A More discussions

A.1 Implementation details

Dataset selection. All of our experiments are performed on ImageNet-1k. All images come from
validation set. We fix the random seed to be 2022. Then 100 classes are selected uniformly at random.
For each class, an image from that class is selected uniformly at random.

Models. The models we use are pretrained models from torchvison.models. The weights
parameter is set to IMAGENET1K_V1.

Feature transformation. For each image, we first crop it into size (224,224,3). Then
quickshift is used to segment the image into super-pixels. = We use implementation
from scikit-image and parameters are set as follows: kernel_size=4, max_dist=200,
ratio=0.2, random_seed=2023. The setting we adopt is the same as the default setting in LIME
except that we fix random seed. By fixing random seed, for the same image, we can always get
the same super-pixels so that instability is only due to randomness in computing explanations. For
different images, they are still segmented in different ways.

Computing explanations. Our implementation is based on LIME’s original implementation. We fix
hide_color=None so that the average value of each super-pixel will be used as reference for it when
that super-pixel is removed. distance_metric to determine weight is set to 12 which is suggested
for image data in LIME [22]. Default value of alpha in Ridge regression is 1 if not otherwise
mentioned. For each image, its most probable label is inferred from model f. Then, explanation w.r.t.
this label is computed for that image. Explanations under 10 different random seeds are computed for
each image. The parameter random_seed in LimeImageExplainer and its explain_instance
function is fixed to these random seeds.

A.2 Stability of LIME and GLIME

In top-1,5,10 and average Jaccard index are presented. The average Jaccard index the the
average of top-k Jaccard index for k = 1,- -, d. Results are similar with|Figure 4a| By reformulating,
GLIME produces more stable explanations than LIME.

A.3 LIME and GLIME-BINOMIAL converges to the same limit

In we can observe the difference and correlation between the explanations produced by
LIME and GLIME-BINOMIAL. As the sample size increases, LIME and GLIME-BINOMIAL become
more similar and highly correlated. The difference between their explanations converges to zero
rapidly when o is very large (e.g., o0 = 5). Since LIME converges very slow when ¢ is small, it
may be intractable to sample until their difference fully converges. However, we can still observe
that their correlation becomes stronger as more samples are used. This indicates that LIME and
GLIME-BINOMIAL converge to the same limit as the sample size increases.

A.4 LIME explanation is different for different references.

Previous work [[14] has pointed out that LIME is unstable with respect to references. As we argued
in[Section 4.2] this is due to sampling distribution of LIME is determined by reference chosen. In
Figure 9] empirical evidence is presented. We choose six different references: black, white, red,
blue, yellow image and the average value of removed super-pixel (which is the default setting for
LIME). The average Jaccard index among explanations computed with these references is reported
in Obviously, LIME is sensitive to references. Different references cause LIME to select
different features as the most influential even when over 2000 samples are used. The top-1 Jaccard
index is less than 0.7 when sample size is over 2000.

A.5 Local fidelity of GLIME

shows local fidelity of GLIME by sampling from ¢, neighborhood {z|||z — x||2 < €} of
x. [Figure 10| and [Figure 11] present local fidelity of GLIME by sampling from ¢; neighborhood

{z|||z — x||1 < €} and /., neighborhood {z|||z — x||~ < €}, respectively.
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Figure 7: Top-1,5,10 and average Jaccard index of different methods. Average Jaccard index is the
average of top-1, - - - , d Jaccard index.
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Figure 8: Difference/correlation of LIME and GLIME-BINOMIAL explanations. MSE, MAE
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become more similar. Difference/correlation converge faster when o is larger.
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Figure 10: Local fidelity of GLIME in ¢; neighborhood

By comparing [Figure 5|and [Figure 10, it can be observed that under the same o, GLIME can explain
local behaviors of f in ¢1 neighborhood with a larger radius than ¢ neighborhood. This is due to
the fact that under the same radius ¢, {z|||z — x||2 < €} defines a larger neighborhood than that of
{zlllz = x[ly < e}.

Similarly, {z|||z — X||oo < €} defines a larger neighborhood than that of {z|||z — x||2 < €}. Under

the same o, the local fidelity peaks at a smaller radius € for /., neighborhood than that of ¢
neighborhood.

GLIME-LAPLACE generally has a better local fidelity than GLIME-GAUSS and GLIME-UNIFORM
but for large ¢, GLIME-GAUSS sometimes performs the best. Users should choose the sampling
distribution according to the radius of the local neighborhood they aims to explain.

A.6 Previous methods GLIME unifies

KernelSHAP [19]. KernelSHAP is essentially LIME+Shapley value. LIME use a linear explnation
model to locally approximate f. KernelSHAP seeks for a linear explanation model that satisfies
axioms of Shapley values: local accuracy, missingness and consistency [19]. This is achieved by
choosing the loss function £(-, -), weighting function 7(-) and regularization term R. The LIME
choices for these parameters violate local accuracy and/or consistency [19]. However, the Ker-
nelSHAP choices for these parameters are proved to satisfiy these axioms (see Theorem 2 in [[19]).
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Figure 12: GLIME significantly improves stability and local fidelity upon LIME for different o.

Gradient [2}27]]. It returns V f to measure the influence of each feature under infinitesimal perturba-
tion [2, 27].

SmoothGrad [28]. Vanilla gradient explanations are shown to be noisy. SmoothGrad proposes to
smooth out noise by averaging gradients at local neighborhood [28]. The feature importance is thus

]EENN(O.,O’QI) [Vf(x + 6)]

DLIME [37]. Instead of random sampling, DLIME aims to design a deterministic way to obtain
samples. DLIME first uses agglomerative Hierarchical Clustering to group the training data together
and K-Nearest Neighbour to select the relevant cluster of the explained instance. Explanation is
generated by compute a linear model on data points in the cluster found.

ALIME [24]. ALIME utilizes an auto-encoder to weight samples. An auto-encoder AE(+) is first
trained on training data. m nearest points of x are sampled from training dataset. The distances
between samples and explained instance x are measured by {5 distance between their embeddings
obtained by applying the auto-encoder AE(-). For a sample z, its distance with x is || AE(z) —
AE(x)||2 and its weight is exp(—||.AE(z) — AE(x)||2). Finally, the explanation is obtained by
solving a weighted Ridge regression problem.

A.7 Results on tiny Swin-Transformer [18]

Results on tiny Swin-Transformer is similar with results on ResNet18 which further confirms that
GLIME improves stability and local fidelity over LIME.

A.8 Comparing GLIME with ALIME

Although ALIME [24] improves stability and local fidelity over LIME, GLIME still outperforms
ALIME. One major difference between ALIME and LIME is that ALIME uses an encoder to encode
samples into embedding space and compute their distance with the input to be explained in embedding
space ||AE(z) — AE(x)|2 while LIME uses a binary vector z € {0, 1}% to represent a sample, and
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Figure 13: Top-1,5,10 and average Jaccard index of different methods. Average Jaccard index is the
average of top-1, - - - | d Jaccard index (tiny Swin-Transformer).
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Figure 14: Difference/correlation of LIME and GLIME-BINOMIAL explanations (tiny Swin-
Transformer). MSE, MAE are used to measure the difference between LIME and GLIME-BINOMIAL.
Pearson and Spearman correlation are correlation measures. When the number of samples increases,
their explanations become more similar. Difference/correlation converge faster when o is larger.
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use ||1 — z||2 as the distance between the sample and the explained input. ALIME use distance in
embedding space to weight samples. Therefore, if the samples generated by ALIME is distant from
x, sample weights may still be very small and may cause instability problem.

We conduct experiments to compare GLIME and ALIME. We utilize the VGG16 model provided
by the repositor as the encoder in ALIME for our experiments on ImageNet. [Table 1 shows the
results of the experiments. It can be observed that although ALIME has improved stability compared
to LIME, the improvement is still not as significant as that of GLIME, especially when ¢ is small or
the sample size is small.

Table 1: Top-20 Jaccard Index of GLIME-BINOMIAL, GLIME-GAUSS and ALIME. GLIME-
BINOMIAL and GLIME-GAUSS is much more stable than ALIME, especially when o is small or only
limited samples are available.

# samples 128 256 512 1024
GLIME-BINOMIAL | 0.952 | 0.981 | 0.993 | 0.998

o =0.25 | GLIME-GAUSS 0.872 | 0.885 | 0.898 | 0.911
ALIME 0.618 | 0.691 | 0.750 | 0.803
GLIME-BINOMIAL | 0.596 | 0.688 | 0.739 | 0.772

oc=20.5 GLIME-GAUSS 0.875 | 0.891 | 0.904 | 0912
ALIME 0.525 | 0.588 | 0.641 | 0.688
GLIME-BINOMIAL | 0.533 | 0.602 | 0.676 | 0.725

c=1 GLIME-GAUSS 0.883 | 0.894 | 0.908 | 0915
ALIME 0.519 | 0.567 | 0.615 | 0.660
GLIME-BINOMIAL | 0.493 | 0.545 | 0.605 | 0.661

c=25 GLIME-GAUSS 0.865 | 0.883 | 0.898 | 0.910
ALIME 0.489 | 0.539 | 0.589 | 0.640

A.9 Experiment Results on IMDb

Experiments on text data are conducting on text dara by utilizing the DistilBERT model. 100 data
points are selected from the IMDb dataset as inputs for explanation. In our experiments, we compare
the performance of GLIME-BINOMIAL and LIME, and the Jaccard Index results are presented in
Our findings indicate that GLIME-BINOMIAL exhibits significantly higher stability than

LIME across various values of ¢ and sample sizes. Particularly, when ¢ is small, GLIME-BINOMIAL
demonstrates a substantial improvement in stability compared to LIME.

B Proofs

B.1 Equivalent GLIME formulation without 7 (-)

When n — oo, the regularization in [Equation 2|could be omitted and the problem to solve is

wOLIME _ arg‘fnin Eyp[n(z)l(f(2),9(2'))] + AR(V)

= arg min /R w (@[ (7). 9(#))P(a)da -+ AR(V)
_arg min, [p. 4(f(2),9(2'))n(2')P(z)dz + AR(v)

Jga T(0)P(u)du
= arg min f]Rd U(f(z),9(z"))n(2')P(z)dz N AR(V)
v fRd m(u’')P(u)du fRd 7(w)P(u)du
:arg\{nin R4 z(‘f(z)’g(zl))ﬁ(z)dz + %R(V) ﬁ(z) = W7Z = /]Rd m(u P(u)du

= arggnin E, 50(f(2),9(2))] + %R(v)

*https://github.com/Horizon2333/imagenet-autoencoder
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Figure 15: GLIME significantly improves stability and local fidelity upon LIME for different o.

B.2 Equivalence between LIME and GLIME-BINOMIAL

For LIME, the probability that a sample z’ with ||z’||o = k could be sampled is 57, so that

/ ’ (k—d) /o> () e 1/02\d
Z:/Rdﬂ'(u)P(u)du:kZZOe TZT(1+6 )
Thus, we have ) )
ﬁ(z) _ (2" )YP(z) _ elk=d)/o"g—d _ eklo ]
VA VA (1 + el/o’ )d

Therefore, GLIME-BINOMIAL is equivalent to LIME.

B.3 LIME requires more samples to omit the influence of regularization.

Theorem B.1. Suppose we have samples {z;}7_, ~ Uni({0,1}%). Let ag =

— 1
Eqoumitionyo[7(2)|zllo/d]. For any t > 0,6 € (0,1), if n < 22 ngg““) 83 for LIME
explanation, we have

n

1 A
P(- Z;w(z;) Z Zij/d < ) 2 1=
i= J
Theorem B.2. Suppose we have samples {z,}7_ | ~ 723 Sl;tch thatz; ;i =1,---,n,j=1,---,d
are sub-gaussian variables with mean =, i.e., E[e*1.9)/V" ] < 2.Vt € R. Let v = E,p||2z|3/d).
—/ 1
Foranyt > 0,0 € (0,1), ifn < 2oty =/ 22 Xty log 5

5072 where c is an absolute constant, we have

1 A
P lmilB/d < S0 2 1-5

i

Corollary B.3. Suppose we have samples {z;}7; ~P. Lety = E__s[||z]o/d]. Foranyt > 0,5 €

(071)’ lf’n < 2)\t77\/22\t710g%

o , we have

1 A
P(— illo/d < —t)>1-9
(=3 lailo/d < 502

(2

LS w(zh) > ; #ij/d can be regarded as the coefficient of [|v|| in the sum-of-square-term in
[Equation 1} [Theorem B.I|shows the number of samples required for this coefficient to be large
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LN d—1

than regularization strength A. As will be proved ag = He a ,v € (1/2,1), comparing

the results of LIME and GLIME-BINOMIAL, we can see that LUIME requires exponentially more

samples than GLIME-BINOMIAL.

B.4 Proof of[Theorem B.T

Proof. Lety; = m(2}) >, 2ij/d, § = L3, i, then

d 24
k=0 k=0
2Atag—+/2Mtag log +
Forn < 00 VR0 085 < A
— 2040 — Qg

LA . At
Yy>—t<=g—ag>——ay>0
n n

Since 0 < y; < 1, thus by Hoeffding inequality, we have

) Y, At
P(§ — ag > P ap) < exp ( — 2n(z — a0>2)

Because

2\tag — 1/ 2Mtag log 1 _ Wtao + log 1 — \/SAtao log 1 +16A22a2 + log® 1 — 16\21202
ne 203 - 4o
1
—=2a3n* — (4\tag + log g)n +2X\%2 >0
202(n — 2t)2 1
b 27
n 0
At 9
<:>exp(—2n(— —ayp) ) <4
n
That is
1 - A
=1 7
O

B.5 Proof of[Theorem B.2 and [Corollary B.3|

Proof of [Theorem B2, Letw; = |z;||3/d,w = L 3, w;. The distribution of w; is as follows:

Z zi;/d) = v, E[w] = v
Forn < 2Aty—y/2Atylog § V;yit'ylog% < %
LA . At
wW>—t=w—-—7>——7>0
n n
Since 0 < y; < 1, thus by Bernstein’s inequality (refer to Theorem 2.8.1 in [34]]), we have

( nec A\t

POD— 7> 0 ) < exp (200 (X )
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where c is an absolute constant. Because

2Xtye — 1/ 2cb? Aty log + 4)\t’yc +b%log § \/8cb2)\t7 log § + 16¢2\2t242 + b* log

— 162 A2t242

<
" 2v2c - 4~2c

1
“=2cv*n? — (4\tye + b log g)n +2e\%t2 >0
2720 n — At)2
7( il ) > log1
nb? 0

e (2 (L q7) <4

That is ) )
P(g > lzill3/d < ﬁt) >1-9

i

O

Proof of[Corollary B.3} Since z; € {0,1}4, ||z}||3 = ||z}||o. We can prove thaty = E__3[||z||o/d] €
(3:1)

~slllzllo/d] = Z k(e Z )T (e a1yl e
d(1tel/o?)d = (1+el/o%)d (1+el/o?)d 1+ el/o?
Since
el/o’ 1 1
1+ el/o? = 1+ e 1/o2 € (551)7

we have v € (3,1). O

B.6 Proof of Theorem 4.1

Theorem B.4. Suppose samples {z}}_, ~ Uni({0, 1}d) are used to compute LIME explanation. For

anye > 0,6 € (0,1), ifn = ((1—1—)\)2 ~25244¢4/7% 10g(4d/6)), we have P(||W-ME — wME||, <
€) >1—6 wtME = lim,, ,  w!

Proof. To compute LIME explanation with n samples, we solve

n

A M 1 >\
WHME = argmin = " (2) (f(z) — v 2)” + D vI3
v i=1

Denote L = L Y% | w(2))(f(z;) — v'2)? + 2| v|3 set the gradient of L w.r.t v to zero, we have

72%7(22)(f(z1)7v 7))z, + /\V*O

e (iﬁ:w(%)z;(ZQ)T T 2)1(;§w<z;>z;f<zi>)

Denote X,, = %ZZ (m(z))zh(z)) T + 2 = ZZ 1 m(25)25 f(2i), 2 = limy 00 By, T =
lim,, s I';,, then

WUIME _ 2;1FmWL1ME — -,
To prove concentration of W , we follows the proofs in [8]: (1) We first prove the concentration of
3, (2) then bound ||~ 1|% (3) then prove the concentration of I';, (4) and finally use the following
inequality:

LIME

12, ' T = =70 < 2= p|ITs = T2 + 2= ZT[Z0 - 2|
when | Z71(Z,, — )| < 0.32 [8].

Before proving concentration, we first derive the expression for 3.
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Expression of

3.
%121 ( z)( ) + n L %Zz W(ZZ)ZZIQZQ N %121 TI'(Z;) i,12iq
s 72T ( Dz 5 2 (2)(2i)" + 5 7w 22 T(Z) 2%
n — . . .
+ D ( 12012, %Ziﬂ—(z;)zbz;d %Zﬂr(zé)(zgd)z +%
By taking n — oo, we have
(o5} (6%} e (6
a2 al “ee a2 T
Y, —=>X=|. . | = (a1 — )T+ asll
(e %) [e%) “e (%}

where

aq :Ez’NUni({O,l}d)[ﬂ—(zl)zz/'] = Ez/~Uni({0,1}d)[W(Zl)(zé)z]

d
=3 eI = 1| lo = K)P(2 o = )

d d
:Zewd)/azﬁﬁ

d 24

k=0

d d—1
72 (k—d)/o? (k-—l)
= e

2d

k=0

—Ze<k /0% ((1-d) /0> = (k1)

2 (1 an d—1 1 —712 d—1
:e(pd)/az( +e7?) (1+e°?)

2d 2d
Q2 :Ez’NUni({O,l}d)[W(Z/)Z;’Z;]
1< 2
= B DI P (2 = 1, 2] = 1|[|2'||o = k)P([|2']|o = k)
k=0
d d
:Ze(k a0 k(k—1) (i
d(d—1) 24
k=0
d d—2
_Ze(k d)/o (k—2)
= 5
k=0
d (d—z)
_ Z ek 2)/0? (2—d)/o? \k—2
= 5d
k=0

_eayer (LHes) (L emer)i
= 2d 2
By Sherman-Morrison formula, we have

1T

1 =
117) ' = - 2= —)

a1 — Q2

1 (65)
7 = (g —a)THall ") 7! = I
((041 062) T ) (65} 70[2( +Oél — Qg a1 — Qg 1+

where
a1 + (d—2)as

(1 —az)(aq + (d — 1)az)

s
(a1 —ag)(ag + (d — 1)aw)

51: 752:_

In the following, we will prove the concentration of W ME,
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Concentration of 3,,. Since 0 < 7(-) < 1,2; € {0,1}¢, we have each element in 3,, is in [0, 14 2].
In addition, as

i o= (1 _’_e*;fg)d—l - 2d—1 _ 1

9d =1 2d = 2d T 3

1 (1+e57)d"2 9d-2

90 == 2 ST T
6—1/02 1 (1+e*g%)d—2 1
od <o —agy=ce 02—201 SZ

we have elements in 3 are in range [0, 1]. Thus, elements in X,, — X are in range [— 2,1 + 2].

By matrix Heoffding’s inequality [32], we have V¢ > 0
nt?

P(|2, =2 > t) < QdCXP(—m

)

Bounding |~ !||2.
=7l = dBt + (d* - d)B3

Because . . o
+(d - +
ﬁgal—i—(d—l)agg 1 = 1
d—1 24 (d-2) d
9d <oy +(d—2)as < —r =1
we have
a1+ (d—2)az 1 D 1j0? 2 o2d 20
= < <2 g , <2 o
|51| |(a1—a2)(a1+(d—1)a2)|_lal—a2|— € 51_ e
= |— a2 — 1/0® 1 < d-19d 1/0? 32 < g-292d 2/02
1%2] =1 (a1 — ag)(ay + (d — 1)a2)| e (o + (d — 1)a2)| = € By < e
so that

IS71% = dB? + (d® — d)B3 < d22e/” 1 (d? — d)d—222%e*/ 7" < 2d2%0e*/ 7

Concentration of I',,. Since | f| < 1, we have elements in T';, and I" are all in range [0, 1]. By matrix
Hoeffding’s inequality [32]], we have V¢ > 0

2

t
B(T, — T > 1) < 2dexp(— )

Concentration of w'“™E, When | £71(X,, — 2)|| < 0.32 [8], we have
%5y — BT < 2| BT Y| |Tn — Tl + 217 T)IZ, - 2
Because )
=710 = D)l < IZ7HIS0 - B < 2Y/2d' 22077 ||, — 2|
By concentration of X,,, we have when n > n; = 25(1 + )\)211322‘162/‘72 log(4d/d),t = t; =
5_222'5d_0‘52_d€_1/02

nt? nt

< 2dexp(- gy

2

)
— >t) < ST T o =5

Then with probability at least 1 — g, we have

1= - D)) < IZTHII0 - )| < 2V/2d 2207 ||2, — 2| < 0.32

When n > ny = 28¢24222de2/7° log(4d/d),ta = 2-257-059-de=1/"¢ e have

ty3, 0
P(|T, — T|| > t2) < 2dexp(—22) < =

8d
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In this case, with probability at least 1 — & we have

_ €
=T, - T < 7

Because |T| < +v/d, by choosing n > n3 = 27(1 + X)2e2d524de4/7° log(4d /), t5 =
2—3d—1.52—2de—2/02€

Tlgtg

) ’flgt% <
8(1/4+ \/n3)2d?

P(IZ0 — Sll2 > t5) < 2dexp(— Sat e S

0
< 2d exp(— =
2
and with probability at least 1 — §/2

_ €
I==HPIT(Z, - = < 1
Therefore, overall, we can choose n > max{n,na, nz}, and then we have Ve > 0,6 € (0,1)

P(|Z,' T, —S7'T| 2 ¢) <9

B.7 Proof of[Theorem 4.2/ and [Corollary 4.3

Theorem B.5. Suppose z'~P such that the largest eigenvalue of z'(z')" is bounded by R and
Elz'(z)"] = (a1 — a2)l + azl1 " ||Var(z'(z') ")|l2 < v2 (2 f(2)):| < M for some M > 0.
{zL} | arei.i.d. samples from P and are used to compute GLIME explanation WS"™E. For any
e>0,0 € (0,1), ifn = Qe 2M?12d3y* log(4d/5)) where v = dB? + (d*> — d)B2, 31 = (a1 +
(d— 2)a2)/ﬁo,62 —as/Bo, Bo = = (a1 —ag)(ag+(d—1)az)), we have P(||WOHME — wOLIME||, <

6) > 1— GLIME _ hmn_> wOLIME

Proof. The proof is similar with the proof of By the same derivation, we can obtain
that

S=(+A—a)l+all’ 7" = (8 — B)l + fo117
ap + A+ (d—2)ay
(a1 + A —a2)(ar + A+ (d— 1ay)

a2

B = (a1 + A —a2)(ar + A+ (d—1)az)

7ﬂ2:_

Since Amax(2'(2")T) < R and || Var(z'(z') T)||2 < v2, by matrix Hoeffding’s inequality [31]], we

have Vt > 0 )

nt
P(||2, — 2|2 >1t) <2d -
(I l2 =) < 2dexp(~g75)
Applying Hoeffding’s inequality coordinate by coordinate, we have

nt?

P(|T, —T|| >t) < 2dexp(—m)

=% = dpt + (d = d)f3 = °
By choosing n > ny = 259212 1og(4d/§),t; = 235721, we have

t, 0
P(| 2 — Sll> = t1) < 2dexp(—3) <

<
52 <
with probability at least 1 — §/2
I @ =) < 1= 180 - B < vt = 0.32
Let n > ny = 2%¢ 2 M?d?~y2 log(4d/d), to = 27 2ey~ 1, we have

th% ) <

)
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with probability at least 1 — 6/2
€
4

Since ||T|| < M, by choosing n > nz = 2%¢~2M?12dy* log(4d/6),t3 = 272eM ~1d=05y 2, we
have

IZ[Ty =T <7tz <

ngt?)) )
B(|S ~ Sllp 2 ta) < 2dexp(~G3) < 5

and with probability at least 1 — 6/2,
I IS, — B < 5*Md*%; = ¢

Therefore, by choosing n = max{n,na, ns}, we have
P(|Z,'T, —27'T|| > ¢) <6
O

Corollary B.6. Suppose {z,}!_, are i.i.d. samples fromP(z', ||Z||o = k) = ek J(14et/ ) | =
1,...,d are used to compute GLIME-BINOMIAL explanation. For any ¢ > 0,0 € (0,1), if
n = 9(672d5€%/02 10g(4d/5)), we have P(HVAVBinomial _ WBinomial||2 < 6) > 1—34. WBinomial —
hmn%oo VAVanumlal'

Proof. For GLIME-BINOMIAL, we have each coordinate of z’(z’) " follows a Bernoulli distribution
so that variance of z’(z’) " and (2’ f(z’)); are bounded. We also have

IT| < Vd,
1/02

T 14el/?

P(z; = 1l|z'llo = K)P(l|2'llo = k)

M-

k=0
_ d ﬁ (Z)ek/az
1/02\d
i=d(lte /o%)
d

(1=)er

(1+el/o%)d

FH1

k=0
2, 5 o2
:(1+€1/0 )d 161/(72 _ 61/
(1+€1/02)d 1-’-61/02
2
as =E[2/2]] = L
i%j 1+ el/o?

M-

P(z; = 1,25 = 1][[z']lo = k)P(||2'[lo = k)

k=0
I T )
N = d(d—1) (1 +el/o*)d
- zd: ((1%_3216/]6::;
k=0
:(1 + 61/02)d—2 62/02 _ e2/o° _2
(1 +el/o?)d (1 + el/o?)2 !
— 2 2 2
|51‘2 N |<a1 + )\Cilcjz;\(;l (j— A i)?dZ— 1)aw) ‘2 = |a1 + i\ — 042‘ = |y i as| s (1+61/0 )2 = dell?
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6ol =| - - §
2 (a1 + A —az)(ar + A+ (d— 1)az)
2

: (a1 —ag)(a1 + A+ (d — 1)ag)?

B (1—a1)(aqg + (d—1)ag)?

< a0 _ e—1/o (1 +el/o )2 92,1/0
T (1 —a1)((d—1ag)? (d—1)2 = (d—1)2

I'herefore,
d
dﬁ% + (d2 - d)ﬁ% < de'/”” + el/o’ 1 < de'/”

B.8 Formulation of SmoothGrad

Proposition B.7. SmoothGrad is equivalent to GLIME formulation with z = 7z’ + x where z' ~
N(0.0°1), (£ (2). 9(z')) = (f(z) — 9(z'))? and m(z) = 1,Q(v) =0,
The explanation returned by GLIME for f at x with infinitely many samples under the above setting is

N 1
W= ;Ezw/\/(o,ﬂl) [Z/f(zl +x)] = EZ/NN(O,UQI) [V f(x+ ZI)}

which is exactly SmoothGrad explanation. When o — 0, w* — V f(x + z)|,=0.

Proof. To prove this proposition, we first derive the expression of GLIME explanation w*.

Exact Expression of X. z; ~ N (0,02%I),Vi = 1,--- ,n. In this case

% E;AZ%)’ T % >k Z11%kd
3= : :
% Dok PkdPkl % Ek(zl%d)l
Then we have )
o 0

5 0
E—l _ . .
0

As a direct consequence, we have
. _ 1
w'=X"1T = ﬁEz/NN(O,UQI) [Z/f(X + Z/)] = EZINN((LO-ZI) [Vf(X + Z/)]

The last equality directly follows from Stein’s lemma [17]. O
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