brought forth by IGTD. See Appendix [J] for experiments demonstrating its scalability and
implementation details.

Randomly Permuted = Our Method IGTD

CNN 5.2+0.7 174+17 6.1+04
S4 9.5+ 0.6 30.3+ 1.6 13+ 2.4
Local-Attention 7.8 +0.3 129+07 6.4+05

Table 2: Arranging features of tabular datasets via our method (detailed in Appendix[ﬂ) significantly improves
the prediction accuracies of locally connected neural networks. Reported are results of experiments analogous
to those of Table [T} but with the “semeion” and “isolet” tabular classification datasets [39]]. Since to the
arrangement of features in a tabular dataset is intended to be arbitrary, we regard as a baseline the prediction
accuracies attained with a random permutation of features. As in the experiment of Table[l] rearranging the
features according to our method leads to significant improvements in prediction accuracies, surpassing the
improvements brought forth by IGTD. See Appendix [J]for experiments with an additional tabular dataset (“dna”)
and implementation details.

Dataset: semeion Dataset: isolet
Baseline Our Method IGTD Baseline Our Method IGTD
CNN 777+ 1.4 80.0+ 1.8 789+19 91.0x06 925404 92.0+0.6
S4 825+11 89.7+o05 8.0+fo07 923+04 934403 92.7+05

Local-Attention 60.9 49 780+1.7 67.8+26 820+16 89.04+06 857+1.9

suggest that it renders locally connected neural networks a viable option for tabular data. This option
is particularly appealing in when the number of features is large settings, where many alternative
approaches (e.g. ones involving fully connected neural networks) are impractical.

6 Conclusion

The question of what makes a data distribution suitable for deep learning is a fundamental open
problem. Focusing on locally connected neural networks — a prevalent family of deep learning
architectures that includes as special cases convolutional neural networks, recurrent neural networks
(in particular the recent S4 models) and local self-attention models — we address this problem by
adopting theoretical tools from quantum physics. Our main theoretical result states that a certain
locally connected neural network is capable of accurate prediction (i.e. can express a solution with
low population loss) over a data distribution if and only if the data distribution admits low quantum
entanglement under certain canonical partitions of features. Experiments with widespread locally
connected neural networks corroborate this finding.

Our theory suggests that the suitability of a data distribution to locally connected neural networks
may be enhanced by arranging features such that low entanglement under canonical partitions is
attained. Employing a certain surrogate for entanglement, we show that this arrangement can be
implemented efficiently, and that it leads to substantial improvements in the prediction accuracies of
common locally connected neural networks on various datasets.

The data modalities to which deep learning is most commonly applied — namely ones involving
images, text and audio — are often regarded as natural (as opposed to, for example, tabular data
fusing heterogeneous information). We believe the difficulty in explaining the suitability of such
modalities to deep learning may be due to a shortage in tools for formally reasoning about natural
data. Concepts and tools from physics — a branch of science concerned with formally reasoning
about natural phenomena — may be key to overcoming said difficulty. We hope that our use of
quantum entanglement will encourage further research along this line.
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A Related Work

Characterizing formal properties of data distributions that make them suitable for deep learning
is a major open problem in the field. A number of papers provide sufficient conditions on a data
distribution which imply that it is learnable by certain neural networks [4, 163} 139,19, 20} 43\ 160, 15].
However, these sufficient conditions are restrictive, and are not argued to be necessary for any aspect
of learning (i.e. for expressiveness, optimization or generalization). To the best of our knowledge,
this paper is the first to derive a verifiable condition on a data distribution that is both necessary and
sufficient for aspects of learning to be achievable by a neural network. We note that the condition we
derive resembles past attempts to quantify the structure of data via quantum entanglement and mutual
information [40\ 14,38 16} 64, 28| 21]]. However, such quantifications have not been formally related
to learnability by neural networks.

The current paper follows a long line of research employing tensor networks as theoretical models
for studying deep learning. This line includes works analyzing the expressiveness of different neural
network architectures [[11} 154, 18} 9} 153} 1131 134, 12} 35130} 136, 131 1501, their generalization [37]], and
the implicit regularization induced by their optimization [47, 48, 49| 161}, 24]]. Similarly to prior works
we focus on expressiveness, yet our approach differs in that we incorporate the data distribution into
the analysis and tackle the question of what makes data suitable for deep learning.

The algorithm we propose for enhancing the suitability of data to locally connected neural networks
can be considered a form of representation learning. Representation learning is a vast field, far too
broad to survey here (for an overview see [41]). Our algorithm, which learns a representation via
rearrangement of features in the data, is complementary to most representation learning methods
in the literature. A notable method that is also based on feature rearrangement is IGTD [65] — a
heuristic scheme designed for convolutional neural networks. In contrast to IGTD, our algorithm is
theoretically grounded. Moreover, we demonstrate empirically in Section [3]that it leads to higher
prediction accuracies.

B Illustration of Canonical Partitions

l = 0 € IC IE ICC
=1 NI
t=2 (NI O W N e

=1 (NN T, - - - A - nmmm

Figure 4: The canonical partitions of [N], for N = 2% with L € N. Every [ € {0,..., L} contributes 2"
canonical partitions, the 72’th one induced by K = {27! (n — 1) +1,...,25 7' . n},

C Efficiently Computable Criterion for Low Suboptimality in Achievable
Accuracy

In this appendix, we provide the formal claims deferred from Section[#.2] Specifically, Proposition|T]
shows that the entanglements of D, under all partitions are with high probability well-approximated
by the entanglements of the empirical data tensor Depyp,. Corollary |2| establishes the efficiently com-
putable criterion (low entanglement under canonical partitions for Deyy,p,), that with high probability
is both necessary and sufficient for low suboptimality in achievable accuracy.

Proposition 1. Consider the classification setting of Section and let 6 € (0,1) and

. . . 1281n(2)(1 ' Dyer))?
~v > 0. If the training set size M satisfies M > n(")(HnZ()maXH’Eﬁ[N 1 Prr))
pop

min{[ [, cx: Dn, [1exre Dn} for K C [N], then with probability at least 1 — §:

, where D/ =

|QE(Demp§IC) - QE(DPOpQIC” < forall K C [N].
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Proof sketch (proof in Appendix|K.4). A standard generalization of the Hoeffding inequality to ran-
dom vectors in a Hilbert space allows bounding || Demp — Dpop || With high probability. Bounding
differences between entanglements via Euclidean distance concludes the proof. [

Corollary 2. Consider the setting and notation of Corollary with € # 0. For § € (0, 1), suppose
.. . . 1281n(2)((16N—24) In(maxx/cn] Dicr))*
that the training set size M satisfies M > Doos P (R) )"
bop n €
ability at least 1 — § the following hold. First, if there exists a canonical partition (K, K¢) € Cy

(Deﬁnition under which QE(Demp; ) > (1 + 16]\5[72724) “In(R) + 2¢ - In(Dxc) + 2/2¢, then:

. Then, with prob-

SubOpt > €.

-In(R), then:

Second, if for all (K, K¢) € Cy it holds that QE(Demp; K) < 16]\6,72_24

SubOpt < €.

Moreover, the conditions above on the entanglements of Demp can be evaluated efficiently (in
O(DN?M? + NM?3) time O(DN M + M?) and memory, where D := max,,c[n) Dp).

Proof. Implied by Corollary Propositionwith v = ﬁ In(R) and Algorithmin Appendix@

D Impossibility Result for Improving the Sufficient Condition in Theorem

The sufficient condition in Theorem [2| (from Section for approximating A € RP1xxDn
requires entanglements to approach zero as the desired approximation error € does, in contrast to
the necessary condition in Theorem where they approach In(R). As Proposition shows, this is
unavoidable in the absence of further knowledge regarding .A. However, if for all canonical partitions
(K, K€) € Cn the singular values of [.4; K] trailing after the R’th one are small, then we can also
guarantee an assignment for the locally connected tensor network satisfying ||[Wrn — A|| < €, while
QE(A; K) can be on the order of In(R) for all (K, £¢) € Cy. Indeed, this follows directly from a
result in [23]], which we restate as Lemmal 6] for convenience.

Proposition 2. Let f : R? — R>q be monotonically increasing in its second variable. Suppose

that the following statement holds: if a tensor A € RP1* XD~ satisfies QE(A; K) < f(||A], €)
Sor all canonical partitions (KC,K¢) € Cn (Definition , then there exists an assignment for the
tensors constituting the locally connected tensor network (defined in Section[3.1) for which Wrn €
RDP1XXDN ynholds:

[Wrn — Al <e.

Then, for any A € RP1*XDN s the desired approximation error € goes to zero, so does the
sufficient condition on entanglements, i.e.:

lime o f([[All,€) = 0.

Proof. Suppose otherwise, i.e. that there exists some a > 0 such that lim._,q f(a,e) =
infeso f(a,e) = ¢ > 0. Let A be a tensor with || A|| = a such that QFE(A;K) < ¢ for all
canonical partitions (X, £¢) € Cn. Then by assumption, for all € > 0 there exist a tensor generated
by the locally connected tensor network, which we denote by W (€) € RP1> XD~ | that satisfies:

[Wrn(e) — Al <e.
By Lemmaf] for all € > 0 we have that
rank([Wrn(e); K]) < R,

so by the lower semicontinuity of the matrix rank, we have that rank([.4; K])) < R as well. But, there
are tensors for which this leads to a contradiction, namely tensors with arbitrary low entanglement
across all partitions but nearly maximal rank. Indeed, consider tensors of the form

QN _v(n) 1 §5.8
S =a- n=1 e]RD1><-~><DN7
Q)= o v 58]
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where {v(") € RP»}N_  are (non-zero) vectors, § > 0 and B € RP1**Pn is some tensor with
matricizations of maximal rank across all canonical partitions (for a proof of the existence of such a
tensor see Claim 3 in [33]). Note that || Q(8)]| = a for all 6 > 0. By the triangle inequality have

Q) @i v H 5 ||B| ’ ®)_,v(™) ®)_,v(™)
a & 1v<" = 1@ v +6-B 7 [[1@),vt +6-B]  [@),v(]
and so N
6—0 a ||®n 1V(n)||

Thus, from Lemma[§] we know that
) o)
E —QF| —+——K ]| =0
mfos(%7x) - 02 (o
for all (IC, K¢) € Cn. Furthermore, for any (K, K°) € Cy:
®N71V(n)
QE ("‘ K ) =0,
(AR

and therefore by Theorem |I] for sufficiently small § > 0 we have

QE(Q(6);K) <e¢,

for all (IC, K¢) € Cn. However, rank([Q(4); K]) is (nearly) maximal for all canonical partitions.
Indeed, by the triangle inequality for matrix rank we get

rank([Q(0); K]) > rank ([B; K]) — rank ([[@nN:lv("); IC]D =D —1,
where Dic := min{] [, cx Dn,[I,cxcc Dn}- O

5%0

E Efficiently Computing Entanglements of the Empirical Data Tensor

For a given tensor, its entanglement with respect to a partition of axes (Definition [T is determined by
the singular values of its arrangement as a matrix according to the partition. Since the empirical data
tensor Demp, (Equation (2)) has size exponential in the number of features N, it is infeasible to naively
compute its entanglement (or even explicitly store it in memory). Fortunately, as shown in [40], the
specific form of the empirical data tensor admits an efficient algorithm for computing entanglements,
without explicitly manipulating an exponentially large matrix. Specifically, the algorithm runs in
O(DNM? + M?) time and requires O(DNM + M?) memory, where D := max,,c[n) Dy, is
the maximal feature dimension (i.e. axis length of De.y,), IV is the number of features in the data
(i.e. number of axes that Depyp, has), and M is the number of training instances. For completeness,
we outline the method in Algorithm |lI| while referring the interested reader to Appendix A in [40] for
further details.

F Practical Algorithm via Surrogate for Entanglement

To efficiently implement the scheme from Section [5.1] we replace entanglement with a surrogate
measure of dependence. The surrogate is based on the Pearson correlation coefficient for multivariate
features [45])°| and its agreement with entanglement is demonstrated empirically in Appendix
Theoretically supporting this agreement is left for future work.

Definition 4. Given a set of M € N instances X := {(x(1™) ... x(Nm)) e (RP)YNIM_ denote
by pp,ns the multivariate Pearson correlation between features n,n’ € [N]. For K C [N], the
surrogate entanglement of X’ with respect to the partition (K, X¢), denoted SE(X’; K), is the sum of
absolute values of Pearson correlation coefficients between pairs of features, the first belonging to /C
and the second to K¢ := [N]\ K. Thatis, SE(X;K) := 3", cxc werce [Prr |-

As shown by Proposition 3| below, replacing entanglement with surrogate entanglement in the scheme
from Section[5.1] converts each search for a balanced partition minimizing average entanglement into
a minimum balanced cut problem. Although the minimum balanced cut problem is NP-hard (see,
e.g., [23]), it enjoys a wide array of well-established approximation tools, particularly ones designed
for large scale [29,56]]. We therefore obtain a practical algorithm for enhancing the suitability of a
data distribution to locally connected neural networks — see Algorithm 2]

®For completeness, Appendixprovides a formal definition of the multivariate Pearson correlation.
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Algorithm 1 Entanglement Computation for the Empirical Data Tensor

1: Input: X := {(x(t™) ... ,X(N’m))}%:1 — M € N data instances comprising N € N features
each, K C [N] — subset of feature indices

2: Output: QE(Demp; K)

3: Compute G, G(K°) ¢ RM*M gjven element-wise by:

Vi, j € [M]: Gf;S) = yDy@) . <®n€}cx(n,i)’ ®n€]cx(n7j)> = y(Dy0). H <X(n7i)’x(n,j)>

nek

Vi€ [M]: G = (@nexex™ @necex®y = T (xm) )y

,J neke

4: Compute eigenvalue decompositions of G and G(X°) | je.:
aK) — gkgk) (UUC))T
GK) — yk)gK) (U(’CC))T

where U UKK") ¢ RMXM are orthogonal matrices and S(%), SK°) ¢ RM*M are diagonal
holding the eigenvalues of G and G(*“)| respectively

5. Compute Q = (S(9))? (UK TUK) (SK))3 ¢ RMxM
6: Compute a singular value decomposition of Q to obtain its singular values o1 (Q), ..., o0 (Q)
7: Let p,, == 02,(Q)/ Z%zl 02,(Q) form € [M]

8: return QE(Demp; K) = — Zf\f:l pm In(pm) Gf Q = 0, then return 0)

Proposition 3. For any K C [N] of even size, the following optimization problem can be framed as
a minimum balanced cut problem over a complete graph with |K| vertices:

. 1
min =

KICKZ,UC\:\]EVQQ [SE(X’IC) +SE(X’]C\]C):| . @

Specifically, there exists a complete undirected weighted graph with vertices K and edge weights
w : K x K = R such that for any K C K, the weight of the cut in the graph induced by K —
Yoneicweryk w{n,n'}) — is equal, up to an additive constant, to the term minimized in Equa-

tion , ie to %[S’E(X;IC) + SE(X;E \ IC)]

Proof. Consider the complete undirected graph whose vertices are K and where the weight of an
edge {n,n'} € K x Kisw({n,n'}) = |pn,n| (recall that p, ,/ stands for the multivariate Pearson

correlation between features n and n’ in X). For any K C K it holds that:
1 _ 1 _
ny — = . . _ .
Y ey W) = 5 [SE(X:K) + SE(X:K\ K)| - 5SB(x:K).

where %S E (X ; IC) does not depend on K. This concludes the proof. O

G Definition of the Multivariate Pearson Correlation from [45]

Appendix [F introduces a surrogate measure for entanglement based on the multivariate Pearson
correlation from [45]]. For completeness, this appendix provides its formal definition.

Given a set of M € N instances X := {(x(t™) ... x(N:m)) e (RP)YNIM_ ‘et :3(7) be the
empirical covariance matrix of feature n € [IN] and %(7") be the empirical cross-covariance matrix
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Algorithm 2 Enhancing Suitability of Data to Locally Connected Neural Networks

1: Input: X := {(x(t™) ... ,X(N”"))}%:1 — M € N data instances comprising N € N features
: Output: Permutation 7 : [N] — [N] to apply to feature indices

[\

: Let Ko 1 := [N] and denote L := log,(N)
# We assume for simplicity that N is a power of two, otherwise one may add constant features
cforl=0,....L—-1,n=1,...,2" do

Using a reduction to a minimum balanced cut problem (Proposition 3), find an approximate
solution K1 2n—1 C Ky, for:

AN A

. 1
mingck, K=K |/2 i[SE(X; K)+ SE(X; Kin \ K)]

Let KCi41,20 = Kin \ Kit1,2n-1
8: end for

9. # At this point, £, 1, ..., K1, v each contain a single feature index
10: return 7 that maps k € Kr, ,, to n, for every n € [N]

of features n,n’ € [N], i.e.:

E(n L M Zm ) (n m) _ u(n)) ® (X(n,m) _ M(n)) ,

’ M ’ ’
E(n’n):zﬂzmﬂ(x( m) ))®(x( m) gy )),
where ;1(") := M Z x(” ™) for n € [N]. With this notation, the multivariate Pearson correlation
ofn,n' € [N] from [45] is defined by py, »» = trace(E("*”'))/trace((E(")E(”'))l/Z).

H Entanglement and Surrogate Entanglement Are Strongly Correlated

In Appendix [F] we introduced a surrogate entanglement measure (Definition [d) to facilitate efficient
implementation of the feature arrangement search scheme from Section Figure [5] supports
the viability of the chosen surrogate, demonstrating empirically that it is strongly correlated with
entanglement of the empirical data tensor (Definition [T|and Equation (2))).

—e— Entanglement - — 8.0e+04 "

—— Surrogate Entanglement — s g

o 52
° =
€2 7.5e+04 o £
=F=] 8
ot £
- =
5% 7.0e+04 W §
o' e
58 55
£8 2
© 6.5e+04 E.8
w :,g
s

0 500 1000 1500 2000 2500
Number of Feature Swaps in Data

Figure 5: Surrogate entanglement (Deﬁnition is strongly correlated with the entanglement (Deﬁnition
of the empirical data tensor. Presented are average entanglement and average surrogate entanglement under
canonical partitions, admitted by the Speech Commands audio datasets [62]] considered in Figure[3] Remarkably,
the Pearson correlation between the quantities is 0.977. For further details see caption of Figure E| as well
as Appendix [.2}

I Extension to Arbitrary Dimensional Models and Data
In this appendix, we extend our theoretical analysis and experiments, including the algorithm for

enhancing the suitability of data to locally connected neural networks, from one-dimensional (se-
quential) models and data to P-dimensional models and data (such as two-dimensional image data or
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Figure 6: The analyzed tensor network equivalent to a locally connected neural network operating over P-
dimensional data, for P = 2. (a) The tensor network adheres to a perfect 27 -ary tree connectivity with N
leaf nodes, where N = 2% for some L € N, and generates Wi\ € RP1X*PnP _ Axes corresponding
to open edges are indexed such that open edges descendant to any node of the tree have contiguous indices.
The lengths of axes corresponding to inner (non-open) edges are equal to R € N, referred to as the width of
the tensor network. (b) Exemplar z : [N]7 — [NT] compatible with the locally connected tensor network
(Definition , mapping P-dimensional coordinates to axes indices of Wﬁ\]‘ (c) Contracting WTI?\] with vectors
{x("l"“’”P)}m’wnpe[N] according to a compatible p produces (®£LV:P1X“71(”), WHR). Performing these
contractions can be viewed as a forward pass of a certain locally connected neural network (with polynomial

non-linearity) over the data instance {x<”1"”’“”)}n1 o pEIN] (see, e.g., 114195135, 149])).

three-dimensional video data), for P € N. Specifically, Appendix [T extends Section[3} Appendix
extends Section]and Appendix [[.3]extends Section [3]

To ease presentation, we consider P-dimensional data instances whose feature vectors are associated
with coordinates (n1,...,np) € [N]F, where N = 2% for some L € N (if this is not the case we
may add constant features as needed).

I.1 Low Entanglement Under Canonical Partitions Is Necessary and Sufficient for Fitting
Tensor

We introduce the locally connected tensor network equivalent to a locally connected neural network
that operates over P-dimensional data (Appendix [L.T.T). Subsequently, we establish a necessary
and sufficient condition required for it to fit a given tensor (Appendix [[.1.2)), generalizing the results
of Section

L.1.1 Tensor Network Equivalent to a Locally Connected Neural Network

For P-dimensional data, the locally connected tensor network we consider (defined in Section @
for one-dimensional data) has an underlying perfect 27 -ary tree graph of height L. We denote the
tensor it generates by Wi € RP1<*Pnr Figure|6(a) provides its diagrammatic definition. As in
the one-dimensional case, the lengths of axes corresponding to inner edges are taken to be R € N,
referred to as the width of the tensor network.

The axes of Wi are associated with P-dimensional coordinates through a bijective function y :
[N]” — [NT].

Definition 5. We say that a bijective function x : [N]¥ — [NT] is compatible with the locally
connected tensor network if, for any node in the tensor network, the coordinates mapped to indices
of Wi ’s axes descendant to that node form a contiguous P-dimensional cubic block in [N]¥ (e.g.,
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Figure 7: The canonical partitions of [N]”, for P = 2 and N = 2% with L € N. Every ! € {0,...,L}
contributes 2"'F canonical partitions, each induced by K = X;,D:l{?L’l c(np —1)4+1,...,287  n,} for
Ni,...,np € [Ql].

square block when P = 2) — see Figure |§kb) for an illustration. With slight abuse of notation, for
K C [N]F we denote u(K) := {p(n1,...,np) : (n1,...,np) € K} C [NT].

Contracting the locally connected tensor network with {x("1:+-7r) € RPu(n1...np) }TL1,--<,TLPE[N]
according to a compatible 1, as depicted in Figure[6{c), can be viewed as a forward pass of the data
instance {x(1mP )}nl,...,npe[ N] through a locally connected neural network (with polynomial
non-linearity), which produces the scalar (@2’ Plx"_l(”), W) (see, e.g., [1119] 35 49]).

L.1.2 Necessary and Sufficient Condition for Fitting Tensor

The ability of the locally connected tensor network, defined in Appendix[[.1.1] to fit (i.e. represent) a
tensor is determined by the entanglements that the tensor admits under partitions of its axes, induced
by the following canonical partitions of [N]7.

Definition 6. The canonical partitions of [N]F, illustrated in Figurefor P =2, areﬂ
ek :z{(IC,ICC) = xP 2Py — 1)+ 1,25 )

te {0, L}, m.np € 21}

With the definition of canonical partitions for P-dimensional data in place, Theorem3|generalizes The-
orem In particular, suppose that Wi, — the tensor generated by the locally connected tensor
network — well-approximates A € RP1*xDnyr  Then, given a compatible p : [N]F — [N7]
(Definition , Theorem establishes that the entanglement of A with respect to x(KC), where K is a
canonical partition, cannot be much larger than In(R), whereas the entanglement attainable by an
arbitrary tensor can be linear in N .

In the other direction, Theorem [ implies that low entanglement under partitions of axes induced

by canonical partitions of [N]¥ is not only necessary for a tensor to be fit by the locally connected
tensor network, but also sufficient.

"For sets S, . .., Sp, we denote their Cartesian product by xf;:lSp.
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Theorem 3. Let Wi, € RP1XPnr be q tensor generated by the locally connected tensor
network defined in Appendix and i : [N]F — [NT] be a compatible map from P-dimensional
coordinates to axes indices of Wiy (Definition|5). For any A € RP1<*Pnr and e € [0, ||.Al| /4], if
Wiy — All < ¢ then for all canonical partitions (K, K¢) € C (Definition|6)
2e

1AL
where D) := min{][,,.c,c) Dn: [Lnepic)e D} In contrast, there exists A" € RP1x-xDyp
such that for all canonical partitions (K,K¢) € C§:

QE(A'; 4(K)) > min{|K, K]} - In(min, e ) D). ©

QE(A; 1(K)) < In(R) + ”276” (D) +2 5)

Proof sketch (proof in Appendix[K.6). The proof is analogous to that of Theorem|[I] O

Theorem 4. Let A € RPv XD and e > 0. Suppose that for all canonical partitions (K, K¢) €

cy (Deﬁnition@) it holds that QE(A; 1(K)) < W -In(R), where yu : [N]F — [NP]is

compatible with the locally connected tensor network (Definition D). Then, there exists an assignment
for the tensors consntutmg the locally connected tensor network (defined in Appendix[[1.1) such that
it generates Wik, € RP1>xDnr satisfying:

Wi — Al <e.

Proof sketch (proof in Appendix|K.7). The claim follows through a reduction from the locally con-
nected tensor network for P-dimensional data to that for one-dimensional data (defined in Section[3.1)),
i.e. from perfect 27 -ary to perfect binary tree tensor networks. Specifically, we consider a modified
locally connected tensor network for one-dimensional data, where axes corresponding to different
inner edges can vary in length (as opposed to all having length R). We then show, by arguments anal-
ogous to those in the proof of Theorem[g} that it can approximate .A while having certain inner axes,
related to the canonical partitions of [N]*, of lengths at most R. The proof concludes by establishing
that, any tensor represented by such a locally connected tensor network for one-dimensional data can
be represented via the locally connected tensor network for P-dimensional data (where the length of
each axis corresponding to an inner edge is R). O

1.2 Low Entanglement Under Canonical Partitions Is Necessary and Sufficient for Accurate
Prediction

In this appendix, we consider the locally connected tensor network from Appendix [[.T.T]in a machine
learning setting, and extend the results and experiments of Section [4] from one-dimensional to
P-dimensional models and data.

1.2.1 Accurate Prediction Is Equivalent to Fitting Data Tensor

The locally connected tensor network generating Wi € RP1**Dnr jg equivalent to a locally

connected neural network operatmg over P-dimensional data (see Append1x- Spec1ﬁcally, a for-
ward pass of the latter over {x("1:++"P) € RPucn1..... "P) b el Yields (@N v () WEY,

,,,,,

for a compatible 11 : [N]¥ — [NT] (Definition [5)). Suppose we are given a training set of labeled
instances {{X((”l""*”P)’m)}nh___ nPE[N]’y(m)}'rn{:l drawn ii.d. from some distribution, where

y™) € {1, —1} form € [M]. Learning the parameters of the neural network through the soft-margin
support vector machine (SVM) objective amounts to optimizing:

. 1 M o r
mmuw%;u@ﬁzmzlmax{ovl—y( {opZyx )aW%>}’

for a predetermined constant B > 0. This objective generalizes Equation (/1)) from one-dimensional to
P-dimensional model and data. Assume that instances are normalized, i.e. ||x(("1:+-mr)m) || < 1 for
all nl, ...,np € [N],m € [M], and that B < 1. By a derivation analogous to that succeeding Equa-
tion in Section | if follows that minimizing the SVM objective is equivalent to minimizing

H l TN” IIDP

emp

. m) . NP (n=*(n),;m)
emp M an 1 1X (7)
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extends the notion of empirical data tensor to P-dimensional data. In other words, the accuracy

achievable over the tralnmg data is determined by the extent to which ” can fit the normalized

N ||
_Demp

DE
empirical data tensor e

emp

The same arguments apply to the population loss, in which case Dé'fnp is replaced by the population
data tensor:

P —1
DE, = Epxtrmp)) [y @ ). )

ny,...,npe[NDY

P
The achievable accuracy over the population is therefore determined by the extent to which Hx i
TN

P

. . D . .
can fit the normalized population data tensor HD‘E"H Accordingly, we refer to the minimal distance
pop

from it as the supobtimality in achievable accuracy, generalizing Definition [3|from Section {.1]
Definition 7. In the context of the classification setting above, the suboptimality in achievable

accuracy is:
L.2.2 Necessary and Sufficient Condition for Accurate Prediction

In the classification setting of Appendix [[.2.1] by invoking Theorems 3|and ] from Appendix|L.
we conclude that the subo gtlmahty in achievable accuracy is small if and only if the populatlon
(empirical) data tensor Dy, (D;,,) admits low entanglement under the canonical partitions of
features (Definition Spemﬁcally, we establish Corollary [3] Proposition ] and Corollary @ which
generalize Corollary Proposition[z_l]and Corollary 2] from Section[4.2] respectively, to P-dimensional
model and data.

Corollary 3. Consider the classification setting of Appendlxu 1.2.1} and let €€ [ 1/4)]. If there exists

WE Dy
RN IPL, |

SubOpt? := = min,p

TN

a canonical partition (K,K¢) € CL (Deﬁmtlon@) under which QE( ops 1 ( ) > In(R) + 2e -
In(D,,xy) + 2v/2¢, where Dk = mln{HneH(,C) D,, HnEu(IC)C D, }, then:
SubOpt? > e.
Conversely, if for all (K, K¢) € C it holds that QE (D}, ; ;u(K)) < 8]\,;72_12 -In(R), then:
SubOpt”

Proof Implied by Theorems [3] I andl 4| after accounting for WA being normalized in the suboptimality
in achievable accuracy, as done in the proof of Corollary I} O

Proposition 4. Consider the classification setting of Appendix |I. and let 6 € (0,1) and
1281n(% )(ln(maxJC[Np]Dj))4

v > 0. If the training set size M satisfies M > TIAERE
pop

min{[], c 7 Dn,[T,crc Dn}for T C [N, then with probability at least 1 — §:
|QE(D,,,; J) — QE(Dp,: T)| < v forall 7 € [NF].

, where D g :=

Proof. The claim is established by following steps identical to those in the proof of Proposition[]] [J

Corollary 4. Consider the setting and notation of Corollary with € # 0. For § € (0, 1), suppose

1281n(3)((16NF —24) In(max ;cyP) D7))* .
[Dpor P (7)) Then, with

probability at least 1 — § the following hold. First, if there exists a canonical partition (K,K¢) € C§

(Deﬁmtzon@) under which QE (DY, ; n(K)) > (1 + m) In(R) + 2¢ - In(D,x)) + Q\F
then:

that the training set size M satisfies M >

SubOpt? > .
Second, if for all (K, K¢) € C¥ it holds that QF (D,
SubOpt?

Moreover, the conditions above on the enmnglements of Demp can be evaluated efficiently (in
O(DN?*’M? + NP M?) time O(DN* M + M?) and memory, where D := max,¢[yr| Dn).

2

(’C)) < tenrg - 0(R), then:

emp
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Figure 8: The prediction accuracies of convolutional neural networks are inversely correlated with the entan-
glements of image data under canonical partitions of features, in compliance with our theory (Appendices|L]]
and[[2). This figure is identical to Figure 3] except that the measurements were carried over a binary classifica-
tion version of the CIFAR10 image dataset, as opposed to a one-dimensional (sequential) audio dataset. For
further details see caption of Figureas well as Appendix

Proof. Tmplied by Corollary (3} Proposition E with v = W,;i% -In(R) and Algorithmin Ap-
pendix [E] O

1.2.3 Empirical Demonstration

Figure [] extends the experiments reported by Figure [3]in Section [4.3] from one-dimensional (se-
quential) audio data to two-dimensional image data. Specifically, it demonstrates that the prediction
accuracies of convolutional neural networks over a variant of CIFAR10 [33]] is inversely correlated
with the entanglements that the data admits under canonical partitions of features (Definition [6)),
i.e. with the entanglements of the empirical data tensor under partitions of its axes induced by
canonical partitions.

1.3 Enhancing Suitability of Data to Locally Connected Neural Networks

We extend the preprocessing algorithm from Section [5] aimed to enhance the suitability of a data
distribution to locally connected neural networks, from one-dimensional to P-dimensional models
and data (Appendices and[[.3.2). Empirical evaluations demonstrate that it significantly improves
prediction accuracy of common architectures (Appendix [I.3.3).

I.3.1 Search for Feature Arrangement With Low Entanglement Under Canonical Partitions

Suppose we have M € N training instances {{x((”l’“"”P)’m)}my__"nPe[N],y(m)}ﬁf:l , where

x((n1sme)m) ¢ RD and y(™) € {1, -1} for ny,...,np € [N],m € [M], with D € N. For
models intaking P-dimensional data, the recipe for enhancing the suitability of a data distribution to
locally connected neural networks from Section boils down to finding a permutation 7 : [N]¥ —
[N ]P , which when applied to feature coordinates leads the empirical data tensor D (Equation )

emp
to admit low entanglement under canonical partitions (Definition @)

A greedy realization, analogous to that outlined in Section[5.1] is as follows. Initially, partition the
features into 2% equally sized disjoint sets K1 ko ip) C [N]P}kl,...,kp€[2] such that the average

of D s entanglements induced by these sets is minimal. That is, find an element of:

emp
1
. P /
argmin 5P E QE(DempMu( k‘l....k‘,P))’
(K c) 2 kel .
Kqyeens kp K1,eo kpel2]
St Wy, kp€[2]’<:;c1 ,,,,, kP*[N]Px
Vkisekp ke kp €L KL e 1=K |

,,,,,,

where p : [N]¥ — [NT] is a compatible map from coordinates in [IN]? to axes indices (Definition .
The permutation 7 will map each ICy (1, ... 1) to coordinates xgzl{% c(kp—1)+1,..., % “kp},
for ki,...,kp € [2]. Then, partition similarly each of {Ky (k, _kp)}n,.  rpej into 27 equally

8Enhancing the suitability of a data distribution with instances of dimension different than P to P-
dimensional models is possible by first arbitrarily mapping features to coordinates in [N]¥, and then following
the scheme for rearranging P-dimensional data.
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Algorithm 3 Enhancing Suitability of P-Dimensional Data to Locally Connected Neural Networks

1: Input: X := {{X((m’m’np)m)}m,...,npe[N]}i\n/[=1 — M € N data instances comprising N*
features each

2: Output: Permutation 7 : [N]¥ — [N]¥ to apply to feature coordinates
3: Let Ko,(1,....1) := [N]” and denote L := log,(N)
4: # We assume for simplicity that NV is a power of two, otherwise one may add constant features
5:forl=0,...,L—1,k,....kp=1,...,2" do
6:  Using a reduction to a minimum balanced 2% -cut problem (Proposition , find an approximate
solution {KCy1, (2%, —iy,... 26 p—ip) C Ki, (k1. kp) Fin,.ipefo,1} TOI
. 1
{Kw c/cl,(inl,l,?kp)}ki lllll . 9P Zk1,~..,kﬁpe[2] SE(X,/Ckl,A..,kJ
SU Uk e Koy R k)
VR K ks kp €12 IRy o 1=K |
7: end for
8: # At this point, {1, (i,.....kp) ks ,....kpe[n] €ach contain a single feature coordinate
9: return 7 that maps (n1,...,np) € Ki (5. kp) to (k1,...,kp), forevery ki,...,kp € [N]

sized disjoint sets. Continuing in the same fashion, until we reach subsets {K'r, (x, . kp)}tx,,  kpe[n]
consisting of a single feature coordinate each, fully specifies the permutation 7.

As in the case of one-dimensional models and data (Section [5.1), the step lying at the heart of the
above scheme — finding a balanced partition into 2% sets that minimizes average entanglement — is
computationally prohibitive. In the next supappendix we will see that replacing entanglement with
surrogate entanglement brings forth a practical implementation.

1.3.2 Practical Algorithm via Surrogate for Entanglement

To efficiently implement the scheme from Appendix [[.3.1] we replace entanglement with surrogate
entanglement (Definitiond), which for P-dimensional data is straightforwardly defined as follows.

Definition 8. Given a set of M € N instances X' := {{x((m1--nr)m) ¢ RD}nl_’_.mPe[N] }Z:l,

denote by pen, ... .np),(n} cely) the multivariate Pearson correlation between features (n1,...,np) €

[N]¥ and (nf,...,n’p) € [N]F. For K C [N]¥, the surrogate entanglement of X with respect to
the partition (K, £¢), denoted SE(X; K), is the sum of Pearson correlation coefficients between
pairs of features, the first belonging to K and the second to K¢ := [N]¥ \ K. That is:

SE(X’IC) = Z(nl7~~»,7LP)€)C7(77«17~~-,n/}D)€}CC Plnn,omp),(ng,omfp) -

Analogously to the case of one-dimensional data (Appendix [F), Proposition [5|shows that replacing
the entanglement with surrogate entanglement in the scheme from Appendix [[.3:1] converts each
search for a balanced partition minimizing average entanglement into a minimum balanced 2% -cut
problem. Although the minimum balanced 27 -cut problem is NP-hard (see, e.g., [23]), similarly to
the minimum balanced (2-) cut problem, it enjoys a wide array of well-established approximation
implementations, particularly ones designed for large scale [29,156]. We therefore obtain a practical
algorithm for enhancing the suitability of a data distribution with P-dimensional instances to locally
connected neural networks — see Algorithm 3]

Proposition 5. For any K C [N]? of size divisible by 2¥, the following optimization problem can
be framed as a minimum balanced 2F -cut problem over a complete graph with |K| vertices:

1
min — SE(X; Ky, ... . 9
{’Ck‘l ----- chlE}kl‘... kpe[2] 2P Zkl,...,kp€[2] ( " ’kP)

st Ugy, o kpe@Biy o kp =K,

Vki,...skp kK E12] Ky .k p | =1
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Table 3: Arranging features of randomly permuted image data via Algorithm [3| significantly improves the
prediction accuracies of convolutional neural networks. Reported are the results of experiments analogous to
those of Table[T] carried out over the CIFAR10 image dataset (as opposed to an audio dataset) using Algorithm 3]
For further details see caption of TableE] as well as Appendix @

Randomly Permuted Algorithm IGTD
CNN 35.1x05 382404 362%07

Table 4: Our feature rearrangement method (Algorithmin Appendix can be efficiently applied to data with a
large number of features. Reported are the results of an experiment identical to that of Table[T] but over a version
of the Speech Commands [62]] dataset in which every instance has 50,000 features. Instances of the minimum
balanced cut problem solved as part of Algorithmentail graphs with up to 25 - 10% edges. They are solved using
the well-known edge sparsification algorithm of [S6] that preserves weights of cuts, allowing for configurable
compute and memory consumption (the more resources are consumed, the more accurate the solution will be).
As can be seen, Algorithm[2]leads to significant improvements in prediction accuracies. See Appendix [J.2]for
further implementation details.

Randomly Permuted ~ Our Method

CNN 15.0+ 1.6 65.6 +1.1
S4 18.2 4+ 0.5 82.2 1+ 0.4

Specifically, there exists a complete undirected weighted graph with vertices K and edge
weights w : K x K — R such that, for any partition of K into equally sized dis-
joint sets {Kk, .. kp}tki,. kpef2 the weight of the 2P_cut in the graph induced by them —

...........

Proof. Consider the complete undirected graph whose vertices are K and where the weight of an
edge {(n1,...,np),(n},...,np)} e K x Kis:

w({(nla cee 7nP)a (nlla s ,n&;)}) = P(n1,...,np),(n},....,n")

(recall that p,,, . n},) stands for the multivariate Pearson correlation between features

snp)y (..., _
(n1,...,np) and (n},...,n’p) in X). For any partition of K into equally sized disjoint sets
{]Ckh.»-,kp}k'1,...,k'p6[2]’ it holds that:

1 , ,
2 Zkl"“’kpe[z] Z(nl’”'*np)elckl ----- kps(nh,e ) ER\K R, . kp w({(nh"'7nP)7(n17"'7nP)})
1 1 ~
- 5 Zkl,u.,kpep] SE(X?]Ckl,...,kp) - §SE(X,]C) s
where 5 SE(X; K) does not depend on {KCk, .. kp }k,.....kpefz)- This concludes the proof. O

1.3.3 Experiments

We supplement the experiments from Section [5.2]for one-dimensional models and data, by empiri-
cally evaluating Algorithm [3using two-dimensional convolutional neural networks over randomly
permuted image data. Specifically, Table [3] presents experiments analogous to those of Table [I]
from Section [5.2.1) over the CIFAR10 [33]] image dataset. For brevity, we defer some implementation
details to Appendix

J Further Experiments and Implementation Details

J.1 Further Experiments

The number of features in the audio dataset used in the experiment of Section [5.2.1]is 2048. We
demonstrate the scalability of our feature rearrangement method (Algorithm [2]in Appendix [F) by
including in Table @ an experiment over audio data with 50,000 features. In this experiment, instances
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Table 5: Arranging features of tabular datasets via our method (detailed in Appendix[E) significantly improves
the prediction accuracies of locally connected neural networks. Reported are results of experiments identical to
those of Table[2] but over the “dna” tabular classification dataset [59]]. For further details, see caption of Table 2]
and Appendix

Dataset: dna
Baseline Our Method IGTD

CNN 825+17 91.2+11 874+1.1
S4 86.4+17 89.1+37 89.9+11
Local-Attention  79.2 £ 4.0 85.7+ 45 82.7 £ 3.2

of the minimum balanced cut problem encountered in Algorithm entail graphs with up to 25 - 108
edges. They are solved using the well-known edge sparsification algorithm of [56] that preserves
weights of cuts, allowing for configurable compute and memory consumption (the more resources are
consumed, the more accurate the solution will be). In contrast, this approach is not directly applicable
for improving the efficiency of IGTD.

Table 5|supplements Table 2] from Section[5.2.2]by reporting results of experiments with an additional
tabular benchmark — “dna”.

J.2  Further Implementation Details

We provide implementation details omitted from our experimental reports (Section[4.3] Section[5] Ap-
pendix [[.2.3] Appendix [[.3.3]and Appendix [J.I). We provide implementation details omitted from our
experimental reports (Section #.3] Section|5|and Appendix [[.2.3)). Source code for reproducing our
results and figures, based on the PyTorch [44]] framework, is attached as supplementary material and
will be made publicly available. All experiments were run on a single Nvidia RTX A6000 GPU.

J.3 Empirical Demonstration of Theoretical Analysis (Figures E] and
J.3.1 Figure[3]

Dataset: The SpeechCommands dataset [62] contains raw audio segments of length up to 16000,
split into 84843 train and 11005 test segments. We zero-padded all audio segments to have a length of
16000 and resampled them using sinc interpolation (default PyTorch implementation). We allocated
11005 audio segments from the train set for validation, i.e. the dataset was split into 73838 train,
11005 validation and 11005 test audio segments, and created a binary one-vs-all classification version
of SpeechCommands by taking all audio segments labeled by the class “33” (corresponding to the
word “yes”), and sampling an equal amount of segments from the remaining classes (this process was
done separately for the train, validation and test sets). The resulting balanced classification dataset
had 5610 train, 846 validation and 838 test segments. Lastly, we resampled all audio segments in the
dataset from 16000 to 4096 features using sinc interpolation.

Random feature swaps: Starting with the original order of features, we created increasingly ““shuf-
fled” versions of the dataset by randomly swapping the position of features. For each number of
random position swaps k € {0,250, . ..,2500}, we created ten datasets, whose features were subject
to k random position swaps between features, using different random seeds.

Quantum entanglement measurement: Each reported value in the plot is the average of entangle-
ments with respect to canonical partitions (Definition [2)) corresponding to levels [ = 1,2,3,4,5,6.
We used Algorithm[T]described in Appendix [E|on two mini-batches of size 500, randomly sampled
from the train set. As customary (cf. [58]]), every input feature  was embedded using the following
sine-cosine scheme:

#(z) := (sin(n0z), cos(mbz)) € R?,
with 6 = 0.085.

Neural network architectures:

* CNN: An adaptation of the M5 architecture from [16]], which is designed for audio data. Our
implementation is based on https://github.com/danielajisafe/Audio_WaveForm_
Paper_Implementation.

* S4: Official implementation of [26] with a hidden dimension of 128 and 4 layers.
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* Local-Attention: Adaptation of the local-attention model from [46], as implemented in
https://github.com/lucidrains/local-attention. We use a multi-layer percep-
tron (MLP) for mapping continuous (raw) inputs to embeddings, which are fed as input
the the local-attention model. For classification, we collapse the spatial dimension of the
network’s output using mean-pooling and pass the result into an MLP classification head.
The network had attention dimension 128 (with 2 heads of dimension 64), depth 8, hidden
dimension of MLP blocks 341 (computed automatically by the library based on the attention
dimension) and local-attention window size 10.

Training and evaluation: The binary cross-entropy loss was minimized via the Adam optimizer [32]
with default 81, B2 coefficients. Batch sizes were chosen to be the largest powers of two that fit in
the GPU memory. The duration of optimization was 150, 40 and 50 epochs for the CNN, S4 and
Local-Attention models, respectively (number of epochs was taken large enough such that the train
loss plateaued). After the last training epoch, the model which performed best on the validation set
was chosen, and its average test accuracy is reported. Additional optimization hyperparameters are
provided in Table[6] We note that for S4 [26], in accordance with its official implementation, we use
a cosine annealing learning rate scheduler.

Table 6: Optimization hyperparameters for the experiments of Figure

Model Optimizer Learning Rate Weight Decay Batch Size
CNN Adam 0.01 0.0001 128
S4 AdamW 0.001 0.01 64
Local-Attention Adam 0.0005 0 32

J.3.2 Figure

Dataset: We created one-vs-all binary classification datasets based on CIFAR10 [33] as follows. All
images were converted to grayscale using the PyTorch default implementation. Then, we allocated
7469 images from the train set for validation, i.e. the dataset was split into 42531 train, 7469 validation
and 1000 test images. We took all images labeled by the class “0” (corresponding to images of
airplanes), and uniformly sampled an equal amount of images from the remaining classes (this process
was done separately for the train, validation and test sets). The resulting balanced classification
dataset had 8506 train, 1493 validation and 2001 test images.

Random feature swaps: We created increasingly “shuffled” versions of the dataset according to the
protocal described in Appendix

Quantum entanglement measurement: Each reported value in the plot is the average entanglements
with respect to canonical partitions (Definition[6) corresponding to levels [ = 1, 2.

Neural network architectures:
* CNN: Same architecture used for the experiments of Table [2] but with one-dimensional

convolutional layers replaced with two-dimensional convolutional layers. See Table[/|for
the exact architectural hyperparameters.

Table 7: Architectural hyperparameters for the convolutional neural network used in the experiments of Figure
and Table[3]

Hyperparameter Value
Stride (3,3)
Kernel size @3,3)
Pooling window size (3, 3)
Number of blocks 8
Hidden dimension 32

Training and evaluation: The binary cross-entropy loss was minimized for 150 epochs via the
Adam optimizer [32] with default 31, B2 coefficients (number of epochs was taken large enough such
that the train loss plateaued). Batch size was chosen to be the largest power of two that fit in the
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GPU memory. After the last training epoch, the model which performed best on the validation set
was chosen, and its average test accuracy is reported. Additional optimization hyperparameters are
provided in Table

Table 8: Optimization hyperparameters for the experiments of Figure

Model Optimizer Learning Rate Weight Decay Batch Size
CNN Adam 0.001 0.0001 128

J.4 Enhancing Suitability of Data to Locally Connected Neural Networks (Tables
and [4)

J.4.1 Features Rearrangement Algorithms

Algorithm 2] [3]and IGTD [[65] were applied to the training set. Subsequently, the learned feature
rearrangement was used for both the validation and test data. In instances where three-way cross-
validation was used, distinct rearrangements were learned for each separately.

Algorithm [2)and Algorithm 3} Approximate solutions to the minimum balanced cut problems were
obtained using the METIS graph partitioning algorithm [29], as implemented in https://github,
com/networkx/networkx-metis,

IGTD [65]: The original IGTD implementation supports rearranging data only into two-dimensional
images. We adapted its implementation to support one-dimensional (sequential) data for the experi-
ments of Tables [[]and 21

J.4.2 Randomly Permuted Audio Datasets (Table

Dataset: To facilitate efficient experimentation, we downsampled all audio segments in SpeechCom-
mands to have 2048 features. Furthermore, for the train, validation and test sets separately, we used
20% of the audio segments available for each class.

Neural network architectures:

 CNN: Same architecture used for the experiments of Figure 3] (see Appendix [J.3.1).
* S4: Same architecture used for the experiments of Figure 3| (see Appendix [J.3.1).

* Local-Attention: Same architecture used in the experiments of Figure 3] but with a depth 4
network (we reduced the depth to allow for more efficient experimentation).

Training and evaluation: The cross-entropy loss was minimized via the Adam optimizer [32]] with
default 3, B coefficients. Batch sizes were chosen to be the largest powers of two that fit in the
GPU memory. The duration of optimization was 200, 200 and 450 epochs for the CNN, S4 and
Local-Attention models, respectively (number of epochs was taken large enough such that the train
loss plateaued). After the last training epoch, the model which performed best on the validation set
was chosen, and its average test accuracy is reported. Additional optimization hyperparameters are
provided in Table[9} We note that for S4 [26], in accordance with its official implementation, we use
a cosine annealing learning rate scheduler.

Table 9: Optimization hyperparameters for the experiments of TableE]

Model Optimizer Learning Rate Weight Decay = Batch Size
CNN Adam 0.001 0.0001 128
S4 AdamW 0.001 0.01 64
Local-Attention Adam 0.0001 0 32

J.4.3 Tabular Datasets (Tables[2]and

Datasets: The datasets "dna", "semeion" and "isolet" are all from the OpenML repository [59]]. For
each dataset we split the samples intro three folds, which were used for evaluation according to a
standard three-way cross-validation protocol. That is, for each of the three folds, we used one third
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of the data as a test set and the remaining for train and validation. One third of the samples in the
remaining folds (not used for testing) were allocated for the validation set.

Neural network architectures:

* CNN: We used a ResNet adapted for tabular data. It consisted of residual blocks of the
following form:

Block(x) = dropout(x + BN(maxpool(ReLU(conv(x))))) .

After applying a predetermined amount of residual blocks, a global average pooling and
fully connected layers were used to output the prediction. The architectural hyperparameters
are specified in Table

* S4: Same architecture used for the experiments of Figure 3| (see Appendix [J.3.1)), but with a
hidden dimension of 64.

Local-Attention: Same architecture used for the experiments of Figure [3] (see Ap-
pendix [I.3.T), but with 4 attention heads of dimension 32 and a local-attention window size
of 25.

Table 10: Architectural hyperparameters for the convolutional neural network used in the experiments of Tables

and E]

Hyperparameter Value
Stride 3
Kernel size 3

Pooling window size 3
Number of blocks 8
Hidden dimension 32

Training and evaluation: The cross-entropy loss was minimized for 300 epochs via the Adam
optimizer [32] with default 37, 52 coefficients (number of epochs was taken large enough such that
the train loss plateaued). Batch sizes were chosen to be the largest powers of two that fit in the GPU
memory. After the last training epoch, the model which performed best according to the validation
sets was chosen, and test accuracy was measured on the test set. The reported accuracy is the average
over the three folds. Additional optimization hyperparameters are specified in Table[TT] We note that
for S4 [26]], in accordance with its official implementation, we use a cosine annealing learning rate
scheduler.

Table 11: Optimization hyperparameters for the experiments of Table

Model Optimizer Learning Rate Weight Decay Batch Size
CNN Adam 0.001 0.0001 64
S4 AdamW 0.001 0.01 64
Local-Attention Adam 0.00005 0 64

J.4.4 Randomly Permuted Image Datasets (Table

Dataset: The data acquisition process followed the protocol described in Appendix [J.3.2] except that
the data was not converted into a binary one-vs-all classification dataset.

Neural network architectures:
* CNN: Same architecture used for the experiments of Figure [§]

Training and evaluation: The cross-entropy loss was minimized for 500 epochs via the Adam
optimizer [32]] with default 31, B2 coefficients (number of epochs was taken large enough such
that the train loss plateaued). Batch size was chosen to be the largest power of two that fit in the
GPU memory. After the last training epoch, the model which performed best on the validation set
was chosen, and its average test accuracy is reported. Additional optimization hyperparameters are
provided in Table
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Table 12: Optimization hyperparameters for the experiments of Table

Model Optimizer Learning Rate Weight Decay  Batch Size

0.001
(multiplied by 0.1 after 300 epochs)

CNN Adam 0.0001 128

J.4.5 Randomly Permuted Audio Datasets With a Large Number of Features (TableEl])

Dataset: The data acquisition process followed the protocol described in Appendix [J.3.1] except that
the data was not transformed into a binary one-vs-all classification dataset and the audio segments
were upsampled from 16,000 to 50,000.

Edge Sparsification: To facilitate running the METIS graph partitioning algorithm over the minimum
balanced cut problems encountered as part of Algorithm 2] we first removed edges from the graph us-
ing the spectral sparsification algorithm of [56]. Specifically, we used the official Julia implementation
(https://github.com/danspielman/Laplacians. j1) with hyperparameter € = 0.15.

Neural network architectures:

* CNN: Same architecture used for the experiments of Table [2](see Appendix [J.4.3)).

* S4: Same architecture used for the experiments of Table [I| (see Appendix [J.3.1)), but
with a hidden dimension of 32 (we reduced the hidden dimension due to GPU memory
considerations).

Training and evaluation: The cross-entropy loss was minimized for 200 epochs via the Adam
optimizer [32] with default 3;, 82 coefficients (number of epochs was taken large enough such that
the train loss plateaued). Batch sizes were chosen to be the largest powers of two that fit in the
GPU memory. After the last training epoch, the model which performed best on the validation set
was chosen, and its average test accuracy is reported. Additional optimization hyperparameters are
provided in Table @} We note that for S4 [26]], in accordance with its official implementation, we use
a cosine annealing learning rate scheduler.

Table 13: Optimization hyperparameters for the experiments of Table

Model Optimizer Learning Rate Weight Decay Batch Size

CNN Adam 0.001 0.0001 64
S4 AdamW 0.001 0.01 64

K Deferred Proofs

K.1 Useful Lemmas
Below we collect a few useful results, which we will use in our proofs.

Lemma 1. We denote the vector of singular values of a matrix X (arranged in decreasing order) by
S(X). For any A, B € RP1*D2 it holds that:

[S(A) = SB)| <[S(A-B)
Proof. See Theorem I11.4.4 of [3]. O

Lemma 2. Let P = {p1,....,on}, Q@ = {q1, ..., qn } be two probability distributions supported on
[N, and denote by TV (P, Q) := 1 22[:1 |Pn. — qn| their total variation distance. If for € € (0,1/2)
it holds that TV (P, Q) < e, then:

|H(P) — H(Q)| < Hy(e) + € In(N),

where H(P) := — 25:1 Dr In(py,) is the entropy of P, and Hy(c) := —c-In(c) — (1 —¢)-In(1—¢)
is the binary entropy of a Bernoulli distribution parameterized by c € [0, 1].

Proof. See, e.g., Theorem 11 of [27]. O
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Lemma 3 (Hoeffding inequality in Hilbert space). Let X1, .., X be an i.i.d sequence of random
variables whose range is some separable Hilbert space H. Suppose that E[X,] = 0 and || X,|| < ¢

fOFClll?’l S [l\/]. Zhen,forallt > 0:
> t < 2 exp
- - 282 ’

1 N
Pr ( - Zn:l X,
Proof. See Section 2.4 of [51]]. O

where ||-|| refers to the Hilbert space norm.

Lemma 4 (adapted from [35])). Let G = (V, E) be the perfect binary tree graph, with vertices V
and edges E, underlying the locally connected tensor network that generates YWry € RP1X %Dy
(defined in Section . For L C [N], let Vic CV and Vice C 'V be the leaves in G corresponding to
axes indices K and K¢ of Wrrn, respectively. Lastly, given a cut (A, B) of V,ie. ACVand BCV
are disjoint and AU B =V, denote by C(A, B) := {{u,v} € E: u € A,v € B} the edge-cut set.
Then:

rank([Wr; K]) < min ay (4,8) of v st viec A vieecs RICAP

In particular, if (K, K°) € Cy, then:
rank([Wrn; K]) < R.

Proof. See Claim 1 in [35]] for the upper bound on the rank of [Wrn; K] for any £ C [N]. If
(K, K€) € Cy, since there exists a cut (A, B) of V such that Vic C A and Vic. C B whose edge-cut
set is of a singleton, we get that rank ([Wrn; K]) < R. O

Lemma 5 (adapted from [35]]). Let G = (V, E) be the perfect 2F -ary tree graph, with vertices V
and edges E, underlying the locally connected tensor network that generates Wi, € RP1xxDPyr
(defined in Appendix . Furthermore, let i : [N]F — [NT] be a compatible map from P-
dimensional coordinates to axes indices of Wiy (Definition EI) For J C [NP], let V; C V

and V.ze C 'V be the leaves in G corresponding to axes indices J and J¢ of Wik, respectively.
Lastly, given a cut (A, B) of V, i.e. A CV and B C V are disjoint and AU B =V, denote by
C(A,B) :={{u,v} € E:u € A,v € B} the edge-cut set. Then:

rank([Wiy; T]) < min (a5 orv o vyca v ecn RGN

In particular, if (K, K¢) € CL, then:
rank([Wrn; u(K)]) < R.

Proof. See Claim 1 in [35] for the upper bound on the rank of [[Wﬁ]; J ]] for any J C [N P . If
(K,K¢) € CL, since there exists a cut (A, B) of V such that V() € A and V,,(x). € B whose
edge-cut set is of a singleton, we get that rank( [Wh; u(K)]) < R. O

Lemma 6 (adapted from Theorem 3.18 in [25]]). Let A € RPv¥*DPN gnd ¢ > 0. For each
canonical partition (KC,K¢) € Cy, let o1 > ...0k D, be the singular values of [A; K], where
Dy == min{[],,cxc Dn [Tnexce Dn}- Let (nic)cecy € NCN be an assignment of an integer to each
K € Cn. For any such assignment, consider the set of tensors with Hierarchical Tucker (HT) rank at
most (nic)kecy as follows:

HT ((ni)kecy) = {V € RP>*" PN YK € Cy,rank([V; K]) < nic }

Suppose that for all (KC,K°) € Cy it holds that ﬂ/Zden,CH 0% 4 < s—5- Lhen, there exists
W e HT ((nk)kecy ) satisfying:

W —AJl <e.

In particular, if for all (K,K¢) € Cy it holds that Q/ZdD:’CR_,’_l 0% 4 < \/ﬁ, then there exists
Wrn € RP1XXDN generated by the locally connected tensor network (defined in Section
satisfying:

[Wrn — Al <e.
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Lemma 7 (adapted from Theorem 3.18 in [23]). Let (nx)icecy € NC~ be an assignment of an
integer to each I € Cy. For any such assignment, consider the set of tensors with Hierarchical
Tucker (HT) rank at most (nic)xecy as follows:

HT ((ni)kecy) = {V € RP PN YK € Cy, rank([V; K]) < nc} .

Consider a locally connected tensor network with varying widths (nic)xecy, i-e. a tensor network
conforming to a perfect binary tree graph in which the lengths of inner axes are as follows (in contrast
to all being equal to R as in the locally connected tensor network defined in Section[3.1)). An axis
corresponding to an edge that connects a node with descendant leaves indexed by K to its parent
is assigned the length ni. Then, every A € HT ((nic)cecy ) can be represented by said locally
connected tensor network with varying widths, meaning there exists an assignment to the tensors of
the tensor network such that it generates A. In particular, if ng = R for all K € Cy, then A can be
generated by the locally connected tensor network with all inner axes being of length R.

Lemma 8. Let VW € RPV"XPN pe tensors such that ||V|| = |[W|| = 1 and ||V — W] < 3
Then, for any (IC,K¢) € Cy it holds that:

IQE(V;K) = QEW; K)| < Hy(|V = WI)) + [V = WI| - In(Dx),
where Hy(c) :== —(c-In(c) + (1 — ¢) - In(1 — ¢)) is the binary entropy of a Bernoulli distribution
parameterized by ¢ € [0,1], and Dxc := min{[[,,cc Dn, [ ,,cxce Dn

Proof. For any matrix M € RP1*P2 with D := min{Ds, D2}, let S(M) = (om.1,---,0Mm.D) be
the vector consisting of its singular values. First note that

V=Wl =[S(V-W;KDI<IIV-W].
So by Lemma([I| we have
IS(V; KT = S(IW; DI < [V =W
Letv; > -+ > vp, andwy > -+ > wp, be the singular values of [V; K] and [W; K], respectively.

We have by the Cauchy-Schwarz inequality that
2

D 2 Dy Dk Dy
(sz —U§|> = <de—vd| . |wd+vd|> < (Z(wd —Ud)2> (Z(wd+vd)2> .
d=1 d=1 d=1 d=1
Now the first term is upper bounded by ||V — )/V||2 and for the second we have

D
Z}C’der”Ud de+Zvd+2fudwdf2+2Zvdwd<4
d=1

where we use the fact that ||V|| = ||W|| = 1, and again Cuachy-Schwarz. Overall we have:

Dixc

> lwi—vil <2V - W

d=1
Note that the left hand side of the inequality above equals twice the total variation distance between
the distributions defined by {w?}2% and {02}, . Therefore by Lemmawe have:

[QE(V:K) = QEW; K)| = [H({wz}) — H({vz})| < |V = WI| - In(Dx) + Hy(|V = WI)).
O

Lemma9. Let P = {p(x)},c[s), where S € N, be a probability distribution, and denote its entropy
by H(P) := Ex~p[In (1/p(2))]. Then, for any 0 < a < 1, there exists a subset T C [S] such that

H(P)

Proop(T) <aand |T|<e a

Proof. By Markov’s inequality we have for any 0 < a < 1:

Prop ({x e p(:v)}) — Prop ({x :In (p(lx)) > HEIP) }) <a.

LetT := {x Lo } . Note that
=1
ver PV = ZmG[S] p(x) ’
andso |T| <e 7 and Pro.p(T°) < a, as required. O
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K.2 Proof of Theorem|1|

If A = 0 the theorem is trivial, since then QE(A; KC) = 0 for all (I, £¢) € Cn, so we can assume
A # 0. We have:

Wrn H H Al
WTN - A
Wrxll AL AT W]
1 ( [|All ’
< 5 — 1| - [Wrn]|| + [Wrn — Al
||A|| [Wrn ||
IIAII (A= WreNll] + [Wrn = All)
2€
< —.
Al
Now, let A= m and WTN HW be normalized versions of A and Wy, respectively, and let
c= ‘ H Note that ¢ < 2“:‘” Hi‘\l = 2, and therefore by Lemmalwe have:

QE(AK) — QEW: K)| = |QE(A: K) - QE (Wi K) |
<c¢-In(Dx) + Hy(c).
By Lemmafd] we have that
QF (WTN;/C) < In(rank([Wrn; K])) < In(R),

and therefore R
QE(A; ;c) <Wn(R) + ¢In(Dy) + Hy(c).

Substituting ¢ = H26H and invoking the elementary inequality Hj(x) < 24/x we obtain

2e

as required. Lastly, the existence of a tensor A’ € RP1**Dn guch that QE(A;K) >
min{| K|, [K¢[} - In(min,epny Dy) for all (K,K¢) € Cn follows from the construction given in
Theorem 2 of [17]. O

K.3  Proof of Theorem 2]
Consider, for each canonical partition (1C, K¢) € Cy, the distribution

P — N UIQC,i
K = pK(Z) = ||"4||2 bl s

. ) 1 2 _
where ox 1 > ok 2 > ... > 0k p, are the singular values of [A; K] (note that A Zj Ok, =

H“:”; = 1 so Px is indeed a probability distribution). Denoting by H(Px) := Eiwp [In (1/px(7))]

the entropy of Py, by assumption:

62

QE(A;K) = H(Px) < TAPEN —3)

In(R),
for all (KC, K¢) € Cn. Thus, taking a = AT

m we obtain by Lemma|§|that there exists a subset
T C [D;C] such that

62

TE) < — &
PelTR) < Gr =3y

H(Py)
and |Tc| < e = ™) = R, Note that

R (T?
Pr(Tk) < Zi:l AR

32



1091

1092

1093
1094

1095

1096

1097

1098

1099

1100

1101

1102

1103

1104

1105

1106

1107

1108

Since this holds for any subset of cardinality at most R. Taking complements we obtain

Dy 672
K3 < TC
Zz’:R—H A% — Pre(Ti0)

SO

i=r+1 M= JON —3)

‘We can now invoke Lemma@ which implies that there exists some Wy € RP1x-xDn

by the locally connected tensor network satisfying:

[Wrn — Al <e.

generated

K.4  Proof of Proposition|[l]
Recall that by Lemma 8] for any pair of unit norm tensors V, W such that [V — W|| < 0.5

(QE(V;K) = QEW; K)| < [V = W[ In(Dx) + Hy(|[V = WI|) < 2In(Di) VIV = W],
where we used the elemntary inequality Hy(x) < 2+/z. So it suffices to bound

' 1)cn1p 2)cn1p ‘

I Dpopll [ Dempll
‘ _ H’DpopHDemp B Demp"DpOp|‘ ‘ —
Dpop [ Pemp||

H Dpop [ Demp|l — || Pempl|Pemp + Pernp|[Pemp || — PemplPpop||

We have the identity

H Z)pop Zjenlp
ID

popll [ Pempl|

I Ppop [ Demp|l
by the triangle inequality the above is bounded by
||Dp0p — Demp” + |||Dp0p|| — HDempm
[Dpop [ Dpop

For m € [M], let X(™) = y(™) . @, cyx("™) — Dp,,. These are i.i.d random variables with
E[X(™)] = 0and ||X(™)|| < 2 for all m € [M]. Note that

1 M m
HM Zmzl X )H = | Demp — Ppopll »

2 4
so by Lemmawith c=2,t= “175552”)7 , assuming M > W we have with probability
pop
atleast 1 — ¢
HDPOPH72
|||Dp0p|| - HDemp||| < HDPOP - Demp” < W’
and therefore
[ Poop = Dempll [ Ppopll = [ Pemplll . 2
[ Dpop|| [ Dpop| ~ 4In(Dk)?

and so by Lemmalg]
|QE(Demp; K) — QE(Dpop; K)| < 7.
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K.5  Proof of Corollary|[l]
Notice that the entanglements of a tensor are invariant to multiplication by a constant. In particular,
QE(Dpop; K) = QE(Dpop/ | Ppopl|; K) for any (K, K°) € Cn. Hence, if there exists a canonical
partition (K, K¢) € Cy under which QE(Dpop; K) > In(R) + 2¢ - In(Dxc) + 2v/2¢, then Theorem|l]
implies that minyy. [ WrN — Dpop/ || Ppopl|| > €. Now, for any non-zero W € RP1*P~N gener-
ated by the locally connected tensor network, one can also represent W/ ||[W)|| by multiplying any of
the tensors constituting the tensor network by 1/||W)|| (contraction is a multilinear operation). Thus:
WTN _ Dpop WTN _ DPOP
||WTN|| ”DPODH HDPOPH

which concludes the first part of the claim, i.e. the necessary condition for low suboptimality in
achievable accuracy.

For the sufficient condition, if for all (IC, £¢) € Cy it holds that QE(Dpop; K) < 5573 - In(R),
then by Theorem [2] there exists an assignment for the locally connected tensor network such that

> €,

SubOpt := minyy, ‘ > minyy,

WrN — Dpon /| Poo < €/2. From the triangle inequality we obtain:
Dpop pop g q y
WrnN Dpop ’ H Dpop WrnN € WrnN
< |WrN — + |[Wr~ — < -+ [[Wrn — .
H IWrnll [ Dpopll [ Dpop || [Wrenl| ||WTN|110)

Since || WrN — Dpop/|| Ppop ||| < €/2 it holds that |[Wrn|| < 1+ ¢/2. Combined with the fact that

||WTN — WWV%HH = |[Wrn|| — 1, we get that HWTN — Hx%\lﬂ < €/2. Plugging this into Equa-
tion (I0) yields:
| - ! <
IIWTNII HDpopH
and so SubOpt := minyy,., H HWTNH I\Dpopl\ H < O

K.6 Proof of Theorem

If A = 0 the theorem is trivial, since then QE(A; u(K)) = 0 for all (K,K¢) € CL, so we can
assume A # 0. We have:

A

i~ = el pegy 4
Wiy —A
H VR AT AT TR ™
1 < A ’ P P
ST =1 Wl + Wiy = Al
IIAII NN ™ ™
A ([IIAL = Iwrsll] + Ve = All)
Al
2¢
< g
4]
Now, let A := ﬁ and WEy = me” be normalized versions of A and W, respectively, and let
TN
c= ‘ H Note that ¢ < %m = 7, and therefore by Lemmalwe have:
QE(A; pu(K E(WTN, N =|QE(Asu()) - QE(Wiy: n(0))|
<c- hl(DH()C)) + Hb(c) .
By Lemma 5| we have that

QE(Whyi 1)) < n(rank( Wi w(K)]) < (),

and therefore R
QE(A;u(K)) < n(R) + eln(Dye)) + Hy(c)

and invoking the elementary inequality Hy(x) < 2+/2 we obtain

Substituting ¢ = H2€H

2% 2€
QE(A; u(K)) < In(R) + AT “In(Dyyx)) +2 Al
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as required. Equation (6) follows from the construction given in Theorem 2 of [17].

K.7 Proof of TheoremE]

Let Cyr be the one-dimensional canonical partitions of [N ] (Definition . Note that u(CL) =
{u(K) : K € C§} C Cxr. For an assignment (nK)kecyr € N~ of integers to one-dimensional
canonical partitions C € Cyr, we consider the set of tensors whose matricization with respect to
each IC € Cr has rank at most nyc. This set is also known in the literature as the set of tensors with
Hierarchical Tucker (HT) rank at most (ny) kecyp (cf [25]). Accordingly, we denote it by:

HT ((nIC)ICeCNp) ={Ve RDPXDyr . yIC € Cyr, rank([V; K]) < ni} .
Now, define (nj-)xec, » € NP by:

R if pm(K)eck

where Dy := min{]],,cx Dn,[],,cxcc Dn}. We show that for any tensor A that satisfies for all
K eck:

€2

QE(A; uK)) € s -1
(2N = 3)[l Al
there exists a tensor V € HT ((ni)xec,,» ) such that [[A — V|| < e. Consider, for each canonical

partition (IC, K¢) € CL, the distribution

P . U/2C,z'
S L I1AII* i€[Dx] ’

. ] 1 2 _
where ox 1 > o2 > ... > 0x.p, are the singular values of [A; u(KC)] (note that AT Zj Ok =

Hﬁ”j = 1 s0 Py is indeed a probability distribution). Denoting by H(Pi) := Eiwp [In (1/pxc(7))]

the entropy of P, by assumption:

n(R),

€2

QE(A; u(K)) = H(Px) < [AP2N? —3)

In(R),
for all (K, K¢) € CL. Thus, taking a = W we get by Lemma@that there exists a subset
Tic C [Dx] such that
2
€
Pelio) = oyr —gap

H(Px)

and |Tx| < e« =) = R. Note that

R o2

Pr(Tk) < Zi:l ||~"(||2 .

Since this holds for any subset of cardinality at most 2. Taking complements we obtain

D}C 0'2
2 < C
Zi:R-‘rl | AlI? — Pre(Ti)

SO

D 9 €
D R S
i=R+1 ’ (2 NP — 3)
We can now invoke Lemma@ (note that if =1 (K) ¢ CE, then the requirements of Lemma E] are
trivially fullfiled with respect to the partition (/C, C°) since ny. = Dy), which implies that there

exists some W € HT ((nj)kec, » ) satisfying:

W —A| <e,
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as required.

The proof concludes by establishing that for any tensor W € HT ((n,*c);gech), there exists
assignment for the tensors constituting the P-dimensional locally connected tensor network (defined
in Figure[6) such that it generates W.

To see why this is the case, note that by Lemma any tensor W € HT ((n,*C)Kech) can be repre-
sented by a (one-dimensional) locally connected tensor network with varying widths (ny)xec, »»
i.e. a tensor network conforming to a perfect binary tree graph in which the lengths of inner axes are
as follows: an axis corresponding to an edge that connects a node with descendant leaves indexed by
KC to its parent is assigned the length n¥.. We can obtain an equivalent representation of any such
tensor as a P-dimensional locally connected tensor network (described in Appendix [[.1.T)) via the
following procedure. For each node at level [ € {0, P,2P, ..., (L — 1) P} of the tree (recall N = 2L
for L € N), contract it with its descendant nodes at levels {{ + 1,...,l + (P — 1)}E] This results in
a new tensor network whose underlying graph is a perfect 2°-ary tree and the remaining edges all
correspond to inner axes of lengths equal to n}- = R for K € C¥, i.e. in a representation of W as a
P-dimensional locally connected tensor network. O

°For a concrete example, let N = 2 = 4 and P = 2 (i.e. L = 2). In this case, the perfect binary tree
underlying the one-dimensional locally connected tensor network of varying widths is of height L - P = 4 and
has N¥ = 16 leaves. It is converted into a perfect 4-ary tree tensor network of height I = 2 by contracting the
root with its two children and the nodes at level two with their children.
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