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Abstract

Many real-world experimental design problems (a) evaluate multiple experimental
conditions in parallel and (b) replicate each condition multiple times due to large
and heteroscedastic observation noise. Given a fixed total budget, this naturally
induces a trade-off between evaluating more unique conditions while replicating
each of them fewer times vs. evaluating fewer unique conditions and replicating
each more times. Moreover, in these problems, practitioners may be risk-averse
and hence prefer an input with both good average performance and small vari-
ability. To tackle both challenges, we propose the Batch Thompson Sampling
for Replicable Experimental Design (BTS-RED) framework, which encompasses
three algorithms. Our BTS-RED-Known and BTS-RED-Unknown algorithms, for,
respectively, known and unknown noise variance, choose the number of replica-
tions adaptively rather than deterministically such that an input with a larger noise
variance is replicated more times. As a result, despite the noise heteroscedasticity,
both algorithms enjoy a theoretical guarantee and are asymptotically no-regret.
Our Mean-Var-BTS-RED algorithm aims at risk-averse optimization and is also
asymptotically no-regret. We also show the effectiveness of our algorithms in two
practical real-world applications: precision agriculture and AutoML.

1 Introduction

Bayesian optimization (BO), which is a sequential algorithm for optimizing black-box and expensive-
to-evaluate functions [[14} [15]], has found application in a wide range of experimental design prob-
lems [21]. Many such applications which use BO to accelerate the scientific discovery process
[27] fall under the umbrella of Al for science (Al4Science). Many real-world experimental design
problems, such as precision agriculture, share two inherent characteristics: (a) multiple experimental
conditions are usually evaluated in parallel to take full advantage of the available experimental budget;
(b) the evaluation of every experimental condition is usually replicated multiple times [31]] because
every experiment may be associated with a large and heteroscedastic (i.e., input-dependent) obser-
vation noise, in which case replication usually leads to better performances [2, |33} 43]]. Replicating
each evaluated experimental condition is also a natural choice in experimental design problems in
which it incurs considerable setup costs to test every new experimental condition. This naturally
induces an interesting challenge regarding the trade-off between input selection and replication: in
every iteration of BO where we are given a fixed total experimental budget, should we evaluate more
unique experimental conditions and replicate each of them fewer times or evaluate fewer unique
conditions and replicate each more times? Interestingly, this trade-off is also commonly found in
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other applications such as automated machine learning (AutoML), in which parallel evaluations are
often adopted to exploit all available resources [28] and heteroscedasticity is a prevalent issue [[12].
Furthermore, these experimental design problems with large and heteroscedastic noise are often faced
with another recurring challenge: instead of an input experimental condition (e.g., a hyperparameter
configuration for an ML model) that produces a good performance (e.g., large validation accuracy)
on average, some practitioners may be risk-averse and instead prefer an input that both yields a good
average performance and has small variability. As a result, instead of only maximizing the mean of
the black-box function, these risk-averse practitioners may instead look for inputs with both a large
mean function value and a small noise variance [26, |33]].

In this work, we provide solutions to both challenges in a principled way by proposing the framework
of Batch Thompson Sampling for Replicable Experimental Design (BTS-RED). The first challenge
regarding the trade-off between input selection and replication is tackled by the first two incarnations
of our framework: the BTS-RED-Known (Sec. [3.1) and BTS-RED-Unknown (Sec. [3.2) algorithms,
which are applicable to scenarios where the noise variance function is known or unknown, respectively.
For batch selection, we adopt the Thompson sampling (TS) strategy because its inherent randomness
makes it particularly simple to select a batch of inputs [28]. Moreover, previous works on BO have
shown that the use of TS both allows for the derivation of theoretical guarantees [16| 28] and leads to
strong empirical performances [[16} 20]. For replication selection, instead of the common practice
of replicating every queried input a fixed number of times, we choose the number of replications
adaptively depending on the observation noise. Specifically, in every iteration, both algorithms repeat
the following two steps until the total budget is exhausted: (a) choose an input query following
the TS strategy, and then (b) adaptively choose the number of replications for the selected input
such that an input with a larger noise variance is replicated more times. Of note, in spite of the
noise heteroscedasticity, our principled approach to choosing the number of replications ensures
that the effective noise variance R? of every queried input is the same (Sec. . This allows
us to derive an upper bound on their cumulative regret and show that they are asymptotically no-
regret. Our theoretical guarantee formalizes the impact of the properties of the experiments, i.e.,
our regret upper bound becomes better if the total budget is increased or if the overall noise level is
reduced. Importantly, our theoretical result provides a guideline on the choice of the effective noise
variance parameter R2, which is achieved by minimizing the regret upper bound and allows R? to
automatically adapt to the budgets and noise levels of different experiments (Sec. [3.1.2)).

To handle the second challenge of risk-averse optimization, we propose the third variant of our
BTS-RED framework named Mean-Var-BTS-RED (Sec. E]) which is a natural extension of BTS-
RED-Unknown. Mean-Var-BTS-RED aims to maximize the mean-variance objective function, which
is a weighted combination of the mean objective function and negative noise variance function
(Sec.[2). We prove an upper bound on the mean-variance cumulative regret of Mean-Var-BTS-RED
(Sec. ) and show that it is also asymptotically no-regret.

In addition to our theoretical contributions, we also demonstrate the practical efficacy of our algo-
rithms in two real-world problems (Sec.[5). Firstly, in real-world precision agriculture experiments,
plant biologists usually (a) evaluate multiple growing conditions in parallel, and (b) replicate each
condition multiple times to get a reliable outcome [31]. Moreover, plant biologists often prefer more
replicable conditions, i.e., inputs with small noise variances. This is hence an ideal application for
our algorithms. So, we conduct an experiment using real-world data on plant growths, to show the
effectiveness of our algorithms in precision agriculture (Sec.[5.2)). Next, we also apply our algorithms
to AutoML to find hyperparameter configurations with competitive and reproducible results across
different AutoML tasks (Sec.[5.3). The efficacy of our algorithms demonstrates their capability to
improve the reproducibility of AutoML tasks which is an important issue in AutoML [235]].

2 Background

We denote by f : X ¥ R the objective function we wish to maximize, and by 2: X ¥ R the
input-dependent noise variance function. We denote the minimum and maximum noise variance as

2., and 2 __ . For simplicity, we assume that the domain X is finite, since extension to compact
domains can be easily achieved via suitable discretizations [5]. After querying an input X 2 X,
we observe a noisy output y = f(X) + where N (0; 2(x)). In every iteration t, we select

a batch of b, 1 inputs fxgb)gbzl bes anigquery every xgb) with n,Eb) 1 parallel processes.

We denote the fotal budget as B such that Z‘:l ngb) B;8t 1. We model the function f



using aGaussian proces&GP) [40: GP( ();k(; )), where () is a mean function which we
assume w.l.o.g. (x) = 0 andk( ; ) is a kernel function for which we focus on the commonly
usedsquared exponentidlSE) kernel. In iterationt, we use the observation history in the rst
t 1literations (batches) to calculate the GP poste®® ; 1(); 2 ;(;)),inwhich  1() and

2 1(; ) represent the GP posterior mean and covariance functions (details in Appendix A). For
BTS-RED-Unknown and Mean-Var-BTS-RED (i.e., whef( ) is unknown), we use another GP,
denoted a6 P°, to model  2() (Sec. 3.2), and denote its posterioi@BY ¢ ;(); Z,(;)).

In our theoretical analysis of BTS-RED-Known and BTS-RED-Unknown where we aim to maximize
f, we follow previous vigorks on batch BQA], 18, 35 and derive an upper bound on thatch

cumulative regreRt = thl Minp v [f (X ) f(be))], in whichx 2 arg max, ,x f (x) and

Unknown enjoy a sub-linear upper boundRp, which suggests that dsincreases, a global optimum
X is guaranteed to be queried since tach simple regreBr = min 5 r3 Minp, b [f (X )

f (xgb) )] Rt =T goes ta0 asymptotically. We analyze the batch cumulative regret because it allows
us to show the bene t of batch evaluations,lgnd oHr analysis can also be modi ed to give an upper
T

on the sequential cumulative regretR$ = = _; E‘:l [f(x) f(xsb))] (Appendix D). Our
Mean-Var-BTS-RED aims to maximize timeean-variance objective functidn (x) = !f (x)

(L 1) (x) =M (x)+(@ !)g(x), in which we have de nedy(x) , 2(x);8x 2 X.
The user-speci ed weight parameter 2 [0; 1] re ects our relative preference for larger mean
functionlyalues or smaller noise variances. De ne mhean-variance batch cumulative regeet

RW = thl MiNgz e (X, ) hy (xﬁb))] wherex, 2 argmax,,x h (x). We also prove a
sub-linear upper bound R for Mean-Var-BTS-RED (Sec. 4).
3 BTS-RED-Known and BTS-RED-Unknown

Here, we rstly introduce BTS-RED-Known and its theoretical guarantees (Sec. 3.1), and then discuss
how it can be extended to derive BTS-RED-Unknown (Sec. 3.2).

3.1 BTS-RED with Known Noise Variance Function
3.1.1 BTS-RED-Known

Algorithm 1 BTS-RED-Known.
1: fort=1;2;:::;T do
22 b=0;5" =0
0
while Eozo n®) < Bdo
b b+1
Sample a functio” from the GP posterior dBP( ; 1(); 2 2 ,(;)) (Sec. 2)
Choose<§b) = arg max, oy ft(b)(x) andngb) =d 2(xﬁb)):Rze
h=b 1
for b2 [k], queryxﬁb) with nﬁb) parallel processes
b
for b2 [la], observe yt(;n) In2[n(®

10:  Usef (be) ; yt(b))gbz [b,] 10 update posterior dBP

P m
b b
§ )) ng y( )

- Calculate their empirical mean” = (1=n nt1 Yen

BTS-RED-Known (Algo. 1) assumes that( ) is known. In every iteration, to sequentially select

everyxﬁb) and its correspondingﬁb), we repeat thegollowing process until the total number of
0
replications has consumed the total budgéte., until EO:l ngb) B, line 3 of Algo. 1):

line 5: sample a functiohi® fromGP(  1(); 2 2 ;(;)) ( ¢ will be de ned in Theorem 3.1);

line 6: Choose<fb) = arg max, ox ft(b) (x) by maximizing the sampled functio‘r;fb), and choose

n® = d 2(x{?)=R2e, whered eis the ceiling operator and? is theeffective noise variance
After the entire batch ofy inputs have been selected, evexry) is queried Withnﬁb) parallel

processes (line 8), and the empirical meyém of thesenﬁb) observations is calculated (line 9).



Finally, f(xib);yfb))gbz [b] @re used to update the posterior@P (line 10). Of note, since the
observation noise is assumed to be Gaussian-distributed with a varianﬁabtf)) (Sec. 2), after
queryingxgb) independently fonﬁb) times, the empirical meayfb) follows a Gaussian distribution
with noise variance 2(x{?)=n{” . Next, since we select{” by n{” = d 2(x”)=R2e (line 6),
2(x§b)):n§b) is guaranteed to be upper-boundedy In other wordsgvery observed empirical

meanyt(b) follows a Gaussian distribution with a noise variance that is upper-bounded by the effective
noise variancdR?. This is crucial for our theoretical analysis since it ensures that the effective noise
variance iR-sub-Gaussian and thus preserves the validity of the GP-based con dence bound [8].

In practice, since our BTS-RED-Known algorithm only aims to maximize the objective furfction
(i.e., we are not concerned about learning the noise variance function), some replications may be
wasted on undesirable input queries (i.e., those with small valuie&dj especially in the initial

stage when our algorithm favours exploration. To take this into account, we adopt a simple heuristic:
we impose a maximum number of replications denotedas, and sehmax = B=2in the rst
T=2iterations andhnax = B afterwards. This corresponds to favouring exploration of more inputs
(each with less replications) initially and preferring exploitation in later stages. This technique is also
used for BTS-RED-Unknown (Sec. 3.2) yet not adopted for Mean-Var-BTS-RED (Sec. 4) since in
mean-variance optimization, we also aim to learn (and minimize) the noise variance function.

Due to our stopping criterion for bat&h selection (IB)ein practice, some budgets may be unused

in an iteration. E.g., wheB = 50, if Bozi nfbo) = 43 after the rstb 1 selected queries and

E‘ue newly selected; for the " queryxﬁb) is ngb) = 12, then the termination criterion is met (i.e.,
0
20:1 nﬁb) B) and only43=50 of the budgets are used. So, we adopt a simple technique: in the

example above, we rstly evaluate the last seleotéti.)] for 7 times, and in the next iteratidn+ 1,

we start by completing the un nished evaluationxdf') by allocatingl2 7 =5 replications to<§b).

Next, we run iteratiort + 1 with the remaining budget, i.e., we Bt=50 5 =45 initerationt + 1.
3.1.2 Theoretical Analysis of BTS-RED-Known

Following the common practice in B@J, we assumé lies in areproducing kernel Hilbert space
(RKHS) induced by an SE kernklkf k,; ~ B for someB > Owherekk,; denotes the RKHS
norm. Theorem 3.1 below gives a regret upper bound of BTS—RED—Kncl)Dwn (proof in Appendix B).

Theorem 3, (BTS-RED-Known) Choose 2 (0;1). Dene ¢ 1 , ‘st b, and de ne
t, B+R 2( ,,+1+log(2=)) where denotes the maximum information gain about
f fromany ; ; observationsr. With probability of at least (@ ignores all log factors),

t 1

Rr=© ¢ Re=B=d™e 1 T 150 C+' o) :
r=CGe = Rz © 8(C C+  18) :

Cis aconstants.tmaxa x :jaj 8! fi:yajy1t 1 C;8t 1.1 f;yajyy: 1 istheinforma-
tion gain from observationg, at inputsA, given observationg,., ; inthe rstt 1iterations.

It has been shown bylf] that by running uncertainty sampling (i.e., choosing the initial in-
puts by sequentially maximizing the GP posterior variance) as the initialization phase for a
nite number (independent o) of iterations,C can be chosen to be a constant indepen-
dent of B andE. As a result, the regret upper bound from Theorem 3.1 can be simplied

intoRr = @ R2=(B=d%e 1)pT (1 + pﬁ) . Therefore, for the SE kernel for

which 1 = O(log®"* (TBY)), our regret upper bound is sub-linear, which indicates that our
BTS-RED-Known isasymptotically no-regret Moreover, the benet of a larger total budget

B is also re ected from our regrﬁt upper bound since it depends on the total bBdyet
@((log?** (TB) + log (“*Y =2(TB))=_ B), which is decreasing as the total budgencreases. In
addition, the regret upper bound is decreased,if, becomes smaller, which implies that the per-
formance of our algorithm is improved if the overall noise level is reduced. Therefore, Theorem 3.1
formalizes the impacts of the experimental properties (i.e., the total budget and the overall noise level)
on the performance of BTS-RED-Known.

Homoscedastic Noiseln the special case of homoscedastic noise, igx) = 2,8x 2 X,
thenn; = d 2 ;=R%e, nconstandhy = bB=ngonsC, bp;8t 2 [T]. Thatis, our algorithm reduces



to standard (synchronous) batch TS propose@@hwhere the batch size I and Every query is
replicatednonsitimes. In this case, the regret upper bound becoRes= @(Rp%0 T 1o (14

Th,)) (Appendix B.1).

Theoretical Guideline on the Choice ofR2. Theorem 3.1 also provides an interesting insight
on the choice of the efflgctive noise variariRé. In particular, our regret upper bound depends
on R? through the term R2=[B=( 2,,=R2+1) 1]! By taking the derivative of this term
w.r.t.R?, Wephave shown (Appendix C) that the valueRsf that minimizes this term is obtained at
R?2= 2_( B+1)=B 1).In other wordsR? should be chosen as a fraction g, (assuming
B> 4st.( B+1)=(B 1)< 1).Inthis case, increesing the total budBataturally encourages
more replications. Speci cally, increasiyreduce§’ B+ 1)=(B 1) and hence decreases the
value ofR?, which consequently encourages the use of langsr(line 6 of Algo. 1) and allows
every selected input to be replicated more times. For example, when the total buBlgel &, R?
should be chosen &2 = fnax =3; whenB = 100, then we haviR? = 2, =9. We will follow this
theory-inspired choice d®“ in our experiments in Sec. 5 (with slight modi cations).

Improvement over Uniform Sample Allocation. For the naive baseline of uniform sample allocation
(i.e., replicating ever)binput a xed numbep B of times), the resulting effective observation

noise would b& ax = no)-Sldb-Gaussian. This would result in a regret upper bound which can be

obtained by replacing the term R2=(B=d%e 1) (Theorem 3.1) by max P ng (for simplicity,
we have ignored the non-integer conditions, i.e., the ceiling operators). ;%JSO note that with our optimal

choice ofR? (the paragraph above), it can be easily veri ed that the terR2=(B=d éa; e 1)
(Theorem 3.1) can be simpli ed tomax= B. Therefore, given that, B, our regret upper bound

(with the scaling of max =, B) is guaranteed to be no worse than that of uniform sample allocation
(with the scaling of max= ng).

3.2 BTS-RED with Unknown Noise Variance Function

Here we consider the more common scenario where the noise variance furfdtipis unknown by
extending BTS-RED-Known while preserving its theoretical guarantee.

3.2.1 Modeling of Noise Variance Function

We use a separate GP (denotedd®) to model the negative noise variance functigr) = 2()

and use it to build a high-probability upper bow:ipz( ) on the noise variance functiorf( ).? After

this, we can modify the criteria for selectinéb) (i.e., line 6 of Algo. 1) to bmgb) = dy, ’ (xﬁb)):RZe,
which ensures that, * (x(?)=n{®  R2. As a result, the condition of2(x(?)=n"  RZis still

satis ed (with high probability), which implies thahe observed empirical mean at every queried
be) is still R sub-GaussiaifSec. 3.1.1) and theoretical guarantee of Theorem 3.1 is preserved. To
constructG P, we use the (negated) unbiased empirical noise vaript%as the noisy observation:

X p®
g’= =0 1) ol v gy © (1)

Whereg(xgb)) = 2(xfb)) is the negative noise variancexﬁ’), and Yis the noise. In BTS-RED-
Unknown, we use pairs df(xfb);ye[(b))g to update the posterior @P°. We impose a minimum

number of replicationsnin, 2 for every queried input to ensure reliable estimationpf@f.

3.2.2 Upper Bound on Noise Variance Function

Assumptions. Similar to Theorem 3.1, we assume tlydies in an RKHS associated with an SE
kernelk® kgk,, . B Ofor someB°> 0, which intuitively assumes théte (negative) noise variance

1To simplify the derivations, we have replaced the tefh., =R?e by its upper bound 2, =R? + 1, after
which the resulting regret upper bound is still valid.
2Here we have modeled 2() (instead ofog 2( ) as done by some previous works) because it allows us
to naturally derive our theoretical guarantees, and as we show in our experiments (Sec. 5), it indeed allows our
algorithms to achieve compelling empirical performances. We will explore modédiing?( ) in future work
to see if it leads to further empirical performance gains.



varies smoothly across the domain We also assume that the noiSés R%sub-Gaussian and justify
this below by showing that’is bounded (with high probability).

Yis R%sub-Gaussian.Since the empirical variance of a Gaussian distribugijrfollows a Chi-
squared distribution, we can use the concentration of Chi-squared distributions to show that with
probability of 1, °is bounded withirfL ;U ], whereL = Z,( 2 . _ ;=(Nmin

1) 1)U = 2u(3 1y -,=(Mmn 1) 1).Here 7 =~ ;. denotes "-quantile of the

Chi-squared distribution with,;, 1 degrees of freedom (= =2o0r1 = 2). By choosing
= =(4TB) ( is from Theorem 3.1), we can ensure that with probability ol =~ =4, %is

bounded withinL ;U ] for all x{b]. In other words, with probability of 1 =4, the noise °
in (1) is zero-mean and bounded witHin ;U ], which indicates that® is R%sub-Gaussian with
RO=(U L )=2. More details are given in Appendix E. Note that the valu®Btlerived here is
expected to be overly pessimistic, so, we expect smaller valu@8tofbe applicable in practice.

Upper Bound Construction. With the assumptions &gk, , B%and %is R%sub-Gaussian, we
can construct the upper bouhk 2( ). Denote by °t , the maximum information gain abogtfrom

any 1= Lo boobservations, de ne?, B%+ R® 2( 0  +1+log(4 =)), and represent
the GP posterior mean and standard deviatiol&Bf as 9 ()and ? 4(). Then we have that
a0 g0l PP ax) 8x2X;t2(T] (2)
with probability of 1  =2. The error probabilities come from applying Theorem 28)f([=4)
and assuming thaf is R%-sub-Gaussian£4). This implies that 2(x) = g(x) 9 (x)
9 0 (x), and hence ?(x) O () + 29 ,(x);8x 2X;t 2 [T]. Therefore, we can choose
the upper bound on the noise variance (Sec. 3.2.agx) = 2 ,(x)+ 20 (x).

BTS-RED-Unknown Algorithm. To summarize, we can obtain BTS-RED-Unknown (Algo. 3, Ap-

pendix F) by modifying the selection criterion of (line 6 of Algo. 1) to bengb) =d ¢ 1(xfb)) +

00 (x™)=R2e As a result, BTS-RED-Unknown enjoys the same regret upper bound as Theo-

rem 3.1 (after replacingin Theorem 3.1 by=2). Intuitively, using an upper bourid, 2(xgb)) in the
selection ofh; implies that if we are uncertain about the noise variance at some input Iooxé'f?on
(i.e.if ? 1(xfb)) is large), we choose to mnservativeand use a large number of replications

4 Mean-Var-BTS-RED

We extend BTS-RED-Unknown (Sec. 3.2) to maximize the mean-variance objective function:
hy(x) = If (x) (@ !) 2(x), to introduce Mean-Var-BTS-RED (Algo. 2). In contrast to

BTS-RED-Unknown, Mean-Var-BTS-RED chooses every input quéR/ by maximizing the
weighted combination of two functions sampled from, respectively, the posteri&® ahdG P°
(lines 5-6 of Algo. 2), whilen; is chosen (line 7 of Algo. 2) in the same way as BTS-RED-Unknown.
This naturally induces a preference for inputs with both large valuésaoid small values of?( ),

and hence allows us to derive an upper boun®¥¥ (proof in Appendix G):

Theorem 4.1(Mean-Var-BTS-RED) With probability of at least.
P— h i
c P—pP— p_ d —d— p_1
RW = @ q% IR 18( 718+ C)+(1 1R® 9 2.+ C)
B=dgt3-e 1

Cisaconstants.imaxa x :jaj sl f;YalY1t 1 C,maxa x jaj 8l 9 @aj®1:r 1 C.

Note that g and 9 may differ since the SE kerneksandk®, which are used to modélandg
respectively, may be different. Similar to Theorem 3.1, if we run uncertainty sampling for a nite
number (independent @f) of initial iterations using eithek or k° (depending on whose lengthscale

is smaller), therC can be chosen to be a constant independeBtaridT. Refer to Lemma G.6
(Appendix G) for more details. As a result, the regret upper bound in Theorem 4.1 is also sub-linear
since bottk andk®are SE kernels and hencgg = O(log®™ (T)) and 95 = O(log®™ (T)). The

regret upper bound can be viewed as a weighted combination of the regrets associatednalith

g. Intuitively, if I is larger (i.e., if we place more emphasis on maximifiripang), then a larger
proportion of the regrets is incurred due to our attempt to maximize the furfction

6



Algorithm 2 Mean-Var-BTS-RED.
1. fort=1;2;:::;T do
22 b=0;p” =0
: b (6%
while o Ny’ < Bdo
b b+ 1b .
samplef ? from GP( ¢ 1(); 2 2 1(;)), andg® fromGPY ? 1(); & .%(3)
b b b
X = argmax [ (V00 + (1 1)g” ()
n? =d 0 a(x{”)+ 20 (x{”)=Ree
h=b 1
for b2 [h], queryxfb) with nfb) parallel processes
10: for b2 [b], observe yt(;f? 9n2[n®] Calculate their meay{b) and (negated) varianﬁb) (2)

11:  Usef (be) ; yt(b))gbz (b] {0 update posteriaGP, f(xﬁb) ; yfb))gbz [b] {0 update posteriads PO

5 Experiments

For BTS-RED-Known and BTS-RED-Unknown which only aim to maximize the objective function
f, we sethmax = B=2in the rst T=2 iterations andh,ox = B subsequently (see Sec. 3.1.1 for
more details), and sét,ax = B in all iterations for Mean-Var-BTS-RED. We seti, =2 unless
speci ed otherwise, however, it is recommended to makg larger in experiments where the
overall noise variance is large (e.g., wengf, =5 in Sec. 5.2). We use random search to select the
initial inputs instead of the uncertainty sampling initialization method indicated by our theoretical
results (Sec. 3.1.2) because previous w@d and our empirical results show that they lead to similar
performances (Fig. 8 in App. H.1). We choosbe the effective noise variaAd®y following our
theoretical guidelinein Sec. 3.1.2,i.R?2 = 2_ (" B+1)=(B 1)which minimizes the regret upper
bound in Theorem 3.1 However, in practice, this choice may not be optimal because we derived
it by minimizing an upper bound which is potentially loose (e.g., we tbave ignored all log factors).
So, we introduce a tunable parameter 0and choos®? asR?= 2. ( B+1)=(B 1).Asa
result, we both enjoy the exibility of tuning our preference for the overall number of replications
(i.e., a smaller leads to largen;'s in general) and preserve the ability to automatically adapt to
the total budget (vi@) and the overall noise level (vig,,, ). When the noise variance is unknown
(i.e., 2. is unknown), we approximate?,, by the maximum observed empirical noise variance
and update our approximation after every iteration. To demonstrate the robustness of our methods,
we only use two values of = 0:2and = 0:3in all experiments. Of note, our methods with

= 0:3 perform the best in almost all experiments (i.e., green curves in all gures), an@:2 also
consistently performs well.

Following the common practice of BA ], 20, 28, 32, 35], we plot the (batch) simple regret or the

best observed function value up to an iteration. In all experiments, we compare with the most natural
baseline of batch TS with a xed number of replications. For mean optimization problems (i.e.,
maximizef ), we also compare with standard sequential BO algorithms such as GP-UCB and GP-TS,
but they are signi cantly outperformed by both our algorithms and batch TS which are able to exploit
batch evaluations (Secs. 5.1 and 5.2). Therefore, we do not expect ezistjugntiablgorithms to
achieve comparable performances to our algorithms due to their inability to exploit batch evaluations.
For mean-variance optimization, we additionally compare with the recently introduced Risk-Averse
Heteroscedastic BO (RAHBO3RB] (Sec. 6), which is the state-of-the-art method for risk-averse BO
with replications. Some experimental details are postponed to Appendix H.

5.1 Synthetic Experiments

We sample two functions from two different GPs with the SE kernel (de ned on a discrete 1-D
domain within[0; 1]) and use them &s( ) and 2( ), respectively. We usB = 50.

Mean Optimization. The mean and noise variance functions used here are visualized in Fig. 1a. This
synthetic experiment is used to simulate real-world scenarios where practitioneskareutraland
hence only aim to select an input with a large mean function value. After every iteration (batoh)

3For simplicity, we also follow this guideline from Sec. 3.1.2 to choBé&or Mean-Var-BTS-RED.



(a) (b) (©) (d)
Figure 1: (a) Synthetic function for mean optimization (Sec. 5.1). (b) Average number of replications
n; for BTS-RED-Unknown. Results for (¢) mean and (d) mean-variance optimization.

algorithm reports the selected input with the largest empirical mean from its observation history, and
we evaluate theimple regrefat iterationt as the difference between the objective function values at
the global maximunx and at the reported input. To demonstrate the consistency of our performance,
we also tested an alternative reporting criteria which reports the input with the larger LCB value in
every iteration, and the results (Fig. 7b in Appendix H.1) are consistent with our main results (Fig. 1c).
Fig. 1b plots the averag® (vertical axis) chosen by BTS-RED-Unknown for every queried input
(horizontal axis), which shows that largey's are selected for inputs with larger noise variances in
general and that a smaller= 0:2 indeed increases our preference for langes.

The results (simple regrets) are shown in Fig. 1c. As can be seen from the gure, for Batch TS with a
xed n¢, smaller values oy such as; =5 usually lead to faster convergence initially due to the
ability to quickly explore more unigue inputs, however, their performances deteriorate signi cantly
in the long run due to inaccurate estimations; in contrast, largeisuch as; = 20 result in slower
convergence initially yet lead to better performances (than small rxésj in later stages. Of note,
Batch TS withn; = 1 (gray curve) represents standard batch BS:(50) without replications 28],

which underperforms signi cantly and hence highlights the importance of replications in experiments
with large noise variance. Moreover, our BTS-RED-Known and BTS-RED-Unknown (especially
with = 0:3) consistently outperform Batch TS with xeat. We also demonstrate our robustness
against in this experiment by showing that our performances are consistent for a wide range of
(Fig. 7ain App. H.1). In addition, we show that sequential BO algorithms (i.e., GP-TS, GP-UCB, and
GP-UCB with heteroscedastic GP) which cannot exploit batch evaluations fail to achieve comparable
performances to batch TS, BTS-RED and BTS-RED-Unknown (Fig. 5in App. H.1).

Mean-variance Optimization. Here we evaluate our Mean-Var-BTS-RED. We simulate this scenario
with the synthetic function in Fig. 6a (App. H.1), for which the global maximums of the mean and
mean-variance ( = 0:3) objective functions are different (Fig. 6b). After every iteration (batchje

report the selected input with the largest empirical mean-variance value (i.e., weighted combination
of the empirical mean and variance), and evaluatankan-variance simple regrat iterationt

as the difference between the values of the mean-variance objective fuhctadrthe the global
maximumx, and at the reported input. The results (Fig. 1d) show that our Mean-Var-BTS-RED
(again especially with = 0:3) outperforms other baselines. Since RAHBO is sequential and uses
a xed number of replications, we udg = 50 replications for every query for a fair comparison.
RAHBO underperforms here which is likely due to its inability to leverage batch evaluations.

5.2 Real-world Experiments on Precision Agriculture

Plant biologists often need to optimize the growing conditions of plants (e.g., the amount of different
nutrients) to increase their yield. The common practice of manually tuning one nutrient at a time is
considerably inef cient and hence calls for the use of the sample-ef cient method of BO. Unfortu-
nately, plant growths are usually (a) time-consuming and (b) associated with large and heteroscedastic
noise. Soaccording to plant biologists, in real lab experimengs) multiple growing conditions

are usually tested in paralleind (b)every condition is replicated multiple times to get a reliable
outcomd31]. This naturally induces a trade-off between evaluating more unique growing conditions
vs. replicating every condition more times, and is hence an ideal application for our algorithms. We
tune the pH value (ifi2:5; 6:5]) and ammonium concentration (denoted as NH30;i30000]JuM).

in order tomaximize the leaf area and minimize the tipburn aafter harvest. We performeal

lab experimentsising the input conditions from a regular grid within the 2-D domain, and then use
the collected data to learn two separate heteroscedastic GPs for, respectively, leaf area and tipburn
area. Each learned GP can output the predicted mean and variance (for leaf area or tipburn area)
at every input in the 2-D domain, and can hence be used agtheadtruthmeanf ( ) and noise
variance 2( ) functions. We perform two sets of experiments, with the goal of maximizing (a) the



(@) (b) (©) (d)
Figure 2: (a) Mean and (b) mean-variance optimization for the leaf area. (c) Mean and (d) mean-
variance optimization for the weighted combination of leaf area and negative tipburn area.

(a) (b) (©) (d)
Figure 3: (a) Mean and (b) noise variance functions for leaf area, with some selected queries (stars)
and theim;'s. (c) Mean and (d) mean-variance optimization for hyper. tuning of SVM (Sec. 5.3).

leaf area and (b) a weighted combination of the leaf aréa8) and negative tipburn area 0:2).
For both experiments, we run BTS-RED-Unknown and Mean-Var-BTS-RED to maximize the mean
and mean-variance objectives £ 0:975), respectively. We s = 50, nmin =5 andnpa = 50.

Fig. 2 shows the results for maximizing the leaf area (a,b) and weighted combination of leaf area
and negative tipburn area (c,d). Our BTS-RED-Unknown and Mean-Var-BTS-RED witf :2

and = 0:3 consistently outperform Batch TS, as well as RAHBO in Figs. 2b and d. For mean
optimization, we also compare with sequential BO methods (Fig. 10 in Appendix H.2), which again
are unable to perform comparably with other algorithms that exploit batch evaluations. Figs. 3a and b
visualize the groundtruth mean and noise variance functions for the leaf area, including the locations
of some queried inputs (the selected inputs after edatgrations) and their correspondimng's.
Similarly, Figs. 9a and b (Appendix H.2) show the queried inputs andtbe®f Mean-Var-BTS-RED

(! =0:979H), illustrated on heat maps of the mean-variance objective (a) and noise variance functions
(b). These gures demonstrate that most of our input queries fall into regions with large (either
mean or mean-variance) objective function values (Figs. 3a and 9a) and ikah general larger at

those input locations with larger noise variance (Figs. 3b and 9b). We have included GIF animations
for Figs. 3 and 9 in the supplementary material. Our results here showcase the capability of our
algorithms to improve the ef ciency of real-world experimental design problems.

5.3 Real-World Experiments on AutoML

Reproducibility is an important desiderata in AutoML problems such as hyperparameter ®2fing [
because the performance of a hyperparameter con guration may vary due to a number of factors
such as different datasets, parameter initializations, etc. For example, some practitioners may prefer
hyperparameter con gurations that consistently produce well-performing ML models for different
datasets. We adopt the EMNIST dataset which is widely used in multi-task leatingq.
EMNIST consists of images of hand-written characters from different individuals, and each individual
corresponds to a separate image classi catask Here we tune two SVM hyperparameters: the
penalty and RBF kernel parameters, both witffiif©001, 2]. We rstly construct a uniform 2-D
grid of the two hyeprparameters and then evaluate every input on the grid 1G0rtgsks (i.e.,
image classi cation forl00different individuals) to record the observed mean and variance as the
groundtruth mean and variance. Refer to Figs. 11a, b and ¢ (Appendix H.3) for the constructed mean,
variance and mean-variande € 0:2) functions. Fig. 3c and d plot the resul® € 50) for mean (c)
and mean-variance (d) optimization. Our BTS-RED-Unknown and Mean-Var-BTS-RED with both

= 0:2 and0:3 perform competitively (again especially= 0:3), which shows their potential to
improve the ef ciency and reproducibility of AutoML. RAHBO underperforms signi cantly (hence
omitted from Fig. 3d), which is likely due to the small noise variance (Fig. 11b) which favors methods
with smalin;'s. Speci cally, methods with smalt;'s can obtain reliable estimations (due to small
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