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A Appendix

A.1 Proofs

A.1.1 Explanation of Assumption|T]

Assumption Fori,j € {0,1}, the classifiers Y = f(X) and A = h(X) satisfy

U; U;
<o <1-— .
Tij Tij
We now expand on the implications of this assumptions Recall that U; = P
ri; =P(A=14Y =j),and q; ; = P(Y =1| A =i,V = j). Thus Assumption
PA=i,A#4i)<PY =1,A=4i,Y =j) <P(A=1i,Y =j) — P

Immediately, it is clear that Eq. (T0) implies
P(A=i,A#i) < (E i)Y =j)—P(A
P(A=i,A#i) <
Now, the left inequality of Eq. (I0) states
PA=i,A#4i)<PY =1,A=4iY =)
and the right inequality of Eq. (I0) states

PY=1,A=iY =) <P(A=iY =j)—P(A=1i A+

which implies

PA=i,A#4i)<PY =1,A=4iY =1)

PA=i,A#i)<P(Y =0,A=4Y =1)
and if j =0,

P(A=i,A#i)<P(Y =1,A=14,Y =0)

PA=i, A#i)<P(Y =0,A=4Y =0)

Any reasonable classifier Y would have the properties
PY=0A=iY=1)<PY =1,A=iY =1)
PY=1,A=iY=0)<PY =0,A=4,Y =0)

Thus, Assumption |I| 1S met when

P(A=i,A#i) <P(Y =jA=iY # )
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A.1.2 Proof of Theorem[T]

We only prove the result for [Arpr ()| as the proof for |Appr(f)| is completely analogous.

Proof. The rules of conditional probability and the law of total probability allow us to decompose
a1 and o 1 in the following manner,

a=PY =1]A=1Y =1) (23)
:Mgmti;f5l) 24
_ ZENHMYz%AzLYzLﬁzé 05)
Yeron) icioy PV =4, A=1Y = 1,4 =)
_ meuMY:%A:LY:”A:QPMZQ 06
Yeron) Zicioy PV =4, A=1Y =1] A=) -P(A =)
and
a1 =PY =1]A=0,Y =1) (27)
:Mgmitggb1) 28)
CPY=1Y=1)-PY=1A=1Y =1) 29)
P(Y =1)-P(A=1,Y =1)
_P&:LYZU—&#m”MYzLA:LYzﬂﬁzﬁpd:@} 0
PWzl%{ZKm”me”MY:$A:LY:1MLﬂ)MA:M
Therefore, Apr(f) = 1,1 — ap,1 is a function of the four probabilities given by
P(Y=j,A=1Y=1|A=1) (31)

which are unidentifiable in a demographically scarce regime and therefore not computable.

The Fréchet inequalities tell us that for ¢, j € {0,1}
PY=j,A=1Y=1|A=0)>max{P(Y =5, Y =1|A=i)—P(A=0| A=14),0}
(32
PY=j,A=1Y=1|A=0) <min{P(Y =4,V =1|A=i),PA=1]A=1i)}. (33)
Observe that, Arpr(f) is an increasing function with respect to the two probabilities
PY=1,A=1Y =1 A=1) (34)
and a decreasing one with respect to the two probabilities,
P(Y =0,A=1Y =1| A=1). (35)

As a result, Arpg(f) is maximal when P(Y = 1,4 = 1,Y =1 | A = 4) achieve their maximum
values and P(Y = 0,4 = 1,Y = 1 | A = i) achieve their minimum values. On the other hand,
Arpr(f) is minimal when P(Y = 1,A = 1,Y = 1 | A = 4) achieve their minimum values and
]P’(Y =0,A=1Y =1,] A= i) achieve their maximum values. With these facts, we now provide
the upper bound. Recall from Appendix that Assumption [I]implies

PA=iA#i)< (B(A=iY =)) (36)
PA=i A#i) <PV =jA=iY #j)<PY =jA=iY =) (37)
G8)
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556 With Assumptionwe first provide the values of min [P(Y = 0,4 =1,Y =1,| A = 4)]. First,
MY:QY:1JA:U—PM:0pLﬂ):MY:&4:LY:1%— Ui 39
P(A=1) P(A=1)
>0 (40)
557 because IP’(Y =0, A= 1,Y =1) — U; > 0. Second,
5 X A P(Y=0,A=0,Y=1) PA=0A4=
PV =0,Y =1,| A=0)—P(A=0| A=) = X =04=0Y=1) PA=04=0)
P(A=0) P(A = 0)
41
_PY=0A4=0Y=1 PA=0-U
P(A=0) P(A=0
(42)
_PY=0A=0Y=1) PA=0-Up
P(A=0) P(A=0
(43)
_PW:QA—QY:)+ U
P(A=0) P(A =0)
(44)
s58  Now note that,
P(Y=0,A=0Y =1)=P(A=0,Y =1)—-P(Y =1,A=0,Y =1) (45)
<P(A=0,Y =1) -0, (46)
ss9  where the second equality is due to Assumption [T} As a result
MY:Q%:QY:D*_ Uo _ISMA:QY:U—M) Uo _1 @
P(A=0) P(A = 0) P(A=0) P(A = 0)
P(A=0,Y =1
_PA=0Y =1 48)
P(A=0

560 Therefore,

min [P(Y =0,A=1,Y=1|A=1)]=PY =0,Y =1,|A=1)—-P(A=0| A=1) 49)

min [P(Y =0,A=1,Y =1|A=0)]=0 (50)
sst  Now we provide the values of max [P(Y =1,A=1,Y = 1,| A = 4)]. First,
P(A=1|A n:PM:}A:” (51)
P(A=1)
P(A=1)
JPA=1Y=1)-U 53
P(A=1)
ZMA:LY:1y4@Y:QA:LY:1) G
P(A=1)
:MY=L4:LY=D:My:LY:HA:D (55)
P(A=1)
s62  Second,
PA—1| A=) 2A=LA=0) (56)
P(A = 0)
LY =LA=0Y =D by y_qd—o) (57)
P(A = 0)
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566
567

Therefore,

max [P(Y =1,A=1,Y =1|A=1)]=PY =1,Y =1|A=1) (58)
max [P(Y =1,A=1,Y =1|A=0)]=P(A=1| A=0) (59)
Plugging these 4 values into Atpg will yield the upper bound,
721 ~ TA() 1 —~ 1 1
By +Co1 = : — : U 60
vHCor = E A M %;AU%J+O<ﬁJ+AU+%JAU> (60)

One can similarly use the assumptions to derive the lower bound,

11 o1 1 1
B —Cy=—" S— —U _ 61
TR TR TR AU T R, - Au ! 1<ﬁJ+AU+mJ—AU> D

and thus |Arpr| < max{|By + Co 1], |B1 — C1,1|}. One can use same arguments to derive the upper
bound for | Appg|. O
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A.1.3 Proof of Theorem 2]

We prove the result for |Arpgr (f)|. We first start by proving the existence part of the theorem.

Let A = h(X) be a sensitive attribute classifier with errors Uy and U that produces rates ; ; =
P(A = i,Y = j). Let F be the set of classifiers for Y such that Vf € F, f and h satisfy
Assumptlon Consider any f € F with group conditional probabllmes al = IP’( =1 | A =

1,Y = j). Since we are only proving the result for |Arpr(f)],
the x-axis being & 1 and the y-axis being &; 1. We know,

<%1<17U; (62)
rz 1 i1
which implies
U; 1
<z (63)
’I"7 1 2

The two equations above define a rectangular region in the xy plane with a center (%, %), meaning
any classifier f € F, has @; ; that are in this region.

Now, denote F to be a the set of classifiers for Y, with group conditional probabilities Q, 4, that
satisfy the condition,

7“01 a 7“11 a AU 1 i 1
TOlfAU Qo1 7’11+AU Q1= 2 f1,1+AU 72071*AU '

This condition defines a line in the xy plane meaning any classifier in F has Q, ; that are on this line.

(64)

Now observe that the classifier f € F with @, ; = 3, satisfy the above condition because,
70,1 1\ fia 1 _ 1 70,1 P11 65)
’f‘071 — AU \ 2 flyl + AU \ 2 2 7“01 —AU 7“11 + AU

_1 T’OlfAUﬁ’AU 7’1,1+AU7AU (66)

_2 7‘01—AU 721’1+AU

1 AU
_ 1 1B 67
2( T‘Ol—AU +721’1+AU> ( )
U 1 1

68
(7"11+AU To’lAU) ( )

This implies that the line defined by Eq. (64) intersects the rectangular region that Assumption
defines. As a result, 7 N F is not empty, meaning there exists a classifier f € F with group
conditional probabilities @i,l that also satisfies the condition,

70,1 a 1,1 a AU 1 n 1
’/’01—AU Qo.1 7’11+AU Q= 2 f1,1+AU 72071—AU '
Now we prove that such a classifier has minimal bounds. Theorem T]tells us that for f € F

|[Atpr(f)| < Brer(f) = max{|B1 + Co 1|, |B1 — C1,1]}

Note that B; is linear in &1 1 and &g 1 and that Cy ; and C ; are constants such that By + Cp 1 >

— (1 simply because B; + Cj 1 is the upper bound for Arppr and B; — Cj ; is the lower bound.
Since these bounds are affine functions shifted by a constant, then min max{|B;+Cy 1], |B1 —C11
necessarily occurs when

(69)

By +Coy=—-B1—Ci1 (70)
meaning
2B = —(C11+Co1) (71)
have minimal upper bounds on |Arpg|. After rearranging terms, this condition is precisely
7 a 7 4 AU 1 1
0,1 1,1 AU 4 _ 72)
TOl—AU 7‘11+AU 2 T111+AU To’l—AU
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