Supplementary material

A Specifications of Experiments

A.1 Hyper-representation

The hyper-representation problem follows the same problem setup as in [58]], and is given by

1
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where L¢ g denotes the cross-entropy loss, S, and S, denote the training data and the validation data,
and f(\; x;) donates the features extracted from the data x;;. We perform the hyper-representation
with the 7-layer LeNet network to solve the bilevel problem. We take the last two layers as the lower-
level parameters w, and all remaining layers as the upper-level parameters A. In our experiments,
the dimension of w is 850, and the dimension of X is 60856. For the choices of hyperparameters in
Figure[l] all ) in eq. (6), eq. (7), and eq. (I0) are all chosen as 0.9. The stepsize 3; for the lower-level
update is chosen as 0.8 and the stepsize o for the upper-level update is chosen as 0.008. The stepsize
A¢ 18 0.05 and all the §, used are 0.1. The batch size is 256 for both lower- and upper-level processes
and the number of lower iterations is 1. For PZOBO-S, F2SA, and F3SA, we use the hyperparameter
configurations suggested in their papers and implementations. We run the experiment 3 times with
different seeds where the solid lines show the average accuracy or loss and the transparent area
indicates the variance filled by the max and min values. We run the comparison algorithms using their
repositories. The repository of PZOBO-S is available at https://github.com/sowmaster/esjacobians|

A.2 Data Hyper-Cleaning

The formulation of the data hyper-cleaning problem is given as follows:
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" (@iyi)eSy
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w Sz
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where Log denotes the cross-entropy loss, S, and S denote the training data and the validation
data, whose sizes are set to 20000 and 5000, respectively, A = {\; }ics, and C are the regularization
parameters, and o (-) is the sigmoid function. In the experiments, we set C' = 0.001 and use 10000
images for testing. In addition, we set the number of iterations in solving the linear system to 3 and
set 7 = 0.5 in the hypergradient estimation. For our FMBO, we set both inner stepsize (which is
the stepsize to update w) and outer stepsize (which is the stepsize to update A) to 0.3 and set the
batchsize to 100. We also use a decaying 7 for more stable training. Following the hyperparameter
configurations suggested in the codes and papers of other comparison methods, we set their batchsizes
to 1000 for MRBO, stocBiO and set the batchsize to 500 for VRBO. We also set the period number
to 3 for VRBO. We set the number of inner-loop iterations to 200 for stocBiO, AID-FP and BSA,
and to 20 for VRBO, to achieve the best performance. Furthermore, we choose 0.1 as the both inner
and outer stepsize for all algorithms except FMBO and SUSTAIN. For SUSTAIN, we set the inner
stepsize to 0.03 and the outer stepsize to 0.1 for stability. We run the experiments at two noise rates
of 0.1 and 0.15. All results are repeated with 5 random seeds and we use Macbook Pro with a 2.3
GHz Quad-Core Intel Core i5 CPU for training without the requirement of GPU. However, our code
also supports GPU.

Technical Proofs

Proof outline. Recall that our proposed FMBO algorithm is a simplification of the proposed
Hessian/Jacobian-free FdeHBO method, which uses the Hessian matrix and Jacobian matrix vector
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directly without finite-difference approximation. For this reason, we first provide auxiliary lemmas
for proving the main theorems in Appendix [B] Next, we start the proof of FMBO in Appendix [C] and
then extend the analysis to the more complex FdeHBO in Appendix

B Proofs of Preliminary Lemmas

Lemma 1 (Boundedness of v*). UnderAssumptionsand we have for v* in eq. , |2 < Cﬂf;’ .
g

Proof. From eq. (5), we have

. _1 1 (a) ny
v 1* = I [Viya(@.9)] Vi f@n)l* < 1[Via()]  IPIVef @)l < —5
g

where (a) follows Assumptions|[I]and 2] Then, the proof is complete. O

Lemma 2. Under Assumptions|l|and El for any ||v|| < r,, we have that V f(x,y,v) is Lipschitz
continuous w.r.t. (z,y) € R% x R% with constant Ly given by

1% =2(1% + 12 1),

Proof. Note from eq. (3) that V f(z,y,v) = V. f(x,y) — V2,9(x,y)v. Then, we have

va(xhylvv) - ?f(xmyz’v)nz
= |[Vaf(@1,51) = Vo f (z2,52)] — [Va,9(z1,51) — Va,g(z2,y2) | v]?

(a)

< 2|Vef(z1,51) — Vaf (@2, 92) 17 + 2| [V2,9(x1,91) — V3, 9(z2,52)] 0|
(b)

< 2|Vef(z1,91) = Vo f (2, 12) I + 272 1V2,9(21, 1) — Vi, 9(22,52) |17

©)
< o(3, + 12,72 (e = ol + s — wal?)
= Ly (o1 — x2l® + llyr — v2l?)

where (a) uses Cauchy—Schwartz inequality; (b) follows from ||v|| < 7,; (c) follows from Assump-
tion[T]and Assumption 2] Then the proof is complete. O

Lemma 3. Under Assumptionand the estimation N f (x,y,v; ) is unbiased. And the gradient
estimate of the upper-level objective satisfies

E¢|[Vf(z,y,v:€) = Vf(z,y,0)|* < oF,

where O’J% = 2(0/2% + T%U;zy).

Proof. Based on the definition of V f(z, y, v; £) in eq. , we have

E [?f(x’ Y, 05 f)] - ?f(x,y,v)
=E[Vof(z,y;8) — VaVyg(2,y;§)v] — [Vaf(z,y) — VaVyg(z,y)v]
=E[Vaf(z,y;6) — Vaf(z,9)] — E[Vyg(z,y;§) — Vyg(z,y)]v
= 0.

And
EH?JC(JC’Q, Uyé) - ?f(xaya U)Hz
=E|| [Vof(z,y:€) — VaVyg(a,y; )v] — [Vaf(2,y) — VaVyg(z,y)v] |2
< 2E|Vof(2,y;€) — Vaf (z, 9)|I” + 2E|| Vo Vyg(x, y; v — Vo Vyg(z, y)v|

(a)
< 2E|| Vo f(2,y:€) — Vo f (2, 9)II” + 207K Vo Vyg (2, y: £) — Vo Vyg(a,y)|?
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(b)
2 2 2
< 2‘71% + QTUJQW.

where (a) follows from step 6 in algorithm 2] (b) follows from Assumption[3] Then, the proof is
complete.

Lemma 4 ([19]] lemma 2.2). Under Assumptions and we have, for all x,z1,15 € R% and
y € R,

IVf(z,y,v) = VO(2)|| < Llly*(x) — yl|
ly*(w1) — y* (w2) || < Lyllz1 — 2|
[VO(x1) — VO(z2)|| < Lyllz1 — 22,

where the Lipschitz constants are given by

Ly C L L, C
L:Lfl‘i‘ fy ™~ gay +C'q( Gzy + 9yy ~Gzy

LCg N Cg
; [ [ Ty ) [’U Ty .
‘[Lg ILLg Mg

Hg ( Hg

Lemma 5. UnderAssumptionfor any € and ), define ] = j(a:t, Yt, Vg, Oc; f)—vayg(act7 ye; &) vy,
ell .= f[(xt, Yt, Vg, 0 0) — ngg(xt, Yt; V) vy, then we have the bound of e and ef! that
lef|* < G382, e || < CF 2,

where Cy := L, 12, Cp := L, 12

Jzy ' v’ Gyy ' v*

Proof. According to definition of H (¢, yt, vt, Oc; ¥) in eq. @) we have
||€F|| = || H(zt, yt, v, 0e;9) — Viyg(rt,yt;t/f)vtll

1
ﬁHva(ﬂﬁnyt +0cv59) = Vyg(@e, yes ) — V?,yg(xt, Yi; ) (Sevy) |

1
+ 55 IVyg(@e, yisv) = Vyg(@e, ye — Sevi ) — V2, 9@, yes 1) (6evy) |

(a)
< L, bc|lv||*> < L, 126

Gyy Gyy ' v

where (a) uses the Lemma A.1 in [1]. Similarly, according to definition of J(z¢, yi, v, d¢; ¢0) in
eq. (TI), we have

Het]” = ||‘7(Itaytyvt76€;w) - viyg(xtyth)vt”

1
ﬁ”vmg(mtayt + 56U7w) - va:g(xta Yt 1/J> - v?pyg(mhth)((sfvt”l

1
+ ﬁ”vmg(xtayt; V) = Vag(me, yr — dev; ) — Viyg(wt,yt;w)(éevt)\\

(a)
< Ly, Oc|lvel|? < Ly, r26..

Jay Gazy' v

where (a) uses the Lemma A.1 in [1]].

C Proof of Theorem 2| (FMBO without first order approximation)

C.1 Some existential lemmas
The following lemmas provide characterizations on descents of (1) function value (by Lemmal6); (2)

iterates of the lower level problem (by Lemma([7); and (3) gradient estimation error of the outer-level
function (by Lemmalg).
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Lemma 6. For non-convex and smooth ®(-),with e defined as: et = hf V(@ ye, ve), the
consecutive iterates of Algorithm[2] satisfy:

« «
E[®(2111)] < E[@(2e) = SIVE(@)|? = FH(1 = arL) B2 + auef |
Cy, L2
oy (5, + =25 e = i I o 200Co o = 07 ),

g
forallt € {0,1,...,T —1}.

Proof. Using the Lipschitz smoothness of the objective function from Lemma[d] we have
L.
Ba1) < () + (V) w1 = 20) + - [wear — il
L
= (1) + (V@) bf) + ]|

= ®(2¢) - fIIV‘P Ol 3(1 —aLy)|nf|? + illhf = Vo), 19
where the last term of the right-hand side of eq. (T3) can be show as
1h] = VP ()|
= 1] = Vf@e g, v0) + V(@ pnv) = V()|
< 2llef |7 + 2V f (@4, yo, v0) = Vf (e y7, 7)1
< 20lel |12 + 4V £ (@e, g, ve) = VF (@, ye, )7 + 4V F (@, 96, 07) = VF (e, ye, 07) ||
(22”6f”2_|_40 v — w7 |2 2 nyLiy |2
< 2P 440y, oo =17+ 8(13, + =7 )y — v (16)

9
By applying eq. (I6) to eq. (I3)), we have

« «
D(w441) < P(we) — g\\V@(xt)Hz - jt(l —arLp) WL + anlle] |?
Cy, L2
oy (13, + =252 Yy = 97 I+ 200Co o = i (a7
g

then we take the expectation of both sides and the proof is complete. [

Lemma 7 ([34] Lemma C.2). Define ¢f := h — V,g(x, y;). Then the iterates of the inner problem
generated by Algorithm[2]satisfy

Ellysr1 — yipalI?

pgLyg * 2 1 2.2 f12
< Qa1+ (128,250 Y Bl - @l + (14 ) adelid )
28

1
)1+ ) ( - ﬁt) E|IV, (e y)ll? + (1 + 1) (1 + —)B2E]|ef |
pg + L Ot
Sforallt € {0,...,T — 1} with some %,5t > 0.

C.2 Descent in the gradient estimation error of the upper function

Lemma 8. Define et = hf Vf(z¢,ys,ve). Under Lemmal 3| the iterations of the outer problem
generated by Algorithm[2] sansfy

]E||et+1||2 (1- nt;-1)2E||6f ||2 + 2(77t+1) Uf
161 —nf,)? [L? (cZEIR] 12 + B2 (BN + 2BV, g a1, 91) 7))
120, N2 (B[R + L2E]|v, v:||2)]

forallt € {0,...,T — 1} with Lp in Lemmal2}
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Proof. From the definition of e{ , we have
Ellel,, |
= [|hfi1 = VI (@rs1, Yoo, ves1)

(a) — _
L Elnl 1 V(@1 Y, verns Ee1) + (=00 (B + VF (@41, Y, vigr; E1)
— VI (@e,ye, 06 &41)) — VI (@41, Yeg1, vep) P

I?

(b) = =
= EH(l - 77tf+1)€{ + 77tf+1 (Vf(fﬂtﬂ, Yer1s Vir15€e1) — VI @eg1, Yegr, 'Ut+1>)

+(1— 77{+1) ((vf(mtﬂv Yir1, Vi1 E41) — vf(wﬂrl» Yt+1, Ut+1))

) ) 2
— (Ve ye, v 641) — Vf(xt’yt’vt))) H

(o) = =
= (1=l )2 Ele] [P +Elnly (VF (@1, Yor1s V13 E41) — V@1, Yert, Vi)

+(1-nl) ((?f(xtﬂ,yt+1,vt+1;§t+1) — V(1 Y11, Ve11))

- (ﬁf(aft’yt, Ut§€t+1) - vf(xt,yt,vt))) ||2
< (L=, )?Elle] 11 + 2] 1)*EIV f(@er1, Yer1s ver1s €)= VI (@er1, Yer1s ven) ||
+2(1 =l E(V F (@1, Yo 1, Vet €)= VF (@1, Y1, Ver1))
- (@f(l‘t,yt, Ut;€t+1) - ?f(xtaytavt))HQ
(d)
< (=0l ) Ellel | +2(nf,1)%0F
+2(1 =l E(VF (@it Yo 1, Vst €)= VF(@ap1s Y1, Veg1))
— (VF(@e, ye,v5641) — Vf (@, ye,0)) |12 (13)

where (a) uses the definition of h{ 41 ineq. , (b) uses the definition that e{ = h{ —-Vf (¢, ye, vt),
(c) follows because for Xy 11 = {yo, 0, V0s -+ Yt, Tt, Uty Yt-+15 Tt41, Vit1 s

E<etf7 (vf(xt+1a Y1, Ves1; eg1) — vf(xt+17yt+1a V1)

— (= ) (Vf(@e,ye,v6 €41) — VI (e, ye Ut))>

= ]E<€{7 E {(vf(ft—'rl» Yta1, Vi1 Eet1) — vf(xtﬂ, Y1, Vet1)

— (1=l ) (VF (e, ye,ve 1) — Vf(xt,yt,vt))|2t+1}> =0, (19)
which follows from the fact that the second term in the inner product of eq. (I9) is zero mean as a
result of Assumption 3] (d) follows from Assumption 3]
Next, we bound the last term of eq. (I8)
2(1 - Tl,{+1)2EH (VI (er1,yer, vern €ea1) — V(@0 56,06 €41))
- (vf($t+1,yt+1,vt+1) - ?f(xt,yuvt))HQ

(%) 2(1 - 77tf+1)2]E||vf(9Ct+1ayt+1, Vr1: Eeg1) — VI (@, v, v &41) |1
<6(1— 77tf+1)2E\Wf($t+1,yt+1,”Ut+1;§t+1) - vf(»”ﬂt,ytﬂ, Ut+1;§t+1)||2
+6(1 = i/, ) 2BV (e, Yo, ver1: E1) — VI (@, Yo, Ve Er1) ||

+6(1— 77{+1)2]E||?f(xtayt7Ut+1§§t+1) — V(@ Yo, ves &) |

()
< 6(1— 1, 1) 2 LEE w1 — 2l + 6(1 — 1), )P LEEyesr — el
+6(1 =/, ) ElV2,9(ze, ye) (V1 — ve) |2
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(c)
< 6(1 — i/, 1) 2LEE|zpg1 — 2e|* + 6(1 — 01> LEEys1 — we)?

+6(1 = n/11)*Cy,, Bl — il

(d)
< 6(1— 0l )PLEE |z — 2| + 6(1 — 0l ) 2LEE yers — vl
+6(1— 77tf+1)20gzyE||wt+1 — v

(e)
< 6(1— nf)? L3 (oZEIIL |2 + BEENR 1) + Co,, MBI 2]

INS

6(1 —nf,1) | LE (aFER] > + BPEIRY|1?) +2C

Gzy

X (Eef!? + IV Ry (e, 1, 00) )]

IAS

6(1—nf,1)® | L% (aFE|R] > + BPEIIR|?) +2C

Gay

N (Bllef |2 + L2, - v} |?)]

INE
o

6(1 — 77tf+1)

L% (ZE|R] |12 + B2 (2E[fI” + 2B]| V9 we, )]?) )

+2C,

Gzy

N2 (E[leR|? + L2E|v, — v:||2)], 20)

where (a) follows from the mean-variance inequality: For a random variable Z we have E||Z —
E[Z]||* < E[Z|]? with Z defined as Z := V f(x111,Yer1, Vg1 1) — V(@0 yi, 06 €41), (0)
follows from Lernma|2|and eq. @) (c) uses Assumptiong (d) follows from the nonexpansiveness of
projection that ||v; 1 — v7|| < ||Projz(wis1) — Projg(vi)|| < ||wey1 — vi | in convex ball B(0,r2),
(e) uses the definition of h{ in eq. , hiineq. (@ and hf ineq. , (f) follows from the definition
that el := hE — V., R(z¢, ys, vt), (2) uses that result the

E(|VoR(zs, v, Ut)||2 = E”v?/yg(xhyt)/vt - vyf(xtayt)HQ
= E||V3,9(xe, y) (v — o) |* < LiE[lve — o7 >, 1)

(h) uses the definition that ef := h{ — V, g(x, y¢). Finally, substituting eq. in eq. (18), we have
the statement in the lemma.

Then, the proof is complete. O

C.3 Descent in the gradient estimation error of the inner function

Lemma 9. Define e} := h{ — V,g(xt,y:). Under Assumption|2|and (3| the iterates generated
from Algorithm 2] satisfy

Ellef11* < (1 —nfy 1) Ellef |1 + 32(1 — nf, 1) 2Ly 57) Ellef [I* + 2(141)% 0
+16(1 = nfy1)* Lo B[R] > + 32(1 — nf,, ) * L2 BTEIV yg(r, y0) |

forallt € {0,1,....T —1}.
Proof. From the definition of the e we have
E\Ieiﬂllz =E|[h{,, - Vyg(@er1,yes) I
D EIV,yg(@ et yern; ) + (= 18020 — Vyg(@e, v Gern)) — Vyg(@en, v
QRN = n¢)ed + (Vyg(@ests yest G1) — Vog(@eet i)
— (L= ) (Vyg(@e, 46 Ger1)) — Vyg(@e, ye)|?
9 (1- 773+1)2EH€§?||2 +E[(Vyg(@is1, Y15 1) — Vyg(@ea1, Yit1))
— (1=, ) (Vyg(@e, 45 Ge1)) — Vyg(@e, vl
< (L= B+ 200,20

+2(1 = 0 1)’ Ellg(@eg1, Yer1; Gr1) — 9(@eg1, Ye11) — 9(@e, yes Grn) + (e, ve) 1P
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(e)
< (L= nfy)Ellef |2+ 2(nf )07 + 401 = 0y ) *Ellg(@es1, yr1) — gz, v |12
+4(1 - 77tg+1)2E||9(iEt+1, Y13 Cer1) — 9(Te, Yis Ct+1)||2

)
< (1=l *Ellef|I* + 2(5/11)%05 + 8(1 = 01) Ellg(@er1, yr41) — g(@esr, o) I

+8(1 - 77tg+1>2E||9($t+17 Yye) — 9(xt, yt)||2
+8(1 =17, )’Ellg(@es1, yer1: Gev1) — 9(@eg15 yes G [P
+8(1 =17, 1 )’Ellg(@es1, yes Gear) — 9(2e, yes G I

(9)
< (L=nf 1))’ Ellef 1> + 2(nf,1) 0

+16(1 — 9}, )’ LiE| @11 — ]| +16(1 — 17, )*L2E|lyes1 — el
(h)
< (L—nf 1)’ Ellef|? + 2(nf,1) %0
+16(1 = nf 1) *L2a7E| R || +16(1 — 5, ,)* L2 B7E||h{ |
(4)
< (1- 77?+1)2EH€§”2 + 2(77?+1)2‘7§ +16(1 — nf+1)2Lf]afE||h{||2
+32(1 - 77?+1)2L35t2E||6tg”2 +32(1 - nf+1)2L52;Bt2]E||Vyg(xt7 %)HQ
= (1= nf,1)?(1L+32LLBDE| €] |* + 2(1,1) %02 + 16(1 — 0, 1) L2a7E| k] ||
+32(1— W?+1)2L353E||Vy9(9€t7 yo)l1?,

where (a) uses the definition of A in eq. @, (b) uses the definition of e/, (c¢) follows because for
Sir1 = 0{Y0, T0;s -+, Yts Tty Y41, Teg1

E<€f, (Vyg(@es19e41: Cea1) — Vyg( @41, Yesr)
-(1- 77tg+1)(vy9(90t7yt§ Ge+1) — Vyg(xtayt))>
= E<657E[(Vyg(zt+1, Yer15 Cer1) — Vyg (T, yt+1))
— (1 =011 (Vyg(@e, ye; Goan) — Vyg($t7yt))|zt+l]> =0,
where (d) follows from Cauchy-Schwartz inequality and Assumption EL (e) and (f) use

Cauchy—Schwartz inequality, (g) follows from Assumption [2} (h) follows from Steps 4 and 7
in Algorithm 2} (i) follows from the definition ef := h{ — V,g(z, y). O

C.4 Descent in the gradient estimation error of the R function

Lemma 10. Define el := hf* — V,R(z,yi,v;). Under Assumption the iterates generated
by Algorithm 2| satisfy

Ellefi1]l® < (1= nfin)® (1+48L203) Ellefl|? + 4(nft0)% (02,72 + 03,
+48(1—nfty)? (£2, 2+ 13, ) [0ZEIR] 2 + 282 (Blle? | + E| Vyg(we, ) |2)]

+48(1 — it 1 )P LgAPE vy — vf|?
forallt € {0,1,...,T —1}.
Proof. For the gradient estimation error of the R function, we have

Ellef}, )12

=E|al, — Vo R(xs, yi,v0) ||

(a)
= E(|VoR(is1, Yes1, Vi1 Yegr) + (1= 0 )R — (1= 0l ) Vo R(2e, yi, vig1; Vi)
— VoR(xt41, Y141, Ut+1)||2
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(®)
S EN(1—nf el + (1 —nft ) VoR(xe, ye, ve)
+ Vo R(@e11, Y1, Veg1; Yeg1) — (L= 0 ) Vo R(me, ye, ves Peqr)

— Vo R(®ii1, Y1, ves1)]?

()
= (1= 00 Ellefl” + EIQ = 1) Ve R(@e, ye, ve) — (1= nfi) VoR(@e, Yo, v 9es1)

+ Vo R(Tt41, Y1, Ve 13 Y1) — Vo R(@e41, Yes1, ves1) |2 (22)

where (a) follows from eq. , (b) uses the definition of e := hft — V, R(x,y:,v:), (c) follows
from the fact that

E<65, (VoR(Tt41, Ye41,01415 Yeg1) — Vo R(Teg1, Yeg1, Vi)
— (L= ) (VoR(xe, Yt veithrs1) — VoR(e, yt7vt))>
= E<6f, E[(VoR(Zt41, Yer1, Veg15 Yes1) — VR(Te1, Yeg1, vig1))
—(1- Tlﬁl)(VuR(xt,yt, Vg Yig1) — Vo R(24, yt7vt))|2t+1]> =0

for X¢11 = 0{yo, V0, 0, -y Yt, Vt, Tty Yt+1, Vi1, L1 ). For the second part of the right-hand side
of eq. (22),

EH(l - Uﬁl)vvR(xt; yt7vt) - (1 - Uﬁ1)vvR($t,yt,Uﬁ ¢t+1)
+ Vo R(Te41, Yo 15 Vi15 Ve41) — Vo R(Tes1, Yes1, Vi)

(a)
< 2 )P E| Vo R(Tet1, Yet1, Vi1 Vet1) — Vo R(@eg1, Y1, vegr) ||
+2(1 = ) 2B Vo R(Tes1, Y15 Ve 13 Ve41) — Vo R(Te41, Yer1, Ves1)
— Vo R(@t, ye, v Pri1) + Vo R(we, yr, vp) | (23)

where (a) uses Cauchy—Schwartz inequality. For the first term of the right-hand side of eq. (Z3), we
have

E||VoR(Tts1, Y15 Vit1; Y1) — VoR(@eg1, Yer1, ve1)|?

(@)
= IEH [viyg(xt+17yt+1§1/}t+1) - Viyg(xt+17yt+1)] Vig1

2
— [Vyf(@eg1, Y15 Ve41) — vyf(mtJrlaytJrl)]H

<2E|| [V3,9(@is1, Yer1s Yes1) — Vo, g(@eg, Yes1) | veg |2

+ 2E(|Vy f (o4 1, Y13 Yes1) — Vi f (@eg1, yes1)|]?

(®)
<2 (rﬁogw n aj%y) (24)

where (a) follows the definition of R(zy, y;,v;) in eq. (EI), (b) follows from the boundedness of v,
that ||v;|| < r, (see line 6 in Algorithm[2), Lemma|[l]and Assumption[3] Moreover, for the second
part of eq. (23), we have

E[|VyR(@t11, Y41, V415 Ye1) — Vo R(T41, Yeg1, Vit1)
— VoR(@e, ys, ve; Yeg1) + Vo R(@e, ya, ve) |)?
< 2E(|VoR(Trs1, Yer1, Veg1; Ye1) — Vo R(Te, Y, ve3 )|
+ 2B Vo R(% 41, Yt 1, V1) — Vo R(2e, 50, 00) || (25)
Next, we upper bound the second term of the right-hand side of eq. (23)). In specific, we have

E||VoR(Zi41, Yet1, Ve41) — VoR(ze, e, 1)

(a)
< 3EHVUR(I15+1,yt+1,Ut+1) - vvR(zta yt+17vt+1)”2
+ 3E|| Vo R(4, Y11, Ve1) — VoR(@e, Yo, ves) ||
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+ 3]E||VvR($t> Yt, Vev1) — Vo (24, Yt vr) H2

| 2

b

® 3E|| [szg(xtﬂ, Yi41) — Viyg(xtayt—&-l)] Vi1 — [V f (@1, Y1) — Vi f (@, yeg1))
+ 3E|| [Vf,yg(ﬂﬁt, Y1) — szg(‘rtvyt)] Ut+1 — [Vyf(ﬂﬁt,yﬂrl) - Vyf(xtvyt)] ||2
+ 3E(| Vo R(2t, yt, vit1) — VvR(CCuyt,vt)HQ

(c)
< 6 (L2, ool + 13, ) Ellzys —

+6 (L2, loeall + L3, ) Ellyess — well* + BLEAZE| R

d
< 6 (22,72 + L) (Bllzess — 0l + Ellyesn — wl?) + 3LIAZEI|L |

Gyy
(e)

< 6(22,,r2+ L3, ) (oPEIR | + BEENALI?) + 6L2A? (Ellef!|* + Vo Rlzs, e, v)|?)

—~
=

Gyy
+6L2\] (Elleft||” + L2E|lve — vf]%) (26)

where (a) uses Cauchy—Schwartz inequality, (b) uses the definition of eq. @) (c) follows from
Assumption |} |ZL and Step 5 and 6 in Algorithm[2} (d) uses Lemma|I|; (e) follows from Step 4 and 7
in Algorithm [2|and the definition of ~!* in eq. and (f) follows from the definition of A in eq.
and the fact that

E[|VoR(z¢, yt, Ut)||2 = E”viyg(xtvyt)vt - Vyf(xt,yt)HQ
= E|Vy,9(ze, ye) (v — of)|* < LIE||ve — v ||

For the first term of the right-hand side of eq. , we follow the same steps and get the same upper
bound as in eq. (26). Then, incorporating eq. into eq. (23) yields

BV R(Te1,9011, V15 V1) — Vo R(Te41, Yer1, Vig1)
— Vo R(2t, Y1, 05 Pe1) + Vo R(e, yr, 0|
<24 (L2, 12+ 13, ) |oZEIN{ | + 282 Elle} | + E V90, ) |2)]
+ 241207 (Ellef||* + L2E|jvy — vf|?) - (27)
Then, incorporating eq. (24) and eq. (27) into eq. (23)), we have
Ef(1 - UEH)VUR(%’%, v) — (1= TlﬁﬁvvR(»ftayt,%; Yry1)
+ Vo R(@e41, Yo 15 V415 Ye41) — VoR(Tg1, yer1, veg) |12
< 4(ni}0)* (riog,, +0%,)
+ 4800 = nf0)? (12,12 + 13, ) [aZEIR |12 + 2B2(Ellef |2 + E|IVyg(we, yo)|I?)
+48(1 — ) LAY (Bl |1* + LYE[ve — v7[1?) | (28)
which, incorporated into eq. (22)), yields
Ellef 112 < (1= n1)? (1 +48LIA7) Ellef'||* + 4(ni1)* (rioy,, +0%,)

)
< 6(L2,r2+ 13, ) [oZEIRL | + 262 Ellef | + E V90, ) |)]

VT Gyy
+ 4800 = nf0)? (12,12 + 13, ) [aZBIR] |12 + 2B2(Elef |2 + BNV yg(we, yo)lI*)|
+48(1 =0} LINEJoe — o7 |,
which finishes the proof. O

C.5 Descent in iterates of the LS problem

Lemma 11. Under the Assumption[I} 2] the iterates of the LS problem generated according to Algo-
rithm 2] satisfy

Ellvirr — vy |I?
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<1+ (1+3) e
g9 g

L,+L3
(1 _ogp, Lat Lolng A%Lf,) E|jo; — vf|2]

1
# L ad) (14 3 ) B
t
1 2L}y 2nyL2yy
+(1+ ) ( b | oI+ 57 (RN + 2BV yg (o))
t Y Y

forallt € {0,...,T — 1} with some ~; > 0 and 6; > 0.

Proof. Letting vy, := v(xg, y) and v} := v*(xk, yx) and choosing the radius r,, =
in Algorithm 2, we have

Cpy
e (see Step 6

. (a) . 1 N N
Elfvet1 — vl < (1 9)Evern — vp]|” + (1 + V)Ellvt —vial®
t
®) / * (|12 1 * * 2
< (L+7)E[weer —of 7+ (1 + ?)Ellvt — vl
t

() * 1 * *
< (L+70)Ellve — At —of |2 + (1 + ?)El\vt —vial?
t

(d)
< (1491 + 6)E|ve — AV R(ze, yr, ve) — 07 ||?

1 1 N N
+ (L) (1 + SIEA[h = VoR(ze, g v+ (1+ 7)E||vt —vial? @9
t t

where (a) follows from Young’s inequality, (b) follows Step 6 in Algorithm [2]and Lemma [I] that
v* is in a ball with radius r,(define as B(0,72)), then we have ||v;1 — v}|| = ||Projp(wit1) —
Projp(vy)]| < ||lwer1 — vyl (this inequality is based on the nonexpansiveness of projection), (c)
follows from Step 5 in Algorithm [2} and (d) uses Young’s inequality and the definition of h[*
in eq. (I2). For the first term of the above eq. (29), we have

IE||vt—/\thR($t, Yt Ut) - ’U: H2
— Ellor — 7 + AV, Rz, g, w012 — 2\ (T Rw, 1, 00), 0 — 07)

@ L . L
< (1 - 2)\tuu‘:_2 )IEHvt —vf||? - <2At“99 ~ A?)]E||VUR(xt,yt7vt)||2

g g Hg + Ly
©) (Lg+ L3)p
< (1—20—2 29 4 N2 )E||v — vf |2 30
- ( ! fg + Lg + Atlyg e — vf]| (30)

where (a) follows from the strong convexity of R function(in eq. (E[)) that

* PgLlg
E(VoR(xe, ye, ve),vp — vf) >
‘ tg + Lyg pg + Lg

and (b) follows from eq. (ZI). For the last term of eq. (29), we have

Eflvyy, — 'Uf||2 = EH[szg(xtH,yt+1)]7lvyf($t+1,yt+1) - [szg(ﬂft>yt)]7lvyf($t, yt)||2
=ENV5,9(@er1, y41)] T Vo f (@11, y0401) = [V 9(Tes1, yer1)] Vo f (e, 5e)
+ Ve 9@, v ) T Vo f (@) — [V g(@e,y0)] ™ Vy f (2,90 |12

(a)
< 2E([V3, 91, v (Vo f (@1, yee1) = Vi f (@, 90) |12

+ 2E|| ([szg(ftﬂvytﬂ)rl - [szg(fft»yt)]il) Vyf(xtayt)uz

(®) 2L% 2
< /J2 EH(J;thtH) - (l'tvyt)”
g

Ellv; — v}]|% + E|[VoR(@t, yr, ve) |12,

+ 20, B[V, 9z y)] 7 V5,9(eve) — Viyg(@een, )V 9(@ern, yern)] I
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(é) 2Lf Qny Gyy

Ell(ze41, 1) — (@e, ) |12

(d) 2L2 Qny

Jyy

ny
< < gyy) (Ellzesr — 2el® + Ellyesr — vell?)

(aZEIRf 12 + BZE|1)1?)

—
[l

2Lf Y 2Cf y ny
2 T+ 4
Hg Kg
where (a) follows from Cauchy—Schwartz inequality, (b) follows from Assumption [T] and 2] (c)
follows from Assumpt10n|Z|, (d) follows from Steps 4 and 7 in Algorlthmm and (e) uses the definition

of hY in eq. @ Finally, incorporating eq. (30) and eq. (31) into eq. (29)), we have

Ellvits Ut+1||2
L,+ L3
(1 2)\t( ! g)ug AgLS) ]E”'Ut /U;k||2‘|

) [OZENAL |12 + 87 (2El€f |12 + 2BV, 9ee,uo)lI?) | (31)

<(1+9) (1+6) e
g9 g

#al) (14 3 ) RBeEP

1

7
Vi

2L2 Qny Iyy 2 f2 2 91|12 2
) =+ =l ) [oFEIR] I + 67 (BN I + 2B Vag(aew)l)]
g

K
Then, the proof is complete. O

C.6 Descent in the Potential Function

Define the potential function as
— * 2 * 2
Vi -—‘I’(xt) JFK1||ZUt =y (@) 7 + Kalloy — v™ (e, e |
2 9|2 R||2
e 1 Jle 1 |le
VeI 1 el 1 fef
Cnf Q-1 Cng Qt—1 Cnr Ot—1
where the coefficients are given by

) (32)

Cy, L62,
8(L3, + Crul0m 1
K — y Ky Ko = Gy
1 — I3 ) 2 = 17 )
cs Hg 2 Hg

A8L,,, Licgmax{Ly, , tig + Ly} ?,L2
i 2 ’LLq i

Enf = max 96L 12Lg A9 L2 + ny day
T

g

128L, L2C max{L, ,u,+ L
&, = max { 256L2, g0l tg ¥ Lot |

L2 + ny Lgmy
fy Ng

A8LAc3 384L, (Ly ro+ L3 )c max{L, ,pg,+ Ly}
E”?R = max 768([/2 7"12; + L?‘ )a K /\7 fo oy i atl g g
Jyy Y ngy 12 T M
fy llq
Lemma 12. Suppose Assumptions[I] 2] andB|are satisfied. Choose the parameters of Algorithm |2 as
1 2 2 R 2
e (w+t)1/3 B = cpar, A = ena; 77tf+1 = O Qs Ty P Cpy O Ty P Cpp Ot

where the constants are given by

Cy, L2
BI12L2(L3 + —Ttnte)
Cp Z - z )
2,
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1024C, L3 Cp L2 N 128(pu, + L,)C,
Mg g g Hg
Cry Ly,
1 ~ 1 5 o 17(L?y + 72@ y) ~
Cnp = 73[/)“ +Cyyy Oy = 73Lf +32Lgcﬁ + L;%g Cnys
1 16C,
—— +48L2c% + Gy

CnR - 3Lf

= . o [52 2 2
Cnr; OR'= ngyerrafy,
9

2
m
ex(pg + L) 1\
w > <max{cﬁ(ug+Lg), gg}) -1

2ugLg
Then the iterates generated by Algorithm|[2] satisfy

(33)

foy2 g 2 R \2
« 2 2 4
E[Viy1 — Vi] < ——E[|V®(x;)|% + (,nt—H) 0}20 + (,mH) 03 + (e ) 0%,
2 ny Ot Cn, Ot

EﬁRat
forallt € {0,1,....T —1}.

Proof. Based on the definition of V; in eq. (32), it can be seen that V; contains six parts. We next
develop five important inequalities to prove Lemma[T2]

Step 1. Bound E||y; — y*(2,)|? in eq. (32).
Based on Lemmal[7] we have

Ellyer1 — y* (zee) 1> — Ellye — y* (1) [

< @+ ay (1-20L2 ) 1] By -y @l

g )
28 2) 2
S48 (=P 82 BV, gz,
(0400 (2 2 ) BTGl
1 1
k)0t 2IRBIE + (142 ) alBlnd P G4
Choose v = fﬁ;f ii j and §; = % Then, the following equations and inequalities are
satisfied. ' '
BiLy,
(L4 7)(L+0e)(1 = 2B Ly,,) =1 — tT#,
(1406¢)(1 = 2B¢Ly,) =1 = BeLy,,
BiLy
(I 4+v) (1 = BeLy,) =1— tTl
14t 1 141 2 (35)
o — ﬂtL/Lg7 Ve 5tL/Lg7
where L,,, = NMQJFLLQ . Based on the selection of w in eq. ti we have (1 +7,)(1+ 3) < 57

Substituting eq. (33))’s bounds in eq. (34)), we have
Ellysr1—y" @er)? = Ellye — y* (z0)|?

BLy, . 2
< -2l -y @l - (2 - 8 ) EITyg(on )l

fg + Ly
2
B2E||e?]? +
ﬂtLug t H t” /BtLMg

which, in conjunction with our selection in eq. (33) , yields

Ellysr1—y* (@) * — Ellye — v (z)|1

+

LyofE|h] |7,
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6tL,u 2 Bt 2
< Pty BRI
> 2 H?Jt Yy (mt)H Hg+Lg ||Vy9(93t7il/t)||
+ 2Pegen? 4 -2 r2aZE (). (36)
Lﬂg 5tLl‘g

Using ; = cga, and multiplying both sides of eq. (36) by K, we have

I?

KiE[llyerr — v* (@) I = lye — v* () |1%]

2
2 Cf'yLsz

Cf L2 £y IJ42
< 413 + U ol -y (@) - e ayE Vg, )|
* H2 Ly, (g + Lyg) Y
Cy, L7
16(L7 + —L5%
v Iz gn2 , Gt fi2
b Bl + R P @

Step 2. Bound E||v; — v*(z;)|? in eq. (32).
Next, we deal with E||v;41 — v}, 4 |? in similar way. Based on the parameter selections in eq. ,
we have \; < i’“‘T]f , which combined with Lemma yields

g g

Ellveer — vpyq |l

<A +y) (140

(Lg +L?’),ug
1—2>\t7g+>\2L2 ||Ut—’U*||2
( fg + Lg t '

1
#al) (14 3 ) REBeEP
t

1, (203, 20, L,
+(1+ ) ( Lt ) oI I 4 7 (BN + 2]y (o) )|
t g g

2)\tL,U
<1+ (1+0; 1—99)E - *2]
< a0 |(1- 225088 Y g, — o)

1
#al) (14 3 ) Bl
t

1, (203 20y L2
“”W( b e ) (oI I + 57 (BN + 2] Vg (e ) |
t 9 9

AL, /2
o L, ad = T T
1 1 1 2 1 2
— < < 1+4)(1+ =) <
(5,’5 = )\tLMg’ 72 = )\tLy,g, ( +f}/t)( + (5{5) — )\tL

Similarly to Step 1, we choose &; = which implies

1+

Hg
Thus, we have

Ellvesr — vyl

MLy, . 2
< (1= 252 ) Bl — i P+ BN

9 2L 20y L%
+ 1 | =t + e | [aZEIR 1 + B2 (2E)f I + 2BIIVy9(oe, v [2) | - (38)
g Hy Hg

Rearranging the above eq. (38), we have

E[vrs1 = vipalI* = lloe — o717
2
ALy

ML
< — =SBl — oI + 7 NElef |

9
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+

o (202 20, L2

T | oot e ) [aFEIN I + 7 (ElefI? + 2BV, g(ay)?) | (39)
g Hg Hg

Using A\, = cyay with ¢ in eq. (33), and multiplying both sides of eq. by K>, we have

FoB[|lvesr = vig[I* = lloe — v7]7]

8C? o
< —2Cq,, 04Elvy — vf > + #WEHefHQ + ;;Ellhf\\z
Hg
L?p ny[;fla:y L?c ny 527:Ey
y Hy 2 y
LR R, ) L [ T 1) 40
b Bl g e BTl @0

Step 3. Bound E||e/ |2 in eq. .
Next, we obtain from Lemma [§] that

Ellefy 1> _ Ellef 2 _ {(1—17#1)2_ 1
Qg Qi1 Qi Q-1

2 2(77g+1)2 2 2 f12
Elle; [ + Ty T +6L5oE| Ry ||

12L25 121232
+ . —LElle gH2 I: tEHVyg(mt,yt)H
+120,., (Enefn? + L2E|lv; — vf1?), o

where the inequality follows from the fact that 0 < 1 —n; < 1forallt € {0,1,...,7 — 1}. Now
considering the coefficient of the first term on the right-hand side of the above eq. {T)), we have
f f
(1 —ni1)? 1 < 1 My 1 ) (42)

Qi 1 Qi Qi Q-1

Using the definition of o in eq. (33)), we have

1 1 (a) 1 ®) 1
- - = Y3 — t— 13 < <
oy WDkt =D S s T e S Sy e
22/3 22/3 (¢) 22/3 (@)
- < &t (43)

= <
3(w+ 2023 = 3w+ 023 = 3 e 3L,

where (a) follows from (z + y)'/? — 2'/3 < y/(32%/?), (b) follows because we choose w > 2,
(c) follows from the definition of «; and (d) follows because we choose «; < 1/3L . Substituting

eq. into eq. and using 17;5’;1 = cy; a?, we have

(1_771{“)2_ 1 < M
(673 [e T} - 3Lf

= Cppp < —Cpp 0, (44)

where the inequalities follow from ¢, = 57— + &, with &, in eq. (33). Then, substituting eq.
into eq. (@) yields

1 g[lelall® _ Jlef?

E’?f (673 [e T

2
2 CryLlosy
Ty H2

412

Mg

2 f 2
(77t+1) UJ%

Qi
< — el |I* + + TGJEIIhZII2 + aEle]|?
9 Cy, L?
L Y “9xy

2 8C
e )atE\|Vyg(~’Ct7yt)||2 —5 L aiBleff|* + Cy,, cuBllvy — vf | (45)

+ - g
ALy, (g + Lg L,

Step 4. Bound E||¢] || in eq. (32).
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Next, from Lemma [0 we have

m&m_mww<uf@m+www&W%ﬁ_lHWW+%@£H
Qy a1 it Q-1 t * !

2 f 2 Qﬂt
+16L2 00 E[|h] || + “—LLE(Vyg(ae, y1) |12, (46)

where we use the fact that 0 < 1 —7f < 1forall ¢ € {O7 1,...,T — 1}. Let us consider the coefficient
of the first term on the right hand side of the above eq. (46). In specific, we have

2 27202
(1- 77?+1) +32(1 - 77?+1) LgBt _ 1 < (1- ’7tg+1)(1 n 32L35t2) _ 1
oy Qg1 Qg Qt—1
11 320287 2 2
= o + o Cpy e (14 32L; B, ),

which, combined with eq. that a% -L-< 7 and the definition of Bi = cpay, yields

Qt—1

(1- 77{?+1)2 +32(1 - 77?+1)2L52]ﬂt _ 1
o2 Q1

«
< i +32L2R 0 — 0. 47)
Recall ¢, from eq. (@ that we choose, then we have

Cy, L?
17(L3, + 2wy

Hy
L2 07757

1 2.2
Cng 3T+32L Cﬁ"‘

which, in conjunction with eq. @7), yields

CryLy,,
109 )24 3201 — 0. 21232 1 17(L2 + )
( 77t+1) ( nt+1) gﬁt _ _ i Cny Ot (48)

Ot (o] L2

Hg
Substituting eq. {@8) into eq. (@6) yields

2 cfngzy
1[Il ) T L 2l
a @ L2 ouEllef & ap 9
t t—1 T ng Ot

C’].q
2
2 M

fy 2
L ﬁmwmwm? (49)

Qg fu2
Tl I o L L

Step 5. Bound E||e/*|| in eq. (32).
Next, from Lemmalm we have

mﬂm_m&w<r—ﬁmuM%%p_1
- Qy o

Eey’[|*

Qi Q1

+48(1 —nfiy)% (02, 12+ 0F, )ouE|h]|?

| [ 405, + 7,)
Qg

+48(1 = nf1)* (o, 70 + 0%, )b (2Eef | + 2E(Vyg (@, y) 1)
+48(1 —nfiy) L4c 20y E|lvy — v*||2. (50)
For the first term of the right-hand side of eq. (50}, we have

1—nft )?(1 4+ 48L2\2 1 1—nft
( 77t+1) ( g ) B 77t+1(1+48L§)\%) _
oy op—1 Qg 1

1 1 i 1—nk
_ S ey DT g2y

Qi Q1 Qi Qi
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@ 1 1 1
OTt ol CppQt + (Oq — Cpypit -48L§c§af
3Lf —|—48L20)\at Cnp Qs (5D

where (a) follows from the deﬁnition that n 7 11 = cypod, and (b) follows from eq. that O%t —
Oltl 1 < 2 L . Recall ¢,,,, from eq. (33) that

1 160
—— +48L2c% oy &

& )
MR — 3Lf Lig MR
which, in conjunction with eq. (51, yields
1—nf )21+ 48L2\2 1 16C,
( 7lt+1) ( g i) _ <_ gz o (52)
(673 (o) L2

Incorporating eq. into eq. l) recalling from eq. l) thatop := /o2 2+ 012‘7/’ and multi-

plying both sides of eq. by 5 we have
R

1 R12 E1? 16C 4(nf,)?
B ) [||€t+1|| . el } <_ ngrya EHCERHQ (j7t+1) U%+ %E”}LZHQ
R

Cn 0 Q-1 nr
L2 nyLgfy Lfc nyLiiy
uq 2 Yy IL
E — 1 uE|V ;
+ iz, ouE|ef||* + L, G+ L™ IVyg (e, yo)|I”
+ Cy,, uE|Jvy — vf|%. (53)

Step 6. Merging the results of Step 1-5 to prove eq. (32).

Fmally, adding eq. (37), eq. @0) eq. @3), eq. @9), eq. (33) and the result of Lemma [f] with
ap < L yields

2 f 2
(j]t—i—l) szt+

2(pd )2 A(nR )2
(77726-&-1) o2 4 (77t+1) U%{.
C’lfat Cﬁgat

g =
CnrOt

«
E[Vir = Vil < - S EIIVE(2)|? + (54)

Then, the proof is complete. O

C.7 Proof of Theorem

Proof. Summing the result of Lemma[I2|for ¢t = 0 to 7" — 1, dividing by 7" on both sides and using
the definitions that 771{-«-1 = Cpy a?, T]f_H =y, a?, 77{11 := ¢, 0, we have
T—1
E[Vr — Vo] 1 o 9
_ = <= —E|V®
< 1Y YEIVO@)|
t=0
2 2 T—1
+ 1 [Q(Cnf) o2 1 2(cy,) o2 1 Acyn)? ] o,
T gt
t=0

— ¥ — (55)
Cny Cng Cnr
Next based on the definition of «; in eq. (33)), we have

T-1 1 (a) T-1

1
= — < —— <log(T +1
Zat _;1+t_og( +1) (56)

w+t

where inequality (a) results from the fact that we choose w > 1. By plugging eq. (56) in eq. (55), we
have

T-1 2 2

EVir — Vi 1 2c c 4c? log(T + 1
[ T 0] < %EHV(I’(Q)HQ%- 77f0,2_|_ 77790,34_ 77R0,2 Og( + )

S -5 = = R
T T P 2 Cny ! Cn, Cnr T

(57)
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Rearrange the terms in eq. (57), we have

T-1 2 2 2

1 Qy o _ E[Vo —1"] 2en; o 20, 5 A, o | log(T+1)
- N %g|ve < . ,
T ?:O 5 ElIVe(2)|” < ——F— + o oF+ . o2+ T T

which, in conjunction with the fact that o is decreasing w.r.t. ¢ and multiplying by 2/« on both
sides, yields

T-1

1 2E[Vo — I”] 4637 2 40721 2 8¢; o | log(T +1)
=Y E[|VB(zy)||? < + | o2y Tog2y RG2 . (58)
T tz:; aTT Cny ! Cnyg 7 Cnr aTT
Finally, based on the definition of the potential function, we have
2L 4Cg
E[V ::E[@ — 22 llyo — v (o) — 0% (20, 30)||
Vol (zo) + 3\/ﬂyl\yo Y (zo)l” + CaLy [vo — v* (0, o)l
4 W 1 G O 1
Cny Q-1 Cng -1 Cpp Q41
2L 4Cp
<(I) 4= ok 2 ok , 2
<®(zo) 3\/§Ly”y0 y* (o) ||* + CrLy. [vo — v (20, yo) |l
1 o7 1 o2 1 o2
-t~ 4 -k (59)

Cny Q-1 Cpg Qp—1  Cpp Qg1

where the inequality follows from Assumption , lemmaand the definitions of A/, h{ and bl
in eq. (T3), eq. (@), eq. (I2). Then, substituting eq. (39) into eq. (58) yields

(@) =] AL o=y (@)l | 8Cs oo = v* (o, )l
(6

1= 9
7 D IVe(a)|? <
t=0

1 3\/§Ly oyT CiLy, o T
2 o o2 o2 2 4c2 8c? log(T + 1
+ — _7f+_7g+_7R + _nfO']Qc-i- _7790_§+ _nRO'IQ% & ),
a_ropT Cn; Cn,  Cng Cny Cn, Cng arT

which, combined with the definitions of a := W and a_1 = ), yields

5[ @@o) = @*  lyo —y* (@o)l? | llvo — v* (o, o)
2 0 0 0 0 05 Y0
E||V<I>(xa(T))H SO( T2/3 + T2/3 T2/3
0.2 0.2 2
f g R
+ T2/3 + T2/3 + T2/3 |°
Finally, the proof is complete. O

D Proof of Theorem 1| (FdeHBO with first order approximation)

D.1 Descent in the function value

Lemma 13. For non-convex and smooth ®(-,8.),with €] defined as: e/ := E{ — Vf(xt,yt,v1), the
consecutive iterates of Algorithm[2] satisfy:

E[®(@e1,60] < E[%m,ae) — SHIVE (e, 8l = SHL = auLy)|[Af |

nyL2
anlle] |7+t (L, + =52l = i+ 200Cy,, o — v P
9
Sforallt € {0,1,....,T —1}.
Proof. The proof follows the same steps as in Lemmal6] O
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D.2 Descent in the iterates of the lower level function

Lemma 14. Define ef := hi — Vg(x, y;). Then the iterates of solving the lower-level problem
generated by Algorithm|[I] satisfy

E||yt+1 - y;;k+1||2

fgLg BN LY r2 2pi/ 2
< (1 1+96 1-2 E — 1 L El|lh
< (T4 + t)< 5tug+Lg) llye — y*(z¢) | +( +%> yO Ellhy ||

2 1
— (L4 7)1 +6y) (p@—?Lg - ﬁf) E(Vyg(ze, ye) I + (14 7) (1 + E),BfE||ef||2

forallt € {0,...,T — 1} with some ~y, 6; > 0.
Proof. The proof follows the same steps as in Lemma C.2 in [34].

D.3 Descent in the gradient estimation error of the upper function

ef == j(xt, Y, 0, 0¢;€) — V2, g(e, y; E)ve. Under AssumptionEl the iterates of the outer problem
generated by Algorithm|[I]satisfy

Lemma 15 (Restatement of Proposition . For any &, define e,{ = ﬁf — Vf(xt,yt,v:) and

]E||6{+1H2 < [(1 — 77{+1)2 + 4ngr35e}E||e{||2 + 4(77{“)20; + (4ngr12)56 + 16L3W7’352)
601 = 0, )2 [ L oZEIR |2 + 2L3 82 (Bl + 9 g ar. o) )
+2Cy,, N2 (Ellef |2 + L2Eljv: — v7]1?)|
forallt € {0,...,T — 1} with Lg in Lemma

Proof. Based on the definition of V f(, y;, vs; €) in eq. (3), the definition of V f(z, 3, vy; €) in
Section and the definition of e;’ above, we have

YV (@t es 06 €) = VF (20,91, 01,66 €) + €] (60)
for any data sample £. From the definition of ef , we have
Ellef|I?
= Ellhtf-H - vf(l”tJrh Yi+1, Ut+1)H2

(@ = S
= EHUI{HVJC(%H, Y1, Ver1, 063 Eer1) + (1 — 77{“)(71{ + Vf(@eg1, Yer1, Ver1, e &e1)

— V(@ Y1, 01, 065 E41)) — Vi (@1, Yo, Ve )|
®)

EHUZH@J((%H’ Y1, Vo1 Eegr) + (1 — 77tf+1> (ﬁf + VI (@ea1: Vst Veg1; Eeg1)
- vf(ilctayt, vt;§t+1)) - vf(xt+1ayt+1avt+1) - (eijﬂ - (1 - 77{“)62])”2

© E[(1 - 77{+1)€{ + 77{+1 (vf(xt+la Yer1s Ver1; 1) — vf($t+1, Yt+1,Vit1)

+ (1 - TItf+1) ((vf(fﬂtﬂ, Yer1, V413 Ei41) — VI (Tig1, Y1, Vig1))

— (Vf (@6, 9,015 Ee41) — vf(ﬂlft,yt,vt))) - (62]+1 - (1= 771{+1)6't])||2
(d)
< [ = nf)? + 2Ly, 20 Bl |
+ EHWZH (Vf (@51, Yer1, Vg1 Ge41) — VI (@41, Yer1, Vig1))
+(1— ﬁif+1)(<vf($t+17yt+1,Ut+1;ft+1) — V (@41, Ye+1, Vig1))

- (vf(xtaytavt;ftw%) - vf(xtvytavt))> - (3214-1 —-(1- 77{+1)621)H2 +2Lg, 120

Gzy' v
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—
N

[(1 - 771{4-1)2 + 2ngy v }E”@{HQ + 2Lgmy v5 + 4(77t+1) U]% + 4EH621+1 - (1- 77t+1)€t H2

+ 2(1 - Ugﬂ)QEH (Vf(ivt+1,yt+1yvt+1;§t+1) - Vf($t+1,yt+1, Uf,+1))
- (vf(zta ytﬂ&?ft—&-l) - vf(xtvyta Uf)) H2

< [(U=nf0)? + 4L, 120 |Ellef |2 + 4Ly, 726, + A0, 1) 0% + 1612, rio?
+2(1 - 77{+1)2EH (VI (@41, Yer 1, V415 Ee1) — VI (@1, Yt 15 Veg1))

— (Vf(@e, ye,v5641) — YV f (e, ye,00)) 1P (61)

where (a) uses the definition of E{ 11 ineq. , (b) uses eq. , (c) uses the definition that etf =

— Vf(x,ye,ve), (d) follows because for Xy11 = o{yo, Zo, Vo, .-, Yt, Tt, Uty Y1, Tit1, Vit )
E<(1 - 77ic+1)€{7 (vf($t+1,yt+1,vt+1;§t+1) - vf(ﬂft+173Jzt+1, ”Ut+1))
- (vf($tvyt,vt;€t+l) - vf(xtaytvvt))> - (eij+1 -(1- n{+1)€il)||2|zt+1>
= E<(1 - 77tf+1)€fvE {(?f(fwh Y1, Vo1 eg1) — vf(ﬂUtJrh Yt+1, Ut+1))
— (Vf (@, ye, ves 1) — ﬁJc(ﬁﬁtﬂ/tﬂ)t))) —(efy — (1 - 77{+1)€21)||2] |Et+1>
=E((1 = nfn)el .~ (el — A =nli)e)) )
< VBl |2 /Bl — (L= il )ed |2

gmax{LEneZH?}-wane;Ll (L —nf)el I

< (1L +Ellef ) - \/2Eef,, [ + 2B/ |

< (L+Ellef|?) - (2Lq,,735.)
= (2L‘J1y ’U )IEHetfH2 + 2LQ$y 12)6

which follows from Lemmal3} and (e) follows from lemma 3}

Next, we bound the last term of eq. (61)) as

2(1 - 77tf+1)2EH (VI (@41, Yes1, vig15Ee1) — VI (@0, Y0, 00 641))
(vf(xtJrlvytJrla Ut+1) - vf(iUt,yt,Ut)) ||2

(a) _ _

< 2(1- Ug+1)2E||Vf($t+17yt+1,vt+1; i1) — Vf(xtvytavt§€t+1)”2

<6(1— 77{+1)2E||?f($t+1, Y1, Vi1 Ee41) — ?f(xtayt+l7vt+l§ ft+1)||2
+6(1— ’7{+1)2E|Wf($t,yt+1,Ut+1;§t+1) — V£ (@, Yty vig1; Ep1) |

+6(1— ntf+1)2]E||vf(xt’ytvvt+l;€t+1) — V f (@, ye, v &) [P

(b)
< 6(1— 77t+1) LFE”xH-l - mt”Q +6(1 — 77t+1) LF]E”yt-H Z‘/tH2

+6(1—nf )’E|V2,g(ze, y1) (vr41 — o) |

(c)

< 6(1— 77{+1)2L2FE||3%+1 — x> +6(1— 775+1)2L2FE||%+1 —yl?
+6(1— 77tf+1)2091vyE||vt+1 - Ut||2

(d)

< 6(1 = nf ) 2LEEllzi1 — 2]l + 61 — nfy )2 LEEllyesr — el
+6(1 - 771{+1)20

ey Ell Wi — ve|?
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(e) ~ ~
< 6(1 = nf,1)?[L3 (aZEIR] |2 + BEEIRSI) + Co, NPEIRE?]

Gzy

)
< 6(1—nfy,)? [ #aFE|R]|* + 22567 (Ellef > + IV y9(ze, o) |1*)

+2Cy,, X2 (E|lef |2 + B[V Ryt y1, vl

(9)
< 61— nf,1)? [L3aZEIRL | + 21363 (Elle? |2 + V9w, yo)lI?)
+2C,., N (Ellef? + Ellv, — v ]2)] (62)

where (a) follows from the mean variance inequality: For a random variable Z we have E||Z —

E[Z ]H2 < IE||Z||2 with Z defined as Z := vf($t+17ﬁl/t+17vt+l»ft+1) @f(l’myt,vtafwrl) (b)
follows from Lemma|2|and eq. (@), (c) uses Assump t10n|Z|, (d) uses the nonexpansiveness of projection,

(e) uses the definition of hf in eq. , hg in eq. @ and h in eq. ( . (f) follows from the definition
that ef := gf* — Vg(z¢, ;) and ef = hf — Vo R(xt, ys, vt), (2) uses the result of eq. .

Finally, substituting eq. (62) in eq. (61)), we finish the proof. O
D.4 Descent in the gradient estimation error of the inner function

Lemma 16. Define ef := hi — Vyg(x,y:). Under Assumptionand EI the iterates generated
from Algorithm/[I] satisfy

E|‘6g+1||2 < ((1 *77t+1) Elle? H2 +32(1 *mﬂ) LQBt)EH(z ||2 +2(77t+1)2 3
+16(1 —nf, ) L2oFE|RY||? + 32(1 — nf 1 )2 L2BE( Vg (e, )|
forallt € {0,1,...,T — 1}.

Proof. The proof follows the same steps as in Lemma 9] [

D.5 Descent in the gradient estimation error of the R function

Lemma 17 (Restatement of Propositionz For any 1), define ef! := h’i VoR(xs, ys,ve) and

ell .= H(zy,ys,v1,06) — V2,9(xe, ye; ) v Under Assumptzon I the iterates generated

by Algorithm([I]satisfy

Ellery[* < [(1 = nfi0)* (1 + 96L5AT) + ALy, , 10 Elle|* + (4Lg,, 30 + 8LG, 1,67)
4 96(1 = gt (12,72 + 13,) [oZBIRL I + 282 Blef| + BV (o, w0) )]
+96(1 = nfLy) LINT (Ellef(|* + LIE[ v, — vi[1*) + 8(nfi1)* (07,72 + 0F,),

Sforallt € {0,1,....,T —1}.

Proof. From the definition of V, R(x¢, yt, v¢; ¥¢) in eq. H the definition of 6vR(xt, Yt, Ve, Oc; Vi)
in eq. and the definition of etH , we have

VoR(e, Yt 01, 030) — Vo R(we, 5o, ve3 )
= H(we,ys, 01, 06 9) — Vg, g(we, yos ¥)ve = e (63)
for any data sample 1. For the gradient estimation error of the R function, we have
Elleft|?
_EHhtJrl VoR(@i11, Y41, ve11)]?

: ]E||VUR(xt+1,yt+1,vt+1, de;egr) + (1 — 77511)%5 —(1- Uﬁl)%vR(ﬂfuyt,”Ut, deiig1)
— Vo R(@t41, Y1, veg1) ||
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b ~
@ E|VoR(@t41, Yer1, Veg1; Yeg1) + (1= nf )it — (1 — 0 ) Vo R(2e, yr, ves Yeg1)

— Vo R(@is1, Yeg1, vir1) + (e — (1 —nfty)e) |12
(0)
E(1 —nf e + (1 =0l )VoR(@e, ye, ve) + VoR(Tes1, Yeg1, Vi1 Pes1)

-(1- UﬁﬂvvR(ﬂ?uyt,Ut; Yi41) = VoR(Tpgp1, Yeg1, Vegr1) + (GEH -(1- ﬂt+1)€t )||2

(d)
S [(1 - T]t}i—l)Z + 4L‘7'yy v ]EHetR||2 + 4L(Jyy U(S + EH( nﬁi—l)vvR('ﬁfmyt? Ut)

— (1= 0l DVR@e, Yty ve3 Ves1) + Vo R(Teg1, Yot 1, Vi1; Yei1) — Vo R(Teg1, Y1, Vi)
+ (eﬁl S 77t+1)€t )”2
< [ =nfi0)? +4Lg,, 720 Ellef!||? + 4Ly, r26c + 2E[ (1 — 0 ) Vo R(x1, g1, v1)
— (1 =0 OVoR(@e, yr, v Ve41) + VoR(Tei1, Yet1, Vit1; Yeg1) — VoR(@eg1, Y1, ve1)|?
+ QEHetIil - (1= 77t+1)€t ||2
(e)
< [(1=nf0)? + 4Ly, r28 Ellef||? + 4Ly, r20c + 2B [ (1 — ) Vo R(wt, y1, 0r)
— (L= ) VR (@, ye, v Peg1) + VoR(Tea1, Yer1: Ve1; Peg1) — VoR(Teg1, Yrg1, veg) |12
2 2¢2
+8L2 7262, (64)
where (a) follows from the definition of ?Lﬁ in eq. , (b) follows from eq. , (c) uses the definition
of eft .= hf* — V,R(z¢, yt, vt), (d) follows from the fact that
E<(1 =0l )el, (VoR(Tes1, Yes1, Vet i) — VoR(Ter1, Yer1, Veg1)
-(1- ﬂﬁ1)(vvR(xtaytwt;¢t+1) - VvR(fEt,yt,Ut)) + (efil -(1- 775—1)651)>
= E<(1 =0 )ef E[(VoR(@eq1, Yert, Vg1 Ys1) — VR(Tig1, Yir1, Vi)
— (1 =0 ) (VoR(zs, ye, v ¥e1) — VoR(we, ye,v0)) + (efy — (1 —nfy)ef )|Et+1]>
—E((1 = nft)ef el — (1= nfi)ell)
< VEIEEI2 - \JElefy — (1 -, )efl |12
< max{LE[ef} - \/Elleff, — (1 - nft,)efl|2

< (U ElleflI) - /2B ]leff, |12 + 2B ef |12

< (1 +Ellef?) - (2L, 720)
< (2L9yy Ty )E|‘65||2+2L9yy 36

for 111 = {0, vo, To, .-, Yt, V¢, Tt, Ye11, Vet1, Teg1 }. Incorporating eq. (28) into eq. (64), we
have

Ellefis 2 < [(1 = n)2(1+96L2A2) + ALy, 128 B ef|? + 4L, 126, + 8L, rio?
+96(1 —nfi0)? (12,72 + 13, ) [aZBIR] |12 + 282 (Elef | +Euvyg<xt,yt>||2>]

+96(1 — nfl1)2LoAY (Ellef | + LEllve — vi[I*) +8(nf11)* (05,73 + 07,),

Gyy Ty

which finishes the proof. O

D.6 Descent in iterates of the LS problem

Lemma 18. Define e := hR VoR(xt, s, v¢). Under the Assumptlonl l 2| the iterates of the LS
problem generated accordmg to Algorithm/[I] satisfy

Ellvey1 — Ut+1||
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< (@47 A +6)

(Ly + Ly)p .
(1—2)\15W+)\3L3 ]E”’Ut — Uy ||2

1
#al) (14 3 ) RBeEP

t

1 QL?;, Qny Iyy 2m (7 112 2 92 2

T+ ) [ [QZEIR] 2 + 57 (2El|ef | + 2BI|V 9 e, o)1) ]
t /’Lg Mg

forallt € {0,...,T — 1} with some ~; > 0 and &, > 0.

Proof. From eq. (65) we have that there exist v, > 0, & > 0 such that
El|ve1—v4[|* < (1+ %)(1 +0DEl[ve — MeVuR(e, ye, ve) — vp)|°
1 * *
+ (1 +7)A+ Ty )Az]EHhR VR (@, o, vo)|I* + (1 + ?)EH% —vial? (69)
t

Incorporating eq. (30) and eq. (1) into eq. (63), similarly to Lemma [T8] we have

Elve 4 UZ+1H2
L,+ L3
(1 2)\t( i g),ug Ang) EHvt U;‘|2‘|

<1+ (1+5) e
g9 g

) (14 5 ) MEeEP

1. (213, 2Cy L2, -
+<1+7,>< Lt | |oBIR I + 7 (RN + 2BV yg (e )]
t g g

which finishes the proof. O

D.7 Descent in the Potential Function

Define the potential function as
Vi :=‘1>($t75 )+ Killye —y™ (@)l” + Kalloe — v* (e, 9|1

”etH2+ ||et||2 + = ||€t ||2

= ; (66)
Q1 Cn

Cny g Qt—1  Cpp Qi1

where the coefficients are given by

Cy, L2,

8(LF, + —=") 4c,,,

K, = T , Kao= ;
CB Mg

)
CAL#g

SL#QL?C% max{L,,, g+ Ly} 3

_ 2 2
Cp, = Max 96L%, 12Lg 50 N oz 9 g X (5
fy Hg
128L, L?c% max{L + L
¢y, = Max 256L3, o' '9 B C;‘{ Li‘q’ug o) )
2 Yy T gx
Lfy + ,u?] ‘

Gyy U

Gyy U

96L4c3 T68L,, (L2 r2+ L3 )cgmax{Ly,,ug + L
Cnp = rnam{li’)i%G(L2 r +L2 ) g /\7 o )Cﬂ — {Lpsy» g g}}
Cgmy L?y + fyugqry
Lemma 19. Suppose Assumptions|l| |2l and[B|are satisfied. Choose the parameters of Algorithm[l]as
1

N - - R 2 g - 2 R . _ 2
= (w —I—t)l/?” Bt = Cp0Oi, At 1= Crau; M1 "= CnpQys Mg = Cpg Qs Myyq *= Cpp Oy,
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where the constants are given by

Cy, L2
N 512L2(L3 + —5r)
Cp = ’
L3,
1024C L2 C? 12 128(py + Ly)C,
c\ 2> 4| max fgzy (7f2y + L 497/?/)) (Hg g) = C%’ 12809“16% ;
Lug /J/g /J'g L“Q
Cy, L?
2 B 1 2 2 17(L?€1‘ + %) d
Cnp = @ —+ 207”, Cny = a + 32Lgcﬁ + Lig Cng>
) 320, | _
o = 3EF 1920565 + | =5 | Coni OR = \/fm’
Hg

+L)\°
w = <maX{Cﬁ(H9 + Ly), W}) -1,
glig

5. < min Cny Cnr (67)
- 8(Ly,,r2(w+T —1)2/3)" 8(Lg,,r2(w+T —1)2/3) |~

forallt € {0,1,...,T — 1}. Then the iterates generated by Algorithmsatisfy

f 2 g 2 R \2
« 2 2 4
E[Viy1 — Vi < ——;E\\V@(xt)uu Ulrs1) o? + U o2+ (E"H;) 0%
nr Yt

Cny Ot E”/g Qi

1
— (4L, 720 + 1612 r362) + —
Q¢ Cr; : it QtCpp

forallt € {0,1,...,T —1}.

_|_

(4L, 125 + 8L§yyr;‘;53),

Gyy' v

Proof. Based on the definition of V; in eq. (66), it can be seen that V; contains six parts. We next
develop five important inequalities to prove Lemma[T9]

Step 1. Bound E||y; — v*(z;)||? in eq. (66).
Same as Step 1 in Lemma[I2] by Lemma[T4] we have
KiE[[lyer1 — v (@) I” = llye — y*(20)|I°]

Cf L2 ? ny L;iacy
x I
< (I3, + Lo Bly — (@) — T o g, )

Hg Ly, (g + Lg)
Cy, L?
16(L2 + Y “gzy
fy ne g2 Qi f2
s B + G (68)

Step 2. Bound E|v; — v*(2)]|? in eq. (66).
Same as Step 1 in Lemma[I2] by Lemma[I8] we have

FoB [[lvesr = vi[I* = loe = v7]7]

8C? o
< =20, aEllvy —vf [|* + ng” aEllef | + 3*£E||hf\\2
Hg
L?c Cry l;;ry L? Cyp, l;ﬁ:cy
Y Hy g2 Y 2r 2
+ aEllef||” + (| Vyg(ze, ye)lI” (69)
4Lig ! 4Lﬂg( ) + Lg) Y

Step 3. Bound E||e/ |2 in eq. .
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Next, we obtain from Lemma T3] that

Ellef,, ] E|ef|? 1—mgq)? 1 4L, 720, a(nf )2
ez . llez |l < [( Ne+1) _ Bl 2% Ty ]E||e{||2—|— (Mi41) 0?
Qg Qi

Qi Q1 Qi Q1

1212, 32

~ 12L2.52 B
+ 6L B[R] | + %EHBfHQ + Tt]E”Vyg(xtayt)‘F

/\2
120y, 7 (Bllef | + LiB|lor —vf[?) + (4Lq., r20c + 1613, ri6?). (70)

where the inequality follows from the fact that0 < 1 —n, < 1forallt € {0,1,...,T — 1}. Now
considering the coefficient of the first term on the right hand side of the above eq. (70) and recalling
the &, in eq. (67), we have

(1-nl)® 1 ALy, 1 nla 1

S5 N (71)
Qy Q1 Qy T 20 o

Using the definition of o in eq. (67), we have

1 1 1 (a) 1 ® 1

— - = )3 — t—1)18 < <

o a WDkt =D S s T e S S e

2%/3 223 (9 22/3 , (@)
_ < <2 X (72)
3(w +2)2/3 = 3(w + t)2/3 3 3L

where (a) follows from (z 4 y)'/3 — 2'/3 < y/(32%/3), (b) follows because we choose w > 2 hence
1 < w/2, (c) follows from the definition of «;; and (d) follows because we choose o, < 1/3Ly.

Substituting eq. into eq. and using n'tf 1= Cpy a?, we have
1—nl )2 1 Cp, QL
Qomeal 1 ooty oo, (73)
Qg [e T 3Lf 2

where the inequalities follow from ¢, = % + 2¢,, with ¢, in eq. . Then substituting eq.
into eq. yields

f
;E Het+1||2 ”et ||2
C”]f it [e T}
Cy, L?
2 FyHgay
2(77tf+1) I 13
< — auElle] | + S0 + SRR + B

Hg
2
L2 Cry ngy

" 8Cyu,
B Vgt ) I? + e +C

T . aEllv, —vf]|%. (74)
4Ly, (pg + Lg Ll2t_ | :

Gzy

Step 4. Bound E||¢{ |2 in eq. (66).

Next, from Lemma([T6] we have

E|\ef+1||2 . IE||‘3§(t]||2 < (1 B nf—&-l)z + 32(1 B 77{;’4.1)2[/35152 _ 1 Elleg||2 + 2(77?+1)202
oy Q1 oy Q1 ! oy g
20 BIFII2 4 25t
+16Lga B by ||* + —*—E||Vyg(ze yo) 1%, (75)
where we use the fact that 0 < 1 —nf < 1forallt € {07 1,...,T —1}. Let us consider the coefficient

of the first term on the right hand side of the above eq. (73). In specific, we have
(1- 77tg+1)2 +32(1 - 77?+1)2L§5t2 B 1 < (1—- 77tg+1)(

1+ 32L2432) —

oy 1 ay g 1
1 1 32L%p32

- _ + 2L o1+ 32L267),

Qg a1 Qi




which, combined with eq. that a% -l < oy and the definition of B; = cgay, yields

Qt—1

1— g 2 + 32(1 — g 2L2 1
(1= ") a( i) "Loi — —3L + 320230y — 01 (76)
t

Recall from eq. (67) that we choose

Cy, L?
1 7(L2 + fy 29'J:y )
Cyy = o + 32L2¢3 Ty ¢
Mg = 3L L/%g Mg >

which, in conjunction with eq. (7€), yields

Cp, L3
(L—=nl )2+ 3200 =0 )2Lo6F 1 _ 17(L%, + —2")

- 2 C . 7l
» o S Iz, Cny Ot (77)
Substituting eq. (77) into eq. (73) yields
Cy, L3
2 fy T
U [Eletl  Ble?] MR ) L 20
— - = t
Cny o 1 ng e TR

2
2 nyLgxy

o 2 Ty we 2
MR Z 4 M RV ). (78
+ 16 || t || + 4Lug(llg +Lg)at || yg(xt yt)” ( )

Step 5. Bound E||e/*||? in eq. (66).

Next, from Lemma([T7] we have

Ellefiy|?_Ellef|? _ [(1 — i P(LH96LXE) 1

+ 4L9ny35€ EHG?”2

Qg a1 Qi Qi1

270+ L3 JE[R] |

+96(1 —nfi ) (L2

N 8(nit1)*(05,, 5 +0%,)
Qi

+96(1 —ni)*(Ly,, s + LF, )char (2El|ef | + 2BV g (e, v )[|?)

1
+96(1 — 0/t )’ LyciauEllvy — v*||* + — (4L, 720, + 8L2 353) (79)
t

gyy v

For the first term of right hand side of eq. (79), recalling the §. in eq. (67), we have
(1—nf)?(1+96L2)7) 1 | ALy, T3

Jyy " v
o 1 o7

1= it (14 96L2)2) — ALy "0

B oy 97t at—l oy
R R

:i_ 1 _77t+1+1_77t+1_96L2/\t2

(673 [e T} 2at (673 9
a) 1 1
@ o C";at ( - cnRozt) -96L§c§af
© oy 2.2 Cnrt
S @ + 96LgC)\Oft — T, (80)

where (a) follows from the definition that nﬁH = ¢y i, and (b) follows from eq. that a% —
atl 1 <2 L . Recalling ¢, ,, from eq. (67) that

2 320 §
T +192L2c3 L; Y Con
Hg
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which, in conjunction with eq. (80), yields

(1 — 175_1)2(1 + 96L!2]>\3) 1 4L9yyr12)5€ 160915/ =
- + v < — Coe- (81)
€77 1 e77 L,%g

Incorporating eq. into eq. , recalling from eq. lb that o := | /agyyrg + 012‘-7/, and multi-

plying both sides of eq. by we have

C L
CﬂR

1 elr |2 et |2 16C,, 8(nk )2 « ~
p Ll Tl T o e 4 0L o 1 iy
Con Qg Q-1 n
Cy, L? Cy, L?
2 fy s 2 Fy Mg,
Lfy yu§ ‘ Lfy yﬂg ’

+ oElled ||* + o E||Vyg(ze, ye)|?

L2, AL, (g + Lg)

1

MR

+ Cop, ullve = vf|* + ——(4Ly,, 130 + 8LY, 1307). (82)

Gyy' v y' v

Step 6. Merging the results of Step 1-5 to prove eq. (66).

Finally, adding eq. (68), eq. ©9) eq. (74), eq. (78), eq. (82) and the result of Lemma [[3] with
ap < % yields

4(”{-&-1)20?_‘_ 2(77?-{-1)20_2 n 8(”5&-1)2012%
g Cnp
nr St

«
E[Viy1 = Vi < =5 E[[V@(ay, 6] +

c77f Qt C’lg at

1 1
+ ——(4Lg,,r20c + 16L7 1307) + ——(4Lg,, r26c +8L7 1r,62). (83)
QiCry v QCpp vy
Then, the proof is complete. O

D.8 Proof of Theorem[I]

Proof. Summing up the result of Lemma [I9]for ¢ = 0 to 7' — 1, dividing by T on both sides and
using the definitions that 73/, | := ¢,, a2, 17, = ¢, a2, nft | = ¢,a?, we have

T-1 2 2 2 T-1
E[Vr — Vol 1 Qg o, 1 [4en)” 5 2(eq,)” 5 8(ene)® o 3
— <5 —E|VO(xy)|]* + = | —L—0F + — 202 + 5% «
T T ; 2 T & Cny ! Cnr pars !
-1 -1
+ — (4L, 720 + 1617 ryo7) + —— (4L, 720 + 8L2 1367). (84)
—o “tCny " —o *tCnr . v
t=0 t=0
Next based on the definition of ¢ in eq. (67), we have
T-1 T-1 T—1
1 (@ 1
3
al = <>y < log(T +1)
t=0 o wtt T Lt
T-1 T-1 T-1
(a)
1 = % < % < §T2/3_ (85)
oy (w+1t) — (1+1) 2
where inequality (a) results from the fact that we choose w > 1.
By plugging eq. (83) in eq. (84), we have
T-1 2 2 2
E[Vr — Vq) 1 a; 4c 2¢;, 8c log(T 4+ 1)
—— <=5 ) S EIVe@)| + | of+ o+ Mo 7
t=0 nf Mg nR
+T?3(6Lg,, 120 + 2412 rod2) + T%/3(6L,,, r2d. + 1217 7267).  (86)
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Rearrange the terms in eq. (86)), we have

T—1 2 2 2
1 oy o _ E[Vh — &7 dey o 20, 5 8. o | log(T +1)
=N LE|VE(x)|? < 4+ | M2 4 o2 R G2
T; 2 T ey, T ey, Con T
+T2%/3(6Lg, 120, +24L7 ry67) +T?/3(6Lg,, 120, +12L7 r6?),

which, in conjunction with the fact that o is decreasing w.r.t. ¢ and multiplying by 2/« on both
sides, yields
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Finally, based on the definition of the potential function, we have

2L . 4Cp .
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2 2 2
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C”If [e T} C77 [e T} Cnr Oit—1

Cnf

S(I)(IEQ) +

where the inequality follows from Assumptlonl lemmaland the definitions of A/, h{ and hR
in eq. (I0), eq. (@), eq. (7). Then, substituting eq. Lﬁi into eq. (87) yields

T P 4L — y*(z0)]? 8C' vo — v (g, 2
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a—rarT \ ey, &y, Con Cny Cng Cnr arT
e Tabe +24L7 102 + 6Ly, o0 + 1217 7,07 89
+ y ( Gy T + T'y0¢ + Gyy Tv0 + gyyrv s)' ( )
Recalling . in eq. (67), we choose our J. as
. oy (w+T)S  (w+T)s
0c < — , . (90
= { 8Ly 3w+ T — D7) 8(Lg,, 3w + T~ 177) 12131, g2 270Ly, 2]

Substituting eq. ‘W’ and the definitions of ar := W and a1 = oy into eq. , yields

[

]E||V<I)(33a( ))HQ < O( ( ) o + ”yO _y*(l‘o)HQ + ||Uo —U*(xo,yo)

T2/3 T2/3 T2/3
2
P S S T
T2/3 T2/3 T2/3 T2/3
Finally, the proof is complete. O
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